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Abstract

We prove that the inverse square root of the specialized four-variable Vamos quartic and
every interior stable deformation hy = 4ejesz +Aa?b?, 0 < X < 64/27, fail complete monotonicity.
Uniform estimates on complex inversion planes separate a singular positive leading inverse from
a regular correction; a negative correction density outside the leading support then gives the
unrestricted obstruction. This also yields a strict exponent gap above 1/2, uniform on compact
interior parameter sets. For the original quartic, we determine the first polynomial-square
degree detecting negativity of the finite correction measure v = yx1. Every nonzero polynomial
of degree at most 53 has strictly positive square integral, whereas an explicit integer polynomial
of degree 54 has negative square integral. The associated 55-dimensional moment matrix has
inertia (54, 1,0). Exact rational moments, fraction-free elimination and an independent formal-
series reconstruction provide portable certificates. At the sharp stable parameter 64/27, an
exact formula gives a nonnegative first correction outside the leading support.
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1 Introduction and statements

Let e; denote the elementary symmetric polynomial of degree j in a, b, c,d, and put

hy = 4(a + b+ ¢+ d)(abc + abd + acd + bed) + Na?b?, L = gi;. (1)
The polynomial h; is the specialized Vamos quartic. It appears in the study of hyperbolicity, spec-
trahedral cones and determinantal representations [1, 2, 3, 4]. Its cone is spectrahedral, although
no positive integer power of the polynomial has a definite symmetric determinantal representation
[5, 1]. Neither fact determines complete monotonicity of its inverse square root: the determinantal
construction is sufficient, and its failure is not a converse positivity theorem.
A smooth function f on the positive orthant is completely monotone if

(-1l f(2) >0 (x € RL,, a€Zly).

By the multivariate Bernstein—-Hausdorfl-Widder theorem, this is equivalent to a representation

fa)= [ e du(y) Q

4
>0
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with a positive measure, the integral being finite on the orthant; see [6, Section 2] and [3, Section 2].
The corresponding definition on an open convex cone uses derivatives in directions from that cone.
For inverse powers of a hyperbolic polynomial, complete monotonicity on its full hyperbolicity cone
is equivalent to complete monotonicity on any open convex subcone [3, Proposition 4.15].

The real-stability interval of (1) is [0, L] [7, Theorem 2.2]. Thus, for 0 < A\ < L, h is positive and
hyperbolic in every positive direction. For A = 1 these facts also follow directly from the classical
Vamos construction recorded in [1]. The stability theorem supplies the hyperbolicity input for the
inversion arguments below; [7] also treats the associated geometry.

Theorem 1.1. For every 0 < A < L, the function h;l/z is not completely monotone on Rio, or
on its full hyperbolicity cone. In particular this holds for the specialized Vdmos quartic hq.

Theorem 1.1 concerns the unrestricted four-variable inverse. For comparison, the full eight-
variable VAmos basis polynomial has a Us 4 minor, so the minor-closure and quadratic criteria of [6,
Propositions 7.6 and 7.9] exclude its half power. The four-variable specialization requires its own
inverse-sign argument: identifying variables can change complete monotonicity. Classical Lorentz
examples similarly distinguish real stability from half-power positivity [6, Theorem 1.9].

Our method gives the following consequence.

Corollary 1.2. For each compact set J C (0, L), there exists €y > 0 such that h,* is not completely
monotone whenever A € J and 0 < a < 1/2+¢€;.

The compact-set gap follows from continuity of signed derivatives and a Lorentz-quadratic
scaling limit. In the large-exponent range, [8, Section 5] gives complete monotonicity for the
specialized quartic when a > 65536. These results locate two distinct parts of the admissible-
exponent problem.

A second main result gives an exact finite certificate for the correction at A = 1. With k
defined by the Cauchy inverse in Lemma 4.1, the finite signed measure v = yr; satisfies

/P2d1/>0 (0 P € RJy], deg P < 53), /P524du<0

for an explicit integer polynomial Ps4 of degree 54. Theorem 7.2 gives the complete assertion,
including moment-matrix inertia. This ordinary-square test probes the fixed one-variable correction
measure. The analytic obstruction instead uses a compact test supported outside the positive
leading wedge.

The present edition combines the analytic argument of edition 1 and the finite certificate of
editions 2-3 of this article [9, 10]. The shared inversion and branch definitions are given once,
followed by the two complete proofs.

The proof has three analytic ingredients. First, an oscillatory Fourier inverse is reduced to a Ky
integral. Subtracting its leading model leaves a symbol of degree zero. Second, estimates on complex
Bromwich planes justify convergence after inverse Laplace transformation. Third, a Cauchy jump
computes a negative part of the correction outside the support of the leading term. The complex
domination and section regularity connect the correction sign to the full inverse. Sections 2—4
establish these shared analytic tools; Sections 5—6 prove interior failure and the exponent gap;
Sections 7-10 derive the exact degree threshold; Section 11 treats the sharp parameter correction.

2 Coordinates and the partial Fourier inverse

Use the primal coordinates

s=a+b déd=a—-b, U=c+d, V=c—d, P=ab=




The dual coordinates are
w:YH—Yz p:Y1—Y2 p:YB-FYAL q:Y:a—Yz; (3)
2 2 7 2 2
so that - Y = sw+ dp+ Up + Vq. An invertible real coordinate change preserves positivity of a
measure under push-forward. We use inverse Fourier factors 1/(27) and inverse Laplace transforms
on fixed vertical lines.
A direct expansion gives

hy = Ay — BV?, (4)
Ay = AP? +4sPU + (4P + s*)U? + sU?, B=s(s+U).
On 6 = i, define
Ly =25+ mU(s + U), Cy = s+ msU(s +U)?, m = 16/\. (5)
Then
164y = A(€* + Ln& + C). (6)

We always fix Res = ¢ > 0 and ReU = v > 0. Branches are continued from the positive real
quadrant; in particular the square roots of B and A)/B have positive real part. These assertions,
including quantitative bounds, are proved below.

For ¢ > 0, Fourier inversion in V' = in gives

% /R €Ay + B?) "1 dn = KO(C‘;J% =, (7)

The integral is oscillatory. For positive real parameters the identity follows from the gamma integral
and a Gaussian Fourier integral. For complex parameters, subtract B~/ 21 + 7]2)*1/ 2 from the
integrand. The difference is O(|n|~2), locally uniformly in the parameters, and the subtracted
model has the known inverse Ko(q)/(mv/B). This proves holomorphic distributional continuation
of the identity; nonvanishing on the tube fixes its branch. This interpretation avoids claiming
absolute convergence of the unsubtracted integral. Classical Bessel formulas used here and below
can be found in [11, Sections 10.29-10.32 and 10.43].
At p = 0 the double partial inverse has Laplace symbol

Do) = 5= [ Kolah©)de.  hu=/ay/p. ®)

For a general p, insert e¢ in this integral.

3 Uniform complex subtraction

Lemma 3.1 (Tube bounds). For A in a compact subset of (0,L], let R =1+ |Ims| + |ImU| on
the fized Bromwich planes. There are positive constants, uniform in X\, such that

¢ <|B| < CR?, Re(1/VB) > ¢/ R?, 9)
< O(R? + €2 Refy > ———o 10
‘f/\’— ( +£ )7 ef)\_ RQ(R2+§2) ( )
Put g = VAE2/(4VB). For a sufficiently large fized Cy and Xo = CoR?,
|fx— gxl < CRY, Re f,Regy > c€*/R? (€] > Xo), (11)
[fx—axl < CRS, Re fy > cR™® (€] < Xo). (12)



Proof. For a positive real base point , hyperbolicity and homogeneity give hy(z+ty) = h(z) IT;(1+
tvyj) with real v;, allowing zero factors for a reduced degree. Consequently

|hx(z +iy)| > hy(z) > 0.
Apply this to z = (¢/2,0/2,v/2,v/2). Varying the imaginary coordinates gives
Ay +Bn?|>c>0 (neR),  dist(4y/B,(—o0,0]) > ¢/|B|.
The constant is uniform on compact positive parameter sets. Also, for Rez, Ret > 0,
Re vzt > \/m,

because |z||t| > RezRet + ImzImt. Thus Rev/B > /o(o + v), which proves (9). Polynomial
upper bounds on Ay, together with

dist(z, (—00,0])
AVIE

Rev/z >

prove (10).

The exact identity
CMLAEZ+CY)
(A=) +90) = 168

and |fy + ga| > Regy > c€2/R? give |fy — ga| < C(R*+ RY/€?). At |¢] > CoR3, choosing Cy large
makes the error less than half the lower bound for Re g). This gives (11). The remaining estimates
follow from (10) on [£| < CoR3. O

Lemma 3.2 (Subtraction bound and limit). Uniformly for 0 < ¢ <1,

/R|K0(Qf>\) — Ko(qgx)| d¢ < CR'®. (13)

On each fized pair (s,U), the difference integral converges to —m(ry +r_), where
7“3_ +72 =L, 7"+7” = C\, (14)
and ry > 0 initially for s,U > 0.

Proof. The integral representation of K yields |Kj(z)| < Ki(Rez) in the right half-plane. The
identity (zKi(x)) = —zKo(x) and its limit at zero give K;(x) < 1/z. Integrating K = —K; along
the straight segment from gy to f) therefore gives

dt
1—t)Regy +tRe fy

1
Ko(af) ~ Kolagn) < Ifx—aal [ ¢ (15)
The factor ¢ cancels. For positive a, b, this last integral is (loga —logb)/(a —b), with its continuous
value at equality, and is at most 2(1 + |log(a/b)|)/ max(a,b). On the tail, (11) bounds (15) by
CRY/€2. On the inner region it is at most

CR™(1 4+ log R+ |log €]]).

Here the lower bound ¢R™® for Re fy controls the maximum in the denominator, and the quadratic
zero of Re gy contributes only the integrable logarithm. Integrating over the inner interval of length
O(R?), and then the tail, proves (13).



For fixed nonzero &£, the small-argument expansion of Ky gives the limit — log f\ + log g, with
logarithms on the right half-plane. The preceding majorants permit dominated convergence. For
real positive s, U,

L3 — 40y = mU?(s + U)((m — 4)s + mU) > 0,

and Ly, Cy > 0, so r4 exist as positive roots. Using

/]Rlog§2§—zr2 d¢ =2nr (r>0)

gives the stated limit. The identity extends holomorphically to the fixed complex tube. Outside the

positive quadrant, the root sum means this continuation, not a new selection of individual principal
roots. O

Define the degree-zero symbol

\/2—|-mx(1+x)—|—2\/1+mx(1+x)2
T Vi+zx ’

continued from z > 0, so F\(0) = —2. Equations (14) give F\(U/s) = —(ry +r_)/vVB. The
degree-zero property follows either from this expression or by scaling (s,U, &) in the logarithmic
difference integral. It holds holomorphically, so the symbol depends only on U/s. Each ratio off
the nonpositive real axis has a representative with Re s, ReU > 0; the set of such representatives
for a fixed ratio is connected. Thus F) is holomorphic on this slit plane.

Fy(z) m = 16/\, (16)

Proposition 3.3 (Inverse-distribution limit). Let Ky = E;E[FA(U/S)]. Then, in distributions in
(w,p), as q 10,

i _ K [(1/4)2)\1/4
L:SJIJT)\g =)\ 1/28 + 277:_\ + 0(1)7 C\ = ( ;\/)571_2 ) (17)
uhere Lio<pew) (0 — p)_3/4p_3/4

In particular supp B C {0 < p < w}.
Proof. The Mellin integral of K gives exactly

F(1/4)2)\_1/4Bl/4
v2yqg

/ Ko(qgy) d§ =
R

Initially this is a real positive identity; holomorphy gives its complex continuation. Lemma 3.2,
with the prefactor in (8), therefore gives the symbol expansion with regular term Fy(U/s)/(2).
For a smooth compactly supported test ¢(w, p), Fourier inversion on the fixed Bromwich planes
pairs the symbol with the Fourier transform of e?“+*P¢(w, p), up to the fixed Fourier normalization
and sign. This transform is Schwartz. The uniform polynomial majorant (13) and |B|~'/2 < C
justify dominated convergence in the two remaining Fourier variables. This proves (17), rather
than only pointwise convergence of real Laplace transforms. Formula (18) follows by convolving
the one-dimensional inverse gamma densities of s~%/4 and (s 4+ U)~1/4. O



Lemma 3.4 (Positive sections). For fized ¢ > 0, the full inverse is smooth in (p,q), with values in

distributions in (w,p). If h;1/2 were completely monotone, every such section would be a positive
distribution.

Proof. Insert e in (8). On the inner region of Lemma 3.1,
[Ko(afx)] < Ko(gRe f) < Cy(1+log R).

On the tail Re f) > c£?/R? gives Gaussian decay. Inserting any power of ¢ leaves an integrable
majorant with polynomial growth in R. Derivatives in ¢, on a compact positive ¢g-interval, introduce
powers of f) and integral-order modified Bessel functions, which obey the same kind of polynomial
inner bounds and Gaussian tail bounds. Pairing with a compact smooth (w, p) test as above proves
the asserted smoothness.

Under (2), the inverse is the push-forward of a positive measure in the coordinates (3). Pair it
with a nonnegative compact test in (w,p) and nonnegative approximate identities about (p,q) =
(po,qo), where gy > 0. The limit is exactly the continuous section evaluated on that test, and is
nonnegative. This argument uses an actual continuous section, not an arbitrarily chosen conditional
value on a null event. O

4 An elementary finite-part Cauchy inverse

We give a direct construction that also specifies endpoint terms. For each parameter define

Q=B s ) = Sy + o) (19

Lemma 4.1 (Subtracted Cauchy formula). There is an M > 0 such that jy is locally integrable
on (0, M), vanishes fory > M, and is O(y=>/?) at zero. The compactly supported distribution

M
(K, 6) = /0 x() (6(y) — 6(0)) dy (20)

has Cauchy transform Q. On every reqular open interval away from zero it has the ordinary
density

_ Im F}(=1/y +i0)
= - .

i) (21)
Proof. The inner cubic 1 4+ ma(1 + x)? has three negative simple roots when 0 < A < L. Indeed,
after v = 1 + x, it has one root below zero, one in (0,2/3) and one in (2/3,1); its derivative has
turning points at 0,2/3, and its value at the latter is 1 —4m/27 < 0. At A = L, the latter two
roots merge, with the exact factorization 1+ (27/4)z(1 4+ z)? = (1+ 3z)?(1 + 3z/4). Possible outer
zeros, besides the removable point at zero, are given by

(1 + %m(l + x))2 — (1 + max (1 + x)2) = %wZ(l +z)(m(l+x) —4). (22)

Thus all possible finite singularities lie on the negative real axis, at the cubic roots, —1, and A\/4—1.
The branch is analytic at = 0, so Q) is analytic off a compact positive cut and is O(z72) at
infinity.

At a simple inner root with nonzero outer radicand, F} has at worst order —1/2. The same is true
at a simple outer zero away from an inner root. A simultaneous zero occurs only at A = 2, x = —1/2;



the resulting fourth-root behavior gives order —3/4 for the derivative. At A\ = L the doubled inner
root is removable in the selected square root and the outer radicand there is nonzero. At z = —1,
continuation past the two inner roots gives /1 +ma(l+ )2 = —1. Writing u = 1 + «, the
numerator of F' /\2 , divided by u, is —m + 2mu + O(u?); hence this apparent singularity is removable.
These facts prove local integrability at every positive cut node. As x — oo, the radical formula
gives F\(z) = O(|z|'/?) and F}(z) = O(|z|7"/2). Consequently Q(z) = O(|z|73/2) at zero. These
bounds hold on the selected branches on either side of the cut.

Formula (20) now defines a distribution: subtraction of ¢(0) makes the integrand O(y~/2) at
zero. To obtain its Cauchy transform, apply the keyhole Cauchy formula to @ (¢) with kernel

11 ¢

(—z 'z 22
The kernel vanishes at zero. The small endpoint circle is O(e'/2), the outer circle is O(R™'), and

the other node circles vanish by their integrable singular orders. The upper and lower jumps, using
Schwarz symmetry, give

@@ = [ 5w (7 - 1) dr= -0,

z—y z
This fixes the mass-zero counterterm rather than leaving a hidden multiple of dy. Finally, x = —1/z
maps the upper half-plane to itself, and (21) follows from (19). O

Proposition 4.2 (Local homogeneous inverse). On w > 0,
Ky (w,p) = w2kA(p/w). (23)
In a regular region this is an identity of ordinary densities.

Proof. Differentiate the degree-zero symbol. Lemma 4.1 gives

OLF(U]5) = TQA(=s/U) = ~(m(v), (s+ Uy) ).

The inverse of the last resolvent is [ et (s+UY)

plication of its inverse by —w, inversion gives

dt. Since differentiation in s corresponds to multi-

—wK)(w,p) = —(ka(y), 6(p — wy)).

For w > 0, the change p = wy proves (23). Terms supported at w = 0 do not affect this assertion
or any test used below. General distributional Laplace inversion is discussed in [12]; the identities
here follow directly by pairing the displayed ray kernels with compact tests. O

5 A negative correction for the original quartic

Proposition 5.1. For A =1, 51(3/2) = —2/(7+/5). More explicitly,
275 3 8
] < — - <y<-). 24
i) < g (35v<3) (24)
Consequently, on 1 <w <2, 3/2 < p/w < 8/5,

K1(w,p)<_ 275
2T — 2764872’

Here K1 denotes the correction inverse from Proposition 4.2, not the modified Bessel function.

(25)



Proof. At x = —2/3 + i0, continuation from zero through the upper half-plane gives

/15 ,
\/1+163:—|—32a:2+169:3:Z9 , \/2+16x+16x2+2\/1+16x+32x2+16x3:

14415
3 —

There is exactly one inner root between —2/3 and zero; the continued inner root has positive
imaginary part after crossing it. The outer radicand then lies in the upper half-plane. In particular
no root is independently reset to a principal value after substitution. Differentiation gives

21 +27i/V15

Fi(-2/3) = =4

Formula (21) at y = 3/2 yields the exact value.

For the interval bound, let u = 1—1/y. On u € [1/3,3/8], the inner cubic C(u) = 1+16(u—1)u>
is negative: it equals —5/27 at the left endpoint and has negative derivative there and throughout
the interval. The selected branch has Im Fy(u — 1) = —H (u), where

Hu)? =1 16+ R(w) - % R(u) = /16(16 — 4/u). (26)

This follows by taking the imaginary part of a square root with positive imaginary part; the
same computation is given for general parameters in the next section. Here 8 < R(u) < 10.
Differentiating,

16+R 16(1—u) 1 64 64 11
= (H?) = — — > -1 — t — = —.
E(u) := (H?) 5tz T2 3+9+9 5
Also 0 < H? < 26/3 < 9,80 H' > 11/54. Since Im F| = —H’, (21) and y < 8/5 give (24). Equation
(25) follows from (23) and w2 > 1/4. O

Choose a nonzero nonnegative smooth compact test supported in the interior of the region in
(25). It annihilates B, because p > w there. By Proposition 3.3, its pairing with the actual section
LTy, is strictly negative for every sufficiently small ¢ > 0. Lemma 3.4 contradicts a positive
representation (2). This proves Theorem 1.1 at A = 1. The compact test has prescribed support
and sign, and the distributional limit gives its strict negativity for all sufficiently small positive q.

6 Every interior deformation parameter
Proof of Theorem 1.1. Set m = 16/X > 27/4 and use u = 1+ z. The cubic

C(u) =1+ m(u—1)u?

is negative between its middle root u,, € (0,2/3) and upper root u, € (2/3,1). Continuation from
x > 0 through the upper half-plane gives vC' = +i\/—C on this interval. The outer radicand
divided by 1+ x is

G(u) =2/u+m(u—1)+ 2iy/—C(u)/u.

It has positive imaginary part. At u, its limiting value is (2u, — 1)/u2 > 0, so the continued square
root is in the first quadrant. Write H(u) = Im \/G(u) > 0, giving Im F)\(u — 1) = —H (u).
The inequality C' < 0 implies m > 1/((1 — w)u?) > 4/u. Put R(u) = /m(m — 4/u). Since

G)* = (1 —u)?m(m — 4/u),



the elementary square-root formula yields

H()? = 5" (m+ R(w) — (27)

At the middle root, A = 16(1 — w,,)u2,, a strictly increasing function of w,, € (0,2/3). Thus wu,, is
below, equal to, or above 1/2 as A is below, equal to, or above 2. Differentiating (27) at fixed m,

then taking the one-sided limit u | wu,,, gives

—5 e >0, 0<um<1/2,

lim(H2) = { Un(tg—1) (28)
m 0, 1/2 m < 2/3.

U (U, — 1) (2uy, — 1) >0, 1/2<um <2/

For verification, before substitution the derivative is

m(l —u 1

)

and at the root R = |1 — 2uy|/((1 — wm)u2,), which gives the two displayed rational expressions.
In either case H' > 0 on a nonempty open subinterval just above .

For A = 2, the middle root is 1/2, and G tends to zero there, so H extends continuously by zero.
It is positive inside (u,, u,). The mean value theorem on a closed interval from u,, to an interior
point supplies a point with H’ > 0. Analyticity in the interior makes this strict inequality persist
on an open subinterval. No derivative at the singular endpoint is required.

On the subinterval found in every case, ImF§ = —H' < 0. Equation (21) gives a strictly
negative regular density at y = 1/(1 — u) > 1. Proposition 4.2 supplies a negative correction on
an open region with p > w > 0. Choose a nonnegative smooth compact test there. Its leading
contribution in (17) is identically zero, while its regular limit is negative. For sufficiently small
positive ¢, the actual section is therefore negative on that test, contradicting Lemma 3.4 under
complete monotonicity. This proves failure on the orthant. Failure on the full cone follows by
restriction, or by the cone/subcone equivalence cited above. O

Proof of Corollary 1.2. For each Ag € J, Theorem 1.1 implies a strict violation of a signed mixed
derivative at some orthant point when o = 1/2. That derivative depends continuously on (\, a).
A product neighborhood of (Ao, 1/2) retains the same violation. A finite cover of the compact set
J provides a common positive exponent radius.

For smaller positive exponents, fix a = 1 and scale (b, ¢, d) by €. The first nonzero term of h) /&>
is

Qx = \b? +4b(c+d) + 4ed = (U + 2b)% — (4 — \b? — V2.

This is a nondegenerate Lorentz quadratic in three effective variables. Complete monotonicity of
the original inverse power would pass to the scaled limit on an open positive subcone. The classical
quadratic criterion [6, Theorem 1.9] excludes 0 < o < 1/2. Combining this with the finite-cover
neighborhood of 1/2 proves the corollary. The finite-cover argument gives a qualitative positive
radius €. ]

7 The finite correction measure and its exact degree threshold

We now specialize the shared analytic construction to A = 1, writing F' = F1, Q@ = Q1, K = K1
and j = ji. Equations (16), (19) and (20) fix the branch, its Cauchy transform and the mass-
zero subtraction. In particular, Lemma 4.1 gives compact support, integrable positive cut-node



singularities, and j(y) = O(y~%/?) at zero. These facts identify the measure whose moments are
reconstructed below.

Lemma 7.1. The distribution v = yk is the finite signed Borel measure

dv(y) =y j(y) dy, 0<y<M.

If F(x) = 32,50 fn®" near zero, its moments are
= [ ) = 0+ DD o, 20 (29)

Proof. Multiplying the test in (20) by y kills its value at zero: (yk,¢) = fOM yj(y)o(y) dy. The
density is O(y_l/ 2) near zero, and all remaining singularities are integrable. It therefore has finite
total variation and compact support.

For large ¢, the compact-distribution Cauchy expansion and (19) give, respectively,

QO =Y <§;ﬂ>, QY=Y ”(glllf

n>0 n>1

These convergent expansions are compared outside the compact support. Thus (k,1) = 0 and
(k,y") = n(—1)"f, for n > 1. The moments of yx give (29). O

For a real polynomial P, define

Z(P) = [ Py dvy). (30)

Compact support and finite total variation make this finite at every polynomial degree. A positive
leading mass does not imply positivity of the entire form.

Theorem 7.2. For the measure v determined by (16)—(20):
1. Z(P) > 0 for every nonzero real polynomial with deg P < 53;

2. the integer polynomial Ps4 specified in Section 10 and in certificate.json has degree 54
and Z(Psy4) < 0;

3. the matriz (miﬂ)%zo has inertia (54,1,0), where the entries count positive, negative and
zero eigenvalues.

Consequently 54 is the least ordinary polynomial-square degree detecting negativity of v.

The same positivity statement through degree 53 holds for complex polynomials with P? re-
placed by |P|?, because real and imaginary parts contribute additively. The minimum in the
theorem concerns this fixed correction measure. Its degree is measured in the one-variable square
form Z.

10



8 Rational moments from an algebraic branch

Put
B(z) =2+ 16z + 1622,  C(z) = 1+ 162 + 322 + 162°.

Eliminating the radicals in (16) gives

(14 2)F(2)? — B(z))” = 4C(a). (31)
The derivative of the left side minus the right side with respect to F' at (z, F)) = (0,—2) is —16.
Hence this constant term determines one analytic branch and one formal power series in Q[[z]]. It
is the branch in (16).
One exact reconstruction uses three elementary operations. If A = Y a,z™ and S = 3 s,z"
satisfy S? = A with so # 0, then

-1
an — ;-’:1 $jSn—j
= >1). 32
Sn 250 (n=>1) (32)
For R =1/A with ag # 0,

n
ro = agl, Ty = —a&l Z a;jrp—;. (33)

j=1

Compute /C with constant term 1, then \/B 4 2v/C with constant term 2, and multiply its
negative by (/1 + z)~!. All operations are finite rational arithmetic at any prescribed truncation
order.

The first coefficients and moments are

(oo f1. fos for 1) = (—2, g, 23 1283 88541) ,

47 87 64
( ) ( 93 3849 88541)
mo, M1, M2, M = —_— Yy | .
0, 1701, 1702, 7183 ’ 2 ) R ) 16

Coefficients through fig9 determine every moment used in Theorem 7.2. The verification also
substitutes the reconstructed series into (31); thus the radical recurrence is checked against its
source equation.

A second reconstruction uses formal Newton iteration directly on (31), starting at F' = —2.
Its denominator has nonzero constant term —16, so it is invertible in the formal series ring. This
supplies an arithmetic implementation independent of the nested square-root recurrences. It uses
only the uniquely determined formal branch at zero.

9 Exact Hankel signs and the first negative degree
Use the scaled variable z = 4y and set
Sn=4"mn,  Hg=(8i4;)};—0,  Da=det Hy. (34)

Every s, needed here, 0 < n < 108, is an integer, as checked exactly by the coefficient reconstruction.
Scaling is a congruence:

Hy = diag(1,4,...,4%) (mi;){ _o diag(1,4, ..., 4%).

It preserves definiteness and inertia.

11



Proposition 9.1 (Finite arithmetic certificate). The integers in (34) satisfy
Dy>0 (0<d<53), Dz <O0. (35)
Both supplied implementations reconstruct these signs from (31) and (29).

Here is the exact computational contract for the proposition. The standard-library program
reconstructs the rational series, verifies the implicit equation, forms Hs4, and applies symmetric
fraction-free elimination. With initial matrix A = Hg4 and previous pivot 1, an elimination step
with pivot p = Ay replaces

PAij — A Ay

previous pivot’

Aij — 1,7 > k.
Every integer division is checked for zero remainder. The pivot before each next step is the cor-
responding leading determinant. This is the classical determinant-preserving identity underlying
Bareiss elimination [13]; it introduces no rounding decisions. All pivots used as divisors are nonzero,
since the previously computed determinants are strictly positive. The final negative pivot is not
used as a divisor.

The second program reconstructs the moments by formal Newton iteration and evaluates the
55 integer determinants separately using FLINT. It checks the proposed polynomial only after
reconstructing its own moments. The first method is sufficient for reproduction without external
numerical libraries.

For scale, selected results are:

Degree d  Sign of Dy Bit length of |Dy|

0 + 3
1 + 15
2 + 34
52 + 10618
53 + 11020
54 — 11434

The verifiers reconstruct the exact determinant integers and required moments; the supplied cer-
tificate fixes the witness coefficients and exact square value. The exact reconstruction establishes
all prefixes through 54.

By Sylvester’s criterion, the complete list of positive leading minors makes Hss positive definite.
This proves positivity on every polynomial space of degree at most 53, rather than positivity of a
selected set of trial polynomials.

10 An explicit integer polynomial and its original integral

Write the last matrix in block form
A v
Hsy = (UT C) ; A = Hs3.

Since A is positive definite, it is invertible. Define
p(z) = 2"+ iz, (ao,...,a53)" = —A" v (36)
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Its square integral under the push-forward of v by z = 4y is

c—vl Ay = Dsa < 0. (37)
D53
This specifies the monic negative polynomial without numerical eigenvectors or a possibly ill-
conditioned floating-point inverse.
For an integer version, let g be the positive greatest common divisor of the integer coefficient
vector of Ds3p(z), and set

Psy(y) = D;?’p(ély). (38)

Cramer’s rule shows that Ds3p has integer coefficients. Thus (38) is an integer polynomial of degree

54, with
_ Ds4Ds3

I(P54) = 92 < 0. (39)

The 55 coefficients of Ds3p(z)/g, in increasing degree order, are supplied in certificate. json.
Multiplying coefficient i by 4% gives the coefficient of y* in Ps4. The programs also check all 54
orthogonality relations against lower monomials in z and contract all 3025 original coeflicient—
moment pairs in the variable y. This independently checks the scale factor in (38) and the exact
equality (39).

The block congruence

A 0
Hepg ~
o <o D54/D53>

has 54 positive entries in its first block and one negative scalar. It proves the claimed inertia and
completes Theorem 7.2. The first-negative-degree conclusion follows from positive definiteness of
the entire lower-degree space.

11 The sharp parameter endpoint

The same first-correction calculation has the opposite sign behavior at A = L. The following exact
sign description complements the interior negative-density result.

Proposition 11.1. On the open region y > 1, the distribution ki is nonnegative. Its density is
positive for 1 <y < 27/11, vanishes for y > 27/11, and has a locally integrable inverse-square-root
singularity at 27/11. The assertion concerns the first correction Kr,.

Proof. Let r = \/1 + 3x/4. The selected inner square root is (14 3x)r, not its absolute value. The
identities
1+ 2l2(1 +2)% = (14 32)*(1 + 3z/4),
12r* 4+ 8r% — 15r* — 6r + 5 = (r + 1)*(2r — 1)(6r — 5),
1+a=4r*-1)/3

give the exact simplification
6r — 5

Fr(z) = —V3(r +1) RN
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Fory > 1, x = —1/y € (—1,0) and r € (1/2,1). The expression is real for r > 5/6. On
1/2 <r <5/6 write F, = —iH; then
3(r+1)%(5 - 6r) dH? 6(r +1)(12r% + 4r + 3)

H? = , = - <0.
2r +1 dr (2r +1)2

Since dr/dx = 3/(8r) > 0, Im F} > 0. Equation (21) proves the density signs. The point r = 5/6
corresponds to x = —11/27 and y = 27/11. It is a simple outer zero, so the derivative has an
integrable inverse-square-root singularity. Continuity of Fp there creates no point mass. The
doubled inner root is removable. These observations also exclude a hidden negative term on the
open region y > 1. O

12 Reproducible arithmetic and the two test mechanisms

The full-inverse proof uses a nonnegative compact test in the region p > w > 0, where the leading
density B vanishes. The finite certificate uses the global correction-measure pairing

(K1, yPsa(y)?) = / Poa(y)du(y) < 0.

Compact support defines this pairing by any smooth compact extension agreeing with the polyno-
mial near the support of k1. Thus the two arguments supply complementary tests of the shared
inverse correction: a support-separated analytic sign and an exact polynomial threshold. The
anisotropic positive corner profile studied in [14] describes a further local scaling regime.

Three programs reproduce the finite arithmetic. The standard-library verifier verify_analytic.
py checks the factorizations, continued local radical arithmetic, explicit interval bounds, and defor-
mation and endpoint identities used in the analytic proof. The program verify.py reconstructs the
rational moments, all 55 determinant signs, the 54 orthogonality equations, and all 3025 coeflficient—
moment pairs for the integer square witness. The alternative verify_independent.py obtains the
moments by formal Newton iteration and computes determinants separately with FLINT. The in-
teger witness and its exact integral are in certificate.json. All executable checks use explicit
failures and support Python’s -0 option. The analytic convergence and section arguments are
proved in the text; the programs reproduce their finite algebraic identities and the complete finite
certificate. Build and execution commands are given in README.md.
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