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Abstract

We determine how the spectrum of a concentrating signed potential form splits between
escaping eigenvalues and a bounded remainder as its centers coalesce. Zero profile integrals alone
do not rule out escape, and relative leading-order estimates need not determine logarithmic
shifts to bounded error. For two unequal asymmetric zero-mean profiles separated by more than
their width, we obtain logarithmic formulas with bounded additive remainders on both escaping
scales throughout the mesoscopic collision regime. Exact primitive correlations and Green
geometry, together with a cancellation in a quadratic spectral pencil, control mixed trace terms
that can exceed the slower scale. For a noncancelling cluster at bounded separation-to-width
ratios and zero background, we identify the operator remaining after removal of the actual
escaping pair. Aggregate inverse-square tails determine its essential and absolutely continuous
channels; vanishing aggregate tails give trace-norm convergence. Fixed-threshold eigenvalue
counts and signed spectral masses quantify how a bounded bulk balances the escaping pair’s
logarithmic trace drift. At exact cancellation, a primitive estimate controls the complete operator
for measurable profiles. An anchored cusp family exhibits regularity-dependent transition scales
and a logarithmic endpoint, with a vanishing rank-two approximation error along every joint
path. Identical even profiles supply explicit scalar matching through all collision ratios.

2020 Mathematics Subject Classification: 47A55, 341.20, 47B50.
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1 Introduction

1.1 What escapes when signed profiles collide?

Let I = (a,b) be a bounded interval and equip H = HJ(I) with derivative energy. For a real
potential V., define the compact selfadjoint energy operator C. by

b b
e(Ceu, 2) = ¢e(u, 2), e(u,z) = / u'2 dz, qe(u, 2) = %/ Veuz dx. (1)

Its eigenvalues are the extremal signed potential energies relative to [ |u’|2. The corresponding equa-
tion is —u” = Vzu/(2)) for a nonzero energy eigenvalue A\. We consider finitely many concentrating

profiles,
Ve(z) =D e7%0((x = mje) fe) + We(z), (2)
j=1
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where ¢ is their width, the centers may approach one another, and W. is real and uniformly bounded
whenever it is included. The zero-mean profiles satisfy

[w=0. @l ed),  Po=[ wds

The results that resolve logarithmic terms specify independent left and right inverse-square
coefficients. Each fixed-e potential is bounded, so compactness follows from the embedding
H}(I) = L*(I).

The rational profile
2(t? — 1) —2t

t) = —7Fr Py(t) =
W) =4 o) = 1375

illustrates why signed concentration is different from a mass-only approximation. Its negative core
and positive wings have total integral zero, while [ P? = 27. A concentrating copy nevertheless
produces one diverging eigenvalue of each sign. Opposite coincident copies cancel identically;
displacing them restores a nonzero primitive. The relevant questions are therefore both quantitative
and structural: what determines the escaping scales during collision, what bounded operator survives
escape, and how does profile regularity alter a degenerate cancellation?

The interval geometry enters through the Dirichlet Green kernel

(min(r, s) — a)(b — max(r, s))

G(r,s) = o . (3)

For marked centers the matrix G = (G(r4,7;)) is the energy Gram matrix of their point-evaluation
3/81/8
1/8 3/8
are 1/2 and 1/4. Even before collision, replacing this matrix by its diagonal loses the leading
interaction. As the gap shrinks, one Green direction degenerates; an error small relative to the fast

scale can then conceal the slower scale or its logarithmic drift.

representatives. For example, centers —1/2,1/2 in (—1,1) give G = ( ), whose two eigenvalues

1.2 The precision law and the surviving bulk

The first main result resolves two unequal asymmetric profiles at r + h/2, with h — 0 and
h/e — oo. Theorem 2.2 gives exactly two escaping eigenvalues of each sign, with a uniformly
bounded complementary spectrum, and

A =dae —p.+0(1), A =xb.—t.+0(1), ac=<e ' boxy/h/e

The point is the additive precision on both scales. A relative leading estimate for each pair permits
errors that grow with its scale; it does not by itself determine the logarithmic drift to bounded error.
The coefficients above retain exact first-primitive correlations and Green geometry; the shifts are
explicit two-sided tail increments. A cancellation in a quadratic spectral pencil controls mixed trace
entries that can exceed the slow scale, yielding bounded errors under h — 0 and h/e — oo alone.

A bounded complementary spectrum can contain increasing numbers of nonvanishing eigenvalues.
For bounded collision ratios and a nonzero aggregate primitive, Theorem 3.2 identifies the actual
spectrally deflated operator after an exact anchor/trace energy transport. With zero background its
strong limit is

[(I - Pw)Kc(I - Pw)] S5 O’

where w’ is the normalized aggregate primitive and K, is the two-half-line energy operator of the
aggregate profile. The aggregate tails determine its essential interval and absolutely continuous



channels. If both tails vanish, convergence holds in trace norm. Theorem 3.4 also counts the finite-¢
spectrum at fixed thresholds, allowing bounded backgrounds and cancellation. The resulting signed
mass law and Proposition 3.6 explain how the bounded part balances the escaping pair’s logarithmic
trace shift.

At an exact cancellation configuration, Proposition 4.2 controls the whole operator by the
aggregate primitive, under measurable profile hypotheses. Theorem 4.3 resolves a degenerate
direction where the first primitive displacement variation vanishes: for the anchored primitive
x()|t|?, the same second-order stencil has a continuum of critical scales, a logarithmic endpoint
at 8 = 3/2, and a full O(6?) operator error. The relative pair laws hold on every joint path of
width and offset approaching zero. Section 5 provides scalar matching through all collision ratios
for identical even profiles, with the full parity estimates in Appendix A.

1.3 Mechanism, predecessors and organization

The common reduction separates functions vanishing at the centers from their Green-tent trace
complement. We call this trace-zero subspace the reserve. Hardy’s inequality bounds the entire
reserve. First-primitive energies determine its coupling to the traces; critical tails generate logarithmic
trace terms. Spectral deflation then removes the actual escaping directions, and logarithmic
coordinates identify the remaining inverse-square channels. Near cancellation the same integration-
by-parts estimate transfers primitive regularity into an error bound for the original energy operator.

The author’s research preprint Collision and cancellation spectra for concentrated energy forms
(Luminary Research Archive, edition 2, 2026; https://research.luminaryoddities.com/co
llision-cancellation-spectra-concentrated-energy-forms/v/2) already supplies the
collision-uniform bounded-error matrix model, compatible trace factorization and smooth multipole
thresholds. We recall the needed model with its proof in Section 2. The present precision law retains
the exact quadratures while extracting bounded-remainder logarithmic terms on two collapsing scales.
The cancellation section recovers the inherited smooth dipole scale under measurable hypotheses
and treats the additional anchored regularity boundary. An earlier version of this work, Spectral
escape and mean crossover for concentrating signed potential forms (same Archive, edition 4, 2026;
https://research.luminaryoddities.com/spectral-transitions-concentrated-zero-mea
n-energy-forms/v/4), develops the fixed-separated-center, mean-crossover and mode-energy laws.
Here the exposition concentrates on collision, the bounded channel and cancellation.

Primitive-energy effects in one-dimensional weak binding are classical: Simon [11] and Blanken-
becler, Goldberger and Simon [1] supply essential antecedents. In our normalization the single-center
rescaling of the energy eigenvalue equation combines reciprocal coupling with an expanding Dirich-
let interval. Golovaty [6] studies nonanalytic width-dependent threshold families. The anchored
stencil estimates here retain a uniform vanishing error for the full bounded-interval energy operator.
Golovaty and Hryniv [7] analyze escaping negative Schrodinger eigenvalues despite norm-resolvent
convergence, and Kielty [9] treats singular limits of fixed monotone indefinite-form families. These
comparisons distinguish the operator, parameter regime and quantitative conclusion.

Coalescing regularizations of singular interactions are developed by Exner, Neidhardt and
Zagrebnov [2], Golovaty [5] and Zolotaryuk [12]. Fassari, Gadella, Nieto and Rinaldi [3] give a
coalescence limit for a nonlocal double-¢’ well. The forms studied here are signed multiplication
forms measured in derivative energy. For the bounded part, the Hardy—Mellin, trace-class and
inverse-square counting arguments are classical; their precise roles are identified where used. The
collision laws retain the primitive overlap, the finite Green geometry and the full bounded spectral
remainder.

Section 2 proves the unequal-profile precision law and the bounded-ratio pair formula. Section 3
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identifies the deflated operator, its spectral channels, counts and signed masses. Section 4 treats
cancellation and regularity. Section 5 gives the identical-even scalar matching and examples.
Appendix A supplies its uniform parity estimates.

2 Unequal asymmetric collisions

For unequal profiles the primitive overlaps and the trace need to be kept together as centers
merge. We first recall the uniform finite matrix model and compatible trace factorization from the
author’s research preprint Collision and cancellation spectra for concentrated energy forms, cited in
Section 1.3. Their bounded-error conclusion supplies the all-ratio description. We then refine its
resolved two-center regime to scalar logarithmic expansions with bounded remainders.

2.1 The uniform primitive matrix model

Fix a finite number m > 1 of real measurable profiles v; with zero integral and |v;(t)| < b;/(1 + t?).
Put P;(t) = [*_ v; and ¢; = sup, |tPj(t)| < co. On a fixed interval I = (A, B), choose arbitrary
distinct interior centers vy < --- < ry,, allowed to depend on . Let W, be real with a common

bound W,, and consider the energy operator with form g¢.(u,z) = % J; Veuz dx, where

Velw) = S0 = 20w — 1) f2) + Wela).
J

Let H, be the simultaneous value-zero space at these centers, called the reserve, and let eq, ..., e,
be the canonical real energy-orthonormal basis of its Green-tent complement. Its evaluation matrix
is E = G2 Ej; = e;(r;). Let II subtract the mean on every marked cell and set

K@) =B =rp)/2), My = [ ([K)(ILK;) da,

0 S
S = %(EME)l/Q’ Ail = qg(ei,el), F = (S A) . (4)
Theorem 2.1 (Uniform primitive matrix model). There is an isometry J. : C*™ — H(I) such
that 1
. W (B —
1. — TR <23 b +23 ¢ + (772)
J J

The bound is independent of every center gap, boundary distance and primitive rank. At most
m eigenvalues of either sign lie outside a fired bounded interval, and the zero-completed signed
variational sequences of the original operator and the finite matriz model differ by at most this bound.
Here the positive list is ordered downwards and the negative list from most negative towards zero,
with missing entries filled by zero. Coincident centers are handled by summing their profiles and
marking only distinct locations, with m replaced by the number of those locations in the finite model.

Proof. Hardy at each center and Poincaré give, on the reserve,

W.(B — A)?

1Bl <2370+ =0

For an arbitrary energy function the one-sided value-difference Hardy inequality is
(= u(ry)) /(@ —rj)lly < 2],
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Integration by parts gives, for z € H,,
g (u,z) = 1% Z/Kﬂu’?ﬂ— uz')dz + § /Wgufd:c.
J

Replace u in its second primitive term by wu(r;) plus its value difference. Each of the two remaining
primitive pairings is bounded by 2¢; ||v/||, ||2'||, before the factor 1/2. Thus the actual trace-to-
reserve coupling differs from Ty = —RE/2 by at most 237, ¢; + W.(B — A)2/(27?), where the
reserve vector I}; has derivative R; = IIK;. The derivative map of H, onto cell-mean-zero functions
is an isometry: integrate on each cell, using its zero mean to sew zero endpoint values. Hence
T} Ty = S?. Extend the polar partial isometry across its kernel into the infinite-dimensional reserve
to obtain an isometry U with Tg = US. Combining this isometry with the trace basis yields J..
The residual block has the bounded reserve and coupling error and zero trace block, so its norm
is at most their summed bounds. The codimension-m reserve gives the signed count by minmax;
compact selfadjoint norm perturbation gives the variational comparison. ]

The same integration by parts also gives the compatible trace identity needed below. Set
Bji = [; K;e,dz and C = EB/2. Then

A=-C-CT+0(1) (5)

uniformly in the moving geometry. Indeed replace each undifferentiated spline value in the trace
integral by its value at r; plus its difference. The nodal terms give the displayed matrices; the two
remaining terms are bounded in operator norm by the same value-difference Hardy estimate. A
bounded background adds a bounded trace operator.

Cancellation is retained in the receiver. For example, opposite profiles at a common center
sum to zero, leaving only the bounded background. The finite matrix determines which candidates
escape when its primitive rank changes.

2.2 An unequal asymmetric mesoscopic logarithmic refinement

Fix A <r < B, two fixed real measurable profiles vy, v2, each nonzero on a set of positive measure
and of zero integral, |v;(t)| < C/(1+ t?), and two-sided tails v;(t) = 04§E/t2 + O(]t|727’71i) with all
nj[ >0. Let ry =r—h/2, 79 =7+ h/2, h - 0, and ¢ = h/e — oo. The centers therefore remain in
a fixed compact interior region. Write P;(t) = [*__vj, d; = [g sz >0, Kj(z) = 'Pj((x —rj)/e),
¢{=B—A, and

No— [T KKd e [Py E=G!Y?
z]—A i 5 AT, wj; = N j 4T, Il

Here Gy, is the Dirichlet Green matrix at r1,7r2. Let e1, es be the canonical energy-orthonormal
trace basis and set

B
Bj = / Kijejdr, C=EB/2, H=EN-ww)E/4
A
These retain the unprojected overlaps and the global constant component. Denote the eigenvalues

of H by a® > b*> > 0 and choose real unit eigenvectors xs,xs. Set t; = >, (x;)ie1, yij = ti(r;) and
p= X}—CXf, t= XSTCXS.



Theorem 2.2 (Two-term unequal mesoscopic refinement). For sufficiently small €, the full energy-
Riesz operator has exactly two escaping eigenvalues of each sign, with bounded remaining spectrum.
They satisfy

Af=+a—p+0(1), A7 =+b—t+0(1).

The same conclusions hold after adding any uniformly bounded real background. The bounded errors
hold under h — 0 and h/e — co alone. Moreover a < e~ '/2, b < \/h/e. The corrections can be
replaced to bounded error by explicit tail-log increments: put

Lj(u) = —Oz;gnulog(l + [u]), L;(0)=0, ro=A4, r3=D8,

then for ¢ = f,s,

12 2 T4yl — T Tg— T
x; Cx; = 52%3’ > tilrgrasn) [Lj <q+ 5 j) —L; ( . 6 j)} +O(1).
j=1 q=0

Thus all geometry-dependent logarithmic terms, including ones that cannot be replaced uniformly by
constant facing-tail weights, are retained.

The earlier resolved law determines the leading Green scales to relative error. Here the logarithmic
shifts are resolved to bounded error even when the mixed trace coupling is larger than the slow
scale. Keeping H and C compatible is essential to that refinement.

Proof. Use Theorem 2.1 and the compatible trace identity (5). The cell-constant space has the
L?(I)-orthonormal basis €/, e}, ¢~1/2. Hence its primitive Gram is BBT + ww' exactly. The
principal coupling square and compatible trace are therefore

S2=—H-CCT, A,=-C-C".

The full operator differs by uniformly bounded norm from the finite block [0,S;S,~C — CT],
extended by zero. These estimates bound every reserve, coupling and trace remainder.
Write L = log(2/e) and | = log(2 + ¢). The envelope convolution and fixed-boundary tail
estimates yield
eN = diag(dy,da) + O(l/c+¢€), |lw| = O(L),

Indeed the whole-line diagonal is d;/e and the omitted boundary tails are O(1) because the centers
stay in a compact interior region. For the mixed entry, splitting at 0 and ¢ gives

/ dz
R (14 [2[)(1 + |z =)

1 1

= 2log(1l+¢) (C + c+2> .

The two exterior pieces each equal log(1 + ¢)/c; partial fractions give the middle piece 2log(1 +
¢)/(c+2). This gives the stated mixed bound. Each global mean is O(L) by integrating the primitive
envelope. Thus (N — ww') = diag(d;) + o(1) is uniformly positive. The explicit Green kernel
gives det G, = (r1 — A)(B — rg)h/l and tr Gy, — 2(r — A)(B —r)/¢ > 0. Its eigenvalues therefore
have orders 1 and h. Green congruence before taking eigenvalues gives a < ¢~ /2 and b < /¢, with
b/a =< Vh — 0.

Here are the geometry bounds needed below. The fast nodal vector y; = Exy is bounded and
its two entries differ by O(h). Indeed G, (N — ww!)y; = 4a’yy, the two rows of Gy, differ by
O(h), the normalized primitive matrix is bounded, and ea? is bounded below. Hence all three
slopes of ty are O(1). Its common nodal part is bounded away from zero: unit energy and an O(h)



middle difference leave a nonzero amount of outer energy. Energy orthogonality to ¢, together with
|ts(ro) — ts(r1)| < Vh, then gives ys = O(v/h); its outer slopes are O(v/h) and its middle slope is
O(h_l/ 2). For clarity the orthogonality uses the exact nodal stiffness form: its outer terms force the
common nodal part of y, to be O(v/h), while the middle term is O(h)O(v'h)/h = O(/h).

The primitive integrals on the middle cell are O(1); those on the outer cells are O(L). In the H

eigenbasis write
P q
C= .

p=0(L), q=O0(/Vh+VhL), uw=O(hL), t=O(+hL).

The preceding nodal/slope bounds imply

In particular p/a — 0, t/b — 0, and ||C||/a — 0. Since J;(u) = [y’ P; = L;(u) + O(1) on each
half-line, replacing the exact primitive cell integrals by the displayed L; increments changes either
diagonal by O(1): products yfjt} are bounded, and products ys;t} are bounded even on the middle
cell. This proves the tail-log formula.

It remains to control the two scales without an invalid absolute trace perturbation. Eliminating
the first two coordinates in the finite block eigenvalue equation gives the characteristic polynomial

P(\) = det[(A\I+ C)(\I+CT) — HJ.
This polynomial identity extends through A = 0. Direct expansion gives
P(A) = [(A+)* = a®|[(A+1)° = b%] — 2qu(A + p) (A +1)
+ ?u? — a?u? — B,

The cancellation of an apparent a?¢® term is essential.
Near \ = 4a — p, divide the perturbing terms by the base root slope, comparable with a3. Their
root displacement is bounded by

lqu| +u?  b2¢® + ¢?u?
" + " =o(1).

Ef:C()(

Near A = +b — ¢, the other base factor is comparable with —a? even when p > b. Dividing by the
root slope comparable with a?b gives

b L 2 b2 2,,2
ESZC'0<|qu’(+)+u+52+qu>=0(l).

a? b a?b

Indeed these estimates are bounded by a fixed multiple of I2/,/c + y/eL*, which tends to zero on
every stated path. The bounds persist uniformly in unit neighborhoods of the four base roots. At
the two endpoints of a sufficiently large fixed multiple of each error radius (with an additional
positive vanishing radius if an error is zero), the base polynomial dominates the error and changes
sign. Thus the intermediate value theorem gives a root near each base root. The neighborhoods are
disjoint because a/b — oo and b — 00; a quartic has no further roots. Consequently the finite block
roots are +a — p + o(1) and £b —t + o(1).

Restoring the uniformly bounded full-operator remainder yields the claimed expansions. Each
of the four branches diverges with its stated sign. The simultaneous two-trace Hardy compression
permits at most two eigenvalues per sign outside a fixed interval, so these are exactly the escaping
branches and all other spectrum is bounded. O



2.3 An asymmetric cluster at bounded separation-to-width ratios

Let I = (A, B) and fix r € (A, B). Fix a finite m > 1. Let vy,..., v, be real measurable profiles
such that, for 1 < j < m,

_ 2\—1 _ Y —2-nF +
vi=0  JuO <A+, ) =5 +O( ) (t = £e0), ny >0
R
The profiles may be asymmetric. Put P;(t) = [*_ vj(u)du, o = i a;t, and, for ¢ =

(c1y.--yCm),
Velt) =S oyt — ), Felt) =3 Pyt —cp), Dc:/|Fc(t)]2dt.

Theorem 2.3 (A bounded-ratio asymmetric cluster). Let C C R™ be compact and suppose
infeee De = do > 0. Let Wec be real measurable with a common L*®(I) bound. On HE(I) with
derivative energy let Ce . represent the form

1 B
o2 = 5 /.

Put = (r—A)(B—r)/(B—A). There exist M and gy > 0, independent of ¢ € C, such that for
0 < e < gg exactly one eigenvalue lies above M and exactly one below —M . Both are simple, the
entire remaining spectrum lies in [—M, M|, and uniformly in c,

A (Jj ; 7‘) + Wavc(x)] uz dz.

D at(r—A)+a (B-r)
N 2(B — A)

In particular ¢ may depend arbitrarily on € inside C.

)\gfc =+ log(1/e) + O(1).

Proof. Write n = min(1, minj<j<m, nj,minlgjgm 779_) > 0. Boundedness of the offsets gives, uni-
formly in ¢ € C,

Vel® <O+ [Ve=0, Velt) = a®/8 + O 7>7) (¢ - &),

Thus Fe = O((1 + |t])™!) and Fe(t) = —a®/t + O(]t|"1~") on the corresponding tails. On bounded
sets it is uniformly bounded; its value at zero need not vanish. For J¢(t) = f(f Fe(u) du,

Je(t) = —aF log(1 + |t|) + O(1) (t — +o0),

with uniform errors. Translation continuity in L? makes D, continuous, and its upper bound is
uniform as well.

Let H, = {u:u(r) = 0} and let e, = G, /+/7T be its energy-unit trace complement. The common
envelope gives e 2V, ((x — 1) /)| < C/(x — r)? away from r. Two one-sided Hardy inequalities and
Poincare therefore bound the compression R. ¢ to H, uniformly. In the decomposition H, @ Ce,

write
o Ra,c Ta,c
o (e ).
Set b = T, c1. On each of the two fixed cells, write e,(z) = /7 + k(z — r). An exact derivative
primitive for the profile contribution to b is

_\Qch(t) - gth(t) + ch(t), t=(z—r)/e.
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Subtract its cell mean to impose both Dirichlet values. The bounded W contribution has a
uniformly bounded derivative primitive. On each cell subtract the appropriate constant logarithmic
part of J before centering; it cancels under centering. The remaining correction is bounded by
C[1+ |log(|z — 7| +¢)|], with uniformly bounded L? norm and mean. Its cross integral with e~ F, is
O(log?(1/¢)): inside |z — r| < & use |Fe| < C, and outside use C/|x — r|. The means of the leading
primitive are O(log(1/¢)), so centering changes its Gram by O(log?(1/¢)). Finally the omitted
squared primitive tails have mass O(e) uniformly. Consequently

D
Tz e = 225 + Olog?(1/2)).
4e
The lower bound dy yields
D
ITeell = L2 4 0(yEl0g2(1/2).

2\/e

For the trace, integration by parts is exact:

B
Geo = f% /A e (2 — 1) /e)(€) (x) dz + O(1).

The outer endpoint terms vanish; the two inner terms cancel by continuity. On the left [¢™1Fdx =
o~ log(1/¢) +O(1), and on the right it equals —a*t log(1/¢) + O(1). Replacing (e2) by its one-sided
value at r costs O(1), since its difference is O(|z — r|) and the primitive envelope bounds the product
integrally. As e,(r) = /7, e.(r—) =+/7/(r — A) and €, (r+) = —/7/(B — r), it follows that

o =~ A ETB 1) 100176 + 0(1).

Every error is uniform in the compact offset set.

Deleting the uniformly bounded reserve compression leaves the scalar rank-two block with
eigenvalues +||T|| +a/2+O(a?/||T||). The last error is O(y/€log?(1/¢)) = o(1) uniformly. Restoring
the reserve costs O(1), proving the displayed law. The codimension-one compression bound allows
at most one eigenvalue of each sign outside a fixed common interval. The two uniform divergences
produce exactly those eigenvalues, counting multiplicity; hence they are simple and all other
spectrum is bounded. ]

The noncancellation condition is substantive. For m = 2, take any admissible nonzero v and
set v1 = v, v9 = —v, ¢; = ¢3. Then F, = 0 and V; = 0 identically, so only the uniformly bounded
W remains and there is no escaping pair. More generally D, = 0 holds precisely when the shifted
profiles sum to zero almost everywhere. Compactness and continuity turn pointwise noncancellation
on a compact offset set into the required positive uniform lower bound. Offsets affect the leading
primitive energy, while the logarithmic coefficient depends on the summed two-sided tails and the
interval geometry. The constants depend on the fixed number m. This result covers bounded
collision ratios without reflection symmetry; its scalar precision is uniform on the specified compact
set of collision ratios.

3 The bounded spectral bulk

After the escaping pair is removed, the bounded spectrum retains information about the merged
profile. Bounded operator norm does not bound its total absolute spectral mass. Nonzero aggregate
inverse-square tails produce logarithmically increasing counts inside their spectral bands and



absolute trace mass; the signed trace may cancel. Large-coupling compression limits also hold for
indefinite finite-rank perturbations; see C. Koke, Large Coupling Convergence Beyond Definiteness,
arXiv:2601.18055v2 (2026; https://arxiv.org/abs/2601.18055v2), Theorem 2.1 and Example 2.3.
The bounded spectrum is described by a compression of the rescaled profile operator. Its critical tails
determine the spectral interval; when their aggregate coefficients vanish, the convergence improves
to trace norm.

Fix a < 7 < b and a finite set of real measurable zero-mean profiles v; with |v;(t)| < C;/(1 + t2)
and two-sided tails v;(t) = ozic/t2 + O(\t\*zfnfi), nf > 0. Put Pj(t) = [*__vj. For offsets ¢ in a
fixed compact set C, set

Vc(t):ZUj(t—Cj), FC(t):ZPj(t_Cj)v DC:/R|FC|27 Ai:za;t'
J J J

Assume infe D, > 0 and take zero background. Let C. be the full energy operator on H}(a,b) for
potential e 2V,_((x — r)/¢), where c. — ¢ € C. Define the homogeneous anchor-zero space

X =R H(RY),  e(Keuz) = %/ Vouz dt.
R

Here each half-line space is the derivative-energy completion of its compactly supported smooth
functions. Let w, € X be specified by

we(0) =0, w,, = F./\/De, P, = energy projection onto Cwe.

The derivative belongs to L?, so this defines a unit vector in X.
The logarithmic change of variables is the energy form of the classical Hardy—Mellin reduction;
compare [4].

Lemma 3.1 (A two-sided Hardy channel). Let U be real measurable with |U(t)| < C/(1 +t2) and
t2U(t) — AT ast — +oo. Its energy operator on X has essential spectrum

[min(0,247,2A4™"), max(0,247,2A7)]

and essential norm max(2|A~[,2|AT|). It is compact exactly when A~ = AT = 0. On either half-line
alone, its essential interval joins 0 to 2AT, and its essential norm is 2| A*|.

Proof. Hardy at 0 bounds the form. On each half-line put t = oe¥, u(oe¥) = e¥/2f,(y), o € {—1,1}.
Integration by parts on compact targets gives

lws) =30 [(URE+ ULy atww) =3 [ bow)lfw)P .

where b, (y) = %erU (0e¥). The mixed derivative integrates to zero. Completion gives an energy
unitary, followed by the energy-to-L? unitary for A = —d?/dy? + 1/4. Thus the two half-line
operators become A_l/QMbU.A—l/Q. The multiplier tends to zero at —oo and to v, = A%/2 at
+00. Its difference from T, = v, A~/ 21(0700)./4*1/ 2 is compact: truncate the vanishing multiplier
difference to bounded intervals, use local Rellich compactness of A71/2: L2 — H' and let the tails
tend to zero in uniform norm.

The signed step operator has spectrum contained between 0 and 4+, by positivity of the
sandwich and HA_l/ 2H = 2. The following Weyl sequence also controls the nonlocal square root.

Put B = A"12 m = (¢2 +1/4)~/2, choose x € C>(—1,1) with ||x||, = 1, and set

gn(y) =n"2x((y = 3n)/n)e?,  my=|(B—m)gnly, — 0.
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The limit follows by concentration of the Fourier transform and bounded continuity of the multiplier.
These unit packets tend weakly to zero and have support in (2n,4n). Hence Hl(_wo)BgnH2 < Mn,
and

H(Ta - 70m2)9nH2 < o l(2 +m)nn < 41ve (1.

Every v,/(£2 4+ 1/4) is therefore essential; zero follows by closure (or is immediate when v, = 0).
The half-line essential intervals are [min(0,2A7), max(0,2A%)]. Their union is the stated two-sided
interval. The compactness and essential-norm claims follow, including the case of two zero limits. [

To identify the full physical operator, let e, = G,/\/7, 7 = (r —a)(b—r)/(b — a). Write
u = z 4+ ve, with z(r) = 0 and define the isometry

U= (e %2(r+¢et),7) €Y =X & C,

extending the first coordinate by zero beyond (—(r — a)/e, (b — r)/e). Here v = e(u,e,) = u(r)//T.
Let II. be the actual spectral projection onto the two escaping branches of C;, and put

D. =U.(I —11.)Co(I — T,

Theorem 3.2 (Deflated asymmetric collision channel). The full operator has exactly one escaping
etgenvalue of each sign, with uniformly bounded remaining spectrum. In'Y one has

D. — [(I = P)Ke(I — P.)] @0 strongly. (6)

Moreover
UIT.UF — P.® Ic  in operator norm.

The essential spectrum of the limit in (6) is
[min(0,2A47,24%), max(0,247,24™)]. (7)

If A= = A* =0, the limit is trace class and (6) holds in trace norm. In particular the positive and
negative traces, absolute trace, and signed Schatten p-masses converge for every p > 1. Otherwise
every compact approximation to it has norm distance at least max(2|A~|,2|AT]).

Proof. The compact offset set gives uniform envelopes |V ()| < C/(1+2), |F.(t)| < C/(1+[t|), and
uniform two-sided tails with coefficients A* and some common positive remainder exponent. Hardy
at the anchor bounds K. on X. Norm continuity in the offsets holds despite mere measurability: on
t| < T, |[u(t)|* < |t|||ull3 controls the difference form by a weighted local L' translation difference;
on [t| > T, the tail estimate bounds the weighted supremum difference by C'||¢’ — ¢| /T + CT~".
Use Hardy on that tail, then let ¢/ — ¢ and T — oco. Thus ||[Ky — K¢|| = 0. Also Fy — F, in L?
by translation continuity, so the normalized layer vectors converge in energy.

Let Q. project in X onto the zero-extended finite anchor-zero space with endpoints —(r —
a)/e,(b—r)/e. These projections converge strongly to I. In the split Y = X @& C the embedded full
operator has the form

Ce = (_f;: l;:%> ) B. = QSKCEQ&‘; (8)
where w; is unit in the finite anchor-zero subspace and [, > 0. The sign of the coupling is incorporated
in w.. Direct integration of the primitive gives

7D,

l. =
&€ 2\/5

+0(1),  ac| =O0(1 +log(1/e)),  [lwe —we.[lx = O(Velog(l/e)).  (9)

11



Here are direct estimates of these quantities. On either cell put z = x — r, t = z/e, and write
er = /T + kz. Let J(t) = f(f F._(s)ds. Integration by parts shows that the reserve coupling has
derivative

_eche (t) + kJ(t)

C
I % 2 |’

where C; subtracts the physical cell mean. Indeed differentiation of the bracket equals —e,.c~2V,_(t)/2.
The derivative of the difference from the leading vector is therefore 5C;[J(t) —tF,_(t)]. The function
tF(t) is uniformly bounded. On either sign of ¢, J(t) = —A* log(1 + |t|) + O(1). The variance of
log(1 + |2|/€) on a fixed physical cell is uniformly bounded: after subtracting log(1/¢) this follows
from the uniform integrability of |log(|z| + ¢)|?. Thus the difference has uniformly bounded energy
norm. After dilation its leading derivative is —/7 C.F._/(2+/€), where C. restricts and subtracts
the mean on each scaled cell. Omitted squared tails cost O(e), while the two squared cell means
cost O(elog?(1/¢)). Hence ||C.F — F|l, = O(y/elog(1/¢)) and ||C.F||3 = D + O(elog?(1/¢)). The
lower bound on D controls normalization. The bounded energy coupling error changes . by O(1)
and its direction by O(y/¢). The trace estimate follows by integrating the primitive against the
bounded derivative of e2. These establish (9). The bounded reserve and codimension one give at
most one eigenvalue of either sign outside a fixed interval; [. — oo and a./l. — 0 give exactly those
two, with all remaining spectrum in a uniform bounded interval.

We next compare spectral deletion with the primitive-layer compression. Put P- for the projection
onto w, in X, and decompose Y into the slow space wEl @ 0 and the two-dimensional fast space
span{(we,0), (0,1)}. The slow diagonal is A, = (I — P.)B.(I — P.), its coupling to the fast space
has uniformly bounded norm, and the fast diagonal is

-1
Fa: (6;: a€>’ ‘IB€|§||B£HSM

- €

Choose a fixed radius R > M + 2 enclosing all bounded spectrum. For |z| = R the exact fast inverse
has denominator (z — 3.)(z — a.) — [ and numerator entries of sizes O(1 + |a.|), [ and O(1). Since
a: = o(le),

sup H(z - Fa)*lH =o@h).

|z|=R

The slow resolvent (z — A.)~*

uniformly on this circle,

is uniformly bounded. The Schur complement formula therefore gives,

~

(z=Co) 7! = [(2 = A) 7 @ Opase) + O(I).
Integrating this identity and then its product with z around the circle yields respectively

[UILUE — (P& Io)|| = O(Z1),
|D- = (4. @ 00)|| = O(1) = O(V2). (10)

In the last line A, is understood as zero on w,. The integration over the circle projects onto bounded
spectrum; its complement is precisely the two escaping eigenspaces. Thus the estimate concerns
spectral deflation, not a chosen trace compression.

Norm convergence P- — P, follows from (9) and L? continuity of F' in its offsets. The reserve
operators converge strongly to K.. Multiplying by these norm-convergent layer projections in (10)
proves both convergence assertions. In particular no finite residual term arises from the fast block:
its inverse tends uniformly to zero on the bounded spectral contour.
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Apply Lemma 3.1 to V.. Compression by I — P. changes K. by finite rank, so its essential
spectrum and essential norm are unchanged. Suppose both aggregate tail coefficients vanish. The
translated power tails give Ve(t) = O(|t|~277) uniformly on C, for some v > 0. The evaluation
diagonal of X is |t|. For every real U with [ |t||U(¢)|dt < oo, Hilbert—Schmidt factorization gives

Kol <3 [ 1) a (1)

For completeness, the embedding Jy : X — L2(|U|dt) has squared Hilbert-Schmidt norm
[ It[|U(#)| dt, by Tonelli and the evaluation diagonal, while Ky = 1Jj Mgy Ju. Weighted lo-
cal L' translation continuity and the uniformly integrable faster tails imply Ko — K, in trace norm.
Strong two-sided compressions of a fixed trace-class operator converge in trace norm, as follows first
for finite rank and then by trace-class approximation. Consequently B, — K, in trace norm. The
norm convergence of P. yields the corresponding trace-norm limit of A..

In the slow/fast split, C. — (A @ 0) has rank at most four: its range is contained in the
two-dimensional fast space and the range of its coupling to the slow space, of dimension at most
two. The removed spectral operator has rank two. Hence D, — (A: ®0) has rank at most six and
(10) gives

|De ~ (4: @) = 0(vE).

This proves trace-norm convergence. Trace continuity and tr 7y = (tr |T'| & trT')/2 give the trace
assertions. For p > 1, trace-ideal eigenvalue comparison gives ¢! convergence of the selfadjoint
eigenvalue lists, and the functions (x4 )P are Lipschitz on a common bounded spectral interval. This
proves the signed-mass convergence. Otherwise the essential norm of the limit is max(2|A~|,2|A™|)
and every ZA?E is compact, which proves the norm-distance obstruction. ]

For an explicit compact-bulk example, fix ¢ > 0 and take

2(t? — 1)

vo(t) = 2L

Ve(t) = vo(t — ¢) —vo(t + ¢).

Its aggregate tails satisfy A~ = A* = 0, while the primitive correlation gives D, = 4wc?/(14¢?) > 0.
Thus its bounded spectral operator, after removal of the escaping pair and the stated transport,
converges in trace norm to a trace-class compressed channel. The fast pair still escapes with leading
magnitude /77 /e c/v1 + c2.

Proposition 3.3 (Absolutely continuous inner channels). Under the power-tail hypotheses of the
asymmetric deflated-channel theorem, the inner operator K., and its codimension-one compression,
are unitarily equivalent up to trace class to the two reference channels

Ai<d2 v* )
— -+ on L*(0, c0)

2 ) )
2 dy 4 D

together with zero directions. Thus the absolutely continuous spectral multiplicity at almost every
real ¢ # 0 is
D Limin(0,247), max(0,247)) (@)-
oe{—,+}

There is no absolutely continuous spectrum off these intervals. Point and singular continuous
spectrum within the essential set is not classified by this comparison; outside that closed set only
discrete point spectrum can occur. If both aggregate tail coefficients vanish, the full inner operator
and its compressed operator are trace class.
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Proof. Cut each physical half-line at [¢| = 1. The additional value traces have total codimension
two in the homogeneous anchor-zero space. Restoring their finite-dimensional energy complement
and its mixed blocks is finite rank. On either inner interval (0,1) the potential is bounded. Its
energy sandwich is trace class, since the Dirichlet Green diagonal is ¢(1 — ¢) and

1
|3(=db)2mty (=ap) 2 <4 [l at < oc.

On an outer half-line use [t| = ¥ and u(%e¥) = e¥/2f(y), y > 0. The cut is Dirichlet at y = 0 and
energy is the form of A = —d?/dy? + 1/4. The potential multiplier is A /2 4+ m(y), where

ma(y) = § [?Ve(de?) — AX] = O(e™).

The compact offset shifts preserve a positive tail exponent, possibly reduced to min(1, nji) The

remainder is bounded and integrable. Since ABl (y,y) =1 — e Y, factoring its signed parts through
Hilbert—Schmidt square roots yields

145" 2 M Ap 0 < [ sl =) dy < .

The sine transform gives simple purely absolutely continuous spectrum between 0 and 2A* for
each nonzero reference coefficient. The Kato-Rosenblum theorem [8] gives the stated multiplicities.
Layer compression changes the bounded inner operator by finite rank and preserves this comparison.
If both A* = 0, both reference channels are zero, so all remaining terms are trace class. O

3.1 Signed eigenvalue counts at fixed thresholds

The preceding limit concerns a noncancelling cluster with zero background. The number and
total mass of bounded eigenvalues also admit a description that allows cancellation and bounded
backgrounds. The logarithmic oscillation mechanism is the inverse-square counting law of Kirsch—
Simon [10]; the formulation below keeps the two tail signs and the finite-interval concentration
parameter explicit.

Fix a < r < b. Let v; be a finite collection of real measurable profiles with |v;(t)] < C;/(1 + t?)
and N

v(t) = Oz;t/t2 +O(t] ), t — +o0, 77;E > 0.

For this subsection the means of the profiles may be arbitrary. Let ¢. range over a fixed compact
set and let We be real with sup, ||W¢||,, < co. Set

Vz(z) :Ze_%j((:vfr)/efcs,j)+W5(x), A* :Zaj[. (12)

Write C. for the energy operator of 3 ff Vz|ul? on H}(a,b), and x = max(z,0).
Theorem 3.4 (Two-sided signed logarithmic count). For every fized t > 0 and ¢ € {—1,1},

o A°
NE(W) = rank 1 (600 = EUEL 5 (S0 o) (13)
oc{—,+} +

The remainder is uniform over the stated compact offset set and bounded background class, including
thresholds t = 2CA° > 0. For every fited M > 0 there is also the uniform bound

NE(t) < Car(1+log(1/eNt™Y2,  0<t< M, (14)

for all sufficiently small €.
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Proof. By the spectral theorem, N¢(t) is the negative index of

b 12 C b 2
u| = uw|®— = [ Vi]u
el = [P =5 [Velu
on H}(a,b). Choose d > 0 with [r —d,r + d] C (a,b), and choose a fixed R larger than twice the
maximal allowed offset magnitude plus two. Impose zero values at r —d, r — Re,r 4+ Re,r + d. These
four conditions change the negative index by at most four and split the form into five Dirichlet
interval forms.

The two outer intervals have uniformly bounded potentials. Their negative indices are bounded
for fixed t. On the middle interval, x = r + ez gives a Dirichlet form on (—R, R) with uniformly
bounded rescaled potential 3 v;(z — cz,5) + e2W.(r + £2), so its negative index is bounded too.

On the right annulus put z =  — r = e¥ and u(z) = z'/2f(y). Its endpoint values are zero and
direct integration of the mixed derivative gives

[lrae= [(1FP+417P) ay. [ ViluPde = [ 2Vir+ )P dy.
For v = min(1, njc) > 0, the translated tails imply

2Vo(r+2) = AT +0((e/2)7) + O(z2).

The left annulus gives the same formula with A~. Translating the logarithmic interval to (0, L),
where L = log(d/(Re)), the corresponding form is
AT 1

2t 4’

/OL (1P =212 = b-If?) dy, w2

with
Ib-(y)| < C (e—vy + 6—2(L—y)) .

Both [ |b:| and [ min(y, L — y)|b:(y)|dy are uniformly bounded.

If k2 > 0, use the real Pruefer substitution f = psiné, f’ = kpcosf for the solution with
f(0) =0, f'(0) = 1. It gives |0/ — k| < |b-|/k almost everywhere. Thus §(L) = L + O(1), and
Sturm oscillation gives kL/m + O(1) strictly negative eigenvalues, with a possible zero endpoint
eigenvalue changing the count by at most one.

If k2 = —k? < 0, replace b. by its positive part. The Dirichlet Green diagonal of —d? + k? is
bounded by 1/(2k), so the Birman-Schwinger trace bounds the negative index by (2k)~! [(b.); =
O(1). At the exact threshold x = 0, the Dirichlet inverse of —d? on (0, L) has diagonal y(L — y)/L.
Its trace against (be)4+ is bounded by [min(y, L —y)(bs)+ = O(1). This proves (13), including the
band edges.

For the uniform estimate as ¢ | 0, use upper comparisons rather than a uniform Pruefer remainder.
Constant-potential Dirichlet counts on the core and outer intervals are at most C'(1 4 t~/2). On
either annulus the envelope gives |22V.(r £ z)| < C. The logarithmic form is therefore bounded
below by —d? + 1/4 — C/(2t) on length L, whose negative index is at most 1 + CL/y/t. Add the
five counts and the four trace conditions, and absorb the additive constants using 0 < ¢t < M. This
proves (14). O

15



3.2 Signed spectral mass and trace compensation

A bounded spectral bulk can be defined even when an escaping pair degenerates. The envelope in
(12) gives
Ve(@)| < Cle =2+ [Wellow (@ #7)

uniformly in €. Hardy on each side of r and interval Poincare therefore give a constant My such
that the energy compression to {u : u(r) = 0} has norm at most My. Fix M > My and define the
spectral bulk

D, = Cel[—M,M}(Cs)- (15)

Min—max on this codimension-one space shows that the deleted operator has rank at most two.

Theorem 3.5 (Signed Schatten masses). Under (12), for every p > 1/2 and ( € {—1,1},

tr[(¢D:)H ] 22T (p —1/2)
og(l/s)  vr  T(p)

> (CATE. (16)

ce{—,+}

In particular

tr De 144 _
710g(1/5) — 5(AT+ A7),
tr | De| _
Tog(1/2) — $(JAT]+|A7)). (17)

Proof. The count bound (14) implies that D, belongs to every Schatten class p > 1/2. The spectral
layer-cake identity gives

M
{(CD) =p | rank 1 (D2 dt.

For each fixed t > 0, deletion changes the count by at most two. After division by log(1/e) the
integrand is dominated by Ct?~3/2, which is integrable. Dominated convergence and (13) reduce

the coeflicient to
D /2(10 tp_l Ao 1 dt . (CAU)
T Za 0 V.2t 4 7 o = +

The endpoint 2a, lies below M: tail wavepackets in the anchor-zero space, or the Hardy channel
lemma, give 2|A%| < My. With t = 2a,z, the integral equals

g3y _ 2P b T(p—1/2)
3) =

VT L'(p)

A zero coefficient contributes zero. This proves (16). At p = 1 the coefficient is a,/2; subtracting or
adding the two signed limits gives (17). O

The geometry-dependent logarithmic sum of the escaping pair is consistent with this geometry-
independent bulk trace. The next identity makes the compensation explicit.

16



Proposition 3.6 (Trace compensation). Suppose in addition that every profile has zero mean and
that inf, D, > 0. Put L=7r—a, R=b—r, and { = L + R. For all sufficiently small €, the two
eigenvalues deleted in (15) are the escaping pair, and

trC. = %(AJr — A7) log(1/e) + O(1), (18)
+ —
M+ = —%log(l/s) + O(1),

tr D. = 2(A* + A7) log(1/e) + O(1).
These formulas allow the bounded backgrounds in (12).

Proof. Let g(x) = Gqp)(2,x) = (# — a)(b—x)/L. The derivative-energy embedding into L*(|V;|dx)
is Hilbert—Schmidt, with squared norm [ |V|g. Its signed factorization gives the exact trace identity

b
trC. = %/ Ve(z)g(z) dz.

This follows directly from any energy-orthonormal basis and 3, |u,(z)]? = g(x), with absolute
domination.

Expand the exact quadratic g at r. For one profile the constant term is O(1): its full mean is
zero, and the omitted tails outside the physical endpoints have mass O(e) after the scaled profile
integral. The first moment satisfies, uniformly for bounded offsets,

R/e
/L/Etvj(t —ce5)dt = (oz;r —aj)log(1l/e) + O(1).

The second-order contribution is O(1) because 5ff2L/;€ t2|v;(t — c-;)|dt = O(1). Since ¢'(r) =
(R — L)/¢ and bounded backgrounds have bounded trace, the first line of (18) follows.

For clarity the pair sum can also be obtained without identifying its individual logarithmic terms.
Split off the unit trace vector e, = G, /y/T. The reserve block has uniformly bounded norm. Zeroing
that bounded reserve leaves the rank-two model (_(}8 —le ), where a, = % Ik Vae%. Its eigenvalue sum

Qg
is a., and restoring the reserve changes each escaping eigenvalue by O(1). On the two sides of r,

(€2 (r—) =21/L, (e2)(r+) = —27/R, T=LR/(.

r

In the corresponding first moments the negative tail contributes —A~ log(1/e) and the positive
tail contributes A* log(1/¢). The constant and quadratic terms are O(1) as above. Hence a. =
—(A"R+ ATL)log(1/¢)/¢+ O(1). The noncancellation assumption makes the coupling diverge, so
these are exactly the two deleted eigenvalues for small . Subtracting their sum from the full trace
leaves
(R—L)(AT — A7) +2(ATL+ A R) A"+ A
20 2

which proves the last line. O

4 Cancellation and profile regularity

Exact cancellation removes the leading concentrating profile. Its response to small center displace-
ments is then governed by the norm of the translated primitive. We first give a complete operator
estimate for that primitive, and then show how a cusp produces a continuum of collision scales.
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Throughout this section the bounded background potential is zero. Write I = (a,b), fix r € I, and

set
LR

L+ R

All operator norms and isometries below refer to the derivative-energy inner product on Hg (I).

L:r_a’ R:b—’r’ T:GI(T‘,T):

4.1 A small primitive and the full operator

Lemma 4.1 (A primitive estimate). Let F' be real and locally absolutely continuous, with F &
LY(R) N L?(R) and F' € L=(R). Put

T ||F
M(F) = |[Flly + esssup [t (1) oo = YTIEl,
te

) 2\/5
Assume M(F') < oo. Let C,  be the energy-Riesz operator with form
1 _
q&Fﬁhz)::é?/572FKCr—-ﬂ/€ﬁd$)dx)dx
I

There is a constant Ct, depending only on I and r, such that, for 0 < e <1, there is an isometry
Ter : C* — HMI) satisfying

0 «
HCE,F —JeF (S SEOF> Tl < CrM(F). (19)

e, F

In particular | ||Ce p|| — se p| < CIM(F), and at most one eigenvalue of either sign has magnitude
exceeding CrM(F).

Proof. Set K(z) =e 'F((x —r)/¢) and e, = G[(-,7)/+/T. Decompose
HY(I) = Ce, @ H., H, ={z€ HJ(I): 2(r) = 0}.

Integration by parts gives
1 _
¢ r(u, z) = —3 / K(u'z + u2’) d. (20)
I

There are no endpoint terms because u, z vanish at a,b. The bound |(z — r)K(z)| < M(F') and the
Hardy inequality on the two anchor intervals give

1Ce Fla.xa. || < CrM(F).

Here and below a restriction to two subspaces denotes the corresponding compressed form. The
scalar trace entry is

ger(ener) = — /1 Kerehdn, gz p(eren)] < Cr |, -

On each anchor interval, e,(x) — /7 is a fixed multiple of x — r. Applying this fact and Hardy to
(20) shows that the coupling on H, differs by at most CrM(F) from

Z —> —\f/Kz’dx.
I
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Indeed the two error terms contain respectively K (e, — 1/7)z’ and Ke.z; the first is bounded in L?
by CyM(F), and the second uses ||z/(z — )|y < 2|2'[],.

Let IT subtract the separate means on (a,r) and (r,b). The derivative map identifies H.
isometrically with the L?(I) functions of mean zero on both intervals. The preceding functional is
represented there by the vector bp with b = —/7 ILK/2. Its norm ¢p satisfies

ltp — se,p| < CrM(F).

To see this without a lower bound on either norm, the omitted tail obeys
= PP dt < MPPL + R,
R\(—L/e,R/¢)

and subtracting the two cell means costs at most |F||> (L~! + R~!) in squared norm. Apply
IVz — /Yyl < |z —yl. The operator with coupling b, zero trace entry and zero reserve is
supported on span(e,, br) and has eigenvalues +tp. Replacing tr by s. p gives (19); when bp = 0,
choose any unit vector in H,. The full error bounds all three discarded blocks. The spectral
conclusions follow from selfadjoint norm perturbation and the min—max principle. ]

Proposition 4.2 (Measurable profiles near cancellation). Let vy, ..., vy, be fized real measurable
profiles with
t
Loi=0. wolc/asey po=[ s
—0o0
Suppose c® € R™ satisfies >, Pt — c?) =0 for every t. For c. — c°, put
T || F
o F() =) Pt —coy), se= \fQH\/EaHQ
J

The full operator for e =2 > vi((x —7)/e —cej) has the paired model (19) with error O(dc). If 6 > 0
and

55:\

c.—
00

c.=c’+3.0+0(5.), G:—Zejvj(-—c?) #0 in L*(R),
J

then its first positive and negative eigenvalues satisfy

VT Gl b
M=+ T2 E (1 4 0(1)). 21
: 52+ o) (21)
Every other eigenvalue is O(6:). Thus d:/+/e determines whether the full operator tends to zero,
has a finite nonzero limiting pair, or has an escaping pair. Critical displacements of the physical

centers are of order 3/2.
Proof. For offsets in a fixed bounded neighborhood of ¢°, absolute continuity and the profile envelope
imply
Clej — c?\

1+1¢2
Indeed the integral is over a segment of length |c; — c?-|; on this bounded family of translates,
(1+u?)~! <C(1+t?)~L. Exact cancellation therefore gives

|F.(t)| < Co. /(1 +t%),  M(F.) < C6..

Lemma 4.1 proves the full operator statement. Each P; belongs to H Y(R), since vj € L? and
its zero-mean primitive is O((1 + [t|)~!). Translation is differentiable in L? for H! functions, so
F./6. — G in L?2. When G # 0, the ratio of the operator error to s. is O(,/€), which tends to zero
independently of the size of d./+/c. The two signed eigenvalues consequently exist and obey (21),
including when they tend to zero. The norm approximation proves the three stated regimes. [

|Pj(t—c;) — Pi(t— &) <
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4.2 An anchored cusp and a continuum of scales

Fix an even nonnegative y € C2°(R) equal to one near zero. For a fixed 8 > 1 set
Pﬁ(t) :X(t)|t|’8, V3 :Pé, F@(g(t) :Pg(t—F(S) —2P5(t)+P5(t—5).

The derivative vg is interpreted almost everywhere. It is a bounded compactly supported real
zero-mean profile. The potential

e lug((w —1)/e +8) — 2v8((x — ) /e) + va((x — 1) /e = 6)] (22)

uses three fixed profiles at the offsets —¢,0,d. The aggregate primitive and its first L? displacement
derivative vanish at § = 0. The next theorem determines the spectral effect of its second difference,
including the borderline between a cusp and an H? primitive.

Theorem 4.3 (Anchored cusp cancellation). Let C’g? denote the full energy operator for (22), and

put
VT
Si,ﬁa) BN 1 F5,5ll5 -

For all sufficiently small ¢,6 > 0, independently, there are isometries J. 5 : C*> — H(I) such that

8) 0 s¥) 2
Coy = Jes SB) % T2s| < Cgd”. (23)
€,0

In particular all but at most one eigenvalue of either sign are O(62). Along every path €,5 | 0, the
two signed eigenvalues exist and have the following asymptotics.

1. If1<B<3/2, let
Ho(2) = |z + 1 —212/° + ]z — 1)°,  ¢s= / Hy(2)? d-.
R

Then 0 < cg < 00, ¢ = 8/3, and

Ay =% R (14 0(1)]. (24)
2. At B =3/2,
2 9
| Bz, = 504 108(1/) + O(6%),
and

\E :i3\ﬁ52v10g(1/5)
£,0 4\@ \@

3. For fived 3 > 3/2, Pg € H*(R) and

[1+ o(1)]. (25)

A= 172%[1 +o(1)). (26)

In each case the displayed scale determines the full norm’s vanishing, finite-pair and escaping-pair
regimes; the remaining spectrum tends to zero. All constants and limits are for fixzed 5 and x.

\E HPg 52
2
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Proof. The distribution Pj is a finite signed measure. Near zero it equals 26y when 8 = 1, and
B(B — 1)[t|?~2dt when B > 1; all cutoff terms are smooth away from zero. If hs(t) = (6 — |t|), the
distributional second-difference identity gives

Fgs=hs+ Py, ||Fasll, <0|P§

V'
Moreover
sup [tF 5(t)] < Cd®. (27)
t

For |t| < 26, homogeneity in the neighborhood where x = 1 gives |Fj4(t)| < C5d”, so the weighted
product is O(6#*t1) = O(42). For 26 < |t| in a smaller fixed cusp neighborhood, the integral
second-difference formula gives |Fjs 5(t)| < C36%[t|°~2; multiplication by [¢| remains bounded for
fixed B > 1. On the cutoff annulus the function is smooth and its second difference is O(42); outside
a fixed compact set it vanishes. This proves (27), hence M (Fjs5) < Cd?. Lemma 4.1 now proves
the full operator estimate (23).

For 1 < 8 < 3/2, Hg is locally bounded and nonzero. For § > 1 its large-|z| expansion is

Hg(z) = B(B — 1)]="2 + O(|=)"~").

Its square is integrable in this range. At § =1, Hi(z) = 2(1 — |z|)+, whose squared integral is 8/3.
On a fixed neighborhood of zero, Fj 5(62) = 6° Hs(z). More globally,

Fp5(t) = x(t)6" Hs(t/6) + Rs(t), | Rsll, = O(6°).

The remainder vanishes near zero and is O(62) on a fixed compact annulus, by Taylor expansion of
the smooth factors there. Scaling and dominated convergence therefore give

15,615 = a6 [1 + o(1)].

The O(6?) remainder is smaller than §7+1/2 because 8 < 3/2.
At = 3/2, choose a fixed to > 0 inside the region where x = 1. On 26 < |¢| < to,

3 _ _
Fypg(t) = 307712 + 0]t 7/2).

The squared leading term integrates over both sides to (9/8)6*1log(1/8) 4+ O(6*). The cross term and
squared error have integrals O(6%): use respectively §° Qt((; t=3dt and 6° th t=5dt. The region [t| < 2§
contributes O(6*) by homogeneity, and the fixed outer annulus contributes O(§%) by smoothness.
This proves the asserted logarithmic norm formula.

For B > 3/2, the local second derivative is square integrable, so Pg € H 2(R). The exact integral

identity
1

52 Fpst) = [ (1= Ju)Py(t+ ou) du

and continuity of translations in L? give convergence to Pé’ . Its norm is positive: a compactly
supported nonzero function cannot have identically zero second derivative.

It remains to compare these primitive asymptotics with the full operator. In the three cases, the
ratio of its O(62) error to the principal pair size is respectively

O(Ed20),  O(Vz/\Jlog(1/5),  O(/2).

Each tends to zero on every path £, | 0. Selfadjoint perturbation proves the signed laws and
existence of the pair, even when its magnitude vanishes. The same norm approximation proves the
three full-operator regimes. O
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Table 1: Critical offset and physical displacement orders for the anchored cusp family.
Primitive exponent ‘ Critical offset ¢ ‘ Physical displacement

1<p<3/2 c1/(28+1) 11/ (2B+T)
p=3/2 e/ (log(1/)) /4 | &%/4(log(1/e)) 1/
B>3/2 cl/4 £5/4

The critical offset and physical displacement orders are collected in Table 1. For example,
B = 1 gives the physical order £¥/? and § = 5/4 gives €/7. At the logarithmic endpoint, § ~
(4e/log(1/€))"/* makes 621/log(1/3)/+/¢ — 1. The first-order displacement vanishes for every
member of this family, but the subsequent scale changes with the regularity of the primitive.

5 Scalar matching for identical even profiles

When two centers merge, the trace geometry degenerates and distinct spectral scales emerge. For
identical even profiles the parity reduction gives estimates uniform through this changing geometry.
We take W, = 0 throughout this section. Fix £ > 0 and a real measurable even profile v, nonzero on
a set of positive measure, with

/}Rv =0, lu(t)| < C/(1 +t2), v(t) = o/t +O(It|72), |t| — oo, (28)

where C;n > 0 and « € R. Set

P(t) :/t v(z)dz, J(t):/OtP(z) dz, d:/RPQ >0, (29)

Evenness and zero mean give P(0) = 0 and oddness. Boundedness of v gives P(t) = O(|t|) near
zero; integrating the tails gives boundedness of tP(t) and P(t) = —a/t + O([t|"17") at infinity. The
condition on v implies d > 0. More precisely, with Py(t) = —2t/(1 + %) and Jy(t) = — log(1 + t?),
write

P = (a/2)Py+, r € L'(R), J=(a/2)Jo+ R, |R| <Il,- (30)

Indeed the remainder at infinity is O(|t|~'~™"2)) and is bounded on compact sets. All constants
below may depend on this fixed profile and £. On H{(—¢,¢) consider

Ge.s(u, u) = ;/_25‘2 [v (x — 3) +o (‘T : S)} wPde, 0<s<l/2. (31)

e

Write ¢ = s/e and
1
Qe=3 / [P(t —¢) + P(t + ¢)* dt.
R
Reflection splits its energy-Riesz operator into even and odd parts.

Theorem 5.1 (Uniform coalescence laws). There is a constant M, independent of s and e, with
the following properties for sufficiently small €. The even part has exactly one eigenvalue above M
and one below —M ; all its remaining spectrum lies in [—M, M]. Uniformly for 0 < s < /2,

+ o (£ B 3>Qc
/\e,a,s == 2\/5

— 5 [tog(1/2) + 1og +0(1). (32)

s+é
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Whenever ¢ — oo, the odd part has exactly one eigenvalue of each sign escaping beyond a fixed
bounded interval, and
ds(l — s
M =y B
© 4le
The remainder in (33) is uniform for 0 < s < £/2 and ¢ sufficiently large; all other odd spectrum
is uniformly bounded. If instead c stays bounded, the entire odd spectrum is bounded, uniformly
on each bounded set of ratios. Consequently, a mesoscopic merger s — 0, €/s — 0 has exactly two
escaping eigenvalues of each sign and bounded remaining spectrum, whereas bounded collision ratios
have only one escaping pair.

- %10gc~|—0(1). (33)

For bounded ¢, (32) becomes

)\él:,a,s == M £8D€C - OélOg(l/E) + 0(1)7 Dc = 2Qc (34)

At s = 0 the two profiles coincide. In the mesoscopic regime the even branch is of order e~1/2

and the odd branch of order y/s/e. The exact primitive overlap in Q. and the extra coalescence
logarithm are retained uniformly. The positive lower bound for ). depends on the fixed profile.

The complete uniform parity proof is given in Appendix A. It keeps the exact overlap in the
even channel and rescales the odd channel before estimating the slow pair.

5.1 The inner channel and the critical-tail dichotomy

Let X = HJ(R,) be the derivative-energy completion of C2°(R, ), and define the bounded selfadjoint

operator K. by .
e(Keu, z) = 3 /0 [v(t —¢) +v(t + co)]u(t)z(t) dt. (35)

Hardy at 0 gives boundedness, locally uniformly in c.

Proposition 5.2 (The surviving collision channel). For each fized ¢ > 0,
Oess(K¢) = [min(0, 4a), max (0, 4a)]. (36)

If e — 0 and s/e — ¢ < o0, rescaling the odd finite-interval operator by x = et and extending by
zero to X gives strong operator convergence to K.. If a # 0, every compact approzimation has
distance at least 4|c| from K., so this convergence is not in norm. If « =0, K. is compact and the
convergence is in norm. As ¢ — 0o, exactly one eigenvalue of each sign of K. escapes beyond a fixed
bounded interval, with

vE = +\de/2 — %logc—i—O(l), (37)
and all its remaining spectrum stays uniformly bounded.

For identical even profiles the aggregate primitive is odd, so its anchor-zero layer vector is even.
The rank-one removal in Theorem 3.2 therefore leaves the odd sector unchanged. The following
half-line realization retains its large-collision-ratio law.

Proof. For R > 0 let Pr denote the energy-orthogonal projection in X onto the zero-extended
H}(0, R). These spaces have dense increasing union, so Pgr — I strongly. The normalized dilation
u(et)/+/¢ identifies the odd operator with the compression P/ K. F;/., acting as zero on the
orthogonal complement. For the present measurable profile we verify norm continuity of K. without
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assuming pointwise or uniform continuity of v. If ¢ and ¢ belong to a fixed bounded set, put
Ue(t) = v(t —¢) +v(t+¢). On 0 <t < T, point evaluation in X gives |u(t)| < v/t ||luly, so the
difference form is bounded by

1 s (T
Sy [ HUa0) - Ut .

This tends to zero by local L' translation continuity of v. On t > T, the profile tail gives, uniformly

for bounded ¢, ¢/,
| — ¢

sup t2’Uc’ (t) - Uc(t)| <C

+CT7.
t>T T

Hardy bounds the tail difference form by twice this supremum times ||u|%. First let ¢ — ¢ and then
T — oo. The selfadjoint form bound gives |[K» — K.|| — 0. Together with the strong convergence
of Pg this proves the strong collision limit.

For the essential spectrum apply the one-half-line assertion proved in Lemma 3.1 to U.(t) =
v(t —c)+v(t+c). Its tail coefficient is 2« so the essential interval joins 0 to 4 and the operator is
compact exactly when o = 0. This proves (36). The essential norm of K. is 4|a|. Each finite-R
compression is compact, so its distance from K. is at least 4|a|. When o = 0, compactness instead
gives ||PrK.Pr — K.|| — 0; together with the proved norm continuity in ¢ this proves the norm
collision limit in that case.

For the large-c assertion rescale the half-line by ¢ = cy. The center is 1 and the width is 1/c.
The one-trace tent is min(y, 1), with unit energy; on the infinite right cell it is constant, so the affine
correction vanishes and there is no mean subtraction there. The left-cell estimates in (42) remain
unchanged. On the right the primitive is in L2(1, 00), and its full square gives the remaining half of
d/o. Hence the same computation now gives

dc
4
The outside-center term is bounded on all of X by Hardy at 0, and the trace-zero reserve is
uniformly bounded by Hardy at 1. The scalar rank-two calculation proves (37). The codimension-
one variational bound excludes further spectrum outside a common bounded interval; it applies
to this bounded noncompact selfadjoint operator as well, and the two escaping spectral points

are isolated eigenvalues. This proves the full assertion, including the uniformly bounded essential
band. .

IT|> = =+ 01 +1log%c), A, =—alogc+ O(1).

The inner operator records the part of the odd spectrum that does not escape when the collision
ratio is bounded. When « # 0, its nonzero essential interval explains why compact finite-interval
approximants cannot converge in operator norm. For « = 0 this obstruction disappears and the
inner channel is compact. Its large-c law, in turn, supplies the slow pair of the mesoscopic regime.
The finite-interval coefficient in (33) retains the far-boundary factor /(¢ — s)/¢: replacing it by 1
need not preserve a bounded remainder along an arbitrary mesoscopic path.

5.2 The rational profile as an explicit example

For vo(t) = 2(t? — 1) /(1 + t?)? one has Py(t) = —2t/(1 + t?), dy = 27 and ag = 2. With Fourier
convention F(€) = [e " f(t) dt, the elementary transform (1 + ¢2)~1 = e~ and its L? derivative
give Py = 2misgn(€)e”lél. Parseval therefore gives

2m
1+¢%

/ Py(t —c)Po(t+c)dt = 277/ e~ 2l cos(2¢€) dE =
R R
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Thus Q. = 2m(1 + (1 + ¢?)71). The general formulas recover the rational even and odd laws, and
the inner essential interval is [0, §].

5.3 A compactly supported profile

A nonrational example is
P(t) =t(1 = *)’1gycay,  v(t) = (1= )1 = 56%) 113

The primitive vanishes continuously at both support endpoints, so P’ = v almost everywhere without
boundary point masses. The profile is even, bounded and has zero mean; here o = 0 and

d= 2/1752(1 —tH)tdt = 256
0 3465
For ¢ > 1 the two translated primitive supports are disjoint up to null endpoints, hence Q. = d
exactly. Its inner collision operator is compact and the collision convergence is in norm. This
example also shows why the non-norm assertion needs the condition o # 0. Replacing any admissible
v by —v keeps d and Q. unchanged, reverses both logarithmic drifts and reflects the inner essential
interval. The paired leading magnitudes are unchanged.

6 Further directions

The uniform finite matrix model accommodates larger clusters, while scalar logarithmic extraction
for multiple nested Green scales requires corresponding mixed-block estimates. At a degenerate
cancellation, primitive regularity determines the next scale; the anchored cusp family suggests
extensions to more general moduli of smoothness. A further quantitative problem is phase information
beyond the fixed-threshold logarithmic count, with simultaneous control of collision and tail
parameters.

A Uniform parity estimates

This appendix proves Theorem 5.1. The marked trace at the positive center has different endpoint
conditions in the two parity sectors. Keeping those conditions gives the all-ratio even law and the
uniform resolved odd law.

A.1 Uniform reserve and the primitive overlap

The normalized restriction u — v/2u|( ) identifies the odd space with Hg(0,¢) and the even space
with {u € H'(0,¢) : u(¢) = 0}. The half-interval form still has the factor 1/2 in (31). In either
space impose u(s) = 0. For s > 0 the two one-sided Hardy inequalities at s apply. The envelope

C < C
(@+9)? = (w—9)

e 20((z — 8)/2)] < 2

< ma ’57217(@ +s)/e)| <

therefore bounds the reserve compression uniformly. At s = 0 use Hardy at the left endpoint in the
even reserve u(0) = 0. For s > 0 each reserve has codimension one; at s = 0 the even reserve has
codimension one and Hardy bounds the entire odd space. The variational principle implies that at
most one eigenvalue of each sign can lie outside a common fixed interval in each parity sector. Thus
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constructing one escaping pair also proves an exact count for the full sector, not only for a finite
matrix.
The overlap identity is

Qc = d+/ P(t—c)P(t+ c)dt, 0< igg Q. < Q. < 2d. (38)
R >

Translation continuity in L? makes @, continuous. The inner product of a fixed L? function with
a translate tends to zero as the translation tends to infinity: first approximate by compactly
supported functions, whose sufficiently separated translates have zero inner product, and then use
Cauchy—-Schwarz. Thus Q. — d as ¢ — co. If Q. = 0, then P(t + 2¢) = —P(t) almost everywhere.
For ¢ > 0 the modulus would be periodic and integrable in square on the line, forcing P = 0. For
¢ = 0 the same conclusion is immediate. Both contradict d > 0. Positivity, continuity and the
positive limit give the lower bound in (38); its constant depends on the fixed profile. In particular,

00 2
/ [ P((@ — 5)/e) + P(( +5)/0))} da = %. (39)
0
Indeed the primitive sum is odd in x, so its half-line squared integral is half its whole-line squared

integral.

A.2 The even channel: a sharp estimate for every ratio
Put B=¢—s,C=/¢+s, and

0 —max(z,s) o) = e v 8) /e 4 s) /e
es(fv)——\/g , Fle)=e'P((z —s)/e) + P((z +5)/e)].

The tent e, has unit energy and value v B at s. In the reserve/trace decomposition write the even

operator as (15; }fe), where || R|| is uniformly bounded and T is a single column. The trace block is

4 —
Ae :/S F(:U)ngdx.

To check the boundary terms, integrate F’ = V against e2/2. At £ the tent vanishes, at 0 one has
F(0) = 0, and the two terms at s cancel by continuity. The affine weight in the last display is
bounded by 1. Consequently (30) gives A, = (a/Z)Aéo) + O(||7||;), uniformly in s, e, where AD i
the trace block for Py. Its explicit formula (43) below, with B > ¢/2, yields

Acf2 = =S llog(1/2) +1og(1/(s +2)] + O1),  |Ac| = O(1 +log(1/2)). (40)

The reduction error is uniform because each scaled translate of r has L' norm at most ||r||; on the
half interval.
The sharp coupling estimate is
BQ
2

T = 55 + Oflog*(1/e)), (a1)
uniformly down to s = 0. Here are the uniform error costs. On (0, s) the coupling derivative is
exactly —/BF/2: the natural endpoint condition is derivative zero at 0, paid by F(0) = 0. There
is no mean subtraction on this free-endpoint cell. On (s, /) integrate the affine forcing. Before
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subtracting its mean, the derivative equals —vBF/2 + E; after removal of constant terms the
correction F is a bounded linear combination of

(z —s)e 'P((x — s)/e), (z—s)e P((z+5)/e), J(z—s)/e), J((z+s)/e).

The first two expressions are uniformly bounded; for the second use (z — s)/(z + s) < 1. Adding
the constant alog(1/e) to each J shows that

|E(x)] < Cg[1+ |log(x — s+ ¢)| + | log(z + s + €)]].

Its L? norm and its right-cell mean are uniformly bounded. Its cross integral with either singular
primitive is O(log?(1/¢)): the primitive has L' norm O(log(1/¢)) there, and each logarithm is
pointwise O(1 +log(1/¢)). The squared correction costs O(1). The right-cell mean of the leading
primitive costs O(log?(1/¢)) in the Gram, since the cell length is at least £/2. These are the only
centering costs. Finally, (39) gives the raw leading Gram, while truncating its integral at ¢ costs
O(1): for z > ¢ and s < £/2 each primitive is bounded by C'/z. This proves (41) without a constant
depending on the short-cell length.

Deleting R changes the operator by a uniformly bounded amount. The only nonzero eigenvalues

17

of the resulting operator are those of ( 0 ) Since BQ. is bounded below by a positive fixed

constant,

1T = +0(Velog?(1/e)),

2\
and the two scalar eigenvalues equal + ||T'||4Ae/2+O(A2/ ||T||). The last error is O(y/€log?(1/¢)) =
o(1), uniformly. Restoring R and using the codimension-one count proves (32) and its assertion
about the entire remaining spectrum.

A.3 The odd channel: a uniform expanding-interval estimate

The outside-center term is a uniformly bounded operator on the entire odd space: its absolute
potential is bounded by C/(z + s)? < C/z?, so Hardy at 0 applies. It therefore suffices, up to
bounded operator error, to keep only the center s. For s > 0 rescale x = sy, u(sy) = v/sf(y).
The new interval is (0, N + 1) with N = (£ — s)/s > 1, center 1, and width 6 = ¢/s = 1/¢. The
normalized trace tent has value A = /N/(N + 1), left slope A, and right slope —A/N. We claim
uniformly for every N > 1 and ¢ — oo that
2, A% 2

T, = ﬂ+0(1+log c), A, = —aloge+ O(1). (42)

The reserve norm is uniform by Hardy at 1.
On a cell where the tent slope is k, an exact uncentered coupling derivative is

A k

—5s PO = P = @), t=(y-1)/s.

Subtract the cell mean to impose zero values at its two endpoints. The left cell has length 1 and
|k| <1, so its squared correction and leading/correction cross integrals cost O(1 + log? ¢), exactly
by integrating (1+ |log(z+0)|)/(z+ ) for 0 < z < 1. On the right, of length N, one has |k| < 1/N.
After removing constants its correction is bounded by

S+ [og((y — 1+ 8)/N)]]
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Its squared L? norm is O(1/N), and its cross integral with the leading singular primitive is at most
C[1 +log?(N¢)]/N. The squared right-cell mean of the leading primitive obeys the same bound,
while the left-cell mean costs O(log? ¢). These estimates are uniform because

log?(Nc) log? N

< 2log?c+2 < C(14log?c).

Omitted primitive-square tails cost O(1), since both cell lengths are at least 1. This proves the first
formula in (42).

For the trace block use (30) in — [ d~!Pee’. On the left |ee’| < 1, and on the right |ee/| < 1/N < 1.
The r term therefore costs at most 2 ||r||;, uniformly. For Py direct integration gives

2
A(O) — — A2 log(l + 02> — %log(l + NQCZ)

o

2
+ 242[1 — S arctand] + %[1 _ (§/N) arctan(N¢)].

The bounded terms are uniform and its logarithmic part is —2logc — 2log N/(N + 1) + O(1).
Multiplication by «/2 and restoration of the integrable remainder prove A, = —alogc + O(1)
uniformly in N > 1.

Since A2 > 1/2, the scalar root and quadratic trace errors are O((1+1log? ¢)/+/c) = o(1). Deleting
and restoring the reserve, and restoring the bounded outside-center operator, gives

M= i;l\\/f? — %logc—i— O(1).

Substituting A2 = N/(N + 1) = (£ — s)/¢ proves (33). Codimension one proves the exact odd count.
For bounded ¢, on the other hand, |v(t —¢) + v(t +¢)| < Cs/(1 +1%) < Cg/t? for 0 < ¢ < S; after
x = et, Hardy at 0 bounds the entire odd operator. This finishes the proof of Theorem 5.1.

A.4 The rational reference trace

For completeness its trace primitive, used in the general reduction above, is exactly

C C? + &2
0 — _ 272y _ Zoe — =
Ay log(1+ B*/£%) BIOg452+52+4
— %[arctan(B/fs) + arctan(C'/e) — arctan(2s/e)], B=(—-s, C=/{(+s. (43)

To derive it, the integral of e 1 Py((x — s)/e)(¢ — x)/B on (s,f), with y = & — s, equals — log(1 +
B?/e?) + 2 — (2¢/B) arctan(B/¢). The translated term, with z = x + s, contributes the remaining
logarithm, +2 and the remaining arctangents. All bounded terms are uniform since B > ¢/2. Also
V4s? + £2 is comparable to s+¢, and (C/B—1)|log(s+¢)| = O(s|log(s+¢)|) = O(1). Consequently
Ago)/Q = —log(1/e) —log(1l/(s +¢)) + O(1), as used above.
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