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Abstract

We study two auxiliary cofactor comparisons motivated by permanent Hadamard inequali-
ties. For a complex positive definite correlation matrix B, let R be its transposed permanental
cofactor matrix and L that of its entrywise squared modulus. We compare 27 Lz and 27| R|*?z,
where 2; = |x;|?, with (per B)(2*B~'x)(2* Rx). Both comparisons have sharp universal constant
one in orders one and two. At every fixed order at least three, neither admits any finite universal
constant, even among dense irreducible positive definite correlation matrices with nonreal tri-
angle phases. An explicit roots-of-unity family gives quantitative divergence. The cancellation
mechanism is classical; the result concerns these auxiliary comparisons and does not disprove
Chollet’s inequality.

1 Definitions and statement

A correlation matrix is a Hermitian positive semidefinite matrix with diagonal entries one. Through-
out the theorem B is positive definite of order m. Write B(j | i) for deletion of row j and column
i, and put

a=perB, Rjj=perB(j|i), Ly =mper(|B|**(|i).

Here |B|§’j2 = |B;;|?, and the permanent of the empty matrix is one. For 0 # x € C™, define
s=a*B7 'z, r=a2"Rx, z =|z]? (=2"Lz, tp=2T|R|*?x.

The cofactor convention ensures %per(B + ha:x*)} heo — T"Rz. In particular R is Hermitian.
Deleted symmetric products give its Gram representation (up to conjugation), so R > 0 when
B > 0. The quantities a, s, are therefore positive. Also

lp = Tr[(diag(E)R diag(x))q :
Theorem 1. For each of the inequalities
¢ < Casr, lr < Casr,
the following classification holds.

1. Ifm=1orm=2, C =1 works for every B,z above and is sharp.

2. For every fired m > 3, no finite constant C works. Both ratios are unbounded on dense
irreducible positive definite correlation matrices having a nonreal gauge-invariant triangle
product.



The incoherent sum in £z need not be controlled by the coherent quadratic form . The distinc-
tion persists after multiplying by any order-dependent finite constant. Roots-of-unity cancellation
in symmetric products is established, including its use in bosonic NOON-state constructions [2].
The proof below applies that mechanism to the particular comparisons in Theorem [; it does
not claim a new cancellation principle. Factorial-weighted polynomial product norms and their
contraction identities are classical as well [d].

2 The sharp small orders

For m =1 the ratios equal one. For m = 2, a diagonal unitary gauge reduces B to

1 p
—_ <
B_<p 1), 0<p<l,

without changing either ratio. Take an invertible Gram realization B = VV*, put x = Vw, and let
v; be row ¢ of V. Define P; = vfv; and S = P; + P,. Direct cofactor evaluation gives

a=1+p* R=B, T:=V*RV=5% L=|Rl*
Since s = ||w||? and r = w*Tw, it suffices to bound
W=P@Pi+PoP+p (Lo P+ PoP).

Each tensor product of the P; is positive semidefinite, so W =< S ® S. For any eigenvalues h,k > 0
of S,

g(hQ +k2) — hk = g(h k)2 4+ (a— 1)k > 0.

Consequently
WXSTeI+I8T).

Evaluation on w®w yields ¢ < asr. Since L = |R|°2, the second comparison is identical. Equality at
B =1, x = ey, proves sharpness. Restricting to irreducible matrices preserves the sharp supremum
by taking p | 0.

3 Explicit positive definite counterfamilies

Fix m > 3, put § = 27/m, and let u; = 7% for 0 < j < m. For 0 <t < 1/(2m), set
n=t""2 By = (1 — t)Jy + tuu™, B = (1—-n)By+ nlp.
The vectors 1,u are orthogonal and have squared norm m. The eigenvalues of B are
Ao=ml-n)1-t)+n A =m(l-n)t+n,
and m — 2 copies of 7. Thus B > 0, with diagonal one. Set ¢ = A\1/m and z = \/qu. Then
s=1, t<q< 2t

All off-diagonal entries have modulus at least (1 —n)(1 — 2t) > 0, so B is dense and irreducible.
The triangle product on indices 0, 1, 2 satisfies

S(Bo1BiaBao) = (1 —n)*t(1 — ¢)(1 — 2t)(sin(20) — 2sin ) # 0.

Indeed sin(26) — 2sinf = 2sinf(cosd — 1) < 0 for m > 3. No diagonal unitary gauge makes this
family real.



3.1 The cancellation and derivative
For A, D > 0, the standard symmetric-product Gram identity gives
per(AJy,, + Duu®) = m!(A™ + D™). (1)

For clarity, if a polynomial f(z) =Y, fa2® has factorial norm || f||% = ", a!|fal?, expanding the
product of m Gram linear forms and pairing their coefficients gives || [[; fill% = per({fi, f;)). Here

m—1
H (VAzy+VDez) = A™/2m — (—1)mD™/2.m,
7=0

Its two distinct monomials are orthogonal, each with squared norm m!, which proves (1). The sign
has no effect on that norm.
Let Ry be the transposed cofactor matrix of By. Applying (1) to By + htuu* and differentiating
at h = 0 gives
w*Rou = mm! ™1, (2)

This derivative calculation uses singular By only in a polynomial identity; no inverse of By is used.

3.2 Uniform perturbation estimates

Every entry of B, By has modulus at most one, and corresponding entries differ by at most n. A
cofactor is a sum of (m — 1)! products of m — 1 entries. Telescoping each product gives

|Rij — (Ro)ijl < (m —1)(m — 1)l

Using |u;| =1 and (2),
uw*Ru < mm!t™ ! + m(m — 1)mly.

As g <2tand (m—1)t2 <1,
r=qu*Ru < 2mm!t™(1+ (m — 1)t*) < dmm!lt™. (3)

Also a < m! by the triangle inequality. For each i, L; > 1 because its entrywise nonnegative
correlation minor contains the identity-permutation term one. The PSD permanent diagonal-
product inequality gives R;; > 1. The entries of L and of |R|°? are nonnegative. Since |z;|> = ¢ > ¢,
their diagonal contributions imply

(>mt?,  lg>mti (4)

Combining s = 1, (3), and (4) proves

l lr t2—m
— RS t10).
asr’ asr — 4(m!)2 —Foo (£40)

Here m is fixed. For any prescribed C' > 0, it is enough to choose

. 1 1 1/(m-2)
0 <t < min %, |:46'(7n|)2:| .

Nonpositive constants fail because the left sides are positive. This proves Theorem .



For completeness, the PSD permanent diagonal-product bound used above can be recovered
from multiplication in the factorial norm. Multiplication by a unit linear form is unitarily equivalent
to multiplication by z1; on each monomial this increases its squared factorial weight by a1 +1 > 1.
Iterating over unit Gram forms gives per B > 1, including the principal minors. For B > 0, the
Gram linear forms are independent, so their m deleted products are linearly independent: after an
invertible change of variables they are the distinct monomials Hj £i % Their Gram matrix, and
hence R, is positive definite.

4 What the obstruction does not imply
Let ¢ = per |B|°2. The actual compensated border expression is
(a® — ¢)s? + 2asr + 1% — (.

Theorem [ rejects comparisons that discard its baseline and other compensating terms. It does
not determine the sign of this full expression and does not disprove Chollet’s conjecture per(A o
B) < per A per B for Hermitian PSD inputs. Nor does it decide the separate matrix comparison
|R|°?> = L. Related permanental spectral comparisons involve different cofactor matrices and
different normalization [8]; they must not be identified with the ratios here. The present result is a
sharp limitation of two auxiliary estimates, with the underlying roots-of-unity mechanism credited

to prior work.

Methods disclosure. Al-assisted derivation, exact symbolic checks and separate computational
checks were used in developing this note. The theorem is analytic and its proof above does not
depend on a numerical search or a finite-sample inference.
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