
Uniform Resolvent Asymptotics
for Growing Theta-Null Source Families

Scott Schubr
Luminary Oddities

27 October 2026

Abstract

We prove a relative matrix asymptotic for growing families of derivative-null sources in a
reciprocal-theta realization of the Weil form. Writing U = log(1/ϵ), the actual constrained
inverse Gram converges relatively to its explicit outer-Hardy/Cauchy leading matrix uniformly
when the source count is o(logU). A finite exponential coefficient budget gives an eventual
sufficient schedule and effective absolute, but unevaluated, onset constants. The proof combines
a gapped positive inverse-factor kernel, logarithmic model-space plateau leverage, exact polar
recovery and complete dual-leakage estimates. Separately, a logarithmically displaced physical
wall gives a literal normalized inverse upper 223nI for every U ≥ 64n2, replacing a factorial
source-count price. Its composition with the original physical null Gram sharpens a signed null-
elimination resource bound. The resulting estimates quantify the positive archimedean reference
and its exact-null elimination resources.

1 From fixed families to a relative uniform limit
The fixed-family leading matrix of Frequency-Source Resolvent Limits and Positive-Receiver In-
stability [1] describes a positive constrained inverse at each fixed derivative order. Changing the
number of sources requires a relative estimate in the same, increasingly ill-conditioned, matrix
metric. The required comparison is in the full leading-matrix metric.

We keep the original source and domain. For u ≥ 0 put

ψ(u) = eu/2 ∑
m≥1

(4r2
m − 6rm)e−rm , rm = πm2e2u, s2 = ψ/ cosh(u/2),

and use its even theta continuation. Let p = sinh(u/2) and

X = {h ∈ L2(R) : h odd, ⟨sp, h⟩ = 0}.

Inner products are conjugate-linear first, with Fourier convention f̂(ξ) =
∫
f(u)e−iξu du. The

compact constrained core is completed for ∥h∥2 + a[h], where

a(ξ) = ℜΓ′

Γ
(1/4 + iξ/2) − Γ′

Γ
(1/4), a[h] =

∫
a(ξ)|ŝh|2 dξ

2π
.

Write V for this minimal domain and A for its associated positive operator on X. For i = 0, . . . , d
set

ℓi = 2i+ 3, zi = (ψ(ℓi) − ψ(ℓi−2)/4)/s, bi = (−2)ℓi

2π1/4 .
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These are the complete original derivative-null rows [2, 1]; the present positive-reference theorem
uses their actual formulas and exact polar moments. Put

n = d+ 2, U = log(1/ϵ), R = 1
2 log(U/π),

DU = diag(biU
ℓi+1/4), GU = D−1

U Z∗
d(A+ e−UI)−1ZdD

−1
U , Zd = [z0, . . . , zd].

There are n− 1 sources; the extra count includes the limiting polar coordinate. For ℜz > 0 define
the positive-normalized outer factor and leading matrix

O(z) = exp
{ 1
π

∫ ∞

0

z log a(t)
z2 + t2

dt
}
, Bp(z) = z − 1/2

z + 1/2
, βi = 4i+ 13/2,

G∞ = 2 diag
(
Bp(βi)
O(βi)

) [
1

βi + βj

]d

i,j=0
diag

(
Bp(βi)
O(βi)

)
. (1)

Its positive definiteness and fixed-family interpretation are established in [1]; the next theorem
controls changing families.

Theorem 1.1 (Uniform relative leading matrix). There are effectively computable absolute con-
stants C > 0 and U0 ≥ 128 such that, for every n ≥ 2, with

Hn = 2
d∑

i=0
β−1

i , Fn = 2128n, en(U) = C{
√
Hn/R+ FnU

−1/128},

the admissions U ≥ U0, Fn ≤ U1/1024 and en(U) ≤ 1/100 imply

(1 − 10en(U))G∞ ⪯ GU ⪯ (1 + 10en(U))G∞. (2)

In particular ∥G−1/2
∞ GUG

−1/2
∞ − I∥ → 0 uniformly along every n = o(logU). The schedule n ≤

10−6 logU is sufficient eventually.

The effective constants are specified analytically; the sufficient schedule applies beyond the
resulting absolute onset.

A separate finite-U result has a much larger admitted source range.

Theorem 1.2 (Complete thin-wall upper). Put L = 2n − 1 and CL = 2n2 + 3n/2 + 1/4. For
U ≥ 64n and T ∈ [U, 2U ] satisfying TeU−T ≤ 1,

GU ⪯ 221ne2CL/U (T/U)2L+1/2I. (3)

In particular T = U + 2 logU + 10 is admitted, and

GU ⪯ 223nI, U ≥ 64n2. (4)

Theorem 1.2 gives a literal finite-U upper on its larger admitted range, while Theorem 1.1
compares the full leading matrix on its stated relative range.

The scalar factorization, model-space, Fourier and variational tools used below are classical;
see [3, 5, 6]. The contribution is their complete same-domain theta-source return with one paid
exponential coefficient budget, and the finite-U wall improvement. The fixed-family limits and
positive-receiver comparison of [1] are established inputs for the present uniform-source results.
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2 The exact limiting geometry and original-domain inputs
The complete positive digamma series gives

16ξ2

1 + 4ξ2 ≤ a(ξ) ≤ 17ξ2, a(ξ) ≤ 4 + log(3|ξ|) (|ξ| ≥ 1). (5)

The theta atoms give, for r = πe2|u|,

2r2e−r ≤ s2(u) ≤ 16r2e−r ≤ 169e4|u|−r. (6)

The jump kernel of a(D) is

k(t) = e−|t|/2

1 − e−2|t| , E(f) = 1
2

∫∫
k(x− y)|f(x) − f(y)|2 dx dy.

Indeed finite positive digamma sums have this Fourier identity; monotone convergence proves it
for the full kernel. Its second moment is finite, and a ≤ 17ξ2 bounds it by 34 in the corresponding
normalization.

Let H− be the energy completion of compact smooth negative-supported functions, zero-
extended to R. Their interaction with the positive half-line gives

E(f) ≥ 2
∫

x<0
ex/2|f(x)|2 dx. (7)

Consequently this completion has a unique weighted representative and the Laplace moments
Lβ(f) =

∫ 0
−∞ eβxf(x) dx are continuous for β > 1/4. On kerL1/2 let vi be the Riesz represen-

tative of Lβi
.

We use the exact outer-Hardy theorem of [1]: Jf(z) = O(z)
∫ 0

−∞ ezxf(x) dx maps this same
completion unitarily onto half-plane H2, with boundary measure dξ/(2π). Its polar kernel is BpH

2,
and

Jvi(z) = Bp(z)Bp(βi)
O(βi)

1
z + βi

, [2⟨vi, vj⟩E ] = G∞. (8)

The theorem uses the specified compact-core completion. Its proof establishes onto by shift invari-
ance and outer cyclicity. The resulting literal Cauchy inverse gives, conservatively with n = d+ 2,

λmin(G∞) ≥ 36
140777n2(n+ 2)228(n+2) . (9)

Here the first-pole comparison in (5) gives O(β) ≥ 2β/(β + 1/2) and

0 < Bp(βi)
O(βi)

≤ 1
2 . (10)

These precise predecessor inputs identify the limiting normalization.
For an original trial h ∈ V put f = sh, gU (x) = f(R+x) on x ≥ −R, zero elsewhere. Expanding

the two odd arms first for finite digamma sums gives the exact identity

E(f) = 2E(gU ) + 2
∑
j≥0

e−4qjR

∣∣∣∣∫ e−2qjxgU (x) dx
∣∣∣∣2 , qj = j + 1/4. (11)
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The opposite signs of the two arms and negative convolution multipliers make the cross squares
positive. Monotone convergence gives the full formula. The original polar equation is

L+(gU ) = e−RL−(gU ), L±(g) =
∫
e±x/2g(x) dx. (12)

Thus the first square in (11) gives the global penalty 2eR|L+(gU )|2.
We will also use the logarithmic-core description proved in [1]. Compactly supported h ∈ X

with sh of finite logarithmic Fourier energy belong to V . For completeness, 1 + a is comparable
to 1 + log(2 + |ξ|). Weighted convolution bounds multiplication by smooth cutoffs uniformly, since
2 + |x+ y| ≤ (2 + |x|)(2 + |y|). Smooth cutoff and mollification approximate in that weighted norm
and in original L2; fixed compact smooth exact-moment corrections restore the polar row with
coefficients tending to zero. This supplies the original minimal realization for the recovered tests
below.

3 A positive inverse factor with an actual support gap
Lemma 3.1. There are 0 < c ≤ 1/4 and a positive measure µ supported on [1/2,∞) such that

1
O(z)

= c

z
+

∫
[1/2,∞)

µ( dt)
z + t

, K(y) = c+
∫
e−tyµ( dt), y > 0. (13)

Moreover
∫ 1

0 K < 3, |K(y) − c| ≤ 3e−y/4 and |K ′(y)| ≤ 20e−y/4 for y ≥ 1.

Proof. Set αj = 2j + 1/2 and

aN (t) = t2
N∑

j=0

1
qj(t2 + α2

j )
, qj = j + 1/4.

The rational Stieltjes function aN (
√
z)/z has positive residues, negative derivative between its poles,

and exactly one simple zero −ρ2
j between successive negative poles, with αj < ρj < αj+1. Degree

counting excludes other zeros. If AN =
∑N

j=0 q
−1
j , its positive outer factor is

ON (z) =
√
AN z

∏
j<N (z + ρj)∏
j≤N (z + αj)

.

Strict interlacing gives positive residues in

ON (z)−1 = bN + cN/z +
∑
j<N

µN,j/(z + ρj), bN = A
−1/2
N , cN =

 ∑
j≤N

(4q3
j )−1

−1/2

.

Every term is nonnegative on the positive axis. At z = 1 their sum is at most 1/O0(1) = 3/4. Thus
the measures µN,j/(1 + ρj) have uniformly bounded mass. Compactifying at infinity and taking
a weak limit retains possible escaping mass as a nonnegative constant. Poisson-log dominated
convergence, between log a0 and log a, gives ON (β) → O(β) for each β > 0, and hence

O(z)−1 = b+ c/z +
∫

[1/2,∞)
(z + t)−1µ( dt).

The support gap separates the zero-frequency pole from the measure term. The removable ratio
r(t) = a(t)(t2 + 1/4)/(4t2) is increasing and tends to infinity. In the actual Poisson-log factor,
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its correction over t/β ∈ [1, 2] forces O(β) → ∞, so b = 0. At zero the same ratio tends to
r0 = 1 +

∑
j≥1(4j + 1)−3; the Poisson approximate identity gives c = 1/(4√

r0) ≤ 1/4.
The inverse Laplace transform is the positive kernel in (13). Its Laplace value at one gives∫ 1

0 K ≤ e/O(1) < 3. Split e−ty into two factors and use t ≥ 1/2,
∫
µ( dt)/(1 + t) ≤ 3/4, and

supt≥1/2(1 + t)e−t/2 < 3 to obtain the tail bound. The same argument with one extra factor t
gives the conservative derivative constant20. These estimates retain the complete symbol. General
Stieltjes factors are classical [3]; theta-related interlacing factors and positive exponential mixtures
appear in [4]. The finite interlacing argument also establishes the exact support gap needed here.

Lemma 3.2 (Plateau leverage). If v =
∑
aivi and E(v) = 1, then its weighted representative

satisfies
v(−y) = K ∗ q(y), A := lim

y→∞
v(−y) = c(Jv)(0), |A|2 ≤ c2Hn.

Proof. Write Jv = Bpk with k in the span of the kernels (z+βi)−1. Its norm is one. The Malmquist
functions

ej(z) =
√

2βj

z + βj

∏
l<j

z − βl

z + βl

are orthonormal by Hardy evaluation and successive Blaschke isometries, and span that finite
rational space. Since |ej(0)|2 = 2/βj , Cauchy–Schwarz gives |k(0)|2 ≤ Hn. This is evaluation on
the finite kernel space just defined.

Let q be the inverse Laplace transform of Jv. Its finite exponential expansion and Lemma 3.1
show that K ∗ q has a constant limit plus an exponentially decaying remainder, and its Laplace
transform is (Jv)/O. The weighted representative of the original v has exactly the same transforms
by the outer isometry. Uniqueness after an exponential tilt identifies the two representatives. The
constant part of K gives the stated limit. This identifies the original homogeneous representative.

4 One exponential budget for every common source combination
In this and the next three sections v =

∑
aivi is normalized by E(v) = 1, so a∗G∞a = 2. Equa-

tion (9) yields ∑
|ai| ≤

√
2 · 140777

6
n3/2(n+ 2)24(n+2) ≤ 216n. (14)

For the last bound use n, n + 2 ≤ 2n and
√

2 · 140777 28/6 < 215; 6.5n + 15 ≤ 16n for n ≥ 2. Put
di = Bp(βi)/O(βi), so 0 < di ≤ 1/2. Then

Jv = Bpk, k(z) =
∑

i

aidi

z + βi
, k0(y) =

∑
i

aidie
−βiy, q(y) = k0(y) −

∫ y

0
e−(y−t)/2k0(t) dt.

The last identity is exact because Bp(z) = 1 − (z + 1/2)−1. As βi ≥ 13/2 and βi < 4n, direct
convolution gives

|q(y)| ≤ 7
12

∑
|ai|e−y/2, |q′(y)| ≤ (2n+ 1)

∑
|ai|e−y/2, (15)

|(Jv)(iξ)| ≤
∑

|ai|
2
√

1/4 + ξ2 .
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The complete Riesz forcing coefficient is

λa =
∑

aiλi, λi = O(1/2)
(βi + 1/2)O(βi)

, |λa| ≤
∑

|ai|.

Choose Sn = 232n. It pays the coefficient, q, q′, Hardy boundary and polar quantities above. In
particular S2

n, n2Sn and the products actually used below are bounded by an absolute constant times
Fn = 2128n. Constants denoted C∗ below are absolute and effective; none conceals an n-dependent
operator norm or compact approximation.

Convolving (15) with the gapped kernel gives, for y ≥ 2,

|v(−y) −A| + |∂yv(−y)| ≤ C∗Sne
−y/4. (16)

Indeed split the convolution with K − c at its argument one; use its local integral below3 and its
complete exponential tail above one. Differentiation uses the same bounds and q′, together with
the boundary term (K − c)(y)q(0). The constant part is paid by the tail of c

∫ y
0 q.

The elementary Fourier integrals also give

∥Jv∥H1/4 + ∥a(D)v∥H1/4 ≤ C∗Sn. (17)

For the second term, the squared Fourier modulus is a(ξ)|(Jv)(−iξ)|2. The quadratic zero of a
removes the possible plateau pole. On |ξ| ≤ 1 use a ≤ 17ξ2; outside use (5). Integrability reduces
to the explicit integrals of x−3/2 and x−3/2 log x. Thus ℓ = a(D)v is a genuine full-line L2 function,
although v may have a nonzero plateau.

For an interval I of length η ≤ 1, split Fourier frequencies at 1/η. Cauchy–Schwarz bounds
the low-frequency supremum squared by C∗η

−1/2∥ℓ∥2
H1/4 and the high-frequency L2 square by

η1/2∥ℓ∥2
H1/4 . Hence

∥1Iℓ∥2 ≤ C∗η
1/4Sn. (18)

The estimate uses the fractional Fourier norm.
All complex conventions matter. If ea(x) =

∑
aie

βix, its functional is
∫
eag, and on negative

tests the exact identity is ∫
eag = ⟨v, g⟩E + λaL1/2(g). (19)

In particular ℓ = ea − λae
x/2 on the negative half-line, as an equality of distributions and locally

L2 representatives. This identity is kept before taking moduli.

5 Complete source profiles at the moving wall
Write r = πe2u on the positive arm. The exact derivative polynomials obey

P0(r) = 4r2 − 6r, Pk+1 = (1/2 − 2r)Pk + 2rP ′
k, Ak = Pk/[4(−2)k]. (20)

Their recurrence is Ak+1 = (r − 1/4)Ak − rA′
k. There is no constant coefficient, their lowest

coefficient is −(3/2)(−5/4)k, and for every V ≥ 1∑
j

|[rj ]Ak|V j−k−2 ≤ eCk/V , Ck = k2/2 + 7k/4 + 3/2. (21)

Normalize A0(V t)/V 2 = t2 − 3t/(2V ) and bound the next coefficient norm by the factor 1 + (k +
9/4)/V ; multiplication and 1 + x ≤ ex prove the formula.
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The actual normalized divided profile on x ≥ −R is

wi,U (x) = (zi/s)(R+ x)
biU ℓi+1/4 .

Its exact numerator is the complete atom sum of Pℓi
− Pℓi−2/4 and its denominator the complete

positive atom sum of P0, multiplied by cosh((R + x)/2). After normalization the numerator poly-
nomial is Aℓi

−Aℓi−2/16. The complete atom sum and lower derivative are retained.
Let η = U−1/8 and L0 = R/4. The admission Fn ≤ U1/1024 implies n ≤ logU and, at an

absolute effective onset, all polynomial comparisons in this section. On [−L0, 0], r ≥ π1/4U3/4.
Equation (21) bounds the first-atom relative polynomial error by 6n2/r. The lower derivative costs
1/(16r2) and the exact hyperbolic factor is 1 +

√
π/r. For r ≥ 16(ℓi + 2) the elementary inequality

logm ≤ (m2 − 1)/4 pays every higher atom by∑
m≥2

m2ℓi+4e−r(m2−1) ≤ 2e−93r/32.

Consecutive m2 − 1 differ by at least5; the first term and a complete geometric tail give this bound.
Applying it also to the denominator yields

|wi,U (x) − eβix| ≤ 50n2U−3/8eβix, −L0 ≤ x ≤ 0. (22)

On [−R,−L0] the complete global source envelope retains its individual order:

|wi,U (x)| ≤ Ki2−ℓieβix, Ki = 1024(2ℓi + 5)ℓi(ℓi + 2)!.

For ℓ ≥ 1, the factorial bound gives

logKℓ ≤ ℓ{10 log 2 + 4 log(2ℓ+ 5)}.

For n ≤ logU , one absolute effective onset makes its brace at most R/4. Therefore the weighted-
anchor pairing cost of each further-left source is bounded by

C∗Ki2−ℓie−(βi−1/4)R/4 ≤ C∗e
−ℓiR/4−R/16 ≤ C∗(π/U)5/32. (23)

The coefficient sum is charged afterwards by (14). Taking the largest factorial constant first would
incorrectly retain an unnecessary eO(n log n) cost.

For reference, the order-normalized full-atom calculation in Lemma 8.1 below gives, whenever
r ≥ max(π, 2, ℓi),

|wi,U | ≤ 13eCL/r(r/U)ℓi+1/4. (24)
On 0 ≤ x ≤ η, r = Ue2x, so this is bounded by 13 exp{CL/U + 2(L+ 1/4)η} ≤ C∗ on the admitted
range. The resulting coefficient cost on that short interval is C∗Sn.

Put T = Ue2η. The same full-atom calculation, before simplifying its exterior integral, gives∫
x≥η

|wi,U |2

VU (x)
dx ≤ C∗e

2CL/T (T/U)2ℓi+1/2TeU−T , VU = e−U/s(R+ x)2. (25)

Both physical arms may be used to upper-bound this one arm. Its gamma-tail slope requirement is
T ≥ 4(ℓi + 1/4) + 2, satisfied uniformly here. Since T −U ≥ 2Uη, T ≤ 2U , nη → 0 and n2/U → 0,
the square root of the right side is at most C∗

√
Ue−Uη. The polar exponential has its separate

complete potential-tail bound ∫
x≥η

ex

VU (x)
dx ≤ 169

π2
√
U
T 3/2eU−T . (26)

Substitute r = πe2u in (6) and integrate its entire gamma tail. These estimates cover the entire
unbounded exterior.
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6 Uniform lower recovery in the original minimal domain
Let v have unit limiting energy as above, and retain L0 = R/4 from Section5. Shift it left by
η = U−1/8. Equation (17) and |e−iηξ − 1| ≤ 2η1/4|ξ|1/4 pay its energy-norm change by C∗Snη

1/4.
Translation preserves its limiting polar zero.

Cut it off slowly at the far left: use a fixed smooth cutoff equal one for y ≤ L0 and zero for
y ≥ 2L0, with derivative bounded by C∗/L0. The resulting profile g has support in [−R/2,−η].
A slowly changing plateau of amplitude A has derivative-square integral O(|A|2/L0); the finite
second moment of the jump kernel pays its full energy, even though the uncut plateau need not be
in unweighted L2. Equation (16) pays the cutoff remainder and its derivative. The total energy-
norm error is therefore

C∗

√
Hn/R+ C∗SnU

−1/32. (27)

This is the reason for retaining model-space plateau leverage rather than estimating its amplitude
by a large residue sum.

Choose once ϕ(x) = cϕ(x + 2)2(x + 1)2 on [−2,−1], zero elsewhere, with L1/2(ϕ) = 1. Its
unnormalized moment is at least e−1/30, so cϕ < 90. Its H1 norm and both exponential moments
are fixed finite constants. Correct the original moment exactly by

gU = g + tUϕ, tU = e−RL−(g) − L+(g)
1 − e−RL−(ϕ)

. (28)

The denominator is at least 1/2 beyond one absolute onset. The cut polar error is at most
C∗Sne

−L0/2. The convolution bound
∫ y

0 K ≤ y/4 + 15 and (15) give |v(−y)| ≤ Sn(y + 20), whence
|L−(g)| ≤ C∗Sn(R + 20)eL0 . Thus the correction costs at most C∗SnU

−1/32 in energy norm after
the same fixed-power weakening. It is exact for the full polar row.

This compact profile can have a finite-energy, non-H1 right edge. The logarithmic-core lemma
in Section2, applied after division by the smooth positive s on its compact support, puts its odd
reflected original test in V . The variational argument uses this form-domain membership.

The two reflected arms are separated by at least R. Their complete interaction is at most
C∗e

−R/2∥gU ∥2
1, and ∥gU ∥1 ≤ C∗Sn(R+ 20)2. On the whole recovered arm the first atom gives

e−U/s2 ≤ er−U/(2r2).

Here r ≥ π > 2, so this is largest at the right endpoint r = Ue−2η. It is at most C∗U
−2e−Uη.

Multiplication by the full ∥gU ∥2
2 ≤ C∗S

2
n(R + 20)3 pays the entire regularization. Both interaction

and regularization are bounded by C∗FnU
−1/128.

For the source pairing use (19). The recovered polar moment converts its last term to
λae

−RL−(gU ), charged with at most S2
n. The near source error is paid by (22) and the further-left

return by (23), retaining each order’s decay. Every coefficient product is bounded by S2
n or n2Sn

up to an absolute constant. Fixed powers (R + 20)q, q ≤ 4, are absorbed by weakening U−1/32

to U−1/128. Enlarging one absolute constant gives the actual Hermitian two-arm pairing and trial
energy

ℜ⟨ZdD
−1
U a, hU ⟩ ≥ 2(1 − en), a[hU ] + e−U ∥hU ∥2 ≤ 2(1 + en)2. (29)

The same original variational quotient therefore proves, for every common coefficient combination
normalized by a∗G∞a = 2,

a∗GUa ≥ 2
(1 − en

1 + en

)2
. (30)

The real part is taken only after keeping the full complex polar and source pairing. The estimate
therefore applies to every common complex coefficient vector.
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7 Uniform upper recovery through the complete dual leakage
Take any original trial with a[h] + e−U ∥h∥2 ≤ 1. Equations (11)–(12) give

E(gU ) ≤ 1/2,
∫
VU |gU |2 ≤ 1/2, |L+(gU )| ≤ e−R/2/

√
2. (31)

The complete theta upper gives

VU (x) ≥ (π2/169)U−2e−4x exp{U(e2x − 1)}.

Its logarithmic derivative is −4 + 2Ue2x > 0 for x ≥ η at the admitted onset. In particular the
trial mass on [1, 2] is uniformly small. The q0 kernel e−|x−y|/2 is below the full k. Restrict the jump
energy to x ≤ 1, y ∈ [1, 2] and use |v − w|2 ≥ |v|2/2 − |w|2. With c0 =

∫ 2
1 e

−y/2 dy > 0 this gives

E(gU ) ≥ c0
2

∫
x≤1

ex/2|gU |2 dx− 2e1/2
∫ 2

1
e−y/2|gU (y)|2 dy.

Consequently ∫
x≤1

ex/2|gU |2 dx ≤ C∗. (32)

This source-independent bound gives the weighted control required at the receding center.
Let ℓ = a(D)v, the genuine full-line L2 representative in (17). Testing the Riesz identity on

negative compact functions and then using Fourier approximation gives for the actual arbitrary
trial ∫

x<0
ea(x)gU (x) dx = ⟨v, gU ⟩E + λaL+(gU ) −

∫
x>0

{ℓ(x) + λae
x/2}gU (x) dx. (33)

The energy term has modulus at most 1/
√

2. The total polar term costs at most C∗SnU
−1/4 by (31).

On [0, η], (18) and (32) pay the full leakage by C∗Snη
1/4. The complete actual source bound (24)

and the same anchor pay its common-coefficient contribution by C∗Snη
1/2. The polar profile has

the analogous payment.
On the whole unbounded exterior x ≥ η, the increasing lower wall has inverse square root at

most C∗Ue
−Uη. Thus the entire L2 leakage norm pays its exterior pairing. The actual source

and polar exponentials use their separate complete potential-tail estimates (25) and (26), with
coefficient costs Sn and |λa| ≤ Sn. All exterior source/polar mixed terms are thereby retained.

On the negative arm, (22) and (23) return the actual theta source with the same common
coefficients. Combining the complete dual identity before taking a modulus gives

|⟨ZdD
−1
U a, h⟩| ≤

√
2(1 + en)

for every unit-energy original trial. Variational duality proves a∗GUa ≤ 2(1 + en)2. Combine
with (30) and use en ≤ 1/100 to obtain Theorem 1.1.

7.1 Effective uniform admissions and their limits

The constants above depend only on the complete fixed symbol, its finite kernel second moment,
the explicit inverse-kernel bounds, finite Fourier integrals, the source-independent anchor, and the
single compact ϕ. Taking finite maxima and products produces one effective absolute C. Every
other admission is an eventual elementary inequality after n ≤ logU : n2/U → 0, nU−1/8 → 0, the
source expansion range, T ≥ 4(ℓi + 1/4) + 2, the polar denominator and the absorption of fixed
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powers of R. The further-left inequality following (23) compares O(log logU) with R/4. Each can
be made monotone at an effective absolute threshold. Their maximum gives the absolute U0.

If n = o(logU) then logFn = o(logU), Hn = O(log(n + 1)), and en → 0. If n ≤ 10−6 logU
then 128(log 2)10−6 < 1/1024 and < 1/128, so both the admission and actual error decay hold
eventually. This proves the stated explicit sufficient schedule. Neither theorem supplies numerical
values of C,U0.

The relative comparison applies under the displayed exponential coefficient admission. The
separately proved finite-U upper retains its own larger source-count range.

8 Order-normalized atoms and the complete thin-wall receiver
We prove Theorem 1.2 independently of the limiting recovery argument.

Lemma 8.1 (Complete scaled atom bounds). For r ≥ π, V ≥ max(2, k), put

Sk(r;V ) =
∑
m≥1

|Ak(rm2)|e−r(m2−1)

r2V k
.

For π ≤ r ≤ T = αV , 1 ≤ α ≤ 2, one has Sk(r;V ) ≤ 3αkeCk/V ; for r ≥ max(π, 2, k), Sk(r; r) ≤
3eCk/r.

Proof. For polynomial powers j ≥ 2 put p = j− 2 ∈ [0, k] and dj = |[rj ]Ak|V j−k−2. The first atom
contributes dj(r/V )p ≤ αkdj . For m ≥ 2 set x = rm2. Since m2 − 1 ≥ 3m2/4,

(r/V )pm2je−r(m2−1) ≤ m4(x/V )pe−3x/4 ≤ m4e−3πm2/8.

For p ≥ 1, maximize xpe−3x/8 at 8p/3 and use p ≤ V , e > 8/3; the case p = 0 is immediate. The
complete remaining Gaussian series is less than 2/7: its first term is below 1/4 and successive ratios
below 1/8, using π > 3 and the positive Taylor bound e9/2 > 64. Equation (21) pays the sum in j.

The lowest coefficient −(3/2)(−5/4)k is handled separately. Its entire contribution is at most
(3/π)(5/(4V ))k < 1, because

∑
m≥1m

2e−π(m2−1) < 2. Combining these terms gives the stated con-
servative constant3. This separates the negative power j − 2 = −1 instead of using an inapplicable
positive-power bound.

Let T ∈ [U, 2U ], U ≥ 64n, α = T/U , and w = 1
2 log(T/π). The exact normalized numerator

Aℓi
−Aℓi−2/16, the positive denominator P0(r)e−r ≥ 2r2e−r, and the hyperbolic factor 1+

√
π/r ≤ 2

give the complete core bound

|wi(u)| ≤ 13eCL/Uαℓi(r/U)1/4 = Aie
−(w−u)/2, 0 ≤ u ≤ w, Ai = 13eCL/Uαℓi+1/4. (34)

The lower derivative has relative factor at most 1/(16α2U2); 12(1 + 1/(16U2)) < 13. The full
exterior estimate is (24), now for every r ≥ T .

Put χ = 1[−w,w], Ii(u) =
∫ u

0 wi, Ip(u) = 2(cosh(u/2) − 1), and ci = Ii(w)/Ip(w). The compact
forcing fi = χ(wi − cip) has integral zero on EACH half-line, so its whole primitive Fi vanishes
outside [−w,w] and at zero. If Hw = (1−e−w/2)−2 ≤ 7, direct exponential integration of (34) gives

1
4∥fi∥2 + 1

16∥Fi∥2 ≤ A2
i {1 + (3H2

w + 2Hw + 1)/2} ≤ 82A2
i . (35)

For example ∥fi∥2 ≤ 4A2
i (1 +H2

w) and ∥Fi∥2 ≤ 8A2
i (1 +Hw)2, which prove the formula. The first

digamma summand gives 1/a ≤ 1/4 + 1/(16ξ2). Parseval with f̂i = iξF̂i therefore pays the entire
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A-dual compact source by (35). The cutoff is a forcing factor in L2; the form variational statement
follows on the original minimal closure.

Let ei = zi/(biU
ℓi+1/4). Its exact constrained decomposition is

ei = PXMsfi + PXVi, Vi = (1 − χ)(ei − cisp).

The complete exterior polar term is present because PX(sp) = 0 only for the whole polar source.
Since |ci| ≤ 2HwAie

−w/2 and the complete theta tails give

∥1r>T sp∥2 ≤ 16T 3/2e−T /
√
π,

its squared-triangle payment is at most 128H2
wA

2
iTe

U−T . The complete source contribution follows
from Lemma 8.1 and s2 ≤ 16r2e−r:

eU ∥1r>T ei∥2 ≤ 5408e2CL/T (T/U)2ℓi+1/2TeU−T .

Both arms use dutotal = dr/r; the full gamma tail is at most twice its first term because T ≥
4(ℓi + 1/4) + 2. After the same squared triangle and division by A2

i , the source term is at most
64e2CL/T −2CL/UTeU−T . Thus TeU−T ≤ 1 proves

eU ∥Vi∥2 ≤ (64 + 128 · 49)A2
i = 6336A2

i .

For a common complex coefficient vector combine the compact factors, their primitives and the
exterior sources first. Cauchy–Schwarz over the finite columns and Minkowski in the inverse energy
give

GU ⪯ (
√

82 +
√

6336)2 ∑
i

A2
i I ≺ 213 ∑

i

A2
i I ⪯ 221ne2CL/Uα2L+1/2I.

Here 213 · 169 < 221. This retains every source mixed entry and proves (3).
For T = U + 2 logU + 10 and U ≥ 128, logU + 5 ≤

√
U : it holds at128 since log 128 < 5,√

128 > 11, and its difference has positive derivative thereafter. Hence T ∈ [U, 2U ] and TeU−T =
Te−10/U2 < 1. For U ≥ 64n2,

2CL/U < 1/8, (2L+ 1/2) log(T/U) ≤ 4n(2 logU + 10)/U ≤ 8n/
√
U ≤ 1.

Since e9/8 < 4, (4) follows. This completes Theorem 1.2.

9 Conditioning and exact-null elimination resources
The complete quadratic lower from [1] is retained on U ≥ 64n2:

γnI ⪯ GU , γn = 2−67h4
n

n2(m+ 1)2 , hn = 2−26

(m+ 1)2752m
, m = 4n+ 3.

Together with Theorem 1.2 it gives

∥GU ∥ ≤ 223n, ∥G−1
U ∥ ≤ γ−1

n , log cond(GU ) = O(n), U ≥ 64n2.

The exponential inverse price follows directly from log γ−1
n = 32(log 75)n+O(logn). On the relative

range Theorem 1.1 instead transfers the exact leading-matrix condition budget with multiplicative
factor (1 + 10en)/(1 − 10en).

We give an original-metric application of the finite upper. Its algebra uses the complete operator-
null identity for these rows [2].
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Lemma 9.1 (Complete physical null Gram). For Nd = Z∗
dZd,

Nd ⪰ βdI, βd = 2−8d−20 3(d!)2

(d+ 1)(4d+ 3)2d+2 .

Proof. The positive first theta atom gives∫
R
ψ ≥

∫ ∞

π
(4r − 6)e−r dr = (4π − 2)e−π > 3/8.

For example π > 3, π < 22/7, e < 11/4 and e1/7 < 7/6 imply eπ < 25, so the last expression
exceeds 2/5. Consecutive positive atom majorants have ratio at most 16e−3π < 1/100. Thus
ψ(u) ≤ (400/99)r2eu/2−r on the positive arm. Substitution of r = πe2u, log2(r/π) ≤ r2/π2, and
r13/4 ≤ r4 for r ≥ π give ∫

R
u2ψ(u) du ≤ 2400

99
π−9/4 < 3.

Consequently ψ̂(ξ) > 1/4 on [0, 1/4] using cos t ≥ 1 − t2/2. Also (6) gives s2 < 16. For z =
∑
cizi,

ŝz(ξ) = −iξ(ξ2 + 1/4)ψ̂(ξ)
∑

i

(−1)iciξ
2i.

Hence

∥z∥2 ≥ 1
4096π

∫ 1/4

0
ξ2

∣∣∣∣∣∑
i

(−1)iciξ
2i

∣∣∣∣∣
2

dξ.

For Hd = [1/(2i + 2j + 3)]di,j=0, the exact Cauchy inverse bounds each inverse entry by (4d +
3)2d+2/[3(d!)2]: the denominator products are 22di!(d − i)!j!(d − j)! and the remaining node sum
is at least3; use the two binomial bounds

(d
i

)
,
(d

j

)
≤ 2d. The row sum gives λmin(Hd) ≥ 3(d!)2/[(d+

1)(4d+ 3)2d+2]. Scale ξ = x/4 in the last integral and use π < 4 to obtain the stated floor.

Let the complete signed form be H = A − B, B bounded selfadjoint, with HZd = 0. Set C =
A+ϵI, U = C1/2Zd, R = C−1/2Zd, S = Z∗

dCZd and Q = I−US−1U∗. For L = C−1/2(H+ϵI)C−1/2,
operator nullity gives LU = ϵR. The leading null block is positive, and its exact Schur complement
is

QLQ− ϵQRN−1
d R∗Q. (36)

Its finite correction norm is

δnull = ϵ∥N−1/2
d (Z∗

dC
−1Zd −NdS

−1Nd)N−1/2
d ∥.

The matrix in parentheses is R∗QR ⪰ 0. Therefore the thin-wall upper and Lemma 9.1 prove the
explicit payment

δnull ≤ min
{

1, e−UCwallβ
−1
d

24d+4
√
π
U4d+13/2

}
, (37)

where Cwall is the scalar in (3). Every congruence uses the original physical Gram and the actual
energy-normalized source map.

For n ∼ cU/ logU with fixed 0 < c < 1/4, the thin wall has logCwall = o(n), while Stirling gives
log β−1

d = (12 log 2 + 2)d+O(log(d+ 2)). Thus

δnull ≤ exp{−(1 − 4c+ o(1))U}.

At c = 1/32 the exponent is 7/8. This is a paid finite correction in the full Schur expression (36);
a signed application compares its complete complementary block against this matrix. The result
quantifies the exact-null elimination resource supplied by the improved positive-reference upper.
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10 Reproducible finite controls
Three compact reader programs accompany the analytical proofs. Exact rational recurrences inde-
pendently reconstruct the derivative polynomials and their normalization. Complete scalar Gaus-
sian tails and directed Arb computations verify the atom and wall constants, including noninteger
regularization parameters. Exact full Cauchy inverse calculations and common-source exponential
estimates corroborate the limiting normalization and dimension budgets.

The main relative theorem gives an effective absolute recovery construction with eventual ad-
missions. Its constants C,U0 are specified through finite fixed-symbol bounds and elementary
monotone inequalities; their numerical evaluation is a further quantitative task. The reader reports
specify their concrete finite ranges and exact code identities. Build instructions and dependency
versions appear in the accompanying reproduction guide.

References
[1] S. Schubr, Frequency-Source Resolvent Limits and Positive-Receiver Instability, version1, 2026. https:

//research.luminaryoddities.com/frequency-source-resolvent-limits-positive-receiver-i
nstability/v/1.

[2] S. Schubr, Quantitative Null-Space Compression for a Weighted Weil Operator, edition2, 2026. https:
//research.luminaryoddities.com/quantitative-null-space-compression-weighted-weil-ope
rator/v/2.

[3] M. Kwaśnicki, Spectral analysis of subordinate Brownian motions on the half-line, Studia Math. 206
(2011), 211–271, Proposition2.17 and Lemma3.8. https://doi.org/10.4064/sm206-3-2.

[4] A. Kuznetsov, Wiener–Hopf factorization for a family of Lévy processes related to theta functions, J.
Appl. Probab. 47 (2010), 1023–1033, Theorem1. https://doi.org/10.1239/jap/1294170516.

[5] J. E. Galé, V. Matache, P. J. Miana and L. Sánchez–Lajusticia, Hilbertian Hardy-Sobolev spaces on a
half-plane, arXiv:2401.16091v1, 2024. https://arxiv.org/abs/2401.16091v1.

[6] T. Kato, Perturbation Theory for Linear Operators, second edition, Springer, 1976.

[7] F. Johansson, Arb: Efficient arbitrary-precision midpoint-radius interval arithmetic, IEEE Trans. Com-
put. 66 (2017), 1281–1292. https://doi.org/10.1109/TC.2017.2690633.

13

https://research.luminaryoddities.com/frequency-source-resolvent-limits-positive-receiver-instability/v/1
https://research.luminaryoddities.com/frequency-source-resolvent-limits-positive-receiver-instability/v/1
https://research.luminaryoddities.com/frequency-source-resolvent-limits-positive-receiver-instability/v/1
https://research.luminaryoddities.com/quantitative-null-space-compression-weighted-weil-operator/v/2
https://research.luminaryoddities.com/quantitative-null-space-compression-weighted-weil-operator/v/2
https://research.luminaryoddities.com/quantitative-null-space-compression-weighted-weil-operator/v/2
https://doi.org/10.4064/sm206-3-2
https://doi.org/10.1239/jap/1294170516
https://arxiv.org/abs/2401.16091v1
https://doi.org/10.1109/TC.2017.2690633

	From fixed families to a relative uniform limit
	The exact limiting geometry and original-domain inputs
	A positive inverse factor with an actual support gap
	One exponential budget for every common source combination
	Complete source profiles at the moving wall
	Uniform lower recovery in the original minimal domain
	Uniform upper recovery through the complete dual leakage
	Effective uniform admissions and their limits

	Order-normalized atoms and the complete thin-wall receiver
	Conditioning and exact-null elimination resources
	Reproducible finite controls

