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Abstract

For a smooth positive density on a flat torus, the inverse weighted Laplacian defines energies of
prescribed smooth tangent directions. We estimate a fixed finite matrix of these energies from inde-
pendent observations, using symmetric heat-kernel Sinkhorn normalization without evaluating the
density. The nonconstant spectral gap shrinks with the heat bandwidth, so statistical linearization
must control the inverse uniformly in that bandwidth. We prove a scalar Sobolev Taylor estimate
that supplies this control. Fixed multiband extrapolation removes the population bias and yields
a joint, population-centered root-n Gaussian limit in every fixed dimension under explicit smooth-
ness and bandwidth conditions. The influence function includes normalization, inversion and the
changing integration measure. It gives a consistent covariance estimator, an exact nonparametric
bootstrap and the pointwise information bound along fixed smooth density submodels. Separate ob-
served error certificates transfer metric and covariance inference to finite numerical outputs. Their
finite-arithmetic realization uses effective input enclosures and eventually informative spectral-gap
enclosures. A circle example shows why freezing the normalized operator gives an incorrect asymp-
totic variance; exact rational fixtures check the numerical covariance error budgets. An explicit
covariance rate also permits joint confidence cylinders with unknown limiting rank and certified
numerical error. A circle example exhibits a noncompact second variation in a direction with zero
first-order influence.

Keywords: Sinkhorn metric; diffusion maps; inverse weighted Laplacian; asymptotic linearity; semi-
parametric efficiency; observed stopping.

1 Introduction

The local metric of a Sinkhorn divergence contains an inverse whose nonconstant spectral gap shrinks
with regularization. Consequently a fixed-bandwidth delta method, or consistency of a normalized graph
operator, does not by itself give a central limit theorem for the limiting inverse metric. A further distinc-
tion is important statistically: replacing the outer population integral by a sample average while freezing
the normalized operator omits part of the influence of the sample.

We study a specific periodic heat-kernel model. For an unknown smooth positive density f and
fixed smooth functions u,, the target is the finite matrix of inverse weighted-Laplacian energies of the
centered scores u, — f uq f. The sample supplies both the normalization and the integration measure.
We prove a bandwidth-uniform scalar expansion, remove population bias by fixed-band extrapolation,
and identify the complete joint limiting distribution. A deterministic certificate makes the numerical
metric target explicit, including the change of mass and centering caused by an imperfect scaling iterate.

A motivating example. On the unit circle with uniform density, take the tangent direction u(x) =
V2 cos(2mkx), k # 0, and write w = 472k2. The limiting energy is G = 1/w. Freezing the normalized
operator and varying only the outer integral gives influence cos(4mkx)/w. Varying the entire metric


mailto:scottschubr@luminaryoddities.com

gives instead 3 cos(4mkx)/w, and therefore variance 9/(2w?). Section 9 derives this difference. It
illustrates why a complete same-sample derivative, rather than a sample average with a fixed inverse, is
needed for inference.

Relation to earlier work. Sinkhorn divergence geometry and its Hessian metric are established ob-
jects [1]. Symmetric normalization of diffusion kernels, spectral convergence and observed stopping
were studied by Wormell-Reich [2]; approximate bistochastic normalization and graph-Laplacian con-
vergence are treated by Cheng—Landa [3]. Kessler—Magnet-Feydy [4], in particular their mass-variation
formulas, provide direct antecedents for differentiating the normalization. These are predecessors of the
present construction, rather than consequences of it.

Fixed-regularization differentiability and distributional limits for entropic transport are developed
by Goldfeld—Kato—Rioux—Sadhu [5]. Root-n graph eigenvalue fluctuations, variance estimation and
information-geometric interpretations are studied by Li—Garcia Trillos—Li—Suchan [6]. Efficient infer-
ence for smooth transport functionals already appears in Manole et al. [7] and, using elliptic functional
derivatives, in Kono [8]. Our observable is instead a fixed-score inverse metric with empirical Sinkhorn
normalization and a simultaneous vanishing heat bandwidth. Horizontal metric limits on a fixed finite
support [9] concern a different perturbation and sampling regime.

Saidi—Gunsilius—Mena [10] develop differentiability and population-centered Gaussian limits for
geometric operations in Sinkhorn geometry at fixed positive regularization. Their Section 1.3 fixes
the regularization throughout; Sections 2.2 and 3.5 establish metric-operator differentiability and limit
theorems for geodesics, logarithmic maps, parallel transport and the induced distance. Our target is
instead the limiting inverse weighted-Laplacian energy as the heat bandwidth vanishes. The uniform
shrinking-gap remainder and multiband bias control below provide the additional estimates needed for
this joint limit.

The population inverse-metric limit and smooth-input bias were studied in [12, 13]. In particular the
reversibility mechanism behind the even tensor expansion belongs to that population analysis. Here we
give its finite-jet form at every required order and use it to simplify the empirical bias correction. The
new statistical work is the shrinking-bandwidth scalar remainder, complete same-sample influence and
covariance, and their combination with certified numerical equivalence. Sobolev perturbation, extrapo-
lation, iid central limits, LAN information bounds and residual-Gram identities are classical tools.

Comparison of statistical targets. The distinction is the observable and its simultaneous limiting
regime. The following comparison records the relevant scope of the cited results.

Work Observable and regime Relation to the present theorem

Wormell-Reich [2] Normalized operators and Operator and spectral consistency, rather
eigendata; shrinking heat scale than the population-centered inverse-energy
limit considered here.

Goldfeld et al. [5] Entropic transport maps, Differentiability, bootstrap and efficiency
potentials and divergences; fixed precede this work; a bandwidth-uniform
positive regularization inverse estimate is still required here.

Liet al. [6] Simple graph eigenvalues; Joint Gaussian limits and variance estimation
shrinking graph radius centered at finite-sample expectations; their

Remark 8 leaves population centering
unresolved in the proved bandwidth range.
The operator and observable also differ.

Kono [8] Scalar quadratic-transport Elliptic influence and bootstrap precedents;
functionals the empirical population-centered CLT has
the dimension and remainder restrictions in
Theorem 4.3.
Present work Fixed-score inverse Population centering in every fixed
heat-Sinkhorn energies dimension under smooth positivity,

high-order bias removal and the stated
conservative bandwidth budget.




From the limit law to computed inference The principal statistical result is the population-centered
joint limit in Theorem 2.1. Covariance consistency, fixed-contrast studentization and the multinomial
bootstrap give its inferential consequences. There are then two numerical tasks: a metric-error certificate
transfers the same root-n limit to the returned metric, while the later weighted-norm certificate controls
inexact influence solves and covariance under the original law. The latter pays residual tilting and chang-
ing centering as well as inverse error. These tasks have separate inputs and stopping conditions; each is
stated with the scale and gap data it uses.

Navas [11] develops the smooth-stratum information geometry and a spectral description of its cotan-
gent form. The small-regularization density limit and sample-estimation issues discussed there remain
distinct from the shrinking-bandwidth scalar inference proved here.

2 Model and main results

Let T = R?/Z4 have volume one. Throughout d is fixed, 4 = f dx is a probability measure with
f € C®(T9) strictly positive, and uy, .. ., up are fixed real smooth functions. Neither p nor these
functions grow with the sample size. Write v(v) = f v dv and use the periodic heat kernel

Hj, = "2, Hpv(x) = / kn(x —y)v(y) dy, h> 0.
For a probability measure v let a = ap,_,, > 0 solve
aHp(av) =1, Pn,v =aHp(avv). )

For smooth u the small-£ solution is constructed below. For a finite positive measure on distinct points
it is the usual unique symmetric positive scaling; its extension to all x is specified by (1). The operator
preserves constants and v, is selfadjoint and nonnegative in L>(v), and has a simple constant eigenvalue.
Define I1,v = v(v)1 and
h _ Rt

Th,vzz{(I_Ph,v'i'Hv) 1_(I+Ph,v) I_TV}- (2)
Thus 71 = 0, while on the mean-zero space T = hP(I — P?)~'. In particular the last projection in (2)
cannot be omitted when the measure varies. The empirical pullback metric is

Gab(h’ V) = V[uaTh,vub] . (3)

For the entropic interpretation use € = 2h and the periodic cost ¢, (x, y) = —=2hlog[kn(x — ¥)/k,(0)].
If OT (v, p) denotes the infimum of / ¢ dr+eKL(r | v® p) over couplings, its debiased divergence
subtracts the two half self-costs. The established diagonal quadratic-coefficient formula is (&/2)P(I —
P?)~! on mean-zero scores [1, 12]; hence the convention (2). The analysis below can equivalently take
(3) as its definition. Equivalently one may center each input at v. Its prescribed statistical family is the
exponential tilt
_ exp(Xq Oatta)v
* " VIexp(Zq baa)]
The prescribed smooth functions therefore determine the local family without evaluations of an unknown
density ratio.
Put u® = u, — pu(u,) and

Dy=~-f1div(fV), Dppa=ud, pda=0, G =puWlep) =pu(Vos-Vop). (4

Smooth elliptic theory gives the indicated solution. Define

Vab = uyPy +upda = V- Voo = Gope  Zavea = HWapWea)- )

The vectorization below uses entries a < b.




Theorem 2.1 (Population-centered empirical inference). Let X1, ..., X, be iid with law u and u, =
n~!'Y,; 8x.. Choose an integer s > d /2 and set

qg=1+s/2, M =2+55/2. 6)

Take an integer K with 2K > M, a constant 1/(4K) < B < 1/(2M), and h,, = n™P. Let ¢y, ... ,cx_1
be the unique real coefficients satisfying

K-1 K-1
Zqzl, Zc€4—ff:0 (1<j<K). (7
=0 £=0
Then
K-1
Vi vec {én - GO} = NO.%).  Gu= Y. crGlhn/2" ). (8)
=0

More precisely, the left side is n='2 Y. vecy (X;) + op(1). The density is not an input to G,. The
covariance may be singular. There is a consistent sample-computable covariance estimator using exact
empirical influence solves, given in Section 6.

An admissible bandwidth choice. The inequalities in Theorem 2.1 prescribe the cost of population
centering. For example, in dimension one take s = 1, M = 9/2, K = 3 and 8 = 1/10; in dimension
three take s = 2, M = 7, K = 4 and 8 = 1/15. In each case 1/(4K) < B < 1/(2M) holds strictly.
The dimension and the number of directions remain fixed, and smoothness permits the required finite
population expansion. The estimates below retain these sufficient bandwidth budgets explicitly.

Corollary 2.2 (Certified numerical equivalence). Set Cx > >, |ce|- If the computed metric at each
band has a certified operator-norm error at most n=>/*|Ck, replacing the exact band metrics in (8)
preserves its conclusion. Section A constructs a finite first-hit algorithm with this property on every finite
distinct sample set. A certified finite-arithmetic realization requires effective convergent enclosures of
sites, kernel and score values, and eventually informative spectral-gap enclosures. It asserts neither fast
runtime nor fixed-precision success. The metric certificate alone does not certify numerical covariance
or studentization; the separate certificate in Section B provides the additional error budget.

Theorem 2.3 (Information bound). In the model of all smooth strictly positive densities, the vector
vec Y is the canonical gradient of vec G°. The estimators in Theorem 2.1 and Corollary 2.2 are regular
along each fixed finite smooth exponential density submodel under local n="1* alternatives. They attain
the pointwise semiparametric covariance bound X for this notion of regularity. Singular directions are
allowed. The inference concerns the fixed density and prescribed tangent directions stated above.

The metric is a periodic heat-kernel metric, whose cost changes with #; fixed Euclidean squared-
cost problems and boundary domains are not included. Signed extrapolation can produce an indefinite
matrix at finite n. If G is positive definite, consistency implies positive definiteness with probability
tending to one.

3 A fixed-space measure perturbation

We give the analytic estimates needed for the simultaneous limit. Constants may depend on the fixed
density, scores, dimension and finitely many derivatives, but not on small / or n. Use the Sobolev norm
with Fourier weight (1 + 472|j|?)*. Since s > d/2, H® is an algebra, embeds in C°, and its multipliers
act on H~*. In particular

IHplli-s—ps < Ch™>. ©)

All measure perturbations have total mass zero. Signed measures and distributions are used locally to
define derivatives; probability measures are used for the statistical values.
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Lemma 3.1 (Population scale and gap). At every fixed integer Sobolev order m > d /2,
any = f 12+ 0pm(h).

The plus inverse (I + Ph,ﬂ)_1 is uniformly bounded on H™. The nonconstant L*(u) gap of Py is at
least ch; on H™,
(I = Ppy +T1,) 7| < Ch™1 72, (10)

Proof. Write a = f~'/2r. Atr = 1 the normalization residual is f~'/2Hj,\[f =1 = Ogm(h). The
derivative in r is the sum of multiplication by 1 + Ogm(h) and Py = f~'/?H h(\/? -). Conjugating by
multiplication by \/7 turns I + Py into I + H},, whose inverse has norm at most one on H". Algebra esti-
mates bound the second derivative uniformly on a fixed neighborhood. A contraction/Newton argument
therefore gives r = 1+ O gm (h) and a uniformly bounded local normalization inverse. This construction
works at any prescribed finite high order; uniqueness identifies the solutions. Positivity follows from the
C° bound.

For the exact scale, conjugation by \/7 gives Q = bHypb, b = a\/7 =14+0gm(h). Thus I + Q is
an O(h) bounded perturbation of I + Hj, on H™, proving the plus assertion. In L?(u), kernel symmetry
gives

ulv(i = Pv] = 3 // kn(x = ya(@a() f@) F) () - v(y)* drdy.

The coeflicients are uniformly bounded above and below. Fourier Poincaré for I — H;, gives a lower
bound ch times the Lebesgue variance. The latter controls the u variance, since f is bounded above and
below and variance is the minimum over constant centers. This proves the gap. Positivity of P follows
from that of Hj. Its constant eigenspace is simple by strict positivity of the kernel. Finally, writing
R_=(I-P+1,),

Ro=I1+PR —Tu  |R-ll2gyor2e < Clh IPlr2gy—pm < Ch™™12

()=
gives (10). O
Lemma 3.2 (Local normalization and inverses). Let € = ||{||g-s and v = u + {. There is a constant

¢ > 0 such that on
€ < ch™* (11)

the normalization and (2) are smooth maps on fixed Sobolev spaces. Uniformly there,

lany/anyu — s < Ceh™, (12)
IDPpy|l < Ch™S, ID?Py,, || < Ch™™, (13)
IR-, |l < Ch™9, Ry \|l < C. (14)

Derivative norms take H™* directions and output bounded H® operators; R_, = (I — Py, + IT,) ! and
Ry, =+Pp,)""

Proof. Puta = ay , and ay,,, = ar. The equation is
r{Pr+aHp(arl)} = 1.

Its derivative at (r,/) = (1,0) is I + P, with the uniform inverse from Lemma 3.1. The residual is
O(€eh™®). On a fixed H® neighborhood the second r derivative is O(1 + eh™®), and the perturbation of
its first derivative is O(||r — 1||gs + €h™®). A quantitative implicit argument gives (12) and

IDr|| < Ch™, |D?r|| < Ch™2

already on € < ch®. Product differentiation then gives (13) and ||Py,,, — Pp, || < Ceh™. The rank-one
projection perturbation has norm at most Ce. By (10) the Neumann criterion for the minus inverse is
precisely (11) with sufficiently small c; the plus inverse has a weaker criterion. This proves the claims.



All identities P1 = 1, vP = v and kernel symmetry persist on the signed local extension. On
probability measures the local scale is positive by the C° estimate. For a finite positive measure it
agrees with the unique finite scale: that scale is the critical point of the strictly convex logarithmic

scaling energy
1 rxs
5 Z WinKijex’+xJ - Z WiX;.
i,j i

Strict positivity of the entries, including the diagonal, makes this energy strictly convex and coercive. Its
critical equation is the scaling equation. The extension away from the atoms is a(x) = 1/Hp(av)(x) and
hence also agrees. Restriction to the atoms intertwines P, I1,,, both shifted operators and their inverses.
Thus the fixed-space functional is the exact finite sample metric, not a quadrature proxy. O

4 Finite smooth expansions and even bias

The next argument also supplies the strong smooth-input estimates used in the scalar Hessian and in-
fluence calculations. We include the remainder justification because a formal series alone would not
suffice for population centering.

Lemma 4.1 (Finite smooth expansions). For each prescribed integer order N and each fixed Sobolev
order, the population scale, h(I — Pp,)~'u® and (I + Py)~'u® have finite asymptotic expansions through
order N, with controlled next-order remainders, for every fixed smooth u. Their leading terms are
respectively {112, 2D}Zlu0 and u° /2.

Proof. On smooth functions the heat Taylor formula is
_ J " N+1y.
Hpv = ZO —zjj!A v+ O pm (AN
]:

its remainder is bounded by a constant times a sufficiently high finite Sobolev norm of v, by the integral

semigroup remainder. Insert !Vl = Zj.vzo hfaj in aHy(af) = 1. At order zero ay = f~'/?; at each

order j the new coefficient is multiplied by 2\/7 . This determines smooth a; recursively. The residual
is O gm (KN*1). The uniform local normalization inverse upgrades this to the same order of error for the
exact scale. Consequently on fixed smooth inputs

N
Ph:I—ﬁDf+thLj+0(hN“). (15)
2 -

Each L; is a finite-order smooth differential operator. Since the exact Py, fixes constants and preserves
4, uniqueness of finite asymptotic coefficients gives L;1 = 0 and uL; = 0.
Let y, = h(I — Pp)~'u® with py, = 0. Construct yIVI = Zj.vzo h/y; with yo = 2D}1u0 and all

coefficients mean zero. Matching successive orders of (I — Pj,)y = hu® requires

Df J+1
5 Vi= Z Leyjs-c.
=2

Every right side has mean zero; smooth elliptic solvability applies. The residual of a sufficiently long
truncation is O g (hV*?). Applying the coarse inverse of Lemma 3.1 bounds its error by ChN+2~(1+m/2)
For any desired expansion order, start with a longer truncation than that order plus this fixed loss. The
low coefficients are unchanged, giving an expansion to every fixed order. The plus equation is treated
by its uniformly bounded inverse and a residual expansion beginning with x°/2. These arguments use
finite truncations only. |



Proposition 4.2 (Even population jets). For each fixed integer K > 1,

K-1
Gab(h, 1) = GOy + " bap 2jh* + O(WX). (16)
j=1

This is the all-finite-orders form of the population reversal mechanism used in [13]; it is used here for
empirical bias removal. It does not define backward heat evolution.

Proof. By Lemma4.1, genuine positive-/ expansions exist to every fixed order. We identify their unique
coeflicients using formal series with smooth coefficients. In this paragraph negative & denotes substi-
tution in finite jets, never a bounded heat operator at negative time. The formal differential-operator
series H(h) satisfies H(h)H(—h) = I coefficientwise by the binomial identity. The normalization co-
efficients are unique. From H(h)(a(h)f) = 1/a(h) one obtains formally H(-h)(1/a(h)) = a(h)f.
Hence a = 1/(fa(h)) solves the normalization at —A and has the same leading coefficient; uniqueness

gives
1
‘= Fay

If A(h) is multiplication by a(h) and My by f, then
P(h) = A(h)H(h)A(h)My, P(h)~" = M;'A()~"H(=h)A(h)~™" = P(=h).

The order of multiplication is essential here. The fixed u-mean-zero smooth space is invariant coeffi-
cientwise. On it I — P(h)? has leading term hD £ so elliptic invertibility gives a unique formal Laurent
inverse, also selected by the finite-residual construction. Since all these factors are functions of the same
P(h),

(=mP(W)~' (1 = P()™*)™" = hP(h)(I = P(1)*)™".

The factor & removes the pole. Thus the tensor jet is even; extend it by zero on constants. Every odd
coeflicient of each fixed smooth bilinear form vanishes. The controlled expansions from Lemma 4.1
now prove (16) for actual positive 4. The result is a finite-order asymptotic statement. O

5 Scalar Hessian and exact influence

For a fixed smooth real u set ®,(v) = v[uT} ,u].

Proposition 5.1 (Uniform scalar Taylor bound). On the neighborhood (11),
|D*®,(v)|| < Ch™M, M =2+5s/2. (17)

In particular
|n (p +¢) = Pp () = DBy () (1] < ChM N1 G (18)

Proof. The improved scalar estimate uses the fixed smooth input before applying a coarse inverse bound.
Let B, be either ] — P, +1I1,,or I + P, and R,, = B;l. Lemma 4.1 gives ||R,ul|gs < C/h, including its
bounded constant part. The identity

Ryu=(I+R, (B, —B,) 'Ruu

and the same Neumann neighborhood give ||z||gs < C/h for z = R, u, uniformly in v. Only an inverse
acting on a general perturbed input will need the larger loss A~ 9.
We account explicitly for the moving pairing. Along v, = v+t put A = B, and F(v) = v[uR,u].
Then
z=-R,Az, F = (uz) — v(zAz).



Although B, is symmetric in the v pairing, its derivative A need not be. Differentiating the symmetry
identity for fixed v, w yields

v(vAw) — v(wAv) = {(WwB,v —vB,w).
Withv =z, w=2, B,z=u and B,z = —Az, this becomes
v(zAz) —v(zAz) = L (uz + zAz).
Differentiating F' and cancelling the indicated terms gives the exact identity
F =2v[(A2)R,(Az2)] — v[zB,z] — 2L (zA2). (19)

It is valid on the signed extension: kernel symmetry and the rank-one projection give the algebraic
symmetry there as well. All pairings are continuous by the H® algebra and duality. For a unit H~*
direction, Lemma 3.2 bounds the three terms by

Ch—2—2s—q Ch—2—2s Ch—2—s
respectively. Here v has bounded H~° norm on the ball. Finally the exact uncentered representation is

v(u)z}

@)= H{F-0) - R - 2

The last term has a bounded second derivative times 4. Multiplying the preceding bounds by & gives
M =1+ q+2s =2+ 5s/2. Polarization bounds mixed directions; integrating the second derivative
along the segment proves (18). A full operator Hessian estimate would have spent three coarse inverse
factors and would give a weaker scalar budget; (19) avoids that loss. O

Proposition 5.2 (Influence at smooth and atomic laws). At a probability measure v in the local neigh-
borhood, center g = u — vu and set

z-=(-P)'g (vz-=0), z=U+P)'s, C,=U-P,)UI+P,)".

The derivative has three sources: the changing outer measure, the normalization scale, and the inverse
operator. The first gives the g(z_ —z4) term below; the latter two combine into the Cayley-operator term.
Retaining both is essential even on the uniform circle. The centered derivative representative is

Wi = B8z~ 20 + oz Py + 2Pz}, 20)
iy =Wy~ Ou(v),  DOLIL] = LWny) Wy =0, @)

These formulas hold for every mass-zero H™* direction, including directions off the support of an atomic
v. Atv =4,
Unpu — 2°¢ = [VoI* = G*(u) (22)

in every prescribed finite Sobolev order as h | 0.
Proof. Define S, = a,Hy(a, ). Differentiating normalization gives @ = d/a = —(I + P,,)‘IS,,g and
P,z=aP,z+P,(az) +S,(z().

Kernel symmetry directly gives

V[ZSV(Zg)] = é[ZPvZ]’
v[B(I+P,)~'S,¢] =¢[Py(I+P,) 'B].



Therefore
V[levZ] = g[(jv(Z}DvZ)]~ (23)

These are dual-kernel identities, not a density argument using perturbations vv. Such perturbations are
not dense at a fixed finite atomic law. All their kernels and products are smooth and their pairings extend
continuously to H .

Differentiate the quadratic resolvent forms. Derivatives of the input center multiply a mean-zero
resolvent output and vanish; the derivative of the rank-one projection in the minus inverse has zero
quadratic pairing for the same reason. The minus form has derivative (gz_) +v(z_Pz_); the plus form
has derivative ¢ (gz+) — v(z4+Pz4+). Equation (23) proves (20). Since vC, = 0, v¥},., = ®,(v), which
proves the centering and derivative assertions.

At the population law Lemma 4.1 gives y;, = hz_ — 2¢ and z, — u°/2 in arbitrarily high prescribed
Sobolev orders. Equation (15) and the uniform plus inverse give, on smooth inputs,

Cn/h— Dy¢/4,  |Cn/hllgmepgm < C.

The bound follows from (I — Pj,)/h and the plus inverse on H"*?; the limit follows first on fixed smooth
functions and then on convergent high-Sobolev inputs. Rewriting the singular contribution to (20) as

2(Cn/h)(ynPnyn) shows
Whu — u+ 3D p(¢%) = 2’¢ - |VgI*.

The identity D f(¢2) = 2¢Dy¢p — 2|V¢|? fixes both the sign and coefficient. Its mean is G°(u) by
integration by parts. This proves (22). O

6 Statistical limit and covariance

We first prove the finite-band centered expansion and then address the limit target and covariance.

Proof of Theorem 2.1. For {,, = u, — u, Fourier duality and independence give

1 -
Eallfy < ~ > +4r? i) < C/n, (24)
jezd

Thus €, = Op(n~'/?). The condition vnh™ — co implies that (11) contains Z,, with probability tending
toone. Indeed M — (s +¢q) = 1 +s5 > 0,s0 n~/2h=(+4) = (n=1/2p=M)pl+s _ (. Propositions 5.1 and
5.2 give

V(@ () = ()} =712 " g (X0) + O (™20,
i=1

The remainder tends to zero. The centered triangular sum differs from the sum of the limiting influence
by a random variable with variance ||y, — Yo, 'u||2L2 G 0. The iid central limit theorem applies,
including variance zero. Polarization, for instance G 45 = {® (1, +up) — ©(uy —up)}/4, gives the joint
expansion with influence (5).

The same event and argument control every fixed number of scores and bands, since all bandwidths
are fixed multiples of /,. Equation (16) and (7) give Y, c¢G (h,/2¢, u) = G* + O(h2K). Its scaled bias
vanishes since 8 > 1/(4K); the empirical remainders vanish since 8 < 1/(2M). All bands use the same
sample and have the same limiting influence. Their weights sum to one, so their linear terms combine
into that influence, not into a sum of independent-band variances. This proves (8) and its asymptotic
linear representation. O

For the covariance estimator compute (20) at u,, using a single bandwidth #,, and exact finite solves,
and polarize to obtain ¢ 4p 5, . Set

—

Sab.ed = fn[Wab nyWed - (25)



Proposition 6.1 (Covariance consistency). Under Theorem 2.1, ¥ — X entrywise in probability. For
any fixed contrast with positive limiting variance, the corresponding studentized statistic tends to N (0, 1).
Inverse-covariance inference requires nonsingularity of the covariance on the selected contrast space.

Proof. For ascalar score let y,, be the unique zero-Lebesgue-mean H*® representative of D®y, (v) modulo
constants. Duality of mass-zero H~* with H* modulo constants and (17) give

Iy = xulles < CHMly = ullg-s.

The direct atomic calculation in Proposition 5.2 identifies the derivative at an atomic law as well. Thus
Yny = Xv — vVXxy. The population y,, is bounded uniformly in H*® by the high-order smooth-input
expansions. Since v is bounded in H™* on the local ball,

1ny = ¥npllas < ChM v = pllg-. (26)

This uses the mean-value integral on the whole segment, not differentiation of a pointwise asymptotic
formula. For v = u,, the right side is op(1). Split the variance error into

W =i )+ (n = )W )+ (W =05 )

The first vanishes by (26) and the algebra bound, the second is Or(¢,), and the third vanishes by smooth
influence convergence. Polarization and the same product estimates prove every covariance entry. The
finite-band limiting influence is unchanged, so the one-band covariance serves (8). Slutsky’s theorem
gives the studentized conclusion when the limiting denominator is positive. O

Corollary 6.2 (Exact nonparametric bootstrap). Under Theorem 2.1, let X7, ..., X, be conditionally

iid from p,,, and compute the same exact multiband functional G, at i, =n~' ;8 x:, with the same n,
bandwidths and coefficients. Its conditional law satisfies

dp1 (1: [«/ﬁvec(é;; ~G) | X, .., Xn] . N(O, 2)) 50

in probability, where dgy is the bounded-Lipschitz metric on laws in the fixed entry space. The covari-
ance may be singular. This assertion concerns exact empirical metrics, not an uncertified numerical
bootstrap implementation.

Proof. Repeated bootstrap sites are merged and given their positive multinomial weights; zero weights
are omitted. This leaves the measure and normalized metric unchanged. A one-site law has the zero
mean-zero metric. Thus duplicates cause no definitional problem.

Let E=H ® and Cg = [|0 ||%j < oo, independent of x. Conditional Hilbert-space variance gives

* * 1
Bl =ty = ka8l = lbaall}} < Cof.

The cross term with u,, — ¢ has conditional mean zero. Together with (24) this yields E||u;, — ,ullé <
2C,/n. Both measures consequently lie in the Taylor neighborhood centered at the deterministic true
law , at all fixed bands, with joint probability tending to one. No uniform Taylor estimate centered at
a random atomic law is needed.

Let ¢, denote the finite-band population influence vector, and put b, = 3, ey, joc- It has mean
zero, converges uniformly to vecy, and is uniformly bounded. Apply (18) separately to y, and u), at
the same y and subtract:

Vivee(Gy, = Gu) = Vi, = pn)bu + 15 1= 0p(1)

under the joint original/bootstrap law. Indeed, on the good neighborhood the expected remainder is at
most Cn~'/2h-M — 0, while its complement has probability tending to zero. The population tensor
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and its bias cancel exactly. For each € > 0, EP*(||r;|| > €) = P(||r};|| > €) — 0. Markov’s inequality
therefore gives conditional negligibility in original-sample probability.

Conditionally the leading term is a sum of n iid centered vectors b, (X;) — p,by, divided by .
They are uniformly bounded, and their conditional covariance

,un(bnbz) - (,unbn)(/lnbn)T — X

in probability by uniform convergence of b,, and the ordinary laws of large numbers for the fixed limiting
influence. Conditional Lindeberg holds. To obtain convergence of laws, take any subsequence and a
further subsequence on which these covariances converge almost surely. On almost every such sample
path the usual triangular-array CLT applies to the conditional arrays, including singular covariance. The
subsequence principle proves bounded-Lipschitz convergence in probability on the original sequence.
Finally, uniformly over bounded 1-Lipschitz tests, the effect of r;, is at most € + 2P*(||r},|| > €). Letting
€ | 0 proves the corollary.

The bootstrap mechanism is the classical one for asymptotically linear functionals; fixed-
regularization Sinkhorn and transport-functional precedents include [5, 8]. Here the shrinking-
bandwidth remainder justifies its use for this inverse-metric statistic. m|

7 Joint inference with unknown covariance rank

The joint limit permits singular covariance. Spectral regularization of Wald statistics is classical; see
Dufour and Valéry [14]. Here the influence estimates give an explicit shrinking-bandwidth error budget,
which can also include the paper’s numerical covariance certificate.

Vectorize the fixed finite set of metric entries as 8 € R™, with target 6y and multiband estimator 5,,.
Let ¥, be (25). Put

a, = h, +n_1/2h;M.

Proposition 7.1 (Covariance rate and spectral selection). Under Theorem 2.1,
”in - leop = Op(ay).

Suppose a symmetric numerical covariance >, has a nonnegative allowance n, — 0 in probability
such that ||, — 3, llop < 1n on events with probability tending to one. Exact covariance computation
corresponds to n, = 0. Set t, = \Ja, +n,, retain the eigenvalues of hom strictly greater than t,, and
invert only these eigenvalues. Denote the resulting matrix by E; 1, and their number by Tn. For the fixed
rank r = rank(X),

P(r,=r) —1, E;,t,, — X% in probability.

Proof. The finite smooth expansions, taken one order beyond the limiting calculation in Proposition 5.2,
give
hz_ =2¢ + Oysea(h), 20 = /2 + O s (h), Cn/h=Dy/4+0(h)

on sufficiently smooth inputs. Substitution into (20) yields [[5,, — Yo, ulls = O(h). The derivative-
stability argument in Proposition 6.1 gives ||¢/, — Unullo = Op(n~12h~M)_including the empirical
centering. Split the covariance difference into the empirical influence error, this population influence
difference, and the empirical mean error of the fixed smooth products ¢y . All influences are bounded
in probability, so these three contributions have orders

Op(n™'27™),  O(h),  Os(n'?),

respectively. The vector has a fixed finite number of entries; equivalence of its matrix norms gives the
stated operator-norm rate.

The total covariance error divided by #, tends to zero in probability: a,/t, < yfa, andn,/t, < i,
Weyl’s inequality separates all zero eigenvalues from all fixed positive eigenvalues. Continuous spectral
functional calculus on that separated spectrum then proves rank selection and convergence to the Moore—
Penrose inverse, including repeated positive eigenvalues. m|
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Corollary 7.2 (Joint confidence cylinders). In addition, suppose a computed metric vector satisfies
Vnl|l6, — 6,]| = 0 in probability, as provided by the separate metric-error certificate. Then

n(0, —00)"Z), (Bn—00) = x7.
Fix0 < a < 1. If 1, =0, define C,, = R™. Otherwise use the positive-rank chi-square quantile and set
Co=1{0: n(0,-0)"%;, (6,-0) < x7 |}

Forr > 1 this region has limiting coverage 1 — a and is a cylinder in the discarded directions. Atr =0
the full-space convention gives coverage tending to one.

Proof. Theorem 2.1, the metric-error condition and Proposition 7.1 give the quadratic-form limit by
Slutsky. A Gaussian vector with covariance X has ZTX*Z ~ y2. Consistent rank selection gives the
stated quantile and coverage when r > 1, where the limiting distribution is continuous. At rank zero the
selected inverse is zero with probability tending to one and the stated full-space convention is conserva-
tive. O

The covariance allowance concerns the original empirical law, as in Appendix B; it does not re-
place the root-n metric-error requirement. The rank and coverage conclusions are pointwise at the fixed
density, not uniform over sequences whose positive covariance eigenvalues vanish.

7.1 A singular circle metric and its second variation

On the unit circle take f = 1, u; = V2cos(2rkx), up = V2sin(2rkx), k > 1, and w = (27k)2. In the
order (G11, G 12, G;) the limiting influence and covariance are

1 0 -1
0 1 0
0

U= i((:os(47rkx), sin(4nkx), — cos(4mkx)), Y=
w
-1 1

2
2w?

Thus r = 2, and the trace direction (1,0, 1) has zero first-order fluctuation. The following computation
identifies a distinct high-frequency feature of that trace.

Proposition 7.3 (Noncompact trace Hessian). Let F(f) = G(}(u 1, u1)+G%(uz, uy). Its second variation
along smooth density perturbations at f = 1 extends to a bounded self-adjoint operator on mean-zero
real L? of the circle. For vy = V2 cos(2ntx) with € > k, write

2
F(l+1ve) = = +1*Q¢ + 0(1%).
w

Then
4 1 1 2

S A Y S

In particular, this Hessian is not compact and is not Hilbert—Schmidt.

Q¢

Proof. For asmooth mean-zerov, let f; = 1+tv, L; = =0, (f;0x) = Lo+tL;,and R = Lal on mean-zero
functions. For either score u, put m,, = / vu, ¢o = u/w, and

by = fi(u—ppu)=u+t(vu —my) — 2myv.

The energy is (b;, L; ' b,). Expanding its inverse gives the quadratic coefficient

Zmi ,
Q(V): Z |:<auvRau>_ w ]’ Clu:\/u—mu—Lmﬁo:vu/w—mu.

u=up,up

12



For ¢ > k, both m, vanish. Product-to-sum formulas put a,, in the cosine modes ¢ — k, € + k with
coefficients ¢/ k and —(/k, and a,, in the corresponding sine modes with coefficients —¢/k, —€/k. Their
squared norms and the eigenvalues of R give the displayed Q.

For general mean-zero v € L2, write a,, = 0,(vu’)/w + vu — m,,. This has H~! norm bounded by
C||v||» and mean zero. Hence Q is a continuous quadratic form on mean-zero L? and defines a bounded
self-adjoint Hessian. The orthonormal sequence v, converges weakly to zero, but its Hessian quadratic
values are 20, — 4/w > 0. Compactness would force those values to zero. This proves the final
assertions. |

The vanishing trace influence therefore coexists with a non-Hilbert—Schmidt continuum second vari-
ation. A finite-variance Gaussian quadratic-form limit cannot be obtained by simply substituting this con-
tinuum Hessian into a second-order delta argument. A shrinking-bandwidth second-order limit would
require its own finite-/ centering, normalization and remainder estimates. The projected joint inference
above uses the established first-order limit on its nondegenerate range.

8 Canonical gradient and local regularity

Proof of Theorem 2.3. For a smooth centered density score v, let f; = fe'/u(e'). Work modulo
constants in the weak Poisson equation

Ef(¢a.2) = La(f32), Ef(x,2) = u(Vx-Vz), La(f:i2) = p[(uq — pua)z].

Uniform ellipticity for small # and the inverse on the quotient give differentiable smooth solutions; this
can also be obtained by an implicit inverse between fixed Sobolev quotient spaces. The derivatives are

Ep(x,2) = p[vVx-Vzl,  La(f;2) = u(vudz) — p(vug)pz.

Using the centered baseline solutions as tests, differentiation of G° » = Ef(¢a, dp) and the two weak
. . a
equations gives

DG, () [v] = La(f30) + L (f; ¢a) = Ef(bas db)
= uv(Udp +ulda = Vda - Vo)l = p(Wap). (27)

This includes derivatives of the score means; they vanish here because the test solutions have baseline
mean zero. Smooth centered functions are dense in L% (w), since f is bounded above and below. The
smooth centered vector i is therefore the canonical gradient.

We state regularity precisely rather than presume a uniform density-class remainder. Fix a finite
vector v of smooth centered functions and a fixed local vector ¢. Under the local exponential law f;, ; =
fexp(tTv/yn)/uexp(tTv/+/n) the likelihood satisfies

log L, = tTn~1/? Z v(X:) = LT (T + 0p(1).
i

Boundedness of v also gives E fol = 0O(1), by a second-order expansion of its exponential moments.
Hence these alternatives are contiguous to the baseline product laws. The baseline asymptotically linear
representation in Theorem 2.1 retains its negligible remainder under each such alternative. The joint iid
CLT for (¢, v) and Le Cam’s third lemma shift the mean of its linear term to u (v )z, leaving covariance
Y unchanged. Alternatively this follows by expanding

{,U exp[(t"v +iz"y) /] }"
pexplrTv/ ] '
Equation (27) gives exactly the same shift for vVn{G°(f,..) — G°(f)}. After target centering the limit

is N(0, X), independently of 7. This proves regularity along every fixed finite smooth exponential sub-
model. The certified numerical error also transfers by contiguity.
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The information conclusion uses classical LAN convolution theory, not the covariance calculation
alone; see [15, Theorems 25.20-25.21], and the transport applications [7, 8]. For a scalar contrast
bT vec G, write y = bT vecy. The supremum of the parametric bounds (uyv)?/u(v?) over smooth
centered v is uy?; if nonzero it is attained by the smooth score v = y. The convolution bound gives
this Gaussian component for regular limiting laws, and the present estimator has exactly that normal
limit. For the vector, choose a basis of the finite span of its smooth influence components and apply
the multivariate LAN bound, or test every contrast. Thus the covariance bound is X, including singular
directions, and it is attained. This is the claimed pointwise smooth-submodel efficiency; it entails no
uniform coverage or minimax smoothing-rate conclusion. O

9 A circle example and the complete variance

Let f =1onT, u(x) = V2 cos(2rkx) with k # 0, and w = 472k2. Then ¢ = u/w, G° = 1/w and

3 9
Yo(x) = = cos(4nkx), T =-—.
w 2w
The exact finite-band population multiplier is
hA h

A= e—hw/Z

s ty, = = - .
"Z1202 T 2sinh(hw/2)

Here the exact centered influence is Ay, cos(4mkx) with

(1+4%)?
Ap=th {1+ ——. 28
b { 1+24 28)
For completeness, the scaling derivative in a mass direction £ solves (I + Hy)a = —Hp(. Since u? =

1 + cos(4rkx) and the heat multiplier on the doubled frequency is A*, kernel duality gives

4

. 1-
<M,PM>L2 =A

mg[COS(él-ﬂ'kX)] .

The filter ¢, (z) = hz/(1 — z%) has derivative q,(A) = h(1 + A2)/(1 = 2%)2. Adding the outer-measure
derivative #;,¢ (u?) gives (28), hence A, — 3/w.
Taking s = 1 gives M = 9/2. Three bands suffice:

(co,c1,02) = (1/45,-4/9,64/45), " lec| = 17/9.

They cancel h? and h*. With 8 = 2/21, both vnh® and n='/2h=°/2 equal n='/'4. This is a conservative
sufficient balancing example.

Freezing the population operator and merely averaging u¢ would instead produce variance 1/(2w?).
That is an oracle quadrature proxy for a different experiment; it omits normalized-operator and inverse
sensitivity. It does not contradict the full-model information bound. If uniformity is known as a model
restriction, the target 1/w is already known and no sample estimator is needed. Efficiency here is relative
to unknown nearby smooth positive densities.

10 Parameter regime and numerical inputs

The bandwidth budget gives a nonempty regime in every fixed dimension for an infinitely smooth strictly
positive density and a fixed finite collection of prescribed tangent directions. Smoothness pays the finite-
order population bias expansion, while positivity supplies the elliptic inverse and the local perturbation
estimates. More economical common-space inverse bounds could reduce the sufficient number of bands
and enlarge the admissible bandwidth interval.

14



Computed inference uses two separate observed budgets. The metric certificate controls error in
the extrapolated energy matrix; the covariance certificate additionally controls influence solves, residual
tilting and recentering under the original law. Their finite-arithmetic realization assumes convergent
input enclosures and gap enclosures that eventually detect the positive finite gap. The analytic statistical
conclusions are fixed-density asymptotic limits, with fixed contrasts used for studentization.

A Observed metric-error stopping

We now give an actual numerical target and a finite first-hit construction. This section is deterministic
and uses no asymptotic empirical gap lower bound. All matrix products and inequalities in the certifi-
cates must be evaluated exactly or enclosed rigorously; floating eigenvalues alone are not certificates.

Fix distinct sites, positive probability weights w;, a symmetric positive definite matrix K with strictly
positive entries, a bandwidth & > 0, and finitely many prescribed score columns. The periodic heat
Gram has these properties. Indeed its Fourier quadratic form has strictly positive multipliers; vanishing
of that form forces the finite signed atomic measure to have all Fourier coefficients zero, hence to vanish.
Duplicate sites can instead be merged.

A.1 Backward interpretation of a scaling iterate

For any positive vector b put

wiri g _ VRb; Kijbibjw;
I"izbi;Kijbjo, RZZWiI’i, Vi = R , a?t:r—i, Pij:r—i' (29)
1

Direct substitution proves a?“ 2 Kija;?“v 7 = 1. Thus P is exactly normalized at the residual-tilted
measure v, with detailed balance v; P;; = w;w;K;;b;b;/R. Its Euclidean symmetric representative is

5 _ Kiybibjywiw; VO = (W) ()T (30)

i
J }"il"j

Perron simplicity and positivity imply that its nonconstant eigenvalues lie in (0, 1). The correct score
columns at this intermediate law are centered at v, not at w. For example, if w = (1/2,1/2) but v =
(1/2+e,1/2 — e), the old-centered vector (1, —1) has new mean 2¢ and cannot be the right side of a
mean-zero inverse equation. This issue cannot be removed by merely making a normalization residual
small.

A.2 A posteriori scale and tensor bounds

Let a be the exact scale at the original weights w, and let m = min; w;. Define observed quantities
N =r = Ulr20w)> Fmin=Minrg, rmg=maxr;, Ro=21,/rmin, Mo = Ro/Vm. (31)
Lemma A.1 (Observed logarithmic scale bound). If
q0 = 2(Fimax /Tmin) (2" = 1) < 1/2, (32)
then ||log(a/b)||lc < M.

Proof. In L*(w) write B = diag(b)K,, diag(b), where (K,v); = X;K;jw;v;, and F(x) =
e*bK,,(e*b) — 1. Positivity gives B > 0 and || B|| < rmax. the latter by the nonnegative row-sum bound
and symmetric similarity. Jo = DF(0) = diag(r) + B > rpin/. On the closed L?(w) ball of radius Ry
we have ||x|lcc < My. If D = diag(e*), then

DF(x) = diag(r(x)) + DBD, IDF(x) = Joll < 2rmax (e - 1).
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For the diagonal part use e >Mor; < r;(x) < e*or;; for the matrix part expand DBD — B = (D —
I)BD + B(D - I). The Newton map x — J; 'F(x) is go-Lipschitz on the ball and its value at zero has
norm at most Ry/2. It therefore maps the ball to itself and contracts. Its fixed point is the unique exact
positive scale. The zero-residual case is immediate. The £* estimate follows from the L?(w) radius. No
smallest kernel eigenvalue is used. m|

Let O be the exact symmetric matrix at w and I1,, = (vw)(¥w)T. With a certified upper bound
po = ||[IT1 —II,,|| define

2L _
b

L:M0+%max|logri|, €@=e ey = € + po. (33)

For example pg = 2||\/_ \Vwl|2 is valid. Equation (30) gives O = DQOD with D;; = b; ;/(ai+Jri). Hence
Lemma A.1 implies ||Q Oll < e. Let g € (0, 1] be a certified lower bound on the nonconstant gap
of Q and require ey < g. Both shifted matrices I — Q +I1,, and I — Q +1 are positive definite; Weyl’s
inequality bounds the former below by (g — eg)I. The resolvent identity and (2) give

+ €+

IT(Q,TT) - T(Q,1,,)|| < By := h {L Po}
(g —eo) 2

(34)

Indeed the plus inverse norms are at most one, while the minus inverse product costs 1/[g(g — eo)].
Let S be the matrix of the prescribed score values and form the common-Euclidean columns

Y,, = diag(v¥w)[S - 1(wTS)], Y, =diag("\V)[S - 1(+'5)],
Dy =Y, =Y, y = IYwllF, dy = ||Dyl||F.

The exact tilted tensor has norm at most z/(2g). Expanding the difference of the two metric matrices as
YI(T -1)Y,, + DITY,, + YITDy + DITDy
therefore proves the observed allowance

G (h,v) = G(h,w)l|lop £ Escale = Boy? + —(Zydy +d3 7) (35)

Changing only the operator and keeping the old mass factors or the old center would not establish this
inequality.

A.3 Inverse residuals and the complete certificate

Work now in L?(v) with score columns ¥ = § — 1(»”'S). On its mean-zero subspace let A_ = I — P; let
A, = I+ P. Choose minus trial columns X_ centered at v and arbitrary plus trial columns X,. Set

Z.=Y - A.X,,
We=Y"Xo+ X1Y - X;A Xy, G = g(w_ - W),
where stars include the actual v weights. Expanding the residual proves the classical identity
YADYY - W, =Z1A'Z,.

As A_ > gl on the complement and A, > [, it follows in full matrix Loewner order that

h_, , ho_,
—5ZiZs < G(h,v)-GUal < QZ’Z_'
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In particular

h h ;
ESOIVC ‘= max {@”Z— Hiz(v),F’ §”Z+||2LZ(V),F} 2 ”G(ha V) - Gtrlal”op. (36)
The full residual matrices retain off-diagonal correlations; no entrywise independence is assumed. Com-
bining (35)—(36) gives the complete observed certificate
Escale + Esolve =7 == ||Gtrial - G(h’ W)”op <n. (37)

Its target is the metric at the original empirical law.

A.4 Actual first hit and finite termination

Proposition A.2 (Finite first-hit construction). For every finite distinct sample set and every n > 0,
there is an actual scaling and inverse iteration that stops with (37). In ideal real arithmetic it terminates
finitely. It has a certified finite-arithmetic realization under effective convergent enclosures of inputs and
gap certification that eventually detects the positive gap.

Proof. Start b = 1 and perform damped symmetric scaling

next _ bi

' (wa)i‘

(38)

To see actual convergence, let a be the exact scale and t = b/a. Then "' = /t/(P.t), where P, is the
exact balanced matrix. For a strictly positive matrix its Hilbert projective contraction gives

osc(log(P.t)) < Bosc(logt), 0 = tanh(A(K)/4) < 1,

where A(K) = max; j x;1og(KixKji/(KiKk)). Consequently osc(log ") < (1 + 6)osc(logt)/2.
Moreover each new log coordinate lies between — osc(log?)/2 and osc(logt)/2, since P.t lies between
the minimum and maximum of ¢. Thus log(b/a) — 0, not merely convergence modulo constants.
Classical positive-kernel contraction is also discussed in [2, 4].

At each iterate evaluate (32), a certified gap g for 0, and (35). Stop scaling at the first iterate for
which

qo < 1/27 ey < g, Egcae < 77/2

This hit is finite: convergence implies r — 1, v — w and My, qo, €9, Po, dy, Bo, Escale — 0. The exact
original finite matrix has a positive gap, and so do the nearby tilted matrices. An eventually informative
gap enclosure can have a lower bound at least half their positive limiting gap. These strict tests are then
satisfied.

Freeze that iterate and its tilted law. Start X_ = X; = 0 and apply

XEeXt:PX_+Y’ Xileth(I—P)X+/2+Y/2

Minus columns remain centered in exact arithmetic. On that space the first iteration contracts with
nonconstant eigenvalues in (0, 1); the second has eigenvalues (1-2)/2 € [0, 1/2]. Their actual residuals
tend to zero. Stop at the first inverse iteration with Eove < 77/2. This hit is also finite and proves (37).
For certified finite arithmetic, arbitrary real observations do not alone specify effective numerical
input. Assume convergent rigorous enclosures for sites, scores and kernel values. Spectral enclosures
must eventually detect a positive gap; an arbitrary valid but excessively small lower bound is not enough.
Increase precision or dovetail it with iterate count. For an existence-level realization, represent each
exact finite iterate as a finite real-arithmetic expression, enclose it at increasing precision, choose positive
rational approximations, and freshly certify the displayed tests at those concrete vectors. A sufficiently
late exact iterate satisfies all strict tests with a positive margin. Continuity ensures sufficiently close
rational approximations do too. Treat the inverse trials in the same way, recentering minus columns and
certifying their actual residuals. This avoids assuming convergence of an arbitrarily rounded recurrence.
The dovetailing finds a valid finite hit. m|
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Proof of Corollary 2.2. Use Proposition A.2 at each band with = n~3/4/Cg. The combined numerical
error is at most n~>/* pathwise on every finite distinct sample set. Multiplying by vn gives n~"/* — 0;
Slutsky’s theorem applies. Distinctness holds almost surely under the smooth density. No statistical
lower bound on the realized empirical gap was used in this numerical transfer. |

There is no practical runtime conclusion hidden in finite termination. In particular A(K) can grow as
1/h, making the projective bound extremely poor. Likewise a normalization first hit does not perform an
inverse solve. A raw unnormalized inverse is unsafe: for a two-point exact matrix with tangent eigenvalue
A = e~" replacing the exact scale by b = 1~!/24 gives residual r; = A~! = 1 + O(h) but raw tangent
eigenvalue one, so its supposed tensor inverse is singular, although V log r = 0 for its constant residual.
The residual-tilted row normalization and the separate inverse residual test are substantive parts of the
certificate.

B Certified numerical covariance at the original law

Numerical output Required observed inputs Error target

Metric matrix Scaling enclosure, gap bound, Original empirical-law metric; root-n
inverse residuals transfer uses error o(n~'/?).

Influence covariance Scale and two gap enclosures, Original empirical-law covariance;
weighted residuals for the influence  consistency uses error o(1).
solves

The metric certificate does not by itself control its variance: the influence in (20) contains products of
inverse outputs, a further plus inverse, and a moving centering functional. We give a separate determin-
istic certificate for that problem. All norms below are finite weighted norms. Validated lower gaps and a
validated logarithmic scale enclosure are inputs; their computation is not assigned an atom-independent
cost.

B.1 Weighted resolvents and the influence

For a positive probability vector y, write ||v||, . = (2; wilvi|?)'P and IT,v = (uv)1. Assume P is a
nonnegative Markov matrix, reversible at , positive semidefinite in L (x), and its nonconstant spectrum
is contained in [0,1 — g],0 < g < 1. Set

R.=(I-P+T,)"", R.=(+P)"", C=U-P)I+P)'=2R, -1,

and use the constants

1 2
c+:1+—<§, c_(g)=1+le+§. (39)
V3 5 1-41-g 8

Lemma B.1 (Weighted inverse bounds). Under these assumptions, ||R+||l4—4 < ¢4, [|R-||l4—4 < c-(g),
and ||R+[l2-2, [|Cll2—2 < L.

Proof. Jensen’s inequality and stationarity make P and IT,, contractions on every L” (u). For T = (I -
2P)/3, IT*|l»—2 < 37% and ||T¥]|eomeo < 1. Weighted finite-dimensional Riesz—Thorin interpolation
gives [|T%||4—q < 37%/2. Summing R, = (2/3) Yis0 TX gives cy. Also ||PX — I lmo < (1 - g) and
its infinity norm is at most2. Interpolation and R_ = I1,, + 3} ko (PF — I1,) give c_(g). The rational
upper bound follows from 1 — /1 —g > g/2 and 2V2 < 3. The L? bounds follow directly from the

spectrum. O
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For a prescribed real score u put v, = u — puu. The exact scalar influence at bandwidth & can be
written

- =R_yu, z+=Ryyu,
U=z_-Pz_+27,Pz4, (40)

h
Fﬂzz{yﬂ(z_—z+)+CU}, Yu=Fy—pFy,.

Products of vectors here and below are componentwise. This is (20), not a frozen-normalization approx-
imation.

Proposition B.2 (Inexact influence at one law). Let x_,x., v be concrete trial vectors, with ux_ = 0.
Define

p-=yYu—U=Px_,  pr=yu—(I+P)xy,

U=x_Px_+x:Pxy, py=U=(I+P)v,
a_=c_(Qlp-llaw as=cillpsllap

Ey= ) asQollan+as),

oe{—,+}

h
Er = 5{”7;1“00(61— +a+> +Ey +2”pv“2,ﬂ}-

Put F = (h/2){yu(x_ —x,) +2v = U} and y = F — uF. Then |, — ¥l2.. < EF.

Proof. Lemma B.1 bounds [|z5 — X |l4,4 by ao. The identity zPz — xPx = (z — x)Pz + xP(z — x),
Holder’s inequality and Markov L* contraction give the stated Ey;. Moreover

CU-(2v-U)=C(U-0U)+2(R.U -v).

Both operators on the right have L? norm at most1, and R.U-v=R, pv. This proves the bound on the
uncentered influence. Centering at the same law is an orthogonal L? projection and has norm1. O

B.2 Transport from the residual-tilted law

Usew, b,r,R,v, P, from (29), writing P, for the matrix denoted P there. Let a be the exact scale at w
and P,, its Markov matrix. Assume validated bounds

l[log(a/b)|lcc < M, gap(Py) > gw >0, gap(P,) > g, > 0. (41)

For example Lemma A.1 and the common-Euclidean spectral perturbation test of Section A supply such

bounds when their displayed tests pass. Strictly positive entries and positive semidefiniteness give the

Markov hypotheses of Lemma B.1. They do not by themselves supply a numerical positive lower gap.
Choose any nonnegative D satisfying

D > max{|rmine_2M - 1|’ |rmax62M - ll} 42)

A convenient alternative upper bound is rmax (€2M — 1) + max; |r; — 1|. Introduce only observed relative-
law quantities

a?:wi/vi, Azmiaxa?, Too:mlax|a?—1|, I=Z|wi—vl~|,

1
Xp = Fmax/Tmin) /P, Wa = (Z w2 v)1?, = (Z vi(ad - )2
7 7
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For Uy = ||u|| and G = 2Uy define
Z_=c_(8,)Go, Z;=c.Go,
d- = yac_(gw){tUo + (D +7)Z_},
dy = xaci{tUpg+ DZ,},
Ud=27%+72,
dy= Y {(1+D)dy(2Zs+dy)+DZ}}, (43)

oe{—,+}

h
dp = E{tUO(Z_ +Z,+d_+d,) +Go(d_ +d,) + y2dy + 22 DUV},

h
Bp = 5{Go(z_ +Z,)+U%, L, = (1 +W))dr + »BF.

Proposition B.3 (Original-law influence enclosure). With (41)—(43), ||¥w — ¥y ll2.v < Ly.

Proof. Write y; = log(a;/b;). Exact normalization gives
(Pw)ij/(Py)ij = rie?™.

Thus |P,, — P,| < DP, entrywise, and for every 1 < p < oo, [[(Py — P))fllp,» < DIfllp,». In
particular || P\, || ,,,, < 1 +D. Changing between the two measures costs at most y, in an operator norm:
the product of the two conversion constants is (max(w/v)/min(w/v))!/P = Xp- Consequently the
inverse norms at w, measured on L*(v), are bounded by y4c_(g,) and y4c,. Also |[TT,, —I1,||4,, < Teo.

The two inverse equations and their resolvent identities now give ||Zo.w — Zovll4,y < do: the
changed right side has norm at most tUy, and the changed operators contribute respectively (D + 7o) Z_
and DZ,. Expanding each quadratic product gives |U,, — U, ||2,, < dy. For example its three terms are

bounded by (1 + D)d,(2Z, +d,-) and DZ>.. The Cayley operators satisfy
ICwll2.v < x2s ICw = Cyll2,y < 2x2D,
since C =2R,—-Iand R, ,, — R, , = R; ,(P, —Py,)R, ,. Expansion of (40) proves || F,, — F,|[2,, < dr
and || Fy |[2,, < Bf. Finally
Yw =y = (Fy = Fy) —w(Fy, - F) - (w-v)F,.

Weighted Cauchy—Schwarz bounds the last two terms by Wodg and 7 Bfr. This is a change of centering
law; the same-law orthogonal-projection argument cannot be used here. O

B.3 Joint covariance and numerical studentization

Fix p score functions. The diagonal metric entries use the scalar influence directly. For an off-diagonal
entry use Yap = (Yuy+u, = Yu,-u,)/4. Apply Propositions B.2 and B.3 to these finitely many scalar
scores. For each vectorized matrix entry j, let E; and L; be the corresponding error allowances, with
the sum of the two scalar allowances divided by4 for off-diagonal entries. Let m = p(p + 1)/2 and use
this fixed ordering, with no additional V2 scaling. Define

m m
E=( ED'Y L= L)' S=0lgIH'?, B, =S+E, T=v[gg']
j=1 j=1

Theorem B.4 (Simultaneous covariance certificate). For the exact original-law influence covariance
Sy = wlwh ], put R
Cs =2SE + E*+ A(2B,L + L?) + 7.,B>. (44)

Then R R ~
”2_2w||0pSCZ’ 2-CslI <X, <XZ+Csl.

This includes singular covariances. For every vector v simultaneously, vI'X,,v lies within Cs||v||* of
e
V2.
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Proof. For vector-valued f, e, Cauchy-Schwarz gives [[v[(f+e)(f+e)T = f T 1llop < 2l fll2,vllell2,, +
||e||% ,- Use this first with the trial and exact tilted-law influence, giving 2SE + E? and ||y ]2, < B,.

Next change the influence from ¢/, to ¥, under w; w/v < A bounds this change by A(2B, L + L?). The
remaining change in averaging law, with v, fixed, is at most 7, B2. Sum these three bounds. |

Corollary B.5 (Finite covariance hit and asymptotic transfer). For each fixed finite distinct sample set
and n > 0, the effective input-enclosure and eventually informative gap-enclosure conditions of Propo-
sition A.2 allow a finite computation with Csy < n. In Theorem 2.1, compute the covariance at the single
bandwidth h,, used in Proposition 6.1 and choose any deterministic n,, | 0. Its certified approximation is
consistent for X. Combining it with Corollary 2.2 gives the same studentized limit for each fixed contrast
with positive limiting variance.

Proof. Damped scaling converges to the exact finite scale by Proposition A.2. The observed logarithmic
enclosure can tend to zero; relative laws tend tol, so D, ¢, 7w, T2, L — 0. The two finite gaps remain
bounded below near the fixed exact matrix. Solve the two linear equations and the further plus equation
with residuals tending to zero, recentering the minus trial. In finite dimension the displayed weighted
norms then tend to zero and £ — 0, while the exact influence norms stay bounded. Thus Cy — 0.
Strict stopping tests with convergent rigorous input enclosures have a finite hit by the same precision-
dovetailing argument as in Proposition A.2. Covariance consistency and Slutsky’s theorem give the
statistical assertion. |

No explicit minimum atom weight occurs in (39)—(44). The scale and gap certification inputs can
nevertheless be badly conditioned; for example Lemma A.1 itself uses a minimum weight.

Simultaneous deterministic contrast bounds do not justify Gaussian inference after choosing a con-
trast from the same data.

The accompanying standard-library program check_covariance.py corroborates the algebra on
six exact rational problems with rare weights down to 10™12, perturbed scalings and three inexact solves.
Three joint covariances are exactly singular. All six certify a positive fixed contrast. The negative control
computes the strictly positive excess of an uncentered second moment over the covariance and verifies
that this excess is exactly the square of the omitted mean. These are finite checks of the certificate, not
premises of the analytic theorems or a heat-kernel runtime experiment.
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