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Abstract

We determine the exact tradeoff between uniform expectation bias and the upper output
endpoint for projected-purity estimation by odd-prime stabilizer protocols using at most two
identical input copies. If an isotropic Weyl subgroup leaves logical dimension d, the least upper
endpoint at bias tolerance ¢ is max{d — (2d + 1)e,1 —¢} for d > 1, and 1 — ¢ for d = 1. An
explicit common-basis collision statistic attains every branch. In particular, the optimal bias
with outputs in [0,1] is (d — 1)/(2d + 1). The proof combines the two-copy Clifford commutant
with positive responses at a nonphysical Wigner phase point. The same response argument gives
the sharp upper endpoint d for exactly unbiased estimation at every finite copy cap. At larger
caps we derive a continuum of Chebyshev witness bounds and an explicit improvement of their
exponential amplification base. A matching polynomial extremizer on the whole density-matrix
body identifies the role of operational symmetry in the exact two-copy result.

1 Introduction and principal result

Purity is a quadratic function of an unknown density operator. Randomized basis collisions estimate
it using simple measurements, while their classical output may extend well above the physical purity
interval. This raises a precise question: how much expectation bias is necessary when the permitted
classical output range is reduced? We answer this question exactly for two-copy stabilizer protocols
and projected purity in odd prime dimension.

Fix an odd prime p, n > 1, D = p", and a linear isotropic subspace H < FZ” of dimension h.
With phase-consistent Weyl operators W,,, define

!
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A stabilizer protocol may append stabilizer ancillas, apply joint Clifford operations, perform co-
herent Weyl eigenspace measurements, discard systems, and adapt its subsequent operations to
classical outcomes. Its real output is a bounded unconditional statistic, including every abort out-
come. The input consists of identical copies of an arbitrary density matrix. A finite copy cap is
fixed independently of that density matrix. Classical randomization and its mixtures are included.

For a protocol A let P4(p) denote its expected output and U4 an upper bound on every output.
Define the uniform bias by

bias(A) = sup  |Pa(p) —vu(p)|-
p>0, Tr p=1

The optimization below has a constraint only on the upper endpoint; the output may also have
negative values.



Theorem 1.1 (Exact two-copy frontier). For e > 0, among all such protocols consuming at most
two copies and having uniform bias at most €, the infimum upper output endpoint is attained and
equals

(2)

max{d — (2d+ 1)e, 1 — ¢}, d>1,
U*(E):{l—e d=1

For d > 1 the two branches intersect at g = (d — 1)/(2d). The minimum uniform bias among
at-most-two-copy protocols with output in [0, 1] is exactly
d—1
2d+1°

(3)

€4 =

For d =1 that minimum s zero.

At a logical qutrit, d = 3, the exact minimum in (3) is 2/7. The attaining statistic takes values
3/7 and 1 within a common sector, and 0 when the sectors differ. The theorem optimizes over
coherent joint measurements and adaptive stabilizer circuits as well as separate basis measurements.

The proof has three ingredients. First, every complete stabilizer transcript has a nonnegative
response on tensor products of Gross phase points. Second, simultaneous two-copy Clifford averag-
ing reduces the expectation to an affine function of logical purity. Third, the affine error at formal
purity d has the signed evaluation identity

e(d) = —de(1/d) + (d+ 1)e(1). (4)

The total variation 2d + 1 of these two weights supplies the lower bound. An affine combination of
the usual collision estimator and the sector-match indicator attains it on the full input space.

Relation to established methods. Gross’s phase-space formalism supplies the odd-dimensional
phase points and stabilizer positivity [1]. Positive-Wigner simulation by Veitch, Ferrie, Gross
and Emerson supplies the operational positivity principle [2]; we spell out its effect formulation
below. Clifford designs and randomized collisions are established estimation tools [3, 5]. Intentional
classical rescaling also has an established role in bias—variance tradeoffs for shadow estimators [4].
Our objective is the exact uniform expectation-bias versus upper-output frontier for the indicated
operation class and fixed copy cap. Polynomial extrapolation and signed evaluation representations
are classical approximation and optimal-prediction tools [6]. They enter here with an explicit
physical interval and operational witness cone. The author’s mixed-state stabilizer learner [7]
supplies related Weyl conventions and an overlap-learning task; the present question concerns
estimation of the quadratic functional (1).

2 Phase points, transcript effects and a collision identity

2.1 Conventions and positive formal responses

For u = (a,b) and v = (a/,V') in Fg" put [u,v] =a-b —b-ad’. Choose Weyls satisfying
W Wy = w2 W 0 W =W_y, Te(W,)=D1ly,  w=e>m/P.

The Gross phase points can be written

A, =D! Zw[z’“}Wu.



Changing the sign convention for z relabels this family. The identities used below are
A, =Ar, A2=1, TrA, =1, Tr(A.A,)=Dl,_y. (5)

For example Ay is coordinate parity, |x) — | — x); Weyl translations give all other phase points.
The Wigner function of a trace-one Hermitian operator is

Wx(2) =D 'Tr(A.X), X =) Wx(2)A..

It sums to one. Tensor products of phase points are phase points of the joint system in the product
convention.

A pure stabilizer projector is the normalized character sum over a Lagrangian Weyl subgroup.
Pairing this character sum with the Fourier sum for A, shows that Tr(A,|s)(s|) is either zero or
one. Equivalently, its Wigner function is D! on an affine Lagrangian and zero elsewhere. Thus
every nonnegative combination of stabilizer projectors has a nonnegative pairing with every phase
point. These familiar identities are the precise part of the formalism used here [1].

Lemma 2.1 (Positive transcript responses). Let E, be a complete-transcript POVM effect of an
allowed protocol on m input systems, after padding every branch to the copy cap. Then

Tr(Ey(As, ® - ®A,,)) >0 (6)

for every tuple, including unequal phase-point labels. These quantities sum to one over y. Conse-
quently a trace-one Hermitian X with nonnegative Wigner function gives a probability distribution
of formal transcript responses on XM,

Proof. Feed each input port with half of a normalized maximally entangled stabilizer pair, leaving
the other halves untouched. Condition on the complete transcript y and trace out the protocol’s re-
maining systems. The reference operator is EJ /D™. Stabilizer ancillas, Clifford gates, conditioned
Weyl measurements and partial traces preserve the cone generated by stabilizer projectors. This
follows branch by branch from the stabilizer projector character formula: a compatible measured
character adds its linear constraint, an incompatible one gives zero, and forgetting measured char-
acters forms a positive sum. Transposition conjugates the stabilizer character and again preserves
that cone. Hence E, belongs to it. Applying the nonnegative phase-point pairing on the joint
system proves (6). Completeness gives > Tr(EyA. ® - ® A, ) = 1.

A branch using fewer copies is padded by discarding the unused inputs. A discarded formal
input has trace one, so the padding preserves its response. For general X, expand each factor in
its nonnegative Wigner weights and use (6) for every tuple. Classical mixtures integrate the same
nonnegative responses. The argument also applies to measurable transcript effects and bounded-
output integrals. O

For a bounded statistic f the operator ' =} f(y)Ey gives
P(X) = Tr(FX®™). (7)

It is a real polynomial of degree at most m on the affine space of trace-one Hermitian matrices.
Lemma 2.1 gives P(X) < U on every Wigner-nonnegative formal input when f < U.



2.2 The two-copy Clifford average

Lemma 2.2 (Two-copy commutant). In logical dimension d = p’, averaging any operator F by
C ® C over the Clifford group yields al + bS, where S exchanges the two logical systems. Thus the
averaged expectation on o®2 s a + bTr(aQ) for every trace-one o.

Proof. Expand F' in the basis W, ® W,. Simultaneous Weyl conjugation multiplies a term by a
character of u+wv, so its average vanishes unless v = —u. The symplectic Clifford action is transitive
on nonzero Weyl labels, and conjugates each phase-consistent W,, to Wg,, up to a phase that cancels
against the phase of W_,,. Therefore all surviving nonzero coefficients have one common value. The
identity
S=d ') W.eWw;
u

then proves the assertion. Finite Clifford averaging suffices; global scalar phases are immaterial. [

Lemma 2.3 (Sector collision estimator). There is a two-copy allowed experiment with indicators
J and K such that

fo=(@d+1D)K—J,  Efg=vu(p), EJ=s=Y w?<L (8)

Here w, are the masses of the classical sectors after dephasing by H. For d > 1, the possible values
of fo are —1,d within a matching sector and 0 across different sectors. For d = 1 it is the sector
collision indicator.

Proof. An isotropic basis can be extended to a symplectic basis. A Clifford then maps H to the Z
labels on h coordinates. The map Ty dephases those coordinates and gives subnormalized logical
blocks o, = w,p, of dimension d. In particular

yua(p) =Y Te(o2),  s/d<ulp) <s. 9)

Measure the sector on both copies, setting J = 1,—,,. Apply the same uniformly random logical
Clifford to the two residual systems and measure in the computational basis. Set K = 1,_./ .
Let R =), |b,b)(b,b|. Its Clifford average is al + S by Lemma 2.2. The equations Tr R = d
and Tr(SR) = d give o = 3 = 1/(d+1) for d > 1. It follows, by homogeneity also for subnormalized
blocks, that
(Tro.)? + Tr(o?)
d+1 '

Ec ) (b|Co.C*|b)? =
b

Summing sectors and subtracting E.J proves (8). At d = 1 both logical outcomes agree, so K = .J
and fo = J directly. O

3 Proof of the exact two-copy frontier

3.1 Lower bounds

Suppose a protocol has upper output endpoint U and uniform bias at most €. Restrict its inputs,
after the coordinate Clifford above, to one fixed sector |z)(z| ® o, with arbitrary logical density o.
The target is Tro?. Pad to two copies and average the protocol over applying the same logical



Clifford to both copies. These Cliffords preserve the sector. Averaging preserves the upper endpoint
and the uniform bias bound. By Lemma 2.2, its expectation has the form

P(o)=a+bTro>
If e(x) = a+ (b — 1)z, the physical maximally mixed and pure logical inputs give
le(l/d)] <&,  le(1)] <e.

At the formal input |2)(z| ® A, where A is a logical phase point, the target is d. This formal input
has a nonnegative product Wigner function. Lemma 2.1 gives P(A) < U. The affine identity (4)
yields

U>d+e(d)>d—(2d+ 1)e. (10)

Independently, a physical pure sector input has target one, so U > 1 —e. For d = 1 this physical
bound is sufficient.

3.2 Attainment on all sectors

Ford>1land 0 <e<egy=(d—1)/(2d) set

2de (d+1)e
b=1——— = =b : 11
L a="TE f=bfetal (1)
For a nonempty block, Trp? € [1/d,1]. The affine error (b — 1) Tr p? + a lies in [—¢,¢], taking
opposite endpoint values at the two extremal purities. Hence

Ef —vu(p)| = sz((b— 1)Trp? +a)| <es<e.

z

Here the w? weighting pays the full projected problem rather than only a normalized logical input.
Since b > 0, the largest of the values 0,a — b, a + bd is

a+bd=d—(2d+1)e>1—-¢>0.

Foreg < e <1luse f=(1-¢)J. By (9), each normalized-sector error is between —e and ¢,
because 1 —e — 1/d < ¢ is equivalent to € > gyp. Thus the global error is at most s, and the upper
endpoint is 1 — e. For € > 1 the constant output 1 — ¢ has error at most ¢ for every target in [0, 1].
This pays the negative-upper-endpoint regime as well.

At d =1, yg = s and (1 — €)J attains the physical bound for 0 < ¢ < 1; the same constant
construction applies thereafter. This proves (2).

Finally U < 1 forces ¢ > (d —1)/(2d + 1). At that value (11) has b = 1/(2d + 1) and
a=(d+1)/(2d+1). Its values are d/(2d + 1), 1 in a common sector and 0 across sectors. They all
lie in [0, 1], proving (3) and Theorem 1.1.

4 Every finite copy cap: exact endpoint and stable witnesses

4.1 Sharp exactly unbiased endpoint

Theorem 4.1. Every allowed finite-capped protocol that is exactly unbiased for v on every density
matriz has upper output endpoint at least d. For every cap m > 2 this endpoint is attained.



Proof. With cap m, the expectation polynomial (7) agrees with the quadratic polynomial vz on
all density matrices. Positive-definite density matrices form a relatively open subset of the affine
real space of trace-one Hermitian matrices. A polynomial vanishing on that open set vanishes on
the whole affine space, as follows by successively restricting to coordinate lines. Therefore equality
holds also at X = |2)(z| ® A. There vg(X) = d, and Lemma 2.1 gives P(X) < U. Lemma 2.3

attains upper endpoint d with two copies; extra copies can be discarded. O

4.2 A continuum of approximate witnesses

Let d > 1 and A be a logical phase point. Its eigenvalues are 41, —1, with multiplicities (d +
1)/2,(d—1)/2. Put
Lt: (1-t)[d/d+tx4, Xt: ’Z><Z’®Lt

The eigenvalues of L; are [1 4 (d — 1)t]/d and [1 — (d + 1)t]/d. Thus it is physical precisely on
Jo=[=1/(d=1),1/(d+ 1)]. (12)

For 0 < t < 1 it is Wigner-nonnegative because it is a convex combination of I;/d and A. Its
continued target is

i (X0) = 1/d + (d — 1/d)E2
The affine coordinate s = ((d? —1)t+1)/d maps Jg to [~1,1] and ¢t = 1 to s = d. In this coordinate
the target is
B ds®> —2s+d
o d2-1
Write T, for the Chebyshev polynomial, T}, (cos ) = cos(m#@).

Ga(s) (13)

Lemma 4.2 (Classical extrapolation). If a real polynomial r has degree at most m and |r| <1 on
[—1,1], then |r(s)| < Tin(s) for s > 1.

Proof. For m = 0 the assertion is immediate. If r(s) > T,,(s) at s > 1, multiply r by ¢ =
Tin(s)/r(s) € (0,1). At the m + 1 successive alternating extrema of T}, the polynomial T}, — cr
has strictly alternating signs. It therefore has m distinct roots inside (—1,1) and also its root at s,
impossible for degree at most m. Apply the same argument to —r. Continuity pays s = 1. ]

Theorem 4.3 (Finite-cap witness bound). For cap m > 2, bias at most €, and upper endpoint U,
one has, for d > 1,

U > Ga(s) —eTn(s) (1<s<d), (14)

e> sup (Ga(s) — U)+.

1<s<d  Tm(s) (15)

For d =1 the physical bound is U > 1 — €.

Proof. The expectation error restricted to X; has degree at most m, since m > 2, and is bounded
by € on the physical interval (12). Apply Lemma 4.2 in the s coordinate. For 1 < s < d the
corresponding ¢ belongs to [0, 1], so Lemma 2.1 bounds its expectation above by U. Rearrangement
proves both formulas. At d = 1 use a pure physical sector. O



The endpoint s = d gives € > (d — U)4+ /T, (d). An interior point can be stronger. At d =
3,U=1,s =2, one has t = 5/8, G3(2) = 11/8, Ty4(2) = 97, and Tg(2) = 18817. Hence

3 9 3 9
=4 > — —_— =& > .
m 276 7 5 MT8Y €2 150536 665857

The fractions on the right are the respective endpoint-only bounds.

Corollary 4.4. For fized odd d > 3 and U =1 set

1+(d-1)vVd+1 2ds, — 2 1
Sy = , by=——, Cyg=bgexp| —— .
d d?—1 \/337_1
For every integer m > 2 with 1/m < d — s,
C
e > % exp(—marcosh Sx). (16)
m

For d = 3 this is ¢ > e~3/*/(m3™) for all m > 2.

Proof. Solving G4(s) = 1 gives s, and 1 < s, < d, bg > 0. Use s = s, + 1/m in (15). Convexity
gives G4(s) — 1 > bg/m. Concavity of arcosh gives

marcosh(s, +1/m) < marcosh s, +1/4/s2 — 1.

Since Tj,(s) = cosh(marcosh s) < e™hs the claim follows. At d = 3, s, = 5/3, by = 1, and
arcosh(5/3) = log 3. O

5 Exact generic polynomial evaluation norm

The smaller factor 2d + 1 in Theorem 1.1 uses an operational constraint beyond polynomial degree
and physical bias. The following equality identifies that distinction.

Proposition 5.1. Let X = |2)(z|® A and let K be the full body of D-dimensional density matrices.
For real polynomials of degree at most m on the trace-one Hermitian affine space,

sup{|R(X)] : Sup [R(p)| < 1} = Tp(d).

For d =1 this norm is one.

Proof. The physical line (12) and Lemma 4.2 give the upper bound. For the reverse bound let
B = |z)(z| ® A, extended by zero on other sectors. It has operator norm one, so |Tr(Bp)| < 1
for every physical p. The polynomial R.(p) = T,,(Tr(Bp)) therefore has physical norm at most
one, while Tr(BX) = Tr A?> = d. This attains T},(d). At d = 1 the formal input is physical, and
constants attain one. O

For d = 3, this polynomial extremizer gives values 17 at m = 2 and 577 at m = 4. At two
copies, the Clifford-invariant expectation is affine in purity and its error obeys (4); this additional
structure gives the exact frontier. The general evaluation-norm viewpoint is consistent with signed
minimum-total-variation prediction representations [6].



6 Reproducible demonstrations

The accompanying standard-library Python verifier checks the exact rational frontier branches,
their intersection and the globally projected sector weighting. It also reconstructs the one-qutrit
common-basis collision operator over Q(w), checks phase-point responses, and verifies the interior-
witness fractions and Chebyshev recurrence. Acceptance gates raise exceptions and remain active
under Python’s optimized mode. The reader instructions give both commands and identify which
finite calculations support each analytic statement. The analytic proofs above supply the all-
dimension and all-protocol quantifiers.

AT assistance. OpenAl’s Codex assisted with exploration, proof checking, code, literature com-
parison and manuscript preparation. The author takes responsibility for the mathematics and the
accompanying files.
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