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Abstract

We prove that the inverse square root of the specialized four-variable Vamos quartic is
not completely monotone. More generally, this fails for every interior stable member of hy =
dejes + Aa?b?, namely 0 < A\ < 64/27. The proof computes a regular correction to a singular
positive leading inverse, establishes convergence after distributional Laplace inversion by uniform
complex estimates, and finds a negative density outside the leading term’s support. A smooth-
section argument transfers that sign to the full unrestricted inverse. For the original quartic
an explicit interval and uniform negative bound are obtained. The result implies a qualitative
strict exponent gap above 1/2; uniform on compact interior parameter sets. At the sharp stable
parameter 64/27, the same first correction is nonnegative outside the leading support; complete
monotonicity at that parameter remains open.

1 Introduction and statements

Let e; denote the elementary symmetric polynomial of degree j in a, b, c,d, and put

hin = 4(a + b+ ¢ + d)(abe + abd + acd + bed) + \a®?, L — % (1)
The polynomial h; is the specialized Vamos quartic. It appears in the study of hyperbolicity, spec-
trahedral cones and determinantal representations [2, 5, 3, 4]. Its cone is spectrahedral, although
no positive integer power of the polynomial has a definite symmetric determinantal representation
[1, 2]. Neither fact determines complete monotonicity of its inverse square root: the determinantal
construction is sufficient, and its failure is not a converse positivity theorem.

A smooth function f on the positive orthant is completely monotone if
(—1)‘“|8af(x) >0 (xze Ri(}a o€ Zéo).

By the multivariate Bernstein—-Hausdorff-Widder theorem, this is equivalent to a representation

fa)= [ e duy) Q
>0

with a positive measure, the integral being finite on the orthant; see [8, Section 2] and [3, Section 2].

The corresponding definition on an open convex cone uses derivatives in directions from that cone.

For inverse powers of a hyperbolic polynomial, complete monotonicity on its full hyperbolicity cone

is equivalent to complete monotonicity on any open convex subcone [3, Proposition 4.15].

The real-stability interval of (1) is [0, L] [7, Theorem 2.2]. Thus, for 0 < A < L, h) is positive
and hyperbolic in every positive direction. For A = 1 these facts also follow directly from the
classical VAmos construction recorded in [2]. We use this stability input; we do not repeat the
separate stability and geometric classification of [7].



Theorem 1.1. For every 0 < A < L, the function h;1/2 is not completely monotone on Rio, or
on its full hyperbolicity cone. In particular this holds for the specialized Vamos quartic hy.

The obstruction concerns the unrestricted four-variable inverse. It is not a failure of a particular
latent-variable construction. Moreover, failure for the full eight-variable VAmos basis polynomial
was already classical: its U4 minor and the minor-closure and quadratic criteria of [8, Proposi-
tions 7.6 and 7.9] exclude the half power. Non-complete-monotonicity need not survive identifi-
cation of variables, so that argument does not decide the four-variable specialization. Likewise,
real stability alone does not imply half-power positivity, as the classical Lorentz examples already
show [8, Theorem 1.9]. The content of Theorem 1.1 is the sign of the unrestricted inverse of this
specialization and its coefficient deformation.

Our method gives the following consequence.

Corollary 1.2. For each compact set J C (0, L), there exists €y > 0 such that h,® is not completely
monotone whenever A € J and 0 < a < 1/2+¢€;.

The gap is not quantified, and no assertion that the admissible exponent set is an interval is
made. In particular, we do not settle exponent one or the optimal exponent threshold. Recent
large-exponent results are in a different range; the Vamos application in [9, Section 5| gives a
sufficient bound a > 65536. Our argument neither uses that bound nor contradicts it.

The proof has three analytic ingredients. First, an oscillatory Fourier inverse is reduced to
a Ky integral. Subtracting its leading model leaves a symbol of degree zero. Second, estimates
on complex Bromwich planes justify convergence after inverse Laplace transformation. Third, a
Cauchy jump computes a negative part of the correction outside the support of the leading term.
The last step would be invalid if based only on formal moment asymptotics. We supply both the
complex domination and the regularity needed to test a section of the full inverse.

2 Coordinates and the partial Fourier inverse

Use the primal coordinates

2 — §2
s=a+b d=a—-b, U=c+d, V=c—d, P=ab= 1
The dual coordinates are
Y1 +Y; Y1 -, Ys+Yy Y3 -V,
W= pPE g, PE o, 4=, (3)

so that z - Y = sw+ §p + Up + Vq. An invertible real coordinate change preserves positivity of a
measure under push-forward. We use inverse Fourier factors 1/(27) and inverse Laplace transforms
on fixed vertical lines.

A direct expansion gives

hy = Ay — BV?, (4)
Ay = AP? +4sPU + (4P + s*)U? + sU?, B=s(s+U).

On § = i, define

Ly =25 +mU(s +U), Cy = s+ msU(s +U)?, m = 16/\. (5)



Then
164\ = MM+ L& + Cy). (6)

We always fix Res = ¢ > 0 and ReU = v > (0. Branches are continued from the positive real
quadrant; in particular the square roots of B and A, /B have positive real part. These assertions,
including quantitative bounds, are proved below.

For ¢ > 0, Fourier inversion in V' = in gives

21

/B

The integral is oscillatory. For positive real parameters the identity follows from the gamma integral
and a Gaussian Fourier integral. For complex parameters, subtract B/ 21 + 772)*1/ 2 from the
integrand. The difference is O(|n|~3), locally uniformly in the parameters, and the subtracted
model has the known inverse K(q)/(mv/B). This proves holomorphic distributional continuation
of the identity; nonvanishing on the tube fixes its branch. This interpretation avoids claiming
absolute convergence of the unsubtracted integral. Classical Bessel formulas used here and below
can be found in [6, Sections 10.29-10.32 and 10.43].
At p = 0 the double partial inverse has Laplace symbol

Ty g5, U) = %1@ [ Kotanends,  f=/avE. (8)

For a general p, insert e¢ in this integral.

1 /Reiqn(AA_l_BnQ)—l/Q dn KO(qv A)\/B) (7)

3 Uniform complex subtraction

Lemma 3.1 (Tube bounds). For X\ in a compact subset of (0,L], let R =1+ |Ims| + |[ImU| on
the fired Bromwich planes. There are positive constants, uniform in X\, such that

¢<|B| < CR?, Re(1/VB) > ¢/R?, 9)

< O(R? +¢2 > °

|f>\|—C(R +€ )7 R'ef)\— RQ(R2+£2)
Put gx = VAE2/(4VB). For a sufficiently large fized Co and Xo = CoR3,

|fr—gx < CRY, Re fy,Re gy > c&?/R? (1€] > Xo), (11)
|£r— g5 < CRS, Re fy > cR™® (1€l < Xo). (12)

Proof. For a positive real base point , hyperbolicity and homogeneity give hy(z+ty) = h(z) [T, (1+
tvyj) with real v;, allowing zero factors for a reduced degree. Consequently

[ha(z +iy)| = ha(z) > 0.
Apply this to x = (¢/2,0/2,v/2,v/2). Varying the imaginary coordinates gives
|Ax+Bn?|>c¢>0 (neR), dist(Ay/B, (—0,0]) > ¢/|B].
The constant is uniform on compact positive parameter sets. Also, for Rez, Ret > 0,

Re vzt > vRez Ret,



because |z||t| > RezRet + ImzIm¢. Thus RevB > /o(o + v), which proves (9). Polynomial
upper bounds on Ay, together with
dist(z, (—00,0])

Re/z > ,
2V/]2]

prove (10).
The exact identity

2
(r—a)(fr+ax) = W

and |fy + ga| > Regy > c€?/R? give |fy — ga] < C(R*+ R6/€2). At |€] > CoR3, choosing Cj large
makes the error less than half the lower bound for Re gx. This gives (11). The remaining estimates
follow from (10) on |¢| < CoR3. O

Lemma 3.2 (Subtraction bound and limit). Uniformly for 0 < ¢ <1,

[ 1Kolaty) ~ Kolagy)|dé < CR™. (13)

On each fized pair (s,U), the difference integral converges to —m(ry + r_), where
7‘3_ +72 = Ly, 1“3_7‘3 =C\, (14)
and ry > 0 initially for s,U > 0.

Proof. The integral representation of K; yields |K;(z)| < Ki(Rez) in the right half-plane. The
identity (zKi(x)) = —zKo(x) and its limit at zero give K;(x) < 1/z. Integrating K = —K; along
the straight segment from gy to f) therefore gives

dt
JRegy +tRe f)’

1
|Ko(afx) — Kolagr)| < [fx — 9/\’/0 =1 (15)
The factor ¢ cancels. For positive a, b, this last integral is (loga —logb)/(a —b), with its continuous
value at equality, and is at most 2(1 + |log(a/b)|)/ max(a,b). On the tail, (11) bounds (15) by
CR®/&2. On the inner region it is at most

CR™(1 4+ log R + |log [€]]).

Here the lower bound cR~® for Re f, controls the maximum in the denominator, and the quadratic
zero of Re gy contributes only the integrable logarithm. Integrating over the inner interval of length
O(R?), and then the tail, proves (13).

For fixed nonzero &£, the small-argument expansion of K gives the limit — log fy\ + log g, with
logarithms on the right half-plane. The preceding majorants permit dominated convergence. For
real positive s, U,

L3 —4Cy = mU?(s + U)((m — 4)s + mU) > 0,

and Ly,C)y > 0, so r+ exist as positive roots. Using

2 2

+r

/log5 5—d& =2mr (r>0)
R 3

gives the stated limit. The identity extends holomorphically to the fixed complex tube. Outside the

positive quadrant, the root sum means this continuation, not a new selection of individual principal

roots. ]



Define the degree-zero symbol

\/Q—i—mx(l + ) + 2¢/1+ mz(l + z)2
B vVi+zx ’
continued from z > 0, so F\(0) = —2. Equations (14) give F\(U/s) = —(r+ +r_)/VB. The
degree-zero property follows either from this expression or by scaling (s,U, &) in the logarithmic
difference integral. It holds holomorphically, so the symbol depends only on U/s. Each ratio off
the nonpositive real axis has a representative with Re s, ReU > 0; the set of such representatives
for a fixed ratio is connected. Thus F) is holomorphic on this slit plane.
Proposition 3.3 (Inverse-distribution limit). Let Ky = ES_%J[F \N(U/s)]. Then, in distributions in
(w7p)7 as q\l’ 0}

m =16/, (16)

Fy()

_ _ K D(1/4)22~1/4
1 _ 1/2 A .
‘Cs,UTA#I = C\q B+ o +0(1)7 C\ = 2\/§7T2 ) (17)
where P
1 (w —p)~/p~
_ Ho<p<w}

In particular supp B C {0 < p < w}.
Proof. The Mellin integral of Ky gives exactly

I'(1/4)2A\"1/4BY/4
V2,/q '

Initially this is a real positive identity; holomorphy gives its complex continuation. Lemma 3.2,
with the prefactor in (8), therefore gives the symbol expansion with regular term Fy(U/s)/(2).
For a smooth compactly supported test ¢(w, p), Fourier inversion on the fixed Bromwich planes
pairs the symbol with the Fourier transform of e?“+*P¢(w, p), up to the fixed Fourier normalization
and sign. This transform is Schwartz. The uniform polynomial majorant (13) and |B|~/2 < C
justify dominated convergence in the two remaining Fourier variables. This proves (17), rather
than only pointwise convergence of real Laplace transforms. Formula (18) follows by convolving
the one-dimensional inverse gamma densities of s~ /4 and (s + U)~1/4. O

/ Ko(qgx) d§ =
R

Lemma 3.4 (Positive sections). For fized ¢ > 0, the full inverse is smooth in (p,q), with values in

distributions in (w,p). If h;l/Q were completely monotone, every such section would be a positive
distribution.

Proof. Insert €€ in (8). On the inner region of Lemma 3.1,
|Ko(gf2)| < Ko(gRe fo) < Cy(1 +log R).

On the tail Re f) > c£2/R? gives Gaussian decay. Inserting any power of ¢ leaves an integrable
majorant with polynomial growth in R. Derivatives in ¢, on a compact positive ¢g-interval, introduce
powers of f) and integral-order modified Bessel functions, which obey the same kind of polynomial
inner bounds and Gaussian tail bounds. Pairing with a compact smooth (w, p) test as above proves
the asserted smoothness.

Under (2), the inverse is the push-forward of a positive measure in the coordinates (3). Pair it
with a nonnegative compact test in (w,p) and nonnegative approximate identities about (p,q) =
(po,qo), where gy > 0. The limit is exactly the continuous section evaluated on that test, and is
nonnegative. This argument uses an actual continuous section, not an arbitrarily chosen conditional
value on a null event. O



4 An elementary finite-part Cauchy inverse

We give a direct construction that also specifies endpoint terms. For each parameter define

@ =" s W=t i) (19)

Lemma 4.1 (Subtracted Cauchy formula). There is an M > 0 such that jy is locally integrable
on (0, M), vanishes fory > M, and is O(y=>/?) at zero. The compactly supported distribution

M
<m#ﬁ=£ ix() (@) — 6(0)) dy (20)

has Cauchy transform Q. On every regular open interval away from zero it has the ordinary
density

_ Im Fj(=1/y +i0)
= p— .
Proof. The inner cubic 1 4+ mz(1 + x)? has three negative simple roots when 0 < A < L. Indeed,
after u = 1 + x, it has one root below zero, one in (0,2/3) and one in (2/3,1); its derivative has
turning points at 0,2/3, and its value at the latter is 1 — 4m/27 < 0. At A = L, the latter two
roots merge, with the exact factorization 1+ (27/4)x(1 4 z)? = (1 +3z)%(1 + 32/4). Possible outer
zeros, besides the removable point at zero, are given by

(21)

IAy)

m 2 m
(1 + 53:(1 + x)) — (1 + max(l + x)2) = Za:Z(l +z)(m(l+x) — 4). (22)

Thus all possible finite singularities lie on the negative real axis, at the cubic roots, —1, and A\/4—1.
The branch is analytic at = 0, so Q) is analytic off a compact positive cut and is O(z72) at

infinity.

At a simple inner root with nonzero outer radicand, F} has at worst order —1/2. The same is true
at a simple outer zero away from an inner root. A simultaneous zero occurs only at A = 2, = —1/2;
the resulting fourth-root behavior gives order —3/4 for the derivative. At A = L the doubled inner
root is removable in the selected square root and the outer radicand there is nonzero. At z = —1,
continuation past the two inner roots gives /1 +max(l +z)2 = —1. Writing u = 1 + x, the

numerator of Ff , divided by u, is —m + 2mu + O(u?); hence this apparent singularity is removable.
These facts prove local integrability at every positive cut node. As x — oo, the radical formula
gives Fi(z) = O(|z|'/?) and F}(z) = O(|z|~"/?). Consequently Q(z) = O(|z|7%/?) at zero. These
bounds hold on the selected branches on either side of the cut.

Formula (20) now defines a distribution: subtraction of $¢(0) makes the integrand O(y~/?) at
zero. To obtain its Cauchy transform, apply the keyhole Cauchy formula to @ (¢) with kernel

11 ¢

=z 2 -2

The kernel vanishes at zero. The small endpoint circle is O(¢'/2), the outer circle is O(R™'), and
the other node circles vanish by their integrable singular orders. The upper and lower jumps, using
Schwarz symmetry, give

@6 = [ o) (+5 - 1) dy= (). ),

z—y z
This fixes the mass-zero counterterm rather than leaving a hidden multiple of dy. Finally, x = —1/z
maps the upper half-plane to itself, and (21) follows from (19). O



Proposition 4.2 (Local homogeneous inverse). On w > 0,
Ky (w,p) = w2kA(p/w). (23)
In a reqular region this is an identity of ordinary densities.

Proof. Differentiate the degree-zero symbol. Lemma 4.1 gives

OFA(U/5) = TQA(=s/U) = ~(ma(y). {5+ Uy) ).

s+Uy)

The inverse of the last resolvent is [ e U dt. Since differentiation in s corresponds to multi-

plication of its inverse by —w, inversion gives

—wKy(w,p) = —(kr(y), d(p — wy)).

For w > 0, the change p = wy proves (23). Terms supported at w = 0 do not affect this assertion
or any test used below. General distributional Laplace inversion is discussed in [10]; the identities
here follow directly by pairing the displayed ray kernels with compact tests. O

5 A negative correction for the original quartic

Proposition 5.1. For A =1, j1(3/2) = —2/(n\/5). More explicitly,

275 3 8
L) < — Soy<2). 24
J1(y) < 3456m (2_y_5) (24)

Consequently, on 1 <w <2, 3/2 < p/w < 8/5,

K (w,p) - 275
2 T 2764872’

(25)

Here Ky denotes the correction inverse from Proposition 4.2, not the modified Bessel function.

Proof. At x = —2/3 + i0, continuation from zero through the upper half-plane gives

1V 15
9

V1 4+ 162 + 3222 + 1623 = , \/2+ 162 + 1622 + 2v/1 + 162 + 3222 + 1623 =

1+14v15
—

There is exactly one inner root between —2/3 and zero; the continued inner root has positive
imaginary part after crossing it. The outer radicand then lies in the upper half-plane. In particular
no root is independently reset to a principal value after substitution. Differentiation gives

21 4+ 27i/4/15

F(-2/3) ==

Formula (21) at y = 3/2 yields the exact value.

For the interval bound, let u = 1—1/y. On u € [1/3,3/8], the inner cubic C(u) = 1+16(u—1)u>
is negative: it equals —5/27 at the left endpoint and has negative derivative there and throughout
the interval. The selected branch has Im Fy(u — 1) = —H (u), where

Hu)? = 3 Y16 + R(w)) — % R(u) = /16(16 — 4/u). (26)

7




This follows by taking the imaginary part of a square root with positive imaginary part; the
same computation is given for general parameters in the next section. Here 8 < R(u) < 10.
Differentiating,

16+R  16(1—wu) 1 64 64 11
- = > 134 — — = .
y t Ttz

E(u) := (H* = 5 9 5

Also 0 < H? < 26/3 < 9,80 H' > 11/54. Since Im F| = —H’, (21) and y < 8/5 give (24). Equation
(25) follows from (23) and w2 > 1/4. O

Choose a nonzero nonnegative smooth compact test supported in the interior of the region in
(25). It annihilates B, because p > w there. By Proposition 3.3, its pairing with the actual section
£*1T1,q is strictly negative for every sufficiently small ¢ > 0. Lemma 3.4 contradicts a positive
representation (2). This proves Theorem 1.1 at A = 1. The compact test is explicit in its allowed
support and sign; the present estimates do not give a numerical small-g threshold.

6 Every interior deformation parameter
Proof of Theorem 1.1. Set m = 16/\ > 27/4 and use u =1+ z. The cubic
C(u) =1+ m(u—1)u?

is negative between its middle root u,, € (0,2/3) and upper root u, € (2/3,1). Continuation from
z > 0 through the upper half-plane gives vC' = +iv/—C on this interval. The outer radicand
divided by 1+ zx is

G(u) =2/u+m(u—1)+ 2iy/—C(u)/u.

It has positive imaginary part. At u, its limiting value is (2u, —1)/u2 > 0, so the continued square
root is in the first quadrant. Write H(u) = Im \/G(u) > 0, giving Im F)(u — 1) = —H (u).
The inequality C' < 0 implies m > 1/((1 — u)u?) > 4/u. Put R(u) = /m(m — 4/u). Since

G = (1 = w)*m(m — 4/u),
the elementary square-root formula yields

H(w? =+ " (m + Rw) —

(27)

At the middle root, A = 16(1 — u,,)u2,, a strictly increasing function of u,, € (0,2/3). Thus u,, is
below, equal to, or above 1/2 as A is below, equal to, or above 2. Differentiating (27) at fixed m,
then taking the one-sided limit u | wu,,, gives
Um — 1
— >0, 0 < up < 1/2,
. ov ) uZ (2upy, — 1)
lim(H*)' =4 ™™ 3w, — 2 (28)
>0, 1/2< < 2/3.
U (i — 1) (2t — 1) /2 < um <2/

For verification, before substitution the derivative is

m(l—u) 1
—(m+R)/2+W @,



and at the root R = |1 — 2uy|/((1 — wm)u2,), which gives the two displayed rational expressions.
In either case H' > 0 on a nonempty open subinterval just above u,,.

For A = 2, the middle root is 1/2, and G tends to zero there, so H extends continuously by zero.
It is positive inside (4, ). The mean value theorem on a closed interval from w,, to an interior
point supplies a point with H’ > 0. Analyticity in the interior makes this strict inequality persist
on an open subinterval. No derivative at the singular endpoint is required.

On the subinterval found in every case, ImF§ = —H' < 0. Equation (21) gives a strictly
negative regular density at y = 1/(1 — u) > 1. Proposition 4.2 supplies a negative correction on
an open region with p > w > 0. Choose a nonnegative smooth compact test there. Its leading
contribution in (17) is identically zero, while its regular limit is negative. For sufficiently small
positive ¢, the actual section is therefore negative on that test, contradicting Lemma 3.4 under
complete monotonicity. This proves failure on the orthant. Failure on the full cone follows by
restriction, or by the cone/subcone equivalence cited above. O

Proof of Corollary 1.2. For each A\g € J, Theorem 1.1 implies a strict violation of a signed mixed
derivative at some orthant point when o = 1/2. That derivative depends continuously on (A, «).
A product neighborhood of (g, 1/2) retains the same violation. A finite cover of the compact set
J provides a common positive exponent radius.

For smaller positive exponents, fix a = 1 and scale (b, ¢, d) by €. The first nonzero term of h) /&>
is

Qx = M2 +4b(c+d) + 4ed = (U + 2b)% — (4 — Np? — V2.

This is a nondegenerate Lorentz quadratic in three effective variables. Complete monotonicity of
the original inverse power would pass to the scaled limit on an open positive subcone. The classical
quadratic criterion [8, Theorem 1.9] excludes 0 < « < 1/2. Combining this with the finite-cover
neighborhood of 1/2 proves the corollary. It supplies neither a numerical €; nor a single derivative
witness valid for all parameters. O

7 The sharp parameter endpoint

The same first-correction calculation has the opposite sign behavior at A = L. This identifies a
boundary of the present method.

Proposition 7.1. On the open region y > 1, the distribution k1 is nonnegative. Its density is

positive for 1 <y < 27/11, vanishes for y > 27/11, and has a locally integrable inverse-square-root

singularity at 27/11. This does not determine positivity of the full inverse of h;l/Q.

Proof. Let r = /1 + 3x/4. The selected inner square root is (1 + 3z)r, not its absolute value. The
identities
1+ 2l2(1 +2)? = (14 32)*(1 + 3z/4),
12r* 4+ 8r% — 15r* — 6r + 5 = (r + 1)%(2r — 1)(6r — 5),
14+a=4r*-1)/3

give the exact simplification




Fory > 1, x = —1/y € (—1,0) and r € (1/2,1). The expression is real for r > 5/6. On
1/2 <r <5/6 write F, = —iH; then
3(r+1)%(5—6r) dH? 6(r + 1)(12r? + 4r + 3)

H? = =— :
2r+1 ’ dr (27- + 1)2 <0

Since dr/dx = 3/(8r) > 0, Im F} > 0. Equation (21) proves the density signs. The point r = 5/6
corresponds to x = —11/27 and y = 27/11. It is a simple outer zero, so the derivative has an
integrable inverse-square-root singularity. Continuity of F7 there creates no point mass. The
doubled inner root is removable. These observations also exclude a hidden negative term on the
open region y > 1. O

Interior failure cannot be extended to L by continuity: the completely monotone parameter set
is closed, so an excluded open range may have an admissible boundary point. Proposition 7.1 does
not prove that the boundary point is admissible. A higher correction or a different construction is
needed to decide it.

8 Scope and reproducibility

The conclusion is an analytic counterexample for a specific four-variable polynomial and a one-
parameter interior family. It does not settle a general large-exponent conjecture, classify all admis-
sible exponents, or give a new obstruction to the generalized Lax conjecture. The essential sign is
outside the full support of the leading positive inverse; a negative formal moment correction alone
would not have sufficed.

The supplementary verify.py uses only the Python standard library and exact rational arith-
metic. It checks polynomial factorizations, the continued local radical arithmetic, the explicit
interval bounds, and the deformation and endpoint identities. It is not a replacement for the an-
alytic convergence and positivity arguments supplied above. Neither a numerical ¢ threshold nor
an explicit coordinate-derivative order is asserted.
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