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Abstract

We construct finite-verification criteria for the Riemann hypothesis (RH) through arithmetic
Weil positivity on its original odd domain. The central criterion uses finite matrices with ex-
plicit payment for the polar constraint, mixed terms and entire receiving complement. Strict
outward certificates on an unbounded sequence of growing supports are equivalent to RH; under
RH, computable trial families recognize every admitted instance with prescribed residual and
rounding tolerances. Complete-response and relative-energy estimates provide alternative con-
structions, including an arithmetic-only first-moment criterion with a subexponential sufficient
matrix-dimension bound on its stated support scale. With a supplied fixed zero-free half-plane,
a complementary high-frequency covariance criterion admits exponential precision governed ex-
plicitly by that half-plane. Exact null transport, constrained inverses and Gevrey estimates pay
its return to the original domain; an independent classical-input criterion follows from the same
complete source analysis. An unconditional complete-covariance estimate of order M−1/2+ε is
uniform over finite genuine-null restrictions at prescribed polynomial ridges. Evaluated moving-
window certificates include the original-norm allowance 2−24. Arithmetic-only certificates and
continuous-ridge control retain their stated norms, active prime powers, constraints and mixed
terms. The paper includes realization-specific proofs and quantitative error budgets, with scien-
tific code and data for reproduction.

Contents
1 RH through arithmetic Weil positivity 2

2 Finite-verifiable certificates for the Riemann hypothesis 5

3 The positivity endpoint and the finite reduction 10

4 Elementary estimates for the original realization 12

5 Positive arithmetic smoothing and a cofinal schedule 14

6 Complete sources and the actual inverse construction 16

1

mailto:scottschubr@luminaryoddities.com
https://orcid.org/0009-0009-7357-4439


7 An actual inverse estimate 17

8 Complete covariance at prescribed polynomial ridges 19

9 Genuine nulls and complete source certificates 23

10 Regularized null certificates and physical lift budgets 25

11 Fixed-strip high-frequency criteria for RH 27

12 Uniform covariance on small sets in a growing band 30

13 Complete-response verification and bounded regularization 32

14 A complementary constant-shift certificate criterion 37

15 Complete supported certificates 46

16 Complete fixed-support ridge continuation 48

17 Consequences and verification structure 49

A The odd original-domain criterion 49

B The supported Green realization 50

C Proofs for the finite-verifiable criterion 52

D Unrestricted derivative nulls and exterior response pairing 60

E Supported unweighted growth and zero-free half-planes 62

F Relative source energy and complete tail payment 65

G Proofs for the high-frequency criteria 66

1 RH through arithmetic Weil positivity
The Weil criterion expresses the Riemann hypothesis (RH) as positivity of a complete quadratic
form. A constructive use of this criterion requires finite calculations that control the original
infinite-dimensional form, including its constraints and the space outside the chosen finite core.
We give such finite-verification criteria in the original odd reciprocal-theta realization, retaining
the physical norm, polar condition and minimal closed domain. The central construction supplies
explicit growing-support certificates and conditional computable completeness. Complementary
constructions and a quantitative complete-covariance theorem support this same arithmetic Weil
positivity endpoint.

A finite-verifiable RH criterion. Theorem 2.1 constructs an explicit family on growing sup-
ported intervals. A candidate consists of a finite polar-free sine core, legal finite trial functions,
positive dyadic potential heights, and a strictly positive outward enclosure of one finite matrix
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ΓM (Y ). The receiving complement is the entire orthogonal space outside the finite core and its
constraints. Its contribution is bounded in full by the constrained step inverse (5). The entry
formula uses a finite constraint-Gram inverse and explicit function integrals. The criterion is

RH ⇐⇒ strict finite certificates exist for an unbounded sequence of M.

Every accepted certificate gives the original supported lower bound qH [h] ≥ −M−1‖h‖2
2. Under

RH, every integer M ≥ 220 has a strict certificate in a computable legal trial family. The theorem
specifies residual and rounding tolerances sufficient for acceptance. Theorem 2.2 further gives a
specified finite-matrix criterion, with a quantitative complete inverse-return error bound and an ex-
plicit sufficient trial dimension. Corollary 2.3 sharpens that dimension using a uniform commutator
estimate for every actual killed arithmetic shift pair.

The proof combines three explicit estimates. A complete physical Green-tail estimate is below
1/(4M) on the declared growing supports. A uniform whole-theta comparison and logarithmic
derivative estimate construct an exact positive dyadic floor between half and all of the physical
ridge. A finite-sine intersection core then bounds the polar projection error and bounds the entire
receiving operator below a restricted positive step multiplier. Complete residual algebra retains
all core, mixed, and tail terms. The analytic supporting proofs, including original closure and
computability, are internal to the main paper.

Complementary verification constructions. The complete Green response supplies shared
operator control. Lemma 13.1 bounds its norm by π/2, uniformly in support; the complete com-
mutator and effective actions in Section 13 support bounded capped regularization with an exact
isometric constraint-Gram condition number at most two. These constructions retain their own
complete forms and finite error payments.

Section 14 gives a complementary route in the unweighted logarithmic profile norm. Exact-
null density and compact approximation turn one uniform unweighted lower bound into original
Weil positivity. The uniform Green bound then gives an arithmetic-only fixed-shift realization.
Theorem 14.6 simplifies its finite verification: at a prescribed cutoff, a directed first-moment core
HN � I/5 implies the whole supported lower bound AL,2 � 52I/405. A relative source-energy
argument pays the complete infinite receiver and every mixed return analytically. The finite matrix
uses the exact DN diagonal and complete signed arithmetic first moments. Its sufficient dimension
is exp(O(

√
logM)) when e2L = O(logM), with precision and validation costs treated separately.

Appendix F gives the first-commutator proof and elementary prime budgets. The technical supple-
ment develops supporting transfers for the arithmetic-only criterion: complete-core representation
with certified pullback error, conditional polar completion, and local support extension from an
accepted whole-operator lower bound.

The full-response, capped, constant-floor and original shrinking-allowance constructions sup-
port the same positivity subject through their specified norms and finite tests. Table 1 identifies
those recipients and the evaluated evidence. The alternative whole-source-Gram growing-floor con-
struction and controlled sparse support deduction are retained in Appendix S25. The complete
Hilbert-principal-channel decomposition in Proposition 13.5 supplies a separate structural tool for
the full-response analysis.

The complete covariance estimate. Using Mellin cutoff averaging [10], a complementary for-
mulation starts from the averaged arithmetic realization

H = PM −NM +WM , NM = EME∗
M , ‖WM ‖ ≤ dM,1.
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For any finite genuine-null space K, define γM (K;κ) = ‖E∗
M,K(PM,K + κI)−1EM,K‖, using same-

form restriction and the actual source metric. Theorem 8.1 proves, for each fixed b > 0,

sup
K

|γM (K;M−b) − 1| ≤ Cb
√

logM exp(48
√
b logM)√

M
, M ≥ Mb. (1)

This is Ob,ε(M−1/2+ε) for every ε > 0, uniformly over moving and growing finite genuine-null
restrictions. The proof keeps all negative-source frequencies and uses the complete arithmetic
source majorant, theta tails, the classical Vinogradov–Korobov prime-number error, and uniform
actual-inverse preimages.

Corollary 8.2 identifies the exact critical endpoint

RH ⇐⇒ lim inf
M→∞

√
M (γM (KM ;M−1) − 1)+ = 0. (2)

Genuine derivative nulls give complete source coordinates and signed trace or regularized certificates.
Factorial physical lift bounds and uniform small-set inverse estimates throughout [0, eA

√
log M ], for

fixed A > 0, quantify these constructions. Corollary 9.5 proves RH from a complete complementary
cap q < 1 and source-normalized physical lift cost o(

√
M) for one sequence of genuine-null heads.

The covariance estimate is unconditional; its RH implication uses the joint complementary-gap and
physical-lift hypotheses. Appendix D further proves unrestricted distributional annihilation for the
original derivative nulls and the complete exterior pairing identity, retaining the constrained po-
lar correction. Appendix E relates uniform unweighted support-growth bounds to zero-free strips
through compact translated probes and a one-sided Laplace argument; its subexponential special-
ization gives another sufficient condition for the RH endpoint.

Fixed-strip high-frequency verification. Theorem 11.1 gives a complementary complete cri-
terion at fixed seed 16 and increasing averaging order k. Given a global bound <ρ ≤ b < 1, its
sufficient high-covariance excess is O(θk) for any fixed 1/2 < θ < 3/2 − b. Corollary 11.2 applies
the stated zeta conclusion of [12] and permits θ = 5/8. The high receiver retains the first known
positive zero row, while exact signed cancellation pays the entire finite band through frequency
17. Its physical constraints are normalized in the full negative source. Proposition 11.4 pays the
associated lift and actual constrained inverse on the original domain. Complete Gevrey source
estimates and an exact polar approximation return the comparison to Weil positivity.

Theorem 11.3 gives an independent criterion from the classical zero-free region, with sufficient
excessO(2−k exp(ck/ log k)), 0 < c < 1/48. Proposition 11.5 also gives an exact-null complementary
allowance at the covariance threshold; Corollary 11.6 pays its fixed-head lift in the separate order-
one, growing-M family. These criteria use their declared complete receivers and source metrics.
Appendix G contains the common meromorphic, kernel, source-Gram, Gevrey and original-domain
arguments.

Evaluated complete certificates. Section 15.1 and Supplementary Section S23 give complete
supported examples at two moving windows in the SD reference family. The M24 case retains all 660
constraints and reduces the original-norm allowance sixteenfold. Theoretical trial-size guarantees
use their specified PS schedule. Theorems 14.7 and 14.8 give two complete arithmetic-only Schur
certificates, at 256 modes with shift three and 768 modes with shift two. Their full spatial action
Grams and receiving floors are part of those evaluated proofs. Section 16 provides continuous-ridge
control at its fixed support. Each example thus tests a declared complete construction.
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Relation to previous work and organization. The explicit formula and Weil criterion are
the number-theoretic foundations [22, 4, 1]. The original weighted realization, null compression
and certified lower bounds were developed in [17, 15, 18, 16]; their necessary realization-specific
proofs are reproduced here. The Green realization follows Li [11]. Finite Weil reductions and
complete Schur compensation also appear in [24, 13]. Schur elimination, constrained inverse or-
der, factorization and regularization are classical [23, 7, 21]. Related exact-form constructions
use truncated preimages and theta payments [19, Section 7], or collective covariance with pole
compensation [3, Sections 6–7]. The full-response construction of bramble_trace [2] certifies strict
positivity in both parity sectors through support radius two. Our evaluated original-norm examples
illustrate a different shrinking-allowance certificate family; the growing-support completeness and
uniform complete-source covariance results are the principal quantitative contributions compared
here. Finite supplementary Mellin vanishings at points away from nontrivial zeros preserve Weil’s
criterion in [6, Appendix C]. The full-source refinement here uses exact associated-operator nulls
to preserve the same test value, with quantitative growing-order source energies and Gram bounds
in Appendix G. The cubic-theta continuation work of B. Liu [12] gives the zero-free boundary
0.874957019420098946 . . . for finite-order Hecke functions over Q(

√
−3) and Dirichlet functions,

with principal poles excluded. Our constructive increment is the explicit original-domain certifi-
cate family with finite enclosable entries, conditional fixed-instance completeness, and quantitative
growing-support representation bounds. The complete covariance estimate supplies a second quan-
titative description of the same positivity endpoint.

Section 2 states and proves the central criterion, with its complete analytic construction in Ap-
pendices B–C. Sections 3–5 fix the original realization and elementary arithmetic estimates. The
subsequent sections prove the actual-inverse covariance theorem, signed genuine-null certificates,
and complementary controls. Section 17 assembles the verification roles and proof dependencies.
Appendix A proves the odd Weil equivalence. An indexed technical supplement contains the al-
ternative exact-response and reference-calibration methods, complete source/error contracts, and
reproducible numerical applications.

2 Finite-verifiable certificates for the Riemann hypothesis
We first give an explicit certificate criterion for original arithmetic Weil positivity. Every candidate
uses finitely many specified functions and finite matrices, with a proved price for the whole receiving
complement. The original odd Weil equivalence is proved in Appendix A; the complete construction
and supporting proofs are in Appendix C.

Original and profile coordinates. The original odd test is h, with ambient norm ‖h‖2, and its
logarithmic profile is f = sh. Here s2 = ψ/ cosh(u/2), where, for u ≥ 0,

ψ(u) = eu/2 ∑
n≥1

(4r2
n − 6rn)e−rn , rn = πn2e2u,

with even continuation. Thus ‖h‖2
2 =

∫
R |f(u)|2s(u)−2 du. The odd-half unitary sends f to g =√

2f |(0,L), so ‖g‖2 = ‖f‖2. In profile coordinates the original ridge is the multiplier M−1W ,
W = s−2; in the original h coordinates it is M−1I. The supported polar condition is g ⊥ sinh(x/2).
Section 3 gives the full form and minimal-domain definition; the supported realization used here is
proved in Appendix B.

On the odd-half unitary profile space L2(0, L), put

p(x) = sinh(x/2), FL = p⊥, eq(x) =
√

2/L sin(kqx), kq = (q + 1
2)π/L.
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The original supported form has the exact realization

Hf = DL +RL + VL, DLeq = a(kq)eq, W = s−2.

Here a(k) = <Ψ(1/4 + ik/2) − Ψ(1/4), m0 = Ψ(1/4) − log π, and RL =
∑

j≥0 rj ⊗ rj � 0 is the
complete Green response, with cj = 2j + 1

2 and

rj(x) = e−cj(L−x) − e−cj(L+x)
√

1 + e−2cjL
, ‖RL‖ ≤ π/2.

The support-uniform norm bound is proved in Lemma 13.1. The bounded VL = m0 −Car
L contains

every active prime power:

Car
L = UL

1(−L,L)
∑

2≤n<e2L

Λ(n)√
n

(Slog n + S− log n)1(−L,L)

U∗
L.

Thus both shift orientations and the reflected channel are retained. The exact physical coordinate
is f = sh, with the odd-half unitary map understood; the ridge M−1W corresponds to M−1I in
the original physical norm.

The explicit lower form. For every integer M ≥ 220, set

UM = logM, λM = logUM , ρM = UM + 8λM ,

ηM = λ−1
M , LM = 1

2 log(ρM/π) + ηM , JM ∈ N, ρMλM/4 ≤ JM ≤ ρMλM/4 + 2. (3)

Write RL,J =
∑

j<J rj ⊗rj . An exactly specified positive dyadic step multiplier Wlow is constructed
below so that

1
2W ≤ Wlow ≤ W.

Throughout this section every block is built from the same lower form

SM = DLM
+RLM ,JM

+ VLM
+M−1Wlow on FLM

. (4)

An elementary full arithmetic budget is BM = 6 + 8(log 2)eLM . Fix β = 1, and choose a certified
integer NM with

LMeBM +β+1/π ≤ NM ≤ LMeBM +β+1/π + 2.

Such an outward choice is computable by interval refinement. Let UM be an exact profile isometry
onto

VM = span(e0, . . . , eNM −1) ∩ p⊥, dim VM = NM − 1.

Define FM = [p/‖p‖,UM ], QM = I − FMF ∗
M , and

dM = β +M−1Wlow,

ZM = d−1
M − d−1

M FM (F ∗
Md−1

M FM )−1F ∗
Md−1

M . (5)

Only a finite constraint Gram is inverted in this formula.
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Theorem 2.1 (Finite-verifiable RH criterion). The complete receiving operator TM = SM |ran QM

satisfies
TM � (dM )QM

� βI, T−1
M � ZM , ‖ZM ‖ ≤ β−1,

where ZM is extended by zero on ranFM . For any legal finite-DN trial map Y , QMY = Y , put

AY = ŜM (UM − Y ),
ΓM (Y ) = (UM − Y )∗ŜM (UM − Y ) −A∗

Y ZMAY . (6)

Here ŜM is the full ambient expression in (4); all output functions are retained. Any certified
Hermitian lower enclosure ΓM (Y ) � ΓM (Y ) with ΓM (Y ) � 0 proves

qH [h] ≥ −M−1‖h‖2
2

for every original polar-free test supported in (−LM , LM ).
The Riemann hypothesis is equivalent to the existence of such strictly positive finite certificates

along an unbounded sequence of integers M ≥ 220. The trial family can be fixed computably: take
dyadic finite-DN proposals w and apply, columnwise,

w 7−→ (I − UM U∗
M )
(
w − e0

〈p, w〉
〈p, e0〉

)
. (7)

Under RH, every admitted M has a strict certificate from this family. Still under RH, if rY = QMAY

and
‖rY ‖2 ≤ β

72M
,

then ΓM (Y ) � I/(72M). A two-sided enclosure ‖Γ̂ − ΓM (Y )‖ ≤ e, e ≤ 1/(288M), therefore gives
the strict lower certificate Γ̂ − eI � I/(144M).

Proof. Appendix C proves the original-domain realization, step floor, receiving bound, and full
residual identity

0 � KM − ΓM (Y ) = r∗
Y (ZM − T−1

M )rY � β−1r∗
Y rY ,

where KM is the exact Schur matrix of SM . Thus a passing lower enclosure proves SM � 0.
Complete positive order gives SM � Hf + M−1W , yielding the asserted physical bound. Since
LM → ∞, an unbounded sequence admits every compact original polar-free test. Taking the limit
and the original minimal closure gives Weil positivity and hence RH.

Conversely, under RH the complete physical Green-tail bound proved below and the step floor
give SM,h � I/(4M), or SM � W/(4M) � I/(36M). Its exact Schur matrix has the same profile
scalar lower bound. The legal computable trial family is graph-dense, so its complete residuals tend
to zero at each fixed M . The residual inequality gives the stated I/(72M) margin. Every entry
of (6) is computable by finitely many explicit panel integrals and a finite matrix inverse. Finite
directed refinement therefore supplies a strict outward certificate. For the printed radius guard,
Γ̂ − eI � ΓM (Y ) − 2eI, which proves the final bound.

A specified finite trial space. The following alternative pays the receiving return through
energy approximation and gives an explicit trial-size bound. Fix computable choices of the guarded
indices, step heights, and core isometry above. Put CL = L+ π/2, rL = πe2L, and

h = CL +BM +M−1erL/(2r2
L), α = a(kNM

), R0 = ‖p‖2/|〈p, e0〉|2,
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G = 1 + h +
√

64 + α2

β
, P∗ = αR0 + h(1 +R0), tM = 1 + P∗ + 144MG2(α+ h)2.

Choose an outward integer mM within two above max(NM , LMetM /π). For m ≥ NM , let Vm be
an exact isometry onto

Wm = span(e0, . . . , em−1) ∩ p⊥ ∩ V⊥
M .

Define the finite matrices

Hc = U∗
M ŜM UM , Tm = V ∗

mŜMVm, Bm = V ∗
mŜM UM ,

Xm = B∗
mT

−1
m Bm, ϵm = G2{a(km)−1 + P∗a(km)−2}, LM,m = Hc −Xm − ϵm(α+ h)2I.

At an empty trial space the inverse term is zero.

Theorem 2.2 (Specified finite-matrix criterion). These matrices satisfy

LM,m � KM � Hc −Xm, Tm � βI.

RH is equivalent to the existence, along an unbounded sequence of admitted M , of strictly positive
finite outward lower enclosures of the specified matrices LM,mM

. Under RH, every admitted M
satisfies LM,mM

� I/(72M), and the center-radius guard 1/(288M) gives a lower enclosure at least
I/(144M). The trial dimension is mM −NM , with

mM = exp
(
M1+o(1)

)
.

Proof. The complete constrained energy-approximation proof in Appendix C gives, for X =
C∗T−1

M C,
0 � X −Xm � ϵmC

∗C � ϵm(α+ h)2I.

The prescribed mM makes the last scalar at most 1/(72M). Under RH, KM � I/(36M), proving
the asserted strict margin. Conversely any passing lower matrix proves the whole SM � 0; the
original order and exhaustion in Theorem 2.1 apply. The remaining proof gives the explicit trial-
size growth and finite entry evaluation.

The matrices LM,m use an energy-return error payment; ΓM (Y ) uses the complete step-priced
L2 residual. These are two independently paid finite certificates for the same complete Schur
matrix.

Corollary 2.3 (Sharper specified trial size). For the actual arithmetic, finite-Green and dyadic-step
model, let G2 be the explicit second-graph bound in (75). Choose

t
(2)
M = max{1, P∗, (144MG2

2)1/3}

and an outward integer m(2)
M within two above max(NM , LMet

(2)
M /π). The complete Schur matrix

satisfies
Hc −Xm −G2

2{a(km)−3 + P∗a(km)−4}I � KM .

Under RH this finite lower matrix at m = m
(2)
M is at least I/(72M). It admits the same strict

directed acceptance test and cofinal RH equivalence, with the sufficient trial-size bound

m
(2)
M = exp

(
M1/3+o(1)

)
.
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Proof. The complete arithmetic commutator and constrained second-graph estimate proved in Ap-
pendix C give the displayed return error. The threshold makes that error at most 1/(72M); the
proof of Theorem 2.2 then applies. The same proof establishes G2 = Mo(1) and the stated near-
threshold trial count.

Proposition 2.4 (Whole physical response and representation bounds). For (3), the entire omitted
Green response obeys

‖s(RLM
−RLM ,JM

)s‖ ≤ 1024 log logM
M(logM)6 <

1
4M

, M ≥ 220. (8)

The number of retained Green responses and the sufficient number of dyadic potential cells are
O(logM log logM); NM = Mo(1). The generating finite-DN intersection list has profile Gram
condition below 37LM . For any genuine profile isometry E, the physical Gram G = E∗WE has
condG ≤ M1+o(1).

The proof is given in Appendix C. These counts describe the core, response and potential
representations. The finite trial map and directed precision are additional parts of each accepted
certificate. The original covariance estimate developed next supplies a complementary quantitative
description of the same arithmetic Weil positivity endpoint.

Norms, verification routes and evaluated evidence

Table 1 distinguishes the mathematical recipients of the criteria and the evaluated examples. The
original weighted norm, the unweighted profile norm and packet energy serve different purposes.
Every numerical result uses its stated reference family and complete receiving construction.
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Table 1: Verification routes, their norms and their evidence.
Route Norm and complete conclusion Construction or evaluated evidence

Central finite
criterion

Original ‖h‖2 with f = sh; supported
allowance M−1‖h‖2

2

Theorems 2.1–2.2 and Corollary 2.3:
specified theoretical schedules and
conditional finite recognition.

Moving-window
examples

The same original ‖h‖2; whole
supported allowances 2−20 and 2−24

Evaluated SD references with 329
and 660 constraints; Section 15.1 and
Supplementary Section S23.

Core-only
arithmetic criterion

Unweighted odd-half ‖g‖2 = ‖f‖2;
whole AL,2 � 52I/405 from an
admitted finite test

Theorem 14.6: prescribed cutoff and
directed HN � I/5, with analytic
payment of the full tail.

Arithmetic
benchmarks

Unweighted profile norm; whole raw
supported floors −3 and −2

Evaluated N = 256 and N = 768
complete Schur constructions;
Theorems 14.7 and 14.8.

Complete
covariance

Actual complete source metric;
polynomial-ridge estimate and critical
cap characterization

Theorem 8.1 and Corollary 8.2, with
genuine-null restriction and actual
inverse.

High-frequency
criterion

Original ‖h‖2; fixed seed 16,
increasing order k, complete high
source and physical null constraint

Theorem 11.1: supplied zero-free
half-plane gives O(θk) precision;
Theorem 11.3: independent
classical-input criterion, with
complete analytic return.

Separated-packet
input

Unweighted logarithmic energy E ;
actual-prime mixed discrepancy with
explicit support factor

Fixed mother and sufficiently
separated high frequencies;
self-contained analytical development
in the technical supplement.

3 The positivity endpoint and the finite reduction
The Riemann hypothesis has a positivity endpoint in a fixed odd Weil realization. We retain this
realization throughout the complete covariance estimates and the constructive signed certificates.
We first specify the original norm and domain; the later reductions return to precisely these objects.

Use f̂(ξ) =
∫
R f(u)e−iuξ du and Plancherel measure dξ/(2π). For u ≥ 0 define

ψ(u) = eu/2 ∑
n≥1

(4r2
n − 6rn)e−rn , rn = πn2e2u, s2 = ψ/ cosh(u/2), (9)

with the even continuation given by theta inversion. Let K be the odd subspace of L2(R) satisfying

〈h, s sinh(u/2)〉 = 0.

Write Ψ = Γ′/Γ and

a(ξ) = <Ψ(1/4 + iξ/2) − Ψ(1/4) ≥ 0, m0 = Ψ(1/4) − log π.

The domain V is the completion of the smooth compact odd polar-free core for

‖h‖2
V = ‖h‖2

2 +
∫
R
a(ξ)|ŝh(ξ)|2 dξ

2π
. (10)
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The complete form on this domain is the closure of

qH [h] =
∫
R

(m0 + a)|ŝh|2 dξ
2π

−
∑
n≥2

Λ(n)√
n

〈sh, (Slog n + S− log n)sh〉, Sbf(u) = f(u+ b).
(11)

Inner products are conjugate-linear first. For f = sh the original physical norm is

‖h‖2
2 =

∫
R

|f(u)|2 cosh(u/2)
ψ(u)

du.

These are the conventions of the weighted-Weil and complementary-receiver predecessors [17, 15,
18].

Notation and proof dependencies. The ambient Hilbert norm is always ‖h‖2, and f = sh
is its physical profile. Qb removes the polar row; a further projection removes only a specified
finite genuine-null space. The symbols pM,k, nM,k refer to arithmetic averaging, while the explicitly
declared symbols in Section 4 and the technical supplement refer to hard cutoffs. After averaging
order one is fixed, PM , NM , EM and RM (κ) denote its positive form, negative form, complete source,
and actual positive inverse. Scalar hard-cutoff budgets have only their local declared meaning. No
projection, ridge or cutoff changes the original minimal form domain. The proofs below are internal;
predecessor citations identify the development of the constructions.

Lemma 3.1 (Complete elementary envelopes). For r = πe2|u|,

2r2e−r ≤ s(u)2 ≤ 169e4|u|−πe2|u|
. (12)

The arithmetic sum in (11) converges in original operator norm. Moreover 0 ≤ a(ξ) ≤ 17ξ2.

Proof. Each theta atom is positive. The first atom, 4r2 − 6r ≥ 2r2, and e|u|/2/ cosh(u/2) ≥ 1 give
the lower bound. For the upper, e|u|/2/ cosh(u/2) ≤ 2 and

∑
n≥1 n

4e−(n2−1)r < 2: the consecutive
ratios are bounded by 16e−3r < 1/2. Hence s2 < 16r2e−r < 169e4|u|−r. For b = log n, put
x = |u| + |u+ b| ≥ b. The upper envelope gives

s(u)s(u+ b) ≤ 169e2x−πex ≤ 169n2e−πn.

Thus the norm of the full omitted arithmetic sum is bounded by

δM = 338
∑

n>M

n3/2 logn e−πn −→ 0. (13)

This sums all integers and therefore every omitted prime power. In particular, for every integer
M ≥ 2,

δM < 451(M + 1)2e−π(M+1). (14)

Indeed logn ≤
√
n, and the consecutive ratios of n2e−πn are at most 4e−π < 1/4. Summing

the resulting geometric majorant gives the coefficient 1352/3 < 451. Boundedness of s and this
convergence make (10) the original semibounded form topology. Finally the digamma series is

a(ξ) =
∑
n≥0

(ξ/2)2

(n+ 1/4)((n+ 1/4)2 + (ξ/2)2)
.

The n = 0 coefficient is at most 16ξ2, and the others total at most ξ2∑
n≥1 n

−3/4 ≤ 3ξ2/8.
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Theorem 3.2 (Cofinal complete certificates). For each j let Πj be a finite orthogonal projection
onto genuine null vectors of the complete associated operator H, and put Pj = I − Πj. Suppose a
complete signed certificate on the original domain gives

qH [Pjh] ≥ −ϵj‖Pjh‖2
2 (h ∈ V ), 0 ≤ ϵj −→ 0 (15)

along an unbounded sequence of indices. Then qH ≥ 0 on V , and the Riemann hypothesis holds.
Each Πj may use its own finite genuine-null space.

Proof. For a genuine associated-operator null vector z ∈ DomH, qH [z, h] = 0 for every h ∈ V .
Consequently finite null projections preserve V , qH [Pjh] = qH [h] and ‖Pjh‖2 ≤ ‖h‖2. For each
fixed h, (15) gives qH [h] ≥ −ϵj‖h‖2

2; taking the limit proves positivity. Lemma A.1 supplies the
endpoint implication.

The following arithmetic realization and covariance estimates return to precisely this norm and
domain. The finite-coordinate constructions in the technical supplement provide alternative imple-
mentations of the same endpoint. Related compact-window reductions retain a Fourier envelope
and leading–tail coupling [24], or source-exact positive directions in a block–Schur certificate [13].
Our main estimates act on the complete odd weighted realization; the compact-window and whole-
line recipients are distinct.

4 Elementary estimates for the original realization
The estimates used below are proved here in the normalization and minimal form domain of Sec-
tion 3. They consolidate the elementary inputs of the author’s weighted-Weil and joint-cutoff
predecessors [17, 15, 18, 16]; those citations record provenance rather than substitute for the proofs.

In this section only, mM = m0 + a − 2
∑

2≤n≤M Λ(n)n−1/2 cos(ξ logn), pM = (mM )+ and
nM = (−mM )+ denote the hard-cutoff symbols, with RM = 6+8(log 2)

√
M . The averaged symbols

introduced later carry their averaging indices explicitly. The estimates below do not identify a hard-
cutoff symbol with an averaged one.

4.1 Elementary arithmetic and logarithmic symbol bounds

Write ϑC(N) = log lcm(1, . . . , N). The quotient for ϑC(2m) − ϑC(m) divides
(2m

m

)
: a prime power

in (m, 2m] supplies a positive binomial valuation, and there is at most one such new power per
prime. Similarly the quotient for ϑC(2m+1)−ϑC(m+1) divides

(2m+1
m

)
. The two equal odd central

binomials together are at most 22m+1, so either is at most 22m. Induction, starting at N = 1, gives

ϑC(N) ≤ 2N log 2.

Partial summation, with the bound extended to real arguments by flooring, therefore gives

SM :=
∑

2≤n≤M

Λ(n)√
n

≤ 4(log 2)
√
M − 2 log 2. (16)

This estimate needs no prime number theorem.
The identity m0 = −γ−π/2−3 log 2− log π gives −6 < m0 < 0 and m0 +4+log 2 < 0. Here are

elementary admissions for these strict constants. The bounds γ < 1, π < 22/7, log 2 < 7/10 and
log π < 7/6 give m0 > −6; the logarithmic bounds follow from positive exponential Taylor sums.
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Also γ > H8 − log 9 > H8 − 11/5 = 29/56 > 1/2, since the first six Taylor terms give e11/10 > 3.
Together with π > 3, log 2 > 2/3 and log π > 1, this gives m0 + 4 + log 2 < −1/3.

For t = |ξ|/2, the summand ft(q) = t2/[q(q2 + t2)] is nonnegative and decreasing for q > 0.
Integral comparison with the digamma series gives

1
2 log(1 + 4ξ2) ≤ a(ξ) ≤ 4 + 1

2 log(1 + 4ξ2). (17)

Using the negative m0, (16) and 1
2 log(1 + 4ξ2) ≤ log 2 + log(2 + |ξ|) yields

0 ≤ nM ≤ RM , |pM − a| ≤ RM , pM (ξ) ≤ RM + log(2 + |ξ|). (18)

The middle bound also holds where mM < 0, since there a < |m0| + 2SM . For |ξ| ≥ ΩM = eRM +1,
the lower bound a(ξ) ≥ log(2|ξ|) proves mM (ξ) > 0. Thus the full negative support is bounded
without importing a sampled sign pattern at another cutoff. The raw tail satisfies δM < 1 for
M ≥ 2, since its decreasing majorant at M = 2 is below 4059(3/8)9 < 1.

4.2 Complete theta constants and convolution

We first record the complete strip estimates

‖s2(· ± i/8)‖2 < 20, ‖s2(· ± i/8) sinh((· ± i/8)/2)‖2 < 32. (19)

For z = x+iy, x ≥ 0, |y| ≤ 1/8 and r = πe2x, cos(2y) > 31/32 and 4r2
ℓ +6rℓ < 6r2

ℓ . The consecutive
ratios of the majorized theta atoms are below 16e−3(31/32)π < 1/8. Summing all atoms gives

|ψ(z)| ≤ 7ex/2r2e−31r/32, |s2(z)| ≤ 28r2e−31r/32.

The second estimate uses | cosh(z/2)| ≥ cos(1/16) cosh(x/2) > cosh(x/2)/2. Evenness covers the
other real arm. The squared two-arm integral for the first norm in (19) is at most 4704(16/31)4 <
400. For the second use | sinh((x + i/8)/2)|2 ≤ e|x| ≤ r/π; the squared norm is at most (784 ·
24/π)(16/31)5 < 1024. On the real line the stronger atom-ratio bound gives s2 ≤ 16r2e−r; its
maximum for r ≥ π > 3 is less than 144e−3 < 9, so ‖s‖∞ < 3.

Put w = s2. Analyticity and complete double-exponential decay justify shifting the two Fourier
contours, including the vertical end pieces. Plancherel and (19) give∫

R
e|ξ|/4|ŵ(ξ)|2 dξ

2π
< 800.

Weighted Cauchy–Schwarz implies∫
R

|ŵ| dξ
2π

< 33,
∫
R

log(2 + |ξ|)|ŵ| dξ
2π

< 210. (20)

Indeed the reciprocal-weight integrals are 4/π and at most 164/π, using log(2 + x) ≤ 1 + x; then
3200/3 < 332 and 131200/3 < 2102 suffice. For an odd g with Fourier support in [−F, F ], the
inequality 2 + |ξ| ≤ (2 + |ξ − ζ|)(2 + |ζ|) and weighted Young’s inequality now prove

‖pM (D)(wg)‖2 ≤ [33(RM + log(2 + F )) + 210]‖g‖2. (21)

The logarithmic multiplier is used only on these paid sources, rather than asserted bounded on all
L2.
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4.3 Complete hard-cutoff return

Let Qb be the orthogonal projection from the ambient odd Hilbert space onto the polar space K of
Section 3. For an integer m ≥ 2 set

bm(ξ) = m0 − 2
∑

2≤n≤m

Λ(n)√
n

cos(ξ logn).

Lemma 4.1 (Hard-cutoff source bounds). The multiplier a is increasing on [0,∞) and a(L) ≥
1
2 log(2L) for L ≥ 1/2. Moreover

‖s‖∞ < 3, |bm(ξ)| ≤ 18
√
m, H = QbMs(a+ bm)(D)MsQb + Vm, ‖Vm‖ ≤ 640(m+ 1)2

20m+1 .

(22)
The operator expression denotes equality of forms on the original minimal domain V ; the omitted
arithmetic perturbation Vm is bounded.

Proof. For fixed q > 0, t2/[q(q2 + t2)] increases with t ≥ 0. The positive digamma series in
Lemma 3.1 therefore proves monotonicity. Equation (17) gives

a(L) ≥ 1
2 log(1 + 4L2) ≥ 1

2 log(2L),

since 1 + 4L2 ≥ 2L. The real complete-theta estimate above proves ‖s‖∞ < 3. From |m0| < 6 and
(16),

|bm| ≤ |m0| + 2Sm < 6 + 8(log 2)
√
m ≤ (6 + 8 log 2)

√
m < 18

√
m.

The exact identity follows first on the compact polar core by retaining all arithmetic shifts with
n ≤ m. Its remainder is the complete paired omitted shift operator from Lemma 3.1. Hence, with
k = m+ 1,

‖Vm‖ ≤ δm < 451k2e−πk < 640k220−k,

using eπ > 20 and 451 < 640. Compression by Qb cannot increase its norm. The retained symbol
differs from a by a bounded multiplier, while Vm is bounded in the original Hilbert norm. The core
identity consequently extends through precisely the specified minimal form closure. At no stage
are the paired signed edge pieces closed separately.

5 Positive arithmetic smoothing and a cofinal schedule
Write Ms for multiplication by the complete theta weight s in (9). All identities in this section
begin on the original polar compact core and extend through its minimal closure V . Put

mR(ξ) = m0 + a(ξ) − 2
∑
n≤R

Λ(n)n−1/2 cos(ξ logn), pR = (mR)+, nR = (−mR)+.

The cutoff is real, with WR = WbRc. For integers M ≥ 2, k ≥ 1, average R = Mev with density
vk−1e−v/(k − 1)!. The survival weights are

wM,k(n) =


1, n ≤ M,

M

n

k−1∑
j=0

log(n/M)j

j!
, n > M.

(23)

Let mM,k = m0+a−2<SM,k, where SM,k(ξ) =
∑

n Λ(n)n−1/2+iξwM,k(n), and take pM,k = (mM,k)+,
nM,k = (−mM,k)+ after averaging. The series is absolutely convergent at fixed M,k.
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Theorem 5.1 (Exact smoothed realization and complete remainder). On the same original domain,
and after any finite genuine-null projection,

H = PM,k −NM,k +WM,k, ‖WM,k‖ ≤ dM,k := 451(M + 1)e−π(M+1)

Mk−1(1 − e−π)k
. (24)

The bound holds for every integer M ≥ 2, k ≥ 1. Moreover

‖NM,k‖ ≤ BM,k := 9[6 + 8(log 2)
√
M 2k]. (25)

The separately averaged positive and negative receivers have an exact common positive term JM,k

such that
PM,k = EPR − JM,k, NM,k = ENR − JM,k.

Proof. Integration of the cutoff indicator gives (23). The elementary estimate
∑

n≤R Λ(n)/
√
n ≤

4(log 2)
√
R is proved in Section 4. Since Eev/2 = 2k, absolute Fubini applies and gives (25), using

|m0| < 6, a ≥ 0, ‖s‖∞ < 3. Every arithmetic perturbation is bounded at fixed M,k; its positive
symbol differs from a by a bounded multiplier. The original minimal form domain is therefore
unchanged.

Set q = e−π and j = M + l. The probability of the floor-cutoff cell is

µj ≤ [(l + 1)/M ]k−1

(k − 1)!
M

j(j + 1)
.

Indeed v ≤ log((j+1)/M) ≤ (l+1)/M in that cell. Multiply by the complete bound 451(j+1)2qj+1

from (14). As M(j+1)/j ≤ M+1 and (l+1)k−1 ≤ (k−1)!
(l+k−1

k−1
)
, summing the binomial generating

series proves (24). The remainder is an average of bounded original-Hilbert operators. This extends
the core identity through the paired original closure.

Pointwise put A = EpR, B = EnR. Then A−B = mM,k and j = min(A,B) = A− (mM,k)+ =
B − (−mM,k)+ ≥ 0. The bounded operator JM,k = QMsj(D)MsQ gives both identities. The
positive average is interpreted on V ; its difference from the bounded negative average is the original
signed expression.

Corollary 5.2 (Fixed-seed certificate criterion). Fix an integer M ≥ 2, κk > 0 and ηk, τk ≥ 0. On
the original finite genuine-null complement suppose

0 � NM,k −Nfin
M,k � τkI, Nfin

M,k � (1 + ηk)(PM,k + κkI).

Then on all original V ,

qH [h] ≥ −
[
dM,k + κk + τk + ηkBM,k

1 + ηk

]
‖h‖2. (26)

In particular the complete inequalities with κk = τk = 2−k and ηk = 4−k imply RH.

Proof. RearrangeN � (1+η)(P+κI)+τI using the bounded N : P−N � −[κ+(τ+η‖N‖)/(1+η)]I.
Add the complete remainder and use genuine-null transport as in Theorem 3.2. The displayed
schedule tends to zero by (24)–(25).
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5.1 An exact full-symbol evaluator

For F (s) = −ζ ′(s)/ζ(s) and F>M (s) = F (s) −
∑

n≤M Λ(n)n−s, absolute differentiation of the Euler
series gives

SM,k(ξ) =
∑

n≤M

Λ(n)n−1/2+iξ +M
k−1∑
j=0

(−∂s − logM)jF>M (s)
j!

∣∣∣∣
s=3/2−iξ

. (27)

Thus the full arithmetic symbol is evaluable from a finite head and k derivatives in the abso-
lutely convergent half-plane. A Taylor expansion F>M (s + x) =

∑
l alx

l makes its jth summand∑j
l=0(−1)lal(− logM)j−l/(j − l)!. The paired operator remainder and the scalar evaluation er-

ror are separate quantities; both have explicit roles in (26). For example d16,1 < 5.122 · 10−20,
d16,2 < 3.346 · 10−21 and d16,16 < 8.618 · 10−38.

For fixed k the prime continuum has amplitude

eiξ log M

(1/2 + iξ)(1/2 − iξ)k
,

whose negative phase mean is 2k+2π−1(1+4ξ2)−(k+1)/2. This fixed-k continuum motivates the local
reference for k = 1 below. The all-k remainder (24) and the fixed-k mean have their stated, distinct
parameter regimes.

6 Complete sources and the actual inverse construction
The arithmetic realization of Section 5 is now fixed at averaging order one. We retain the complete
negative source and construct preimages for its actual positive receiver. Throughout the main
covariance arguments the original odd polar space is denoted by X = K, with minimal form
domain V .

H = PM −NM +WM , NM = EME∗
M , ‖WM ‖ ≤ δM := dM,1,

RM (κ) = (PM + κI)−1, GM (κ) = E∗
MRM (κ)EM .

Here PM = PM,1 and NM = NM,1 in the main argument; the appendices explicitly identify their
separate hard-cutoff notation. The source space is YM = L2(SM , dξ/π), SM = {ξ > 0 : nM,1(ξ) >
0}, with

E∗
Mh(ξ) =

√
nM,1(ξ)

∫
R
s(u)h(u) sin(ξu) du.

For a finite genuine-null subspace K, PM,K is the same-form restriction to K⊥ and EM,K its exactly
projected source. All such inverses use the original norm. We write γM (K;κ) = ‖E∗

M,K(PM,K +
κI)−1EM,K‖.

An equivalent weighted-source convention is convenient for profiles: for I ⊂ [0,∞) and ϕ ∈
L2(I, nM,1 dξ/π),

gϕ(u) =
∫

I
nM,1(ξ)ϕ(ξ) sin(ξu)dξ

π
, EIϕ = Q(sgϕ), Dϕ =

∫
I
nM,1(ξ)|ϕ(ξ)|2dξ

π
.

Multiplication by √
nM,1 identifies this convention isometrically with the unweighted source on its

positive support. Thus neither notation changes a covariance cap or omits mixed source terms.
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Set L0 = 1 − 4∂2
u, B(D) = 8L−1

0 and

CQ = 8
π
QMsL

−1
0 MsQ, ‖f‖2

1,4 =
∫
R

(|f |2 + 4|f ′|2).

The exact polar cancellation below supplies the actual inverse construction. The technical supple-
ment gives separate inverse-form reference calibrations. The following exact polar cancellation is
the ingredient needed for the actual arithmetic inverse.

Lemma 6.1 (Exact polar Green cancellation). On the original odd polar space let B(D) = 8(1 +
4D2)−1 and Ka = MsB(D) cos(aD)Ms. For every a ≥ 0,

‖QbKaQb‖HS ≤ 12e2ae−π(ea−1). (28)

Consequently, for either sign of the cosine and any further original orthogonal constraint projection
Q inside the polar space,

‖QMs[B(D)(± cos(UD))+]MsQ− CQ‖HS ≤ 12M2e−π(M−1). (29)

Proof. The full kernel of Ka is s(u)s(v)[e−|u−v−a|/2 + e−|u−v+a|/2]. Subtract the bounded rank-two
kernel 2e−a/2s(u)s(v) cosh((u− v)/2) on the whole plane. Its even component vanishes on the odd
space; its odd component is −2e−a/2|b〉〈b| and is killed by Qb. The exact remainder is

−2s(u)s(v) sinh((|u− v| − a)/2)1|u−v|≥a.

Put A = ea. On its support ru + rv ≥ 2πA by AM–GM. Its square is at most A−1s(u)2s(v)2e|u|+|v|.
Split e−(ru+rv) ≤ e−2π(A−1)e−(ru+rv)/A. After enlarging the remaining integration to the whole
plane, each factor is bounded by∫

R
16r2e−r/Ae|u|du ≤ 16√

π
A5/2Γ(5/2) = 12A5/2.

Taking square roots proves (28), including every atom and both infinite arms. The nonconstant
real cosine coefficients of cos+ have absolute sum 1/2 + 1/π < 1. The right side of (28) decreases
with A ≥ 1; apply it to each harmonic a = nU . The constant coefficient is 1/π, giving (29). Further
original projections contract the bound.

7 An actual inverse estimate
The exact polar phase cancellation also pays a positive lower of the actual averaged arithmetic
receiver. This gives a whole-profile receiving theorem in the operator used by the signed criterion.
Write PM = PM,1, nM = nM,1, U = logM . For 0 < Ω ≤ 1, let EΩ be the complete source map of
Section 6 on [0,Ω], with the same true profile metric.

Theorem 7.1 (Uniform actual-positive origin bound). There are constants C > 0, M0 such that
for every integer M ≥ M0, every 0 < Ω ≤ 1 and every finite exact constraint space inside the
original odd polar space,

E∗
Ω(PM,Q +M−1I)−1EΩ � CΩ3(1 + log logM)3I. (30)

Here PM,Q is the closed-form restriction of the same actual positive operator and the source
uses its exact orthogonal projection. In particular, for Ω = 1/ logM , the entire origin cap is
O((log logM/ logM)3) and tends to zero. Every schedule Ω = o(1/ log logM) gives a vanishing
actual cap. For any fixed a > 0 the same conclusion holds at ridge M−a, with constants depending
on a.
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Proof. First use only the original polar constraint Qb. Normalize one arbitrary complex profile by
Dϕ = 1, and put AΩ = 16

√
MΩ3/(3π). Common-profile Cauchy–Schwarz gives

|g(u)| ≤
√
AΩ|u|, |g(j)(u)| ≤

√
AΩΩj−1 (j ≥ 1). (31)

All constants below are independent of this profile and Ω.

A phase-safe actual positive lower. For EΛ(t) = ΨΛ(t) − t define the complete Abel error

eM = 3√
M

+ 1√
M

∫ M

1
|EΛ(t)|t−3/2dt+

√
M

∫ ∞

M
|EΛ(t)|t−5/2dt.

Split the weighted prime integral at M and integrate by parts; the common boundary cancels
because min(1,M/t) is continuous. The derivative moduli are at most (1/2 + F )t−3/2 and (3/2 +
F )Mt−5/2. Together with the lower endpoint this gives

sup
|ξ|≤F

∣∣∣∣∣SM,1(ξ)√
M

− eiUξ

1/4 + ξ2

∣∣∣∣∣ ≤ (2 + F )eM .

The unconditional quantitative PNT [9, Theorem 1.1] implies |EΛ(t)| ≤ CN t/(log t)N for every
fixed N . Splitting the first integral at

√
M gives eM = ON (U−N ); the second normalized integral

has mass2. Take F = U5 and N = 20. With B(ξ) = 8/(1 + 4ξ2),

mM,1(ξ)√
MB(ξ)

≥ − cos(Uξ) − εM , εM = 3(1 + 4F 2)
4
√
M

+ (1 + 4F 2)(2 + F )
4

eM −→ 0.

We used a ≥ 0 and m0 ≥ −6. Eventually εM ≤ 1/2. The scalar positive-part inequality therefore
gives the closed-form order PM � AF , where

AF =
√
MQbMsB(D)w(UD)1|D|≤FMsQb, w(t) = (− cos t− 1/2)+.

This is a bounded positive operator. Its phase mean is µ = (
√

3 − π/3)/(2π) > 0.

A compact smooth preimage. Choose a fixed Gevrey-2 step χ, equal to one to the left of0
and zero to the right of1, with |χ(j)| ≤ C0C

j
1(j!)2. Such a step is obtained from η(t) = e−1/t for

t > 0 and0 otherwise, by χ(t) = η(1 − t)/(η(t) + η(1 − t)). Cauchy’s estimate on a disk of radius
ct bounds derivatives of η by j!(C/t)je−c′/t; maximization in t gives Cj(j!)2. The denominator is
bounded below near each endpoint, and the reciprocal Leibniz recurrence preserves this bound; on
the remaining compact middle use a uniform analytic disk.

Put R = 1
2 log(2U/π) and f(u) = χ(|u| − R)g(u). For large U , R ≥ 1, the cutoff is constant

near zero and is smooth and even. Its transition has fixed physical width. Leibniz and (31), with
Ω ≤ 1, give

‖f‖2
1,4 ≤ CAΩ(R+ 1)3, ‖f (j)‖2 ≤ C

√
AΩ(R+ 1)3/2Cj

1(j!)2. (32)
Indeed the undifferentiated g is bounded by

√
AΩ(R + 1), each differentiated g by

√
AΩ, and the

factorial ratios in the Leibniz sum are absorbed by one fixed exponential constant. Define

Y = L0f

8µ
√
M s

.

It is compact smooth odd and exactly polar legal:
∫

sinh(u/2)L0f = 0 by two integrations by parts.
On its support r ≤ 2e2U ; the original lower theta bound gives

‖Y ‖2 ≤ CM2e2−1AΩ(R+ 1)3. (33)
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Complete residual and energy. Let A∞ omit the frequency truncation in AF . The cosine coef-
ficients of w are absolutely summable, because its first derivative has bounded variation. Lemma 6.1
then gives

A∞ = µ
√
MQbMsB(D)MsQb +HM , ‖HM ‖ ≤ hM = CM5/2e−π(M−1).

Since B(D)L0 = 8 and QbY = Y , its mean acts on Y as Qb(sf), and the exact truncation action is

(A∞ −AF )Y = µ−1QbMsw(UD)1|D|>F f.

Thus the complete residual e− AFY is the sum of Qb[s(g − f)], −HMY and this Fourier exterior.
All mixed terms are paid by the squared triangle bound with factor3. The full two-arm theta
estimate gives

‖Qb[s(g − f)]‖2 ≤ CAΩ

∫ ∞

2U
re−r(log r)2dr ≤ CAΩUe

−2U (logU)2.

For j = dUe, (32) gives

‖1|D|>F f‖ ≤ F−j‖f (j)‖ ≤ C
√
AΩ(R+ 1)3/2e−3U log U+O(U).

Consequently M‖e − AFY ‖2 is Ω3 times a negligible term; the polynomial trial cost (33) is domi-
nated by hM . Also AF � A∞ gives

〈Y,AFY 〉 ≤ 〈L0f, f〉
8µ

√
M

+ hM ‖Y ‖2 ≤ CΩ3(R+ 1)3 + smaller terms.

For complex f , integration by parts gives 〈L0f, f〉 = ‖f‖2
1,4.

For any bounded positive A and κ > 0, least squares gives

〈e, (A+ κ)−1e〉 ≤ 〈Y,AY 〉 + κ−1‖e−AY ‖2. (34)

One obtains this by choosing A1/2Y as the coefficient in the regularized preimage formula. It is
valid when A has a kernel. Apply it to AF , κ = M−1, and use inverse order from AF � PM .
Equations above prove (30) uniformly on the entire profile unit ball.

For any additional finite constraint space Z, the variational supremum for the restricted inverse
is taken over V ∩ Z⊥, a subset of the original trial space. For the exactly projected source its
value is therefore at most the original inverse energy. This gives the same constant for every such
constraint space. The closed restriction is densely defined: approximate in the dense form domain
and correct the finitely many row evaluations using fixed form-domain dual vectors. Finally, for
fixed ridge exponent a > 0, replace rR = 2U by cU , where c > a + 1/2. The source residual costs
CΩ3Ma+1/2−cU(logU)2; the other errors stay negligible. This proves the last assertion.

8 Complete covariance at prescribed polynomial ridges
The complete source admits an unconditional norm estimate at the ridge M−1 used in the signed
return. More generally, the following holds at every fixed polynomial ridge. Its proof combines
the original hard-cutoff realization of Lemma 4.1 with the actual arithmetic preimage and the
Vinogradov–Korobov prime-number error [9].
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Theorem 8.1 (Schubr’s Uniform Complete Covariance Theorem). For every fixed b > 0, there are
Cb,Mb such that, for M ≥ Mb,

sup
K

∣∣∣‖E∗
M,K(PM,K +M−bI)−1EM,K‖ − 1

∣∣∣ ≤ Cb
√

logM exp(48
√
b logM)√

M
. (35)

The supremum is over all finite genuine operator-null spaces, including moving and growing choices,
with same-form restriction to K⊥. The upper bound holds for every exact finite restriction with
dense restricted form domain. Every negative source frequency is included.

Proof. Write U = logM and κ = M−b. Use a second arithmetic cutoff m, distinct from the
averaged-receiver parameter M . The original minimal realization has

H = Qbs(a+ bm)(D)sQb + Vm, ‖Vm‖ ≤ dm := 640(m+ 1)2

20m+1 , |bm| ≤ 18
√
m.

Here bm(ξ) = m0 − 2
∑

2≤n≤m Λ(n)n−1/2 cos(ξ logn), while a ≥ 0 is increasing on the positive half-
line and a(L) ≥ 1

2 log(2L) for L ≥ 1
2 . Lemma 4.1 proves these complete paired form identities in

the present manuscript; the raw remainder is never separated into its edge pieces. Put

k = max
{

4,
⌈ log(2560/κ)

log 10

⌉}
, m = k − 1, D0 = 18

√
m, L = e2D0 .

Since k2 ≤ 2k, dm ≤ κ/4. The multiplier vm = (−(a + bm))+ lies in [0, D0] and is supported in
[−L,L]. On the unitary odd Fourier profile space put Tm = vm(D)1/2 and E = QbsTm. Scalar sign
decomposition gives H � −EE∗ − dmI on the original form domain.

Let S = ‖s‖∞ < 3, and choose an even Gevrey-2 cutoff χR equal to one on [−R,R] and zero
off [−R− 1, R+ 1], with a fixed-width transition and bounds ‖χ(j)

R ‖∞ ≤ C0C
j
1(j!)2. Set

X0 = log 104SD0
κ

, R = 1
2 log(2X0), E0 = QbsχRTm.

The complete theta envelope gives

sup
|u|≥R

s(u) ≤ 26X0e
−3X0 ≤ 13e−X0 = κ

8SD0
.

Consequently ‖EE∗ − E0E
∗
0‖ ≤ κ/4 and

H � −E0E
∗
0 − (κ/2)I. (36)

This constructs a source majorant of the negative sign of H without applying a non-monotone
negative-part operation to an operator inequality.

We next bound the actual inverse on the entire coefficient unit ball of E0. Theorem 1.4 of [9]
gives |Ψ(x) − x| ≤ Cx(log x)1.801 exp[−0.1853(log x)3/5/(log log x)1/5] for x ≥ 23. In the complete
Abel error, split M−1/2 ∫M

1 |Ψ(t)− t|t−3/2 dt at
√
M ; its lower part is O(M−1/4), and its upper part

and M1/2 ∫∞
M |Ψ(t)−t|t−5/2 dt obey the displayed stretched-exponential error. Thus, for every fixed

A > 0,
ēM = OA(e−A

√
U ).

Take T = exp[(50
√
b+ 2)

√
U ]. The exact arithmetic phase debit

εM (T ) = 3(1 + 4T 2)
4
√
M

+ (1 + 4T 2)(T + 2)
4

ēM
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tends to zero. Hence, for large M , the actual positive form dominates

AT =
√
MQbsB(D)w(UD)1|D|≤T sQb, B(ξ) = 8

1 + 4ξ2 , w(t) = (− cos t− 1/2)+.

If µ is the positive mean of w, its full-frequency continuation is A∞ = µ
√
MQbsB(D)sQb + JM ,

with ‖JM ‖ ≤ CM5/2e−π(M−1).
For ‖ϕ‖ ≤ 1 put g = Tmϕ, f = χRg and e = E0ϕ. Plancherel and product differentiation give,

uniformly over this entire ball,

‖f‖2
1,4 ≤ CD0(1 + L2), ‖f (j)‖2 ≤ C

√
D0(L+ Cj2)j .

Here ‖f‖2
1,4 = ‖f‖2

2 + 4‖f ′‖2
2. Since m/U → b/ log 10, eventually D0 ≤ 12

√
bU and L ≤ e24

√
bU .

Choosing j = dUe yields
‖1|D|>T f‖2 ≤ C

√
D0e

−cbU3/2
.

The compact smooth odd trial Y = (1 − 4∂2
u)f/(8µ

√
Ms) is exactly polar legal by integration by

parts against sinh(u/2). On its support the lower theta bound s(u)2 ≥ 2r2e−r, r = πe2|u|, gives

‖Y ‖2 ≤ CM−1eCX0D0(1 + L4).

This pays division by s on the moving support. Since X0 = bU +Ob(logU), this growth is harmless
against the full harmonic error. The exact mean action and residual are

µ
√
MQbsB(D)sQbY = e, e−ATY = −JMY + µ−1Qbsw(UD)1|D|>T f.

Their complete squared residual, including the cross term, is smaller than every fixed inverse power
of M after multiplication by κ−1. Also

〈Y,ATY 〉 ≤ CM−1/2‖f‖2
1,4 + ‖JM ‖‖Y ‖2.

The kernel-safe trial inequality (34) therefore proves

‖E∗
0RM (κ)E0‖ ≤ Cb

√
Ue48

√
bU

√
M

. (37)

The proof is uniform over the full coefficient unit ball, with no finite-column or dimension factor.
Finally NM = PM +WM −H and (36) give

R
1/2
M NMR

1/2
M � I +R

1/2
M E0E

∗
0R

1/2
M + (δM − κ/2)RM .

The last term is nonpositive for large M . Equality of the source and physical operator norms gives
the required complete upper bound. For any exact same-form restriction its inverse, extended by
zero, is at most the base inverse. Restricting the form inequality thus proves the upper uniformly
without commuting projections with an inverse.

For the lower take one nonzero v ∈ DomH∩(kerH)⊥. Such a vector exists since the archimedean
form is unbounded above on compact high-frequency packets, whereas its arithmetic perturbation
is bounded. It belongs to every genuine-null complement. For completeness, the averaged quadratic
mean used here follows directly from the complete Abel formula. On each fixed frequency band,
nM,1/

√
M − B(ξ)(cos(Uξ))+ → 0 uniformly. The phase mean of (cos)+ is 1/π, and its absolutely
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convergent Fourier series gives weak convergence against every integrable test on that band. The
uniform complete bound nM,1 ≤ 16

√
M pays the exterior of |ŝv|2 by Plancherel. Hence

NM [v]/
√
M −→ 〈v, CQb

v〉 =: cv > 0.

Strict positivity follows from s > 0 and B(ξ) > 0. This is the averaged order-two mean. The
separate hard-cutoff order-one mean is proved in the technical supplement and is not used here.
Therefore

‖GM,K(κ)‖ ≥ NM [v]
NM [v] + qH [v] − 〈v,WMv〉 + κ‖v‖2 ≥ 1 − CvM

−1/2

uniformly in K and 0 < κ ≤ 1. This completes the proof.

At κ = M−1, Theorem 8.1 establishes the complete covariance estimate

γM = 1 +O(M−1/2+o(1)),

uniformly over finite genuine-null restrictions. Corollary 8.2 characterizes RH through

lim inf
M→∞

√
M (γM − 1)+ = 0.

Sections 9–12 develop complete signed certificates, exact null cancellation and physical lift estimates
within this formulation. Corollary 9.5 proves that a fixed complete complementary gap together
with the stated lift bound yields vanishing original-norm allowances and hence the Riemann hy-
pothesis.

Corollary 8.2 (Critical covariance characterization). Let KM be any sequence of finite genuine
operator-null spaces and put γM = ‖E∗

M,KM
(PM,KM

+M−1I)−1EM,KM
‖. Then

H � 0 ⇐⇒ lim inf
M→∞

√
M (γM − 1)+ = 0.

Thus the critical covariance condition is equivalent to the original Weil positivity criterion and hence
to RH in the realization of Theorem 3.2.

Proof. If H � 0, the signed identity gives R1/2
M NMR

1/2
M � I + (δM −M−1)RM � I for all large M ,

also after any same-form restriction. Conversely, if H is not nonnegative, choose a fixed nonzero
v ∈ DomH ∩ (kerH)⊥ with qH [v] < 0 by spectral projection onto a bounded negative interval.
This vector belongs to every K⊥

M . Its same-state quotient gives

γM − 1 ≥ −qH [v] + 〈v,WMv〉 −M−1‖v‖2

PM [v] +M−1‖v‖2 ≥ cvM
−1/2.

The last inequality uses the fixed positive numerator for large M and PM [v] = NM [v] + qH [v] −
〈v,WMv〉 = Ov(

√
M). This contradicts the stated liminf condition, which therefore establishes

H � 0 on the original domain. The original Weil equivalence in Lemma A.1 now applies. Hence,
under the stated critical covariance condition, the Riemann hypothesis holds.
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9 Genuine nulls and complete source certificates
Genuine null vectors provide coordinates adapted to the signed form. We first establish complete-
ness at each fixed arithmetic cutoff, then quantify the full covariance error of a finite null head.

Lemma 9.1 (Genuine derivative nulls). For every j ≥ 0, zj = (ψ(2j+3) − ψ(2j+1)/4)/s belongs to
DomH and satisfies Hzj = 0. Every finite initial family is linearly independent.

Proof. The theta Mellin identity of Appendix A gives

M(szj)(z) = (z2 − 1/4)(−z)2j+1ξ(1/2 + z).

It vanishes at both polar points and at every centered nontrivial zero. To verify the original domain,
use compact even cutoffs χR and the polar-preserving approximants (∂2

u − 1/4)(χRψ
(2j+1))/s. The

complete derivative tails, also quantified in Proposition 10.2, give convergence in L2 after division
by s and convergence of the weighted physical derivative in L2. The bound a(ξ) ≤ 17ξ2 proves
convergence in V . The same complete tails and integration by parts give arbitrary vertical inverse
powers for the Mellin transforms on |<z| ≤ 1/2. The zero-count bound therefore passes the po-
larized explicit formula through these approximants as in Appendix A. It yields qH [zj , h] = 0 first
on the compact core and then on all V . Form representation gives the asserted operator nullity.
Finally a vanishing finite combination would make a nonzero polynomial times (z2 − 1/4)ξ(1/2 + z)
identically zero. Analyticity excludes this.

Theorem 9.2 (Complete null-generated source). Let

zi = ψ(2i+3) − ψ(2i+1)/4
s

, i ≥ 0,

be the genuine operator nulls of the original realization. For every fixed M with nonzero negative
source,

E∗
M span{zi : i ≥ 0} = YM .

Moreover EM is Hilbert–Schmidt. If Πr projects onto span{E∗
Mz0, . . . , E

∗
Mzr−1}, then, for each

fixed M and κ > 0,
‖(I − Πr)GM (κ)(I − Πr)‖ −→ 0.

Proof. The complete averaged prime multiplier is bounded for fixed M , whereas the archimedean
multiplier tends to infinity. Hence SM lies in a bounded interval [0, FM ]. The derivative rule gives,
up to one fixed nonzero normalization factor,

E∗
Mzi(ξ) = vM (ξ)(−1)iξ2i, vM (ξ) =

√
nM,1(ξ) ξ(ξ2 + 1/4)ψ̂(ξ).

The nonzero entire function ψ̂ has discrete real zeros, so vM 6= 0 almost everywhere on SM . It
belongs to L2(SM ). If f ∈ YM is orthogonal to every displayed function, the finite complex measure
fvM dξ/π annihilates every polynomial in ξ2. Such polynomials are uniformly dense in C([0, FM ]),
by polynomial approximation after the homeomorphism ξ 7→ ξ2. The measure is therefore zero,
and f = 0 almost everywhere.

The source kernel satisfies

‖EM ‖2
HS =

∫
SM

nM,1(ξ)‖Qb[s sin(ξ ·)]‖2dξ

π
< ∞.

Thus GM (κ) is positive trace class. The proved density gives Πr → I strongly, and compactness
gives the asserted norm limit.
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The theorem concerns the source images of known nulls. It does not identify the full physical
kernel ofH. Its density assertion is on the base polar recipient; imposing further physical constraints
can alter that assertion.

Theorem 9.3 (Signed remainder and complete trace certificate). Fix M , κ > 0 and finitely many
independent derivative-null columns Z. Define

K = Z∗NMZ, VZ = ZK−1/2, J = E∗
MVZ , Q = I − JJ∗, ℓ = ‖V ∗

ZVZ‖.

Then K � 0, J∗J = I, and

J∗GMJ �
[
1 + (δM + δ2

M/κ)ℓ
]
I, (38)

τ := ‖EMQ‖2
HS = TrNM − Tr(K−1Z∗N2

MZ), (39)
‖GM ‖ ≤ 1 + (δM + δ2

M/κ)ℓ+ τ/κ. (40)

For an increasing initial derivative family, τ → 0 at fixed M . If Z has r columns, then

ℓ ≥ λr(NM )−1 ≥ r/TrNM ,

where the positive eigenvalues are arranged in decreasing order.

Proof. The nonvanishing common factor in Theorem 9.2 shows that every finite source polynomial
family is independent, hence K � 0. Suppress M and write A = P+κI, R = A−1, F = (W−κI)VZ .
Genuine operator nullity gives NVZ = AVZ + F , so exact expansion gives

GJ = J + E∗RF, J∗GJ = I + V ∗
Z (W − κI)VZ + F ∗RF.

Using R � κ−1I only after combining these terms yields

V ∗
Z (W − κI)VZ + F ∗RF � V ∗

Z (−W +W 2/κ)VZ � (δ + δ2/κ)V ∗
ZVZ .

This proves (38). In particular the ridge does not produce a separate κℓ charge.
Expanding Q and using cyclicity of the trace gives (39); all operators under the trace are trace

class or finite rank. Also ‖QGQ‖ ≤ κ−1‖EQ‖2
HS = τ/κ. For a positive two-block operator with

diagonal norms a, b, positive-form Cauchy–Schwarz bounds its quadratic form by (
√
a‖x‖+

√
b‖y‖)2,

and consequently its norm by a+ b. This proves (40), including the mixed block. Hilbert–Schmidt
approximation and source density give τ → 0. Finally V ∗

ZNVZ = I makes the Rayleigh quotient of
N on ranVZ at least 1/ℓ. Min–max and rλr(N) ≤ TrN prove the last two inequalities.

Proposition 9.4 (Directional Schur alternative). With the same notation, put b = ‖QGMQ‖,
rF = ‖F ∗RMF‖ and ε = (δM + δ2

M/κ)ℓ. For λ = 1 + η > b, the condition

ε+ brF

λ− b
≤ η

implies GM � λI.

Proof. The mixed block is QGMJ = QE∗
MRMF and its squared norm is at most brF . Complete

the square in the Q coordinate of λI−GM , using λI−QGMQ � (λ− b)I, and then apply (38).
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Corollary 9.5 (A fixed complementary gap sufficient for RH). At κ = M−1, suppose that along
an unbounded sequence of M , finite genuine-null heads in Proposition 9.4 satisfy

bM = ‖QMGMQM ‖ ≤ q < 1, ℓM = ‖V ∗
MVM ‖ = o(

√
M),

where q is fixed and the complement contains every remaining source frequency. Then the original
Weil form is nonnegative and RH holds.

Proof. The actual remainder δM decreases exponentially. Since RM � κ−1I and FM = (WM −
κI)VM ,

rF,M ≤ (κ+ δM )2

κ
ℓM .

Put εM = (δM + δ2
M/κ)ℓM and ηM = εM + qrF,M/(1 − q). The two assumed resources imply

ηM = o(M−1/2). With λM = 1 + ηM , one has λM − bM ≥ 1 − q; hence Proposition 9.4 gives
GM � (1 + ηM )I, including the mixed block. The original-domain absorption bound is

qH [h] ≥ −
[
δM +M−1 + ηMBM,1

1 + ηM

]
‖h‖2.

Since BM,1 = O(
√
M), its allowance tends to zero. Theorem 3.2 applies: under the stated complete

complementary-gap and lift hypotheses, the Riemann hypothesis holds.

The corollary uses a fixed gap below one, with both resources evaluated on the same head.
The matrix-valued signed Schur comparison can retain additional cancellation lost in these scalar
sufficient bounds.

10 Regularized null certificates and physical lift budgets
The null-source construction can avoid an unregularized source-Gram inverse. The price becomes
an explicit approximation error and the physical norm of its constructed lift. In this section write
d = ‖WM ‖ and D = d+ d2/κ.

Theorem 10.1 (Regularized complete certificate). Let Z : Cr → X be a physical isometry with
range in DomH ∩ kerH. Put A = E∗

MZ, K = A∗A, and, for t > 0,

J = A(K + tI)−1A∗, T = Z(K + tI)−1A∗.

Then 0 � J � I, J = E∗
MT , and

‖GM ‖ ≤ 1 + D
4t

+ τt

κ
, τt = TrNM − Tr

(
(K + tI)−1K(K + tI)−1Z∗N2

MZ
)
. (41)

If a Hilbert–Schmidt map X : X → Cr satisfies ‖E∗
M −AX‖HS ≤ ϵ and ‖X‖HS ≤ L0, then

‖GM ‖ ≤ 1 + 2ϵ2

κ
+

√
2D
κ
L0. (42)

Every trace and approximation here uses the complete source metric.
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Proof. The singular-value multipliers of T are σ/(σ2 + t); hence ‖T‖2 ≤ 1/(4t). The exact signed-
null identity, applied to Tf , gives

〈Jf,GMJf〉 ≤ ‖Jf‖2 + D‖Tf‖2 ≤ (1 + D/(4t))‖f‖2.

Use the positive partition NM = EMJ2E∗
M + EM (I − J2)E∗

M . After inverse congruence its first
term has norm ‖JGMJ‖, and its second is at most κ−1 Tr(EM (I − J2)E∗

M ). Expanding J2 and
using cyclicity proves (41). Completing the finite-dimensional square gives

Tr(EM (I − J)E∗
M ) = inf

X
{‖E∗

M −AX‖2
HS + t‖X‖2

HS}.

Since I−J2 � 2(I−J), the excess in (41) is at most D/(4t)+2(ϵ2 +tL2
0)/κ. For D, L0 > 0 optimize

at t =
√

Dκ/(8L2
0); the zero cases follow by limits.

For independent raw columns Z0, replace K + tI by Z∗
0NMZ0 + tZ∗

0Z0. In (42) the physical
lift norm is then L0 = ‖Z0X0‖HS. This preserves the original physical metric without requiring
explicit formation of its inverse square root.

The collar estimate of Theorem 12.1 also survives regularization. With PI denoting source
multiplication by I ⊂ [0, eA

√
log M ] for a fixed A > 0, suppose

‖(I − PI)E∗
M −AX‖HS ≤ ϵout, ‖X‖HS ≤ Lout.

Completing the same square with (I − PI)E∗
M and using the triangle inequality in inverse energy

gives

‖GM ‖ ≤ 1 + D
4t

+

√
cI +

√
2(ϵ2out + tL2

out)
κ

2

, cI = CA|I|(1 + log logM). (43)

No projection is commuted with J . The square includes the mixed term, and the exterior includes
every frequency outside I.

Proposition 10.2 (Order-uniform original-norm null budget). For zj = (ψ(2j+3) − ψ(2j+1)/4)/s,

‖zj‖2 ≤ 100 642j+3(2j + 3)!, j ≥ 0.

Consequently the raw map Z0 = (z0, . . . , zr−1) satisfies

‖Z0‖2
HS ≤ Br := 10000r 644r+2[(2r + 1)!]2, ‖Z0X0‖HS ≤

√
Br‖X0‖HS. (44)

Proof. Set ρ = 1/64 and ru = πe2|u|. The complete theta series is holomorphic in | Im z| < π/4 and
even there. On |z − u| = ρ, reflect to the right half-plane if needed. Then Re(πe2z) > 3ru/4 and
|πe2z| ≤ e2ρru. Its full series gives

|ψ(z)| ≤ 24e|u|/2r2
ue

−3ru/4 ∑
n≥1

n4e−3(n2−1)π/4 < 48e|u|/2r2
ue

−3ru/4.

Indeed the n = 2 summand is below 1/4 and subsequent ratios are below 1/256. Cauchy’s estimate
yields |ψ(k)(u)| ≤ 48k!64ke|u|/2r2

ue
−3ru/4. Divide by the original lower envelope s2 ≥ 2r2

ue
−ru and

integrate both arms using du = dru/ru and e|u| =
√
ru/π. Thus

‖ψ(k)/s‖2
2 ≤ 1152√

π
(k!64k)2

∫ ∞

π
r3/2e−r/2 dr ≤ 3456

√
2(k!64k)2 < 802(k!64k)2.

The triangle inequality at k = 2j + 3 and k − 2 proves the first bound. Summing its squares and
using the largest summand proves the second.
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Since logBr = O(r log(r+1)), this gives a useful cofinal lift window. At κ = M−1 the complete
averaged remainder has dM ≤ poly(M)e−πM . If rM = o(M/ logM) and log(1+‖X0,M ‖HS) = o(M),
then √

MDM ‖Z0,MX0,M ‖HS ≤ e−πM/2+o(M).

Thus the lift part of (42) is paid at every fixed polynomial scale. A complete-source approximation
with ϵ2M = o(M−a−1), 1/2 < a < 1, would then give the excess o(M−a) and the vanishing-allowance
endpoint. The approximation norm includes the entire source exterior as part of its complete-source
error budget.

11 Fixed-strip high-frequency criteria for RH
The complete arithmetic form admits a high-frequency receiving criterion at a fixed averaging
seed. A fixed zero-free half-plane supplies an exponential precision scale for this criterion. The
construction keeps the original Hilbert norm and minimal domain; its finite null constraints are
normalized in the full arithmetic source.

Fix M = 16 in Theorem 5.1, and abbreviate Pk = P16,k, Nk = N16,k and dk = d16,k. All
operators below act on the original odd polar space K of Section 3, with form domain V . Let γ
be the first positive critical ordinate. The rigorous indexed zero isolation and count in [8] give
14.1 < γ < 14.2, simplicity of this pair, and no other nontrivial zero with |=ρ| ≤ 21. Write Qb for
the original polar projection, and set

vγ = Qb[s sin(γ ·)], Zγ = 2vγv
∗
γ ,

P>
k = QbMs[1|ξ|>17(m16,k)+](D)MsQb, N>

k = QbMs[1|ξ|>17(−m16,k)+](D)MsQb,

Ak = P>
k + Zγ , κk = (3/4)k. (45)

Thus 0 � N>
k � Nk, and Zγ [h] = 2|

∫
s(u)h(u) sin(γu) du|2.

For a fixed integer r ≥ 1, use the genuine derivative nulls of Lemma 9.1 and define, for all
sufficiently large k,

Zr = (z0, . . . , zr−1), Kr,k = Z∗
rNkZr, Fr,k = ker(Z∗

rNk), Sr,k = I −ZrK
−1
r,kZ

∗
rNk. (46)

The positive definiteness of Kr,k and the domain properties used here are proved below. For r = 0
put F0,k = K and S0,k = I. Define the complete physical receiving norm

Γr,k = sup
06=x∈V ∩Fr,k

N>
k [x]

Ak[x] + κk‖x‖2
2
. (47)

It uses the entire high source and the inverse of the restricted closed positive form, rather than a
finite compression of its outputs.

Theorem 11.1 (Fixed-strip high-frequency criterion). Suppose every nontrivial zeta zero ρ =
β + iγρ satisfies β ≤ b, for some fixed 1/2 ≤ b < 1. Choose fixed numbers

1
2
< θ < R <

3
2

− b.

For each fixed r ≥ 0, RH is equivalent to the existence of a constant C and an unbounded sequence
of integers k on which

Γr,k ≤ 1 + Cθk. (48)

Under RH, Γr,k ≤ 1 for all sufficiently large k.
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Corollary 11.2 (The cited zero-free half-plane). Assume the zeta zero-free conclusion of [12, Main
theorem], with β ≤ bnew = 0.874957019420098946 . . .. For every fixed r ≥ 0, a complete bound
Γr,k ≤ 1 + C(5/8)k along an unbounded sequence implies RH.

Proof. The cited statement includes zeta and allows its principal pole at 1. It specifies bnew =
(18ξ+7)/(18ξ+9) with ξ < 0.38859 < 7/18, so bnew < 7/8. Choose any fixed 5/8 < R < 3/2−bnew
in Theorem 11.1.

For the coarser supplied strip β ≤ 7/8, the robust rational choice θ = 3/5, R = 49/80 has
horizontal margin 1/80 and gives the sufficient precision C(3/5)k. If b = 7/8 exactly, θ = 5/8 is an
excluded endpoint of this argument.

There is also a criterion requiring only the classical zero-free region.

Theorem 11.3 (Classical high-frequency criterion). For every fixed r ≥ 0 and 0 < c < 1/48, RH
is equivalent to a complete bound, along an unbounded integer sequence,

Γr,k ≤ 1 + C2−k exp(ck/ log k). (49)

Under RH the same eventual bound Γr,k ≤ 1 holds.

The following estimates provide the original-domain return and null-lift resources for both
criteria. Their proofs, including every spectral collar and infinite tail, are given in Appendix G.

Proposition 11.4 (Paid finite band and full-source null resources). The positive form Ak has
domain V , and

H = Ak −N>
k +W>

k , ‖W>
k ‖ ≤ ek := ϵk + dk,

ϵk = 2 · 10−174−k + 72(3/50)k+1 + 90
7

(17/50)k + 8640000000 3−k. (50)

In particular 2kek/κk → 0. For each fixed r ≥ 1, with Dk = diag(1, k, . . . , kr−1),

(2kk−3/2)−1DkKr,kDk −→ Mr � 0, (51)

where, for 0 ≤ i, j < r and c0 = −iψ̂(0)/4 6= 0,

(Mr)ij = 8|c0|2

π2 (−1)i+j
∫
R
t2i+2j+2e−2t2

dt.

Consequently

λmin(Kr,k) ≥ cr2kk−2r+1/2, ‖Sr,k‖2 = Or(k2r−1/2), (κk + ek)‖Sr,k‖2 −→ 0. (52)

The map Sr,k preserves V and qH , has range Fr,k, and satisfies Nk[Sr,kh] ≤ Nk[h]. The head order
is fixed throughout.

An exact constrained inverse retains the directional receiving terms. For r ≥ 1, let Vr,k =
ZrK

−1/2
r,k , Bk = NkVr,k and Rk = (Ak + κkI)−1. If Rr,k denotes the inverse of the restricted form

on Fr,k, extended by zero, then

Ck = B∗
kRkBk, Xk = V ∗

r,k(Ak + κkI)Vr,k,

Rr,k = Rk −RkBkC
−1
k B∗

kRk, 0 < C−1
k � Xk � [1 + (κk + ek)‖V ∗

r,kVr,k‖]I. (53)

Thus Γr,k = ‖(E>
k )∗Rr,kE

>
k ‖, where N>

k = E>
k (E>

k )∗. The inverse in (53) is an actual physical
restriction; its constraint columns use Nk, not N>

k . The one-sided bound on C−1
k does not replace

the complete inequality (48) or (49).
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Proof of Theorems 11.1 and 11.3. Appendix G proves that compact original polar tests with
Gevrey-2 physical profile form a V -dense class. For each fixed such h, under the strip hypothesis,

N>
k [Sr,kh] ≤ Ch,r,b,R(1 + k2r−1/2){k8R−k + 2ke−ah,rk2 + 17−k} (54)

when r ≥ 1; for r = 0 omit the polynomial lift factor. Its product with θk tends to zero. Indepen-
dently of a fixed strip, the classical estimate is

N>
k [Sr,kh] ≤ Ch,r(1 + k2r−1/2)2k{k4 log(4k2)e−k/(24 log(4k2)) + e−ah,rk}. (55)

Its product with 2−keck/ log k tends to zero for c < 1/48. All constants concern fixed tests and a
fixed head.

Write the stated positive excess bound as ηk. Apply the complete comparison to xk = Sr,kh
and use original nullity and (50):

qH [h] = qH [xk] ≥ −(κk + ek)‖xk‖2 − ηk

1 + ηk
N>

k [xk].

The first term tends to zero by (52); the appropriate fixed-test energy estimate pays the second.
Positivity follows on the Gevrey class and then on V by density. The original odd Weil criterion,
Lemma A.1, gives RH. Conversely RH implies N>

k � Ak + ekI. Since ek < κk eventually, its
restriction proves Γr,k ≤ 1 for every fixed r.

11.1 Critical complementary caps and full-source precision

Proposition 11.5 (Exact-null complementary allowance). Suppose on the original domain H =
P − N + W , where N = EE∗ is bounded positive, P is a closed positive form and ‖W‖ ≤ d. Let
V0 have finitely many genuine null columns, normalized by V ∗

0 NV0 = I. Put

J = E∗V0, Q = I − JJ∗, G = E∗(P + κI)−1E, S = I − V0J
∗E∗, BQ = ‖EQE∗‖.

If the complete comparison QGQ � (1 + η)Q holds, η ≥ 0, then on all original V ,

qH [h] ≥ −
{

(κ+ d)L2 + ηBQ

1 + η

}
‖h‖2, L2 = ‖S‖2 ≤ 1 + ‖V ∗

0 V0‖‖N‖. (56)

Proof. The source isometry J∗J = I gives E∗S = QE∗. Nullity gives qH [Sh] = qH [h] and
S(V ) ⊂ V . On x = Sh the complete cap implies N [x] ≤ (1 + η)(P [x] + κ‖x‖2), whereas
N [x] = ‖QE∗h‖2 ≤ BQ‖h‖2. Rearrange and add W . The norm estimate is the orthogonal-range
calculation proving (96).

Corollary 11.6 (A fixed-head order-one threshold). For the actual order-one averaging, fix any
initial derivative-null head of positive finite length and normalize it in NM,1. At ridge κ = M−1,
a complete complementary cap ‖QMGMQM ‖ ≤ 1 + ηM with ηM = o(M−1/2) on an unbounded
sequence implies RH. The physical lift has L2

M = Or(1) without a growing-head hypothesis.

Corollary 11.7 (Polynomial relaxation for the full source). Fix a real A. At seed 16 and ridge
(3/4)k, the complete full-source comparison

Nk � (1 + CkA2−k)(Pk + κkI)

on an unbounded integer sequence implies RH.

The full-source assertion uses a fixed null-jet repair of each test. The high-frequency criteria
above instead use the original or full-source-normalized physical receiving space.
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12 Uniform covariance on small sets in a growing band
The null-source representation can be poorly conditioned near zeros of ψ̂. The actual positive
inverse controls small frequency sets there without division by that transform. An exact Fourier
shift extends this control beyond every fixed power of logM .

Theorem 12.1 (Growing-band observation bound). Put U = logM , and let LM → ∞ satisfy
√
LM

U
−→ ∞, L3

M ēM −→ 0, (57)

where ēM is the complete Abel error of Theorem 7.1. For all sufficiently large M and every mea-
surable I ⊂ [0, LM ],

‖E∗
I (PM +M−1I)−1EI‖ ≤ C|I|(1 + log logM). (58)

The constant and onset may depend on the admitted schedule, but not on the number or locations
of the components of I. The upper bound survives additional exact finite constraints, with the
same-form restricted receiver, dense restricted form domain and exactly projected source.

Proof. Take T = 2LM . The complete arithmetic phase debit is

εM (T ) = 3(1 + 4T 2)
4
√
M

+ (1 + 4T 2)(T + 2)
4

ēM .

Since ēM ≥ 3/
√
M , both terms tend to zero by (57). The scalar inequalities in the actual-origin

proof consequently give, for all sufficiently large M ,

PM � AT :=
√
MQbsB(D)w(UD)1|D|≤T sQb, nM,1(ξ) ≤ 12

√
M

1 + 4ξ2 (0 ≤ ξ ≤ T ),

where B(ξ) = 8/(1 + 4ξ2), w(t) = (− cos t − 1/2)+ and µ > 0 is its mean. These are inequalities
for the actual arithmetic receiver and observation, before theta sandwiching.

Put eξ = Qb[s sin(ξ ·)] and R0 = 1
2 log(2U/π). Let χR0 be the even fixed-width Gevrey-2 cutoff

equal to one on [−R0, R0] and zero outside [−R0 − 1, R0 + 1]. Define

fξ(u) = χR0(u) sin(ξu), Yξ = (1 − 4∂2
u)fξ

8µ
√
M s

.

This trial is compact smooth, odd and exactly polar legal: integration by parts transfers 1 − 4∂2
u to

sinh(u/2) and annihilates it. Uniformly for 0 ≤ ξ ≤ LM , product differentiation and the complete
two-arm theta envelopes give

‖fξ‖2
1,4 ≤ C(1 + ξ2)(1 + logU),

‖s(sin(ξ ·) − fξ)‖2 ≤ CUe−2U ,

‖Yξ‖2 ≤ CM2e2−1(1 + ξ2)2(1 + logU).

The first bound uses a support of length O(1 + logU) and a fixed transition width. For the last
bound the support satisfies r = πe2|u| ≤ 2e2U , so the original lower envelope s2 ≥ 2r2e−r controls
division by s.
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Every positive-order derivative of χR0 is supported on two fixed-width translated intervals. Thus
‖χ(j)

R0
‖1 ≤ C0C

j
1(j!)2 for j ≥ 1, independently of R0. Integration by parts with j proportional to√

|ω| gives |χ̂R0(ω)| ≤ Ce−c
√

|ω| for large |ω|, uniformly in R0. The exact shift identity

f̂ξ(ω) = χ̂R0(ω − ξ) − χ̂R0(ω + ξ)
2i

therefore proves the complete exterior bound

‖1|D|>T fξ‖2 ≤ Ce−c
√

LM , 0 ≤ ξ ≤ LM .

Indeed both shifted frequencies have modulus at least LM there; the polynomial factor arising on
integration is absorbed by reducing c.

The full-frequency continuation satisfies

A∞ = µ
√
MQbsB(D)sQb + JM , ‖JM ‖ ≤ CM5/2e−π(M−1).

The polar Green identity gives its exact mean action Qb(sfξ). Consequently

eξ −ATYξ = Qb[s(sin(ξ ·) − fξ)] − JMYξ + µ−1Qbsw(UD)1|D|>T fξ.

A squared triangle bound pays all three terms and their mixed products. At ridge M−1 the physical
error costs O(U/M); the Fourier error costs O(Me−2c

√
LM ), smaller than every fixed inverse power

of M by (57). Also that admission and ēM ≥ 3/
√
M imply LM = o(M1/6), so the displayed trial

norm is polynomial in M and is absorbed by the harmonic error. Finally

〈Yξ, ATYξ〉 ≤ CM−1/2‖fξ‖2
1,4 + ‖JM ‖‖Yξ‖2.

The kernel-safe least-squares estimate (34) and AT � PM now prove, uniformly on the whole band,

〈eξ, (PM +M−1)−1eξ〉 ≤ CM−1/2(1 + ξ2)(1 + logU). (59)

The negligible errors are absorbed uniformly; at ξ = 0 the source is zero. Integrating in the exact
source metric gives

‖R1/2
M EI‖2

HS =
∫

I
nM,1(ξ)〈eξ, RMeξ〉dξ

π
≤ C|I|(1 + logU).

This trace bounds the full operator norm, retaining every profile combination. Variational restric-
tion gives the last assertion.

Corollary 12.2 (Unconditional expanded bands). For every fixed A > 0, estimate (58) holds for
all measurable I ⊂ [0, eA

√
log M ] and all sufficiently large M . Constants and onset may depend on

A; no uniformity for a growing A is asserted.

Proof. The complete Abel estimate proved in Theorem 8.1, using the classical Vinogradov–Korobov
prime-number error [9], gives ēM = OB(e−B

√
U ) for every fixed B > 0. For LM = eA

√
U choose

B > 3A. Then L3
M ēM = OB(e−(B−3A)

√
U ) → 0 and

√
LM/U = eA

√
U/2/U → ∞. Theorem 12.1

applies in the original norm and domain.
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Corollary 12.3 (Complete collar and null-source certificate). Use the null head of Theorem 9.3,
set κ = M−1, and let PI be the source multiplication projection onto I ⊂ [0, LM ] for a schedule
admitted by Theorem 12.1 (in particular LM = eA

√
log M for fixed A > 0). Define

Nout = EM (I − PI)E∗
M , τout = TrNout − Tr(V ∗

ZN
2
outVZ), cI = C|I|(1 + log logM).

If

(δM + δ2
M/κ)ℓ+

(√
cI +

√
τout/κ

)2
≤ η, (60)

then GM (κ) � (1 + η)I, and on the entire original domain

qH [h] ≥ −
[
δM + κ+ ηBM,1

1 + η

]
‖h‖2.

In particular, a cofinal family satisfying (60) with η = o(M−1/2) gives vanishing original-norm
allowances and RH.

Proof. Let Q = I − JJ∗ as above. Without commuting Q and PI , cyclicity gives

‖EM (I − PI)Q‖2
HS = TrNout − Tr(V ∗

ZN
2
outVZ).

Here VZ uses the full NM normalization. The triangle inequality in actual inverse energy gives

‖QGMQ‖ ≤
(
‖R1/2

M EMPIQ‖ + ‖R1/2
M EM (I − PI)Q‖

)2
≤
(√

cI +
√
τout/κ

)2
.

Combine this with (38) and the positive-block estimate in Theorem 9.3. The original-domain lower
bound follows from Corollary 5.2, with complete negative source and no finite-source omission.
Since BM,1 = O(

√
M) and δM → 0, the stated rate gives the endpoint.

All frequencies outside I, including those above LM , occur in τout. The mixed collar/exterior
cost is the cross term in the square in (60). Thus the displayed criterion specifies a complete quan-
titative construction, with growing-rank conditioning and the complete trace remainder evaluated
in the same source metric.

13 Complete-response verification and bounded regularization
The criterion of Theorem 2.1 concerns the original Weil positivity endpoint. We now give a comple-
mentary construction for that same endpoint, retaining the complete Green response and bounding
the regularization in profile coordinates. The finite-Green construction and its evaluated examples
retain their stated definitions. Each matrix in the complementary construction below is assembled
from its stated full-response form.

Lemma 13.1 (A support-uniform Green norm). For every L > 0 and every finite Green prefix,

0 � RL,J � π

2
I, 0 � RL � π

2
I.

The bounds use the complete reflected response normalization of Section 2.
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Proof. Set cj = 2j + 1/2 and change to the boundary coordinate s = L − x. The exact response
profile satisfies

rj(L− s) = e−cjs − e−cj(2L−s)
√

1 + e−2cjL
, 0 ≤ rj(L− s) ≤ e−cjs, 0 < s < L.

The finite feature Gram Gij = 〈ri, rj〉 therefore has nonnegative entries and obeys the entrywise
bound

Gij ≤
∫ L

0
e−(ci+cj)s ds ≤ 1

2(i+ j + 1/2)
=: Hij .

Put wj = 4−j
(2j

j

)
. Its generating function and Tonelli’s theorem give, for every i ≥ 0,

∑
j≥0

Hijwj = 1
2

∫ 1

0
ti−1/2(1 − t)−1/2 dt

=
∫ π/2

0
sin2i θ dθ = π

2
wi.

The last identity follows from integration by parts, starting with i = 0. For a finite complex
coefficient vector z, use symmetry and

2|zi||zj | ≤ |zi|2
wj

wi
+ |zj |2wi

wj
.

It follows that
z∗Gz ≤

∑
i,j<J

Hij |zi||zj | ≤
∑
i<J

|zi|2

wi

∑
j<J

Hijwj ≤ π

2
‖z‖2.

If TJz =
∑

j<J zjrj , then G = T ∗
JTJ and RL,J = TJT

∗
J have the same operator norm. This proves

the finite-prefix bound. The positive prefixes increase to the original complete response; their
uniform bound gives a strong monotone limit and the same inequality for RL.

Lemma 13.2 (Full-response commutator and effective actions). Put HL = 1+8L/π2. The complete
response RL preserves DomDL and

‖[DL, RL]‖ ≤ 600HL.

The same bound holds uniformly for every finite Green prefix. If a column map V is supported in
the first N DN modes and Pm projects onto the first m ≥ 1 output modes, then

‖(I − Pm)RLV ‖ ≤ HL

√
N/m ‖V ‖.

Every finite output coefficient can be enclosed effectively. Truncating its exact reflected scalar series
at index J ≥ 1 incurs entry error at most 2/(LJ). An additional directed entry error ϵ gives low-
output map error at most

√
mN{2/(LJ) + ϵ}‖V ‖.

Proof. Direct integration in the normalization of Section 2 gives

〈rj , eq〉 =
√

2/L(−1)q cj

√
1 + e−2cjL

c2
j + k2

q

.
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For x, y > 0, the function c2/{(c2 +x2)(c2 +y2)} is unimodal, with maximum (x+y)−2 and integral
π/{2(x+ y)}. A spacing-two unimodal sum is bounded by half its integral plus twice its maximum.
Consequently

|(RL)qr| ≤ π

L(kq + kr)
+ 8
L(kq + kr)2 ≤ HL

q + r + 1
.

This also bounds every partial sum, since its summands have a common sign. Writing t = k/2 and
bn = n+ 1/4, the digamma series yields

ka′(k) = 2t2
∑
n≥0

bn

(b2
n + t2)2 ≤ 9.

Indeed, for t ≤ 1/4, the reciprocal-cube sum is at most 72. For t ≥ 1/4, the unimodal sum has
integral 1/(2t2) and maximum at most 1/(2t3), giving 1+2/t ≤ 9. Thus |a(x)−a(y)| ≤ 9| log(x/y)|.
Set x = q + 1/2, y = r + 1/2 and use Schur weights x−1/2. The bound | log t| ≤ 4(t1/4 + t−1/4),
together with ∑

r≥0

xνy−ν

x+ y
≤ 2 + π

sin πν
, ν = 1/4, 3/4,

proves a commutator norm at most 36HL(4 + 2π
√

2) < 600HL. The displayed sum follows by
bounding its decreasing summand by its first value and the positive-line integral. Each column
RLer belongs to DomDL: the coefficient envelope remains square summable after multiplication
by a(kq) = OL(log(2 + q)). On finite DN sums the bounded matrix is therefore the genuine
commutator. Graph-norm approximation and closedness of DL extend the identity and domain
preservation to its full domain.

The squared Hilbert–Schmidt output tail is at most H2
L

∑
q<N (m + q)−1 ≤ H2

LN/m. For the
scalar series, the omitted absolute sum is at most (4/L){c−2

J + (2cJ)−1} ≤ 2/(LJ). The finite-
block error follows from its Frobenius norm. These low- and high-output errors concern orthogonal
output spaces and may be combined in quadrature. They do not assert operator-norm convergence
of RL,J to RL on unrestricted inputs.

Corollary 13.3 (Support-uniform response resources). Put ĤL = min{1 + 8L/π2, 7}. The full
response and every prefix have coefficient envelope |(RL)qr| ≤ ĤL/(q + r + 1), and

‖[DL, RL]‖ ≤ 600ĤL ≤ 4200, ‖(I − Pm)RLV ‖ ≤ ĤL

√
N/m ‖V ‖.

For a prefix the commutator is also bounded by min{14J, 600ĤL}.

Proof. Keep the exact coefficient series in Lemma 13.2. Write s = x + y and f(c) = c2/{(c2 +
x2)(c2 +y2)}. If its maximum occurs at √

xy ≥ 1/2, then s ≥ 1 and sup f = 1/s2 ≤ 1/s. Otherwise
its maximum on [1/2,∞) is at c = 1/2; with a = 2x, b = 2y,

sf(1/2) = 2(a+ b)
(1 + a2)(1 + b2)

≤ 2.

Thus the shifted unimodal sum is at most (π/4+4)/s. The exact reflected coefficient has multiplier
at most 4/L, giving the envelope (1 + 16/π)/(q + r + 1) < 7/(q + r + 1), also for every prefix.
Combine this with the earlier HL envelope and use the same weighted-Schur, domain and output-
tail arguments. The prefix bound 14J follows independently from its finite rank-one decomposition
in Appendix C.
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Proposition 13.4 (Complementary capped full-response criterion). Retain the schedule, core isom-
etry UM , complete constraints FM and projection QM of Section 2, with β = 1. Rebuild every
operator and matrix below from

wM = min(M−1Wlow, β), Scap
M = DL +RL + VL + wM , dcap

M = β + wM .

Then the entire receiver obeys T cap
M � (dcap

M )QM
� βI. For the exact isometric constraint map,

(2β)−1I � F ∗
M (dcap

M )−1FM � β−1I.

In particular this complete weighted constraint Gram has condition number at most two. Strict finite
lower Schur certificates for these rebuilt forms along any unbounded subsequence of M imply RH.
Conversely, under RH each admitted M has a strictly positive, effectively verifiable finite Galerkin
certificate. The sufficient trial-size exponent remains m = exp(M1/3+o(1)) on the stated schedule.

Proof. The existing core admission proves the receiving lower for DL +VL; adding the nonnegative
complete RL and wM gives the asserted floor. The Gram bound follows by compressing (2β)−1I �
(dcap

M )−1 � β−1I by the exact isometry FM . It is not a condition bound for an unnormalized raw
constraint list.

In the rest of this proof all blocks are rebuilt: H = U∗
MScap

M UM , C = QMScap
M UM , and T = T cap

M .
Put αD = a(kNM

), KF =
√

64 + α2
D, cD = αD + h, G = 1 + (h+KF )/β and R0 = ‖p‖2/|〈p, e0〉|2 <

16L. Define
P∗ = αDR0 + h(1 +R0), F1 = α2

D + hαD +K1 +KF cD,

G2 = F1 + (h +KF )GcD + (K1 +KFh)cD/β.

Here h and K1 are the bounds specified next, not constants copied from a saved finite-Green
calculation.

Use the same legal constrained DN trials and second-graph derivation of Appendix C, recomput-
ing its constants for this form. The bounded perturbation norm is at most h = L+ π/2 +BM + β.
Its commutator budget is

K1 = 600HL + [4(2 + π) + 4(L+ π/2)]
∑

2≤n<e2L

Λ(n)√
n

+ 4(L+ π/2)ncellβ.

The last term uses TV(wM ) ≤ 2ncellβ; no smooth derivative of the step is assumed. Every projection
and polar correction in the second-graph constants G2, P∗ is retained. Thus for the actual complete
return X = C∗(T cap

M )−1C and its finite Galerkin return Xm,

0 � X −Xm � ϵmI, ϵm = G2
2{a(km)−3 + P∗a(km)−4}.

All these constants are Mo(1) on the stated schedule. Choosing a(km) ≥ max{1, P∗, (72MG2
2)1/3}

pays ϵm ≤ 1/(36M) and gives the asserted near-threshold trial size.
Since 0 < wM ≤ M−1W , a passing complete Schur lower implies the original supported al-

lowance qH [h] ≥ −M−1‖h‖2. Support exhaustion proves the forward assertion. Under RH the
original profile form is nonnegative, and Wlow ≥ W/2 ≥ 1/18 gives Scap

M � I/(18M). Its exact
Schur complement has the same core lower bound. Hence H − Xm − ϵmI � I/(36M). A two-
sided matrix-center error at most 1/(144M), subtracted once again to form a directed lower, leaves
I/(72M). Lemma 13.2 encloses the exact full-response entries; all arithmetic, coordinate, constraint
and inverse errors must also be paid. This proves effective strict recognition, not a total runtime
bound or an evaluated new capped certificate.
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13.1 The complete Hilbert principal channel and a compact remainder

The coefficient formula also separates the infinite principal response from a remainder with a whole-
operator approximation bound. Let E be the diagonal unitary Eqq = (−1)q on DN coefficients and
let Hqr = (q + r + 1)−1 be the Hilbert matrix. It is bounded: the weighted Schur argument of
Lemma 13.1 also bounds H, since its entries are at most twice those of that lemma’s half-shift
comparison matrix.

Proposition 13.5 (Complete principal-part decomposition). For every L > 0 there is a self-adjoint
Hilbert–Schmidt operator KL such that

RL = 1
2EHE +KL.

Put tL = e−4L and define

SL = e−L
{4tL(1 + tL)

(1 − tL)3 + 2tL
(1 − tL)2 + 1

4(1 − tL)

}
,

aL = 4L
π2 , bL = 2L3SL

π4 .

Then

|(KL)qr| ≤ aL

(q + r + 1)2 + bL

(q + 1/2)2(r + 1/2)2 , ‖KL‖HS ≤ aL

√
ζ(3) + L3SL/3.

For the first-m DN projection, m ≥ 1, set

ηL,m = aL√
2m

+ bLπ
2

√
18m3/2 .

The entire output and finite-remainder errors satisfy

‖(I − Pm)KL‖ ≤ ηL,m,
∥∥∥RL −

(
1
2EHE + PmKLPm

)∥∥∥ ≤ 2ηL,m.

Proof. For x, y > 0 extend f(c) = c2/{(c2 + x2)(c2 + y2)} by zero to c < 0. It is continuous,
nonnegative and unimodal, with maximum (x + y)−2, total variation 2/(x + y)2, and integral
π/{2(x+ y)}. The length-two cells centered at cj = 2j + 1/2 partition [−1/2,∞). On each cell Ij ,∣∣∣∣∣f(cj) − 1

2

∫
Ij

f(c) dc
∣∣∣∣∣ ≤ VarIj (f).

Summing the variations, with absolute convergence, proves the two-sided complete lattice estimate∣∣∣∣∣∣
∑
j≥0

f(cj) − π

4(x+ y)

∣∣∣∣∣∣ ≤ 2
(x+ y)2 .

Apply this to the exact reflected response coefficients in Lemma 13.2. The nonexponential part has
main term π/{2L(kq +kr)} = 1/{2(q+ r+ 1)} and error at most 4/{L(kq +kr)2}. The exponential
part is bounded by

2
Lk2

qk
2
r

∑
j≥0

c2
je

−2cjL.

36



Expansion of c2
j = 4j2 + 2j + 1/4 and the exact first two geometric moment sums identify the last

sum with SL. Substituting the DN frequencies yields the displayed entry bound for the difference
from 1

2EHE.
The squared Hilbert–Schmidt sum of (q+r+1)−2 is

∑
n≥1 n/n

4 = ζ(3). The second comparison
is rank one, with Hilbert–Schmidt norm bL

∑
q≥0(q+1/2)−4 = bLπ

4/6. Minkowski gives the asserted
norm. Thus the coefficient difference defines a self-adjoint Hilbert–Schmidt operator. Equality
of the coefficients proves the decomposition on finite vectors and then on the whole space by
boundedness and density.

For r ≥ m ≥ 1, decreasing integral comparison gives∑
q≥0

(r + q + 1)−4 ≤ 1
3r3 ,

∑
r≥m

1
3r3 ≤ 1

2m2 .

Convex midpoint comparison also gives
∑

r≥m(r + 1/2)−4 ≤ 1/(3m3). Combine these with the
full sum

∑
q≥0(q + 1/2)−4 = π4/6 and the two entry bounds to obtain ‖(I − Pm)KL‖ ≤ ‖(I −

Pm)KL‖HS ≤ ηL,m. Finally self-adjointness and KL − PmKLPm = (I − Pm)KL + PmKL(I − Pm)
give the safe factor two in the whole-operator error.

The approximation retains the exact infinite Hilbert principal channel. It is not a finite-Green
approximation of RL in operator norm. Requested finite KL entries still need directed coefficient
errors, and any solver or inverse for the Hilbert channel needs its own complete error bound.
Neither the compact remainder nor its norm controls the signed arithmetic Schur matrix without
those further estimates.

14 A complementary constant-shift certificate criterion
The vanishing-allowance criterion above and the criterion below retain the same original arithmetic
Weil form. They use different norms and different finite receiving constructions. In particular, the
fixed shift below is in the unweighted logarithmic profile norm, not in the theta-congruent norm.
Its use is justified by a uniform-semiboundedness argument, which we include in full. Each criterion
specifies its own operator, norm and finite verification test.

14.1 Uniform semiboundedness on the odd compact class

Let Q(f, g) be the original archimedean-minus-prime form on the logarithmic line, with Fourier
measure dξ/(2π). Thus its archimedean multiplier is m0 + a(ξ) and its arithmetic term retains
both translations for every prime power. Put

S1(f) = sup
u∈R

e|u| max{|f(u)|, |f ′(u)|}.

The argument below uses the compact and strong test classes throughout.

Lemma 14.1 (Mixed continuity and compact null approximation). There is an explicit finite
constant C∗ such that

|Q(f, g)| ≤ C∗S1(f)S1(g), C∗ = 17 + |m0| + 2
∑
n≥2

logn(1 + logn)
n3/2 .

The complex span of the odd functions

rt = 1
2(τtq0 − τ−tq0), q0 = (∂2

u − 1
4)ψ, t ∈ R,
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is dense in odd unweighted L2(R). Every rt is a strong two-moment-zero mixed null of Q, and
every finite linear combination can be approximated in S1 by smooth compact odd two-moment-zero
functions.
Proof. Since

∫
e−2|u|du = 1, the L2 norms of f and f ′ are at most S1(f). The digamma series gives

a(ξ) ≤ (ξ2/4)
∑

n≥0(n+ 1/4)−3 ≤ 17ξ2: the sum is at most 64 + (5/4)−3 + 1/{2(5/4)2} < 68. This
bound and Plancherel therefore bound the archimedean mixed term by (17 + |m0|)S1(f)S1(g). For
t ≥ 0, ∫

R
e−|u|e−|u+t|du = (1 + t)e−t.

Apply this to the two arithmetic translates at t = log n, use Λ(n) ≤ logn, and sum. The dis-
played series converges by the integral test. This proves continuity for the complete raw form,
without splitting a divergent bare prime diagonal. For completeness, each exponential moment
obeys |Mf(±1/2)| ≤ (8/3)S1(f), so adding both explicit-formula pole products costs at most
(128/9)S1(f)S1(g).

The theta Mellin identity gives
Mq0(z) = (z2 − 1

4)ξ(1/2 + z).
Translation multiplies this transform by an exponential. It still vanishes at both poles and every
centered nontrivial zero. The complete polarized explicit formula on the strong test class thus proves
mixed nullity, with zero multiplicities retained. Strong theta derivative decay pays all Mellin and
arithmetic limits. The Fourier transform of q0 is nonzero almost everywhere, since its entire xi
factor has only isolated real-frequency zeros and its polynomial factor has none.

If an odd h ∈ L2 is orthogonal to all rt, parity makes its correlation with τ−tq0 the negative of
its correlation with τtq0. Both correlations are therefore zero. Fourier uniqueness, applied to the
L1 product of their two L2 Fourier transforms, implies ĥ q̂0 = 0 almost everywhere and hence h = 0.
This proves the asserted density, not continuity of the Weil form in the unweighted L2 norm.

Choose even smooth compact cutoffs χR with uniformly bounded derivatives through order
three. Then qR = (∂2

u − 1/4)(χRψ) is even, compact and has both exponential moments exactly
zero, by integration by parts. Complete theta derivative decay gives S1(qR − q0) → 0. Translations
satisfy S1(τtf) ≤ e|t|S1(f). For each fixed finite sum, replace its finitely many translates of q0 by
translates of qR, choosing R after the sum and the desired tolerance are fixed. Antisymmetrization
preserves oddness and the two zero moments, proving the compact approximation assertion.

Proposition 14.2 (A uniform unweighted floor). RH is equivalent to the existence of one finite
K ≥ 0 such that

Q[f ] ≥ −K‖f‖2
2

for every smooth compact odd two-moment-zero test f , across all supports.
Proof. Fix such an f . By Lemma 14.1, choose finite odd mixed-null sums rn with ‖f − rn‖2 ≤ 1/n,
and compact odd two-moment-zero approximants gn satisfying

S1(gn − rn) ≤ {n[1 + S1(f − rn)]}−1.

Write en = gn −rn and vn = f−gn. Mixed nullity gives Q[f−rn] = Q[f ], whereas mixed continuity
gives

|Q[vn] − Q[f ]| ≤ 2C∗/n+ C∗/n
2, ‖vn‖2 ≤ 2/n.

The same floor applies to every compact admissible vn, even though their supports grow. It follows
that Q[f ] ≥ 0. The odd original-domain Weil criterion then gives RH. Conversely RH gives
positivity and the choice K = 0. This proof uses neither a support-dependent floor nor a global
L2-closed extension.
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14.2 The supported constant-shift operator

For g ∈ L2(0, L) use the odd-half unitary identification f(x) = g(x)/
√

2 for x > 0 and f(−x) =
−g(x)/

√
2. Then, with p(x) = sinh(x/2),

Mf(1/2) =
√

2
∫ L

0
p(x)g(x)dx, Mf(−1/2) = −Mf(1/2).

The sum of the two explicit-formula pole products is therefore −4|〈p, g〉|2. The complete raw
supported odd form is

BL = DL +RL +m0 − Car
L

on the full odd-half space, without a polar constraint. Its minimal supported closure and operator
domain are those in Lemma B.1, with bounded arithmetic added.

Theorem 14.3 (Complementary constant-shift RH criterion). Fix β > 0 and any increasing sup-
port sequence Lj → ∞. The following are equivalent:

1. RH;

2. BL + βI � 0 for every L > 0;

3. BLj + βI � 0 for every member of the sequence.

Under RH the stronger floor BL + βI � βI holds.

Proof. Under RH the zero-side form is a sum of squared absolute Mellin transforms. The exact
pole calculation makes the raw odd form equal to that nonnegative sum plus 4|〈p, g〉|2. Positivity
passes from compact tests to the same minimal supported closure, so BL � 0. Conversely every
compact odd polar-free test lies in each sufficiently large support. The complete supported forms
agree on this test under zero extension. Assertion 3 therefore gives the one uniform unweighted floor
Q[f ] ≥ −β‖f‖2

2. Proposition 14.2 proves RH. No nesting of finite Schur matrices or assumption of
global closability is used.

14.3 A complete finite receiving test with fixed margin

Put AL = BL +βI = DL +V sh
L and choose explicit bounds ‖V sh

L ‖ ≤ P and ‖[DL, V
sh

L ]‖ ≤ K1, with
domain preservation. The full-response commutator theorem and the complete paired-arithmetic
bound supply these hypotheses; the scalar shift has zero commutator. Fix a receiving floor τ > 0,
independently of β. Choose a certified finite prefix U = [e0, . . . , eN−1] such that

a(kN ) +m0 − ‖Car
L ‖ + β ≥ τ.

With Q = I − UU∗, the entire receiving operator T = QALQ on ranQ satisfies T � τI, because
RL � 0. Set H = U∗ALU , C = QALU , and αN = maxq<N a(kq).

Proposition 14.4 (No-polar cubic return enclosure). Define

G2 = PαN + (1 + P/τ)(K1 + P 2).

Let EN,m be the isometry onto modes N, . . . ,m− 1, m > N , and put

Xm = C∗EN,m(E∗
N,mALEN,m)−1E∗

N,mC.
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Then
0 � C∗T−1C −Xm � ϵmI, ϵm = G2

2{a(km)−3 + Pa(km)−4}.
A strictly positive directed lower enclosure of H−Xm − ϵmI certifies AL � 0 on its entire supported
domain. Under RH, ϵm ≤ β/4 and a two-sided center radius e ≤ β/8 leave an outward lower of at
least βI/2.

Proof. Here Q commutes with DL. The exact mixed map is C = QV sh
L U , so ‖C‖ ≤ P and

‖DLC‖ ≤ PαN +K1. For y = T−1C, coercivity and the operator equation give

‖y‖ ≤ P/τ, ‖DLy‖ ≤ P + P 2/τ.

Domain preservation and the bounded commutator imply that DLy = C − QV sh
L Qy belongs to

DomDL. Applying DL gives

D2
Ly = DLC −QV sh

L QDLy −Q[DL, V
sh

L ]Qy, ‖D2
Ly‖ ≤ G2.

This supplies the required second-graph regularity rather than assuming it for a generic bounded
perturbation.

Galerkin energy minimization uses the legal receiving trial obtained by retaining modes below
m in y. The omitted vector h obeys

〈h,DLh〉 ≤ a(km)−3‖D2
Ly‖2, ‖h‖2 ≤ a(km)−4‖D2

Ly‖2.

Adding the bounded perturbation fee proves the complete return estimate in finite coefficient order.
Schur square completion proves the certificate implication. Under RH, AL � βI, so its exact Schur
complement is at least βI. Subtracting ϵmI leaves at least 3βI/4. A center enclosure of radius e
followed by subtraction of eI can lose 2e, which leaves at least βI/2 under the stated guard.

Every finite coefficient in this test is effectively enclosable: the complete Green coefficient series
has its paid tail, every active arithmetic pair is retained, and the receiving finite matrix is coercive.
All inverse, coefficient and final matrix errors must be included in the directed lower. This gives
the complete finite-recognition test for the stated supported form.

For a sufficient explicit threshold take

a(km) ≥ max{1, P, (8G2
2/β)1/3}.

It gives ϵm ≤ β/4. For fixed β, choose τ = 1 and a near-threshold outward prefix. The complete
bounds yield P = O(eL + L), αN = O(eL) and K1 = O(LeL), hence G2 = O(e3L) and a sufficient
near-threshold choice has logm = O(e2L) for L ≥ 1. On L = 1

2 log(10 logM/π) + 2, this is
m = MO(1). Here M labels support growth in the fixed-shift realization. This trial-dimension
bound has the fixed conditional margin and unweighted norm of Theorem 14.3. Arithmetic precision
and validation costs enter separately in the directed finite test.

14.4 An arithmetic-only fixed-shift construction

The support-uniform response norm gives a further finite target for the same original positivity
question. Keep the unweighted odd-half coordinates and minimal supported domain of Section 14.
For a fixed β > π/2, define

AL,β = DL +m0 − Car
L + βI, δβ = β − π/2 > 0.

The complete arithmetic operator retains both killed translation orientations and the reflected odd
channel for every active prime power.
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Corollary 14.5 (Arithmetic-only RH criterion). Fix β > π/2 and any increasing sequence Lj → ∞.
The following are equivalent:

1. RH;

2. AL,β � 0 for every L > 0;

3. ALj ,β � 0 for every j.

Under RH,
AL,β � δβI uniformly in L.

In particular β = 2 has conditional margin greater than 2/5, and β = 3 has conditional margin
greater than 7/5.

Proof. Write the complete raw odd form as BL = DL + RL + m0 − Car
L . In the half-unitary

convention, the two explicit-formula pole products are −4|〈sinh(x/2), g〉|2. Thus under RH the raw
form BL is the nonnegative zero-side form plus the positive term 4|〈sinh(x/2), g〉|2. This proves
BL � 0 on compact odd tests and on its same minimal supported closure. Lemma 13.1 now gives

AL,β = BL + βI −RL � (β − π/2)I.

Conversely, cofinal positivity of AL,β gives BL = AL,β +RL − βI � −βI on each accepted support.
Every compact odd polar-free test belongs to all sufficiently large supports, and the complete
forms agree on it under zero extension. Hence the original raw form has one uniform lower bound
−β‖f‖2

2 on that compact class. The exact-null density and strong compact-approximation argument
of Proposition 14.2 converts this bound to original Weil positivity and RH. The stated rational
margins follow from π < 16/5.

Complete arithmetic and commutator bounds. Let

ΣL =
∑

2≤n<e2L

Λ(n)√
n
, Pβ = |m0| + β + 2ΣL, Kβ = (8 + 6π)ΣL.

Then VL,β = m0 − Car
L + βI preserves DomDL and

‖VL,β‖ ≤ Pβ, ‖[DL, VL,β]‖ ≤ Kβ.

Indeed each killed symmetric pair has norm at most two. The crosscut domain argument in Ap-
pendix C gives, before odd restriction, a commutator bound 4(2+π) for the supported archimedean
operator. Since that operator equals DL + RL on the odd sector, bounded subtraction and
Lemma 13.1 give for the same pair

‖[DL, (Tt + T−t)|odd]‖ ≤ 4(2 + π) + 4‖RL‖ ≤ 8 + 6π.

Bounded subtraction preserves the supported domain, and the killed-pair domain invariance is
supplied by the crosscut argument. Summation with the complete arithmetic coefficients proves
the two bounds above.
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Complementary complete-return implementations. The same domain and commutator
bounds allow Proposition 14.4 to be applied directly with V = VL,β, P = Pβ and K1 = Kβ.
Choose a DN prefix U and τ > 0 with a(kN ) + m0 − 2ΣL + β ≥ τ , put Q = I − UU∗, and set
H = U∗AL,βU , C = −QCar

L U . The proposition gives a complete finite Galerkin return enclosure;
its constants and induced error bounds are recomputed for these data.

A scalar receiving payment gives the complementary finite lower

Γ = H − τ−1C∗C, C∗C = U∗(Car
L )2U − (U∗Car

L U)2.

The first term integrates complete spatial output functions. The identity retains every prime-pair
and reflected mixed contribution. A positive directed lower for Γ proves positivity on the entire
supported domain by Schur square completion. This is the full-output construction used by the
evaluated arithmetic examples below. The following theorem gives an additional first-moment-only
test by paying the receiving return analytically at its prescribed cutoff.

14.5 First-moment certificates with analytic tail payment

The arithmetic-only realization admits a finite test involving its first moments alone. A prescribed
spectral cutoff and the complete first commutator bound pay the entire receiving return analytically.
This provides a simpler verification object alongside the complete-return constructions above.

Fix AL,2 = DL + VL, where VL = m0 − Car
L + 2I, and set δ0 = 1/5. Choose rational budgets

P ≥ 1 and K ≥ 0 satisfying
‖VL‖ ≤ P, ‖[DL, VL]‖ ≤ K.

The arithmetic domain invariance established above is retained. Explicit outward budgets are
available from

P ≥ 8 + 12eL, K ≥ 192eL;

Lemma F.1 below proves their elementary prime estimate. The dimension estimate below uses
rational budgets within one unit above these two elementary lower bounds. Sharper complete
budgets may also be used. Let n ≥ 1 be the least integer such that 4n ≥ 1 + P , and choose a
rational A between the following maximum and that maximum plus one:

A ≥ max

8, 16P,
[

1024(n+ 1)2(K2 + P 2)
δ0

]1/3
 . (61)

Choose an outward integer N with LeA/π ≤ N ≤ LeA/π + 2. All subsequent matrices use these
same choices. Rational enclosures of width less than one give these choices without deciding equality
of computable real numbers.

Theorem 14.6 (Core-only arithmetic certificate). Let U = [e0, . . . , eN−1] be the ordinary DN mode
isometry and put

HN = U∗AL,2U = diagq<N a(kq) + (m0 + 2)I − U∗Car
L U. (62)

If a complete directed lower enclosure certifies HN � I/5, then, on the entire original supported
domain,

AL,2 � 52
405

I >
1
8
I.
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For any prescribed increasing unbounded support sequence Lj, RH is equivalent to the existence
of these directed certificates at every Lj. Under RH, the exact cores satisfy HN � 2I/5. For the
near-threshold choices above, the sufficient matrix dimension is

logN = O(eL + logL), N = exp
(
O(
√

logM)
)

when e2L = O(logM), L ≥ 1.

The dimension bound concerns this finite verification object; precision and validation costs enter
separately.

Proof. Write Q = I − UU∗, C = QVLU and T = QAL,2Q|ran Q. The omitted diagonal satisfies
a(kN ) > A. For any rational τ ∈ [A/2, A/2 + 1], T � (A − P )I � τI. Once the finite premise
HN � δ0I is verified, Lemma F.2 gives the complete covariance payment

τ−1C∗C � 3HN/16.

Thus the true Schur complement satisfies HN − C∗T−1C � 13HN/16 � 13I/80. Moreover
‖T−1C‖ ≤ P/τ ≤ 1/8 and τ ≥ 8. Schur square completion, with triangular norm fee at most
(9/8)2, therefore yields the whole bound min(13/80, 8)(9/8)−2I = 52I/405.

Under RH, Corollary 14.5 gives AL,2 � (2 − π/2)I � 2I/5, hence the same floor for each
compression. Directed recognition has a strict margin: a Hermitian center with induced radius
e ≤ 1/20 has outward lower strictly above 3I/10. The possible center displacement and the
subtraction together cost at most 2e. Entrywise radii are first converted to an induced matrix
bound.

Conversely, successful tests on the prescribed cofinal supports give BLj = ALj ,2 + RLj − 2I �
−2I. Every compact odd polar-free test embeds in a sufficiently large support, with its original
unweighted norm preserved. The uniform-floor implication in Proposition 14.2 proves RH.

Finally P,K = O(eL) and n = O(L) permit A = O(eL) in (61). The outward choice of N gives
the displayed dimension bounds. The full proof of the relative payment and its domain requirements
is in Appendix F.

Complete finite entries. For t = log n ∈ (0, 2L) and wn = Λ(n)/
√
n, the arithmetic entry in

(62) is

(U∗Car
L U)ij = 2

L

∑
n<e2L

wn

[ ∫ max(0,L−t)

0
sin(kix) sin(kj(x+ t)) dx

+
∫ L

max(0,t−L)
sin(kix) sin(kj(x− t)) dx

]
.

The second sine itself implements odd reflection when its argument is negative. Both orientations
and every active prime power are retained. The identity 2 sin(kix) sin(kj(x+σt)) = cos((ki −kj)x−
σkjt)−cos((ki +kj)x+σkjt) gives exact finite primitives. When i = j, the zero-frequency primitive
is evaluated as a constant integral, with no division by an interval containing zero. The diagonal
is also directly enclosable through a(kq) +m0 = Reψ(1/4 + ikq/2) − log π. Thus the test uses only
signed arithmetic first moments and the known diagonal. Its cutoff supplies the analytic whole-tail
guarantee. The two evaluated certificates below retain their original complete Schur proofs and
specified cutoffs.
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14.6 A complete arithmetic-only supported certificate

The arithmetic-only criterion of Corollary 14.5 admits a complete finite calculation at the same
support used by the second SD example, now in the unweighted odd-half profile norm. Set

L = 1
2

log
(96 log 2

π

)
+ 1

10
, N = 256, β = 3,

and use the original minimal supported realization of

AL,3 = DL +m0 − Car
L + 3I, BL = AL,3 +RL − 3I.

Here U = [e0, . . . , e255] is the orthonormal DN core and Q = I − UU∗ is its entire receiving
complement.

Theorem 14.7 (Evaluated arithmetic-only certificate). At the stated support, AL,3 is nonnegative
on its complete odd supported domain. Consequently the complete raw odd form satisfies

BL � −3I.

Proof. The complete active prime powers are

{2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, 19, 23, 25}.

The arithmetic row bound can be verified directly in the unweighted logarithmic norm. On (−L,L)
use the positive even Schur weight h(x) = cosh(x/2). For x ≥ 0, define

pa(x) =
∑

n<eL+x

Λ(n), ha(x) =
∑

n<eL+x

Λ(n)/n,

pb(x) =
∑

n<eL−x

Λ(n), hb(x) =
∑

n<eL−x

Λ(n)/n,

where all sums run over the displayed active prime powers. The two killed translation orientations
give the weighted row price

r(x) = A(x) + exB(x)
1 + ex

, A = pa + hb, B = pb + ha.

Indeed their respective weight ratios are Λ(n)(1 + ex/n)/(1 + ex) and Λ(n)(1/n+ ex)/(1 + ex), with
the corresponding support indicators. Symmetry makes r even, and the complete paired operator
is symmetric on the full supported interval. Applying

2|v(x)v(y)| ≤ h(y)
h(x)

|v(x)|2 + h(x)
h(y)

|v(y)|2

to every paired shift proves its absolute quadratic-form bound by
∫
r(x)|v(x)|2 dx. Restriction

to the invariant odd sector, followed by the unitary odd-half identification, retains the reflected
channel and gives the same bound for Car

L .
The coefficients A,B are constant on each complete reference cell. The derivative of its row

price has the sign of B −A; both one-sided endpoint bounds therefore control the whole cell. The
verifier checks all 7,828 cells and their exact consecutive endpoints. The reference uses the identical
expression (

√
KA+ zB)/(

√
K + z), where K = e2L and z = eL+x. Consequently the exact dyadic
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upper rup gives ‖Car
L ‖ ≤ rmax := max rup. Monotonicity of the digamma diagonal gives, on the

whole suffix,

T = QAL,3Q � [<Ψ(1/4 + ikN/2) − log π − rmax + 3] I � τI, τ = 71111
65536

.

The directed bracket before I exceeds 1.0850825.
Define the complete finite matrices

B = U∗Car
L U, S = (Car

L U)∗(Car
L U), H = U∗AL,3U.

The diagonal and scalar terms preserve the DN core, so the exact mixed map is C = QAL,3U =
−QCar

L U and
C∗C = S − B∗B.

The full arithmetic-output Gram S is integrated on (0, L). The 19 arithmetic integration intervals
are formed from 0, L and the interior points logn, L− logn, logn−L. On each interval the action
columns are finite sine/cosine combinations. Their exact elementary antiderivatives, evaluated by
directed arithmetic, enclose every entry of S and B. The separate closed-form first-moment formulas
check all 65, 536 entries of B.

Inverse order therefore gives the complete Schur lower

H − C∗T−1C � Γar := H − τ−1(S − B∗B).

The scientific enclosures give 256 strictly positive directed pivots for Γar − I/10. The portable
verifier reconstructs the digamma diagonal, first moments and complete Schur matrix, reverses
the DN coordinate order, and checks the factorization independently. Thus Γar � I/10 in the
orthonormal core coordinates. Completion of squares against T � τI proves AL,3 � 0 on its entire
supported domain. Finally BL = AL,3 +RL − 3I and RL � 0 give the raw-form bound.

Scientific data and error bounds. The arithmetic-only companion contains the original 768-
bit directed enclosures for H, S, B, S−B∗B and Γar, together with the exact reference-cell data and
rational τ . The source Gram includes the entire arithmetic output before the finite-core subtraction.
The manifest identifies each scientific file and the prescribed support. The generator recomputes the
continuous elementary integrals; the independent verifier checks the complete reference, recomputes
every first moment from its separate closed-form identity and validates all 256 reversed-order pivots
at 2,048 bits. All coefficient, integration, subtraction, inverse-reference and factorization errors are
included in the interval operations. The margin 1/10 is used for the finite Schur inequality; whole-
domain positivity follows from its stated receiving bound and square completion.

14.7 A stronger arithmetic-only supported certificate

Increasing the DN core at the same support strengthens the supported lower bound in Theorem 14.7.
Set

L = 1
2 log(96 log 2/π) + 1

10 , N = 768, β = 2.

Use U = [e0, . . . , e767] and its entire orthogonal complement Q = I − UU∗ in the unweighted
odd-half realization.

Theorem 14.8 (Evaluated shift-two arithmetic certificate). At this support, AL,2 = DL + m0 −
Car

L +2I is nonnegative on its complete odd supported domain. The complete raw odd form therefore
satisfies BL � −2I.
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Proof. The active arithmetic shifts and the weighted-Schur majorant are those of Theorem 14.7: all
fourteen prime powers are retained. On each of the 7,828 reference cells, the price (A+ exB)/(1 +
ex) has constant-sign derivative, so checking both endpoints bounds the complete cell. The even
weight cosh(x/2) then gives ‖Car

L ‖ ≤ rmax on the full supported space and its invariant odd sector.
Monotonicity of the diagonal symbol on the entire DN suffix gives

QAL,2Q � t∗Q, t∗ = <Ψ
(

1
4 + i(768 + 1/2)π

2L

)
− log π − rmax + 2 > 1.18239457729109417.

The rational receiving bound τ = 77489/65536 satisfies 0 < τ < t∗.
Define the complete continuous-output moments

H = U∗AL,2U, J = U∗Car
L U, S = (Car

L U)∗(Car
L U).

Integration over all nineteen arithmetic panels encloses every entry of J and S, including all reflected
and killed-shift terms. The full mixed return is S − J∗J . The scientific interval matrices enclose

Γ = H − τ−1(S − J∗J).

Directed factorization of Γ − 1
10I gives all 768 strictly positive pivots. Thus the actual Schur

complement dominates Γ � 1
10I on the finite core. Completing the square with the positive entire

receiving suffix proves AL,2 � 0. Finally BL = AL,2 +RL −2I and RL � 0 give the stated raw-form
bound.

The companion supplies all 7682 = 589, 824 entries of each continuous moment matrix, the
exact receiving bound, and the interval Schur matrix. The independent verifier reconstructs every
arithmetic first moment from a separate closed formula, reconstructs all three Schur ingredients,
checks every reference cell, and reverses the core order before factorization. The coefficient 1/10 is
the finite Schur-core margin used in the completion-of-squares argument. The result strengthens
the supported raw lower bound from −3 to −2 at this fixed support.

Supporting certificate transfers. Section S22 of the technical supplement gives three comple-
mentary transfers for this arithmetic-only realization: complete-core representation with certified
pullback error, conditional completion of a polar-free raw bound by a smooth edge direction, and
local support extension from a positive whole-operator margin. Each retains its stated assumptions,
original profile coordinates and complete mixed-error payment.

15 Complete supported certificates
The principal evaluated moving-window instance below uses the original norm and the complete
receiving space. We first state its common construction, so its proof is independent of the earlier
numerical instance retained in the supplement, Section S23.

Fix an admitted support L > 0, integer Green rank J ≥ 0, ridge κ > 0 and integer DN prefix
length N ≥ 2. Let W/2 ≤ Wlow ≤ W be the certified theta floor and put

S = DL +RL,J +m0 − Car
L + κWlow.

The arithmetic operator retains every active prime power and both killed translation orientations.
Write p(x) = sinh(x/2) and pq = 〈p, eq〉. The columns

C = (ej − (pj/p0)e0)1≤j<N , F = [p, C], Q = projker F ∗
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give the full low-band polar-free intersection and its infinite receiver; the raw core Gram is GC =
C∗C.

For the reflection-symmetric weight ϕ(u) = e−u/2 +e−(2L−u)/2, applying 2|fg| ≤ |f |2ϕ(y)/ϕ(x)+
|g|2ϕ(x)/ϕ(y) to every arithmetic edge gives m0 −Car

L � m0 − r, where r is the complete finite row
sum. A receiving vector’s first N DN coefficients are parallel to the low-band pole projection. The
polar equation bounds their squared norm fraction by δN ≤ 9L3/[π4(N + 1/2)3]. Hence

DL|Q � ℓNI, ℓN = a(kN ) − δN {a(kN ) − a(k0)}.

Certified cell bounds rup ≥ r and α ≤ ℓN +m0, together with RL,J � 0, prove the whole receiving
inequality

T = SQ � dQ, d(x) = κWlow(x) + α− rup(x) ≥ d∗ > 0.

Here the admitted cell bounds include the uniform constant d∗ > 0.
Set G = F ∗d−1F and

Z = d−1 − d−1FG−1F ∗d−1.

The complete constrained inverse satisfies T−1 � Z on ranQ. If an invertible upper-triangular
dyadic conditioner R obeys ‖R∗GR − I‖ < δ, then G−1 � RR∗/(1 + δ). Here Ŝ denotes the full
ambient expression defining S, before restriction to p⊥. With E = Ŝ−d, retain all output functions
before forming

BE = C∗EC, KE = (EC)∗d−1(EC), H = F ∗C + F ∗d−1EC.

The identical ridge cancels symbolically in E. The complete zero-trial Schur lower is

Kcore � H∗G−1H −BE −KE � A := H∗RR∗H

1 + δ
−BE −KE . (63)

This is the constrained receiving comparison of Section C; all mixed terms and the polar row
are included. Positive directed pivots of an invertible congruence of A therefore prove S � 0 by
completion of squares against the full positive receiver. Finally RL −RL,J � 0, W −Wlow ≥ 0 and
f = sh, sWs = I, give qH [h] ≥ −κ‖h‖2

2 on the stated original supported domain. Instance-specific
cell and integral verification is indexed in the technical supplement.

15.1 The M24 complete moving-window certificate

The common construction gives the following evaluated moving-window instance in the original
norm. Its reference and constraint metric are computed at this support; its constants are specific
to M24. Put

M = 224, κ = 2−24, L = 1
2 log(4 logM/π) + 1

10 , J = 88, N = 660.

The exact full-theta floor and common partition are specified in the companion M24 scientific data
and verified in the technical supplement. Let

S24 = DL +RL,88 +m0 − Car
L + κWlow on p⊥, p(x) = sinh(x/2).

Theorem 15.1 (Evaluated M24 complete supported certificate). The form S24 is nonnegative on
the original minimal closed odd supported polar-free profile domain. Consequently every original
odd polar-free test supported in (−L,L) satisfies

qH [h] ≥ −2−24‖h‖2
2.
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Proof. Let C have the 659 columns ej − (pj/p0)e0, 1 ≤ j ≤ 659, set F = [p, C], and let Q project
onto kerF ∗. The common pole-leakage and complete arithmetic row bounds, with the M24 cell
data, give

T = (S24)Q � dQ, d = κWlow + α− rup > 1/200.

This is an inequality on the whole infinite receiving space. The 7,828 common cells retain all 14
active prime powers and both translated channels; the 88 retained Green features are positive. The
supplement gives their complete reference and weighted-Gram checks.

Write G = F ∗d−1F . The exact upper-triangular dyadic conditioner R, with positive diagonal,
satisfies

‖R∗GR− I‖ < 4.747 × 10−74 < δ, δ = 10−60.

Hence G−1 � RR∗/(1 + δ). With the complete output integrals BE ,KE ,H of (63), the same
constrained-inverse comparison gives the zero-trial Schur lower

K24 � A24 := H∗RR∗H

1 + δ
−BE −KE .

The data and replay in the supplementary section Verification of the second moving-window cer-
tificate give all 659 positive directed pivots after the invertible raw-core congruence PC = G−1

C R−∗
uu ,

where GC = C∗C and Ruu is the lower-right 659 × 659 core block of the M24 conditioner R.
Thus A24 � 0. Completion of squares against the positive whole receiver proves S24 � 0. Finally
RL − RL,88 � 0 and W −Wlow ≥ 0 imply Hf + κW � S24; the exact physical congruence f = sh,
sWs = I, proves the stated bound.

The complete evaluated cases are summarized in Table 2.

Table 2: Complete supported zero-trial certificates in the SD family.
Case Support half-width Constraints Core Allowance

M20 1.535391914 . . . 329 328 2−20

M24 1.626552692 . . . 660 659 2−24

The M24 case extends the evaluated support and reduces this family’s supported allowance by
a factor of sixteen. The M20 construction and its full certificate are retained in Supplementary
Section S23. Both cases use the support/reference family of Section 15; the quantified trial-size
bound for the distinct schedule (3) is not transferred to these examples. The two evaluated instances
are complete supported certificates; the cofinal assertion of Theorem 2.1 retains its unbounded-
sequence quantifier.

16 Complete fixed-support ridge continuation
The M24 certificate also supplies a continuous family at the same fixed support. With κ0 = 2−24,
the complete derivative-weight integrals and all 659 directions certify the interval

κ0 − h ≤ κ ≤ κ0, h = 1125889145388605
75557863725914323419136

.

Its lower endpoint is approximately 4.47036260082 × 10−8. The full constrained reference-inverse
Schur lower obeys κΓ′

κ � 3Γκ throughout this band. The complete derivative identity, downward-
loss estimate, capped-return comparison and numerical proof are in Supplementary Section S24.
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This extension has separate derivative primitives and exact congruences, identified in the scientific
data index. Support, constraints, Green model and legal trials stay fixed throughout its compari-
son.

17 Consequences and verification structure
The central finite criterion retains the original norm and converts each accepted complete matrix
certificate into a supported lower bound. Its unbounded-sequence condition reaches the original
odd Weil positivity endpoint. Table 1 records the distinct norms, references and evidence for the
complementary constructions.

The unconditional complete-covariance theorem, full-source null resources and high-frequency
criteria provide supporting analytic control. The fixed-strip criterion makes the sufficient precision
depend explicitly on the supplied zero-free width; its classical-input companion is independent of
that additional premise. Their actual constrained inverse and complete original-domain return are
proved in Appendix G.

The M24 example and its fixed-support ridge continuation supply evaluated instances with their
own complete error budgets. The arithmetic-only first-moment criterion gives a complementary
admitted finite test in its stated unweighted norm. Earlier numerical details, the alternative growing-
floor construction and packet-family estimates are indexed in the technical supplement. Each
retained conclusion uses its own full receiving comparison, constraints and norm.

A The odd original-domain criterion
We give the needed realization-specific reduction to the classical Weil criterion [22, 1]. For F (z) =∫
f(u)ezu du, the complete explicit formula has zero-side form

W [f, g] =
∑

ρ

F (ρ− 1/2)G(1/2 − ρ). (64)

The sum counts multiplicities. On odd real tests W [f ] = −
∑

ρ F (ρ − 1/2)2. The physical form
in (11) equals W [f ] + 2|F (1/2)|2 on odd tests; the polar term vanishes on K.

Lemma A.1 (Odd original-domain criterion). Nonnegativity of qH on V is equivalent to RH.

Proof. The theta Mellin identity, in the normalization (9), is

Mψ(z) = ξ(1/2 + z), Mψ′(z) = −zξ(1/2 + z), Mψ′(1/2) = −1/4.

Indeed, with t = e2u and A(t) =
∑

n≥1 e
−πn2t, one has ψ = eu/2(4t2A′′ + 6tA′). Two integrations

by parts on 0 < t < ∞, initially for <s > 1, give

Mψ(s− 1/2) = s(s− 1)
2

∫ ∞

0
A(t)ts/2−1 dt = ξ(s).

Theta inversion gives the entire continuation. For any compact smooth real odd f , put g =
f + 4F (1/2)ψ′. Its polar moment is zero and its transform agrees with F at every nontrivial zero,
so W [g] = W [f ].

Here g/s belongs to the original minimal domain. To see this directly, take even smooth cutoffs
χR and a fixed compact real odd b with Mb(1/2) = 1. Set gR = χRg −M(χRg)(1/2)b. Then gR is
in the exact polar compact core. Complete theta derivative envelopes give

‖(gR − g)/s‖2 → 0, ‖(gR − g)′‖2 → 0.
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For example |ψ′| ≤ 40e|u|/2r3e−r and the lower bound (12) give an integrable upper 800e|u|r4e−r

for |ψ′/s|2. The derivative atom polynomials are −8r3 + 30r2 − 15r and 16r4 − 112r3 + 165r2 −
75r/2. Their absolute coefficient bounds for r ≥ π > 3, and consecutive atom ratios, give |ψ′′| ≤
160e|u|/2r4e−r. These complete tails pay both limits. Bounded cutoff derivatives and the vanishing
compact moment correction preserve them. The bound a ≤ 17ξ2 now gives convergence in (10).

The same tails give exponential-weighted L1 convergence of gR − g and its first derivative.
Integration by parts therefore gives

sup
|<z|≤1/2

(1 + |=z|)|M(gR − g)(z)| −→ 0.

The zero count implies
∑

ρ(1 + |=ρ|)−2 < ∞, so the complete quadratic zero sum converges as well.
Passing the compact explicit formula to the limit yields qH [g/s] = W [g] = W [f ]. Thus positivity
on V implies W [f ] ≥ 0 for every real odd compact smooth f .

Suppose an off-line centered zero σ0 = δ+ iγ exists, with δ, γ > 0 by symmetry. Nontrivial real
zeros are absent because the alternating eta series gives ζ(s) < 0 for real 0 < s < 1. Fix Γ > γ + 1.
An even real polynomial P annihilates every zero orbit in |=σ| ≤ Γ except the quartet of σ0, and
P (σ0) 6= 0. Choose real a, b with iP (σ0)(a+ bσ2

0) = 1, possible because =σ2
0 6= 0. Put

FT (z) = iP (z)(a+ bz2)[eT (z−iγ)2 − eT (z+iγ)2 ], T ≥ 1.

This entire function is odd and real type. It is the bilateral Laplace transform of a real odd Gaussian
multiplied by polynomial and trigonometric factors. At each fixed T , even compact cutoffs of that
physical function converge in exponential Schwartz seminorms. Repeated integration by parts gives
transform convergence with every polynomial vertical decay uniformly on |<z| ≤ 1/2. The zero
count Nζ(Y ) = O(Y log(Y + 2)) therefore permits dominated convergence in (64), so W [fT ] ≥ 0.

At σ0,
e−T δ2

FT (σ0) = 1 − e−4T γ2+4iT δγ −→ 1.

The target quartet, of multiplicity m, contributes −4m<FT (σ0)2 ∼ −4me2T δ2 . All other zeros in
the finite window are annihilated. For exterior zeros put dρ = ||=σρ| − γ| > 1. A fixed polynomial
envelope bounds their squared transform by

C(1 + |=σρ|)2De2T (1/4−d2
ρ) ≤ Ce−3T/2(1 + |=σρ|)2De−(d2

ρ−1).

The full remaining zero sum is O(e−3T/2) by the same zero-count bound. The negative quartet
dominates, a contradiction. This proves RH. Conversely, RH makes (64) a sum of squared absolute
transforms on the polar core; original form closure extends positivity to V .

B The supported Green realization
The supported Green realization used in Theorem 2.1 follows the positive exponential construction
of Li [11]. Its domain identification is included here. The complete physical-tail estimate and finite
certificate construction are proved in Appendix C. All arithmetic sums below include every active
prime power. Optional critical carriers are empty, and the original polar restriction is retained.

B.1 Exact realization and domain

On the odd-half unitary space L2(0, L) put

cj = 2j + 1
2 , kq = (q + 1

2)π/L, eq(x) =
√

2/L sin(kqx), DLeq = a(kq)eq.
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Lemma B.1 (Complete Green realization). The minimal zero-extended supported archimedean
form equals DL +RL, where

RL =
∑
j≥0

rj ⊗ rj , rj(x) = 2 sinh(cjx)√
e2cjL + 1

, (65)

0 � RL, ‖RL‖ ≤ CL := L+ π/2. (66)

The associated operator domain is DomDL; finite DN spans are an operator graph core.

Proof. The positive digamma difference expansion is

a(ξ) =
∑
j≥0

(
2
cj

− 2cj

c2
j + ξ2

)
.

For the Dirichlet half-line and Dirichlet–Neumann interval Green functions,

G∞,c(x, y) = e−c|x−y| − e−c(x+y)

2c
,

GDN,c(x, y) = sinh(cmin(x, y)) cosh(c(L− max(x, y)))
c cosh(cL)

,

direct subtraction gives 2c(GDN,c − G∞,c) = rc ⊗ rc. For z = 2L − x − y > 0, the sum kernel is
bounded by ∑

j≥0
e−cjz = e−z/2

1 − e−2z
≤ 1 + 1

2z
.

The constant kernel has norm L; the Carleman kernel [2(u + v)]−1, u = L − x, has Schur bound
π/2 with weight u−1/2. All positive partial sums therefore converge strongly to the bounded RL in
(66).

The identity first holds on smooth compact odd tests. To identify its closure, extend a finite
DN combination oddly across zero and evenly across L, with period 4L. Cut it off in endpoint
layers of width ε and mollify preserving parity. The reflected error has Ht norm O(ε1/2−t) for
every fixed 0 < t < 1/2: rescale each bounded smooth boundary bump in the fractional Sobolev
norm. The bound a(k) ≤ Ct(1 + k2)t, from the logarithmic symbol estimate, shows convergence in
the diagonal form norm. Conversely smooth compact tests have rapidly decreasing DN coefficients.
Finite sequence truncation is a form core of DL; hence the original minimal closure is precisely
DL + RL. Boundedness of RL then gives its operator domain and graph core. This argument
retains the supported realization, rather than silently imposing a different endpoint domain.

At fixed L, the original positive smooth s has positive minimum. Thus s±1 are bounded on
this interval. The original physical congruence is exactly Sh = sSfs, with physical norm ‖h‖2.
The polar condition becomes f ⊥ p, p(x) = sinh(x/2), in profile coordinates. Restrict the closed
forms to this subspace, retaining their minimal supported closure; one can enforce the constraint
on the smooth approximants by subtracting a fixed compact test with nonzero polar pairing. Finite
bounded arithmetic and ridge terms preserve these domain statements. No condition number is
assumed uniform as L grows.
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C Proofs for the finite-verifiable criterion
All forms use the original supported minimal closure and its exact polar restriction. Lemma B.1
proves Hf = DL + RL + VL, the domain DomDL, and the finite-DN graph core. The arithmetic
bound follows from the complete weighted Chebyshev estimate in Section 4. The construction
below combines that realization with positive form order, constrained inversion, and a complete
residual identity.

C.1 Uniform theta brackets and the dyadic floor

For x ≥ 0, put r = πe2x, t = (1 + e−x)/2, and

Θ(x) =
∑
n≥1

(4r2n4 − 6rn2)e−rn2
, W = t/Θ.

Every summand is positive. Write q1 = (4r2 − 6r)e−r and

W1 = t/q1 = (1 + e−x)er

4r(2r − 3)
.

Lemma C.1 (Whole-theta brackets and variation). On x ≥ 0,

q1 ≤ Θ ≤ (129/128)q1, (128/129)W1 ≤ W ≤ W1, |(logW )′| < 21πe2x. (67)

Proof. Since r > 3, q1 ≥ 2r2e−r. For n = 2, 4 log 2 < 3; for n ≥ 3, 4 log n ≤ 4(n − 1) ≤ n2 − 1.
Thus

Θ − q1
q1

≤ 2
∑
n≥2

n4e−r(n2−1) < 2
∑
n≥2

e−2(n2−1) ≤ 2e−6

1 − e−10 <
5971968

1073682775
<

1
128

.

The penultimate inequality uses e > 8/3. This proves the first two bounds for the entire series.
Termwise differentiation, justified by uniform Gaussian tails on finite intervals, gives

Θ′(x) =
∑
n≥1

(−8y3 + 28y2 − 12y)e−y, y = rn2.

For y ≥ 3 the absolute polynomial is at most 20y3. Also
∑

n≥1 n
6e−r(n2−1) < 2: for n ≥ 2,

6 log n ≤ 2n2, and the remaining tail is bounded by

∑
n≥2

e3−n2 ≤ e−1

1 − e−5 < 16/31 < 1.

Consequently |Θ′/Θ| < 20r. Finally |t′/t| ≤ 1/2, proving the logarithmic derivative bound.

Let KL = 21πe2L. Partition [0, L] into cells of length at most h ≤ log(4/3)/(2KL). At each left
node use directed evaluation 0 < a ≤ W1 ≤ b, b/a ≤ 17/16. The complete-theta node enclosure

aj = (128/129)a ≤ W ≤ b = bj , bj/aj ≤ 2193/2048 < 4/3

then needs only the elementary expression W1. Choose an exactly represented positive dyadic dj

with
(9/10)aje

−KLh ≤ dj ≤ aje
−KLh,
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and put Wlow = dj on that cell. The nonempty strict interior of this interval permits a finite
certified dyadic choice. Logarithmic variation gives

dj ≤ W (x), dj

W (x)
≥ (9/10)(aj/bj)e−2KLh ≥ 81/160 > 1/2.

Thus W/2 ≤ Wlow ≤ W as multiplication operators. One sufficient cell count is d2KLL/ log(4/3)e.
At each fixed L, both potentials are bounded. Their jumps change the operator by a bounded
multiplier and preserve the supported form and operator domains.

C.2 The whole physical Green response

Lemma C.2 (Complete physical sandwich). For EJ = RL − RL,J , 0 < η < L, and σ2
η =

ess supL−η<x<L s(x)2,

0 � sEJs �
{√

(L+ π/2)σ2
η + 3

√
e−2cJ η

2cJ(1 − e−4η)

}2

I. (68)

Proof. Use the ambient L2 edge and interior projections Pe = 1(L−η,L), Pi = I − Pe. Since 0 �
EJ � RL,

‖E1/2
J Pes‖ ≤

√
L+ π/2ση.

On the interior 0 ≤ rj(x) ≤ e−cj(L−x), whence Tonelli and the complete positive feature sum give

Tr(PiEJPi) ≤
∑
j≥J

e−2cjη

2cj
≤ e−2cJ η

2cJ(1 − e−4η)
.

Use ‖s‖∞ < 3 for the interior factor, and apply the operator triangle inequality before squar-
ing ‖E1/2

J s‖2 = ‖sEJs‖. All cross terms are included. Positive partial sums pass monotonically
to the bounded response. The characteristic functions act only in L2, so no multiplication of a
form-domain vector by a discontinuous cutoff is required. Restriction then preserves every polar
constraint.

All response indices are chosen outward as in (3); finite interval refinement supplies such an
integer without deciding an exact-ceiling equality. Here are the explicit admissions. Write U =
logM , λ = logU , ρ = U + 8λ. For M ≥ 220, 13 < U , 2 < λ, and logU ≤ U/4. The last inequality
follows at 13 from log 13 < 3 < 13/4, and then by differentiation. Thus ρ ≤ 3U , η < 1/2, and

CL = L+ π/2 < 1
2λ+ 5

2 < 2λ.

The width satisfies L > 1. Indeed its derivative has the sign of U(λ2 − 2) + 8λ(λ − 2) > 0. At
U0 = 20 log 2, ρ/π > (40/3 + 16)/4 = 22/3 > 4, λ0 < 3, and hence L(U0) > log 2 + 1/3 > 1.

At the edge start πe2(L−η) = ρ. The complete theta envelope s(x)2 ≤ 169e4x−πe2x , decreasing
for x ≥ 0, therefore gives

σ2
η ≤ 169(ρ/π)2e−ρ ≤ 169

MU6 , CLσ
2
η ≤ 338λ

MU6 .

Moreover 4Jη ≥ ρ, 2cJ ≥ ρ/η, and 1 − e−t ≥ t/(1 + t) imply

2cJ(1 − e−4η) ≥ 4ρ
1 + 4η

>
4
3
U, τJ := e−2cJ η

2cJ(1 − e−4η)
≤ 3

4MU9 .
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Applying (a+ b)2 ≤ 2a2 + 2b2 in (68) proves

∆J ≤ 676λ
MU6 + 27

2MU9 ≤ 1024λ
MU6 , M∆J ≤ 1024

U5 <
1024
135 <

1
4
.

These elementary inequalities prove (8) for every admitted integer, not just asymptotically.
The complete lower form satisfies SM � Hf +M−1W . Under original Weil positivity, its exact

physical congruence is

SM,h = Hh − sEJs+M−1sWlows �
( 1

2M
− ∆J

)
I � I/(4M).

Equivalently SM � W/(4M) � I/(36M). The bounded response and potential changes preserve
the same original minimal supported closure. Compact polar-free exhaustion uses the exact physical
row s(x) sinh(x/2), as in the proof of the odd criterion.

C.3 The small-support intersection core and receiving floor

The scalar symbol bounds needed below follow directly from

a(k) =
∑
j≥0

2k2

cj(c2
j + k2)

.

For k ≥ 1, comparison with the decreasing integral gives a(k) ≥ log k; separating j = 0 and
bounding the remaining sum by its integral gives

a(k) ≤ 5 + log(1 + k), k ≥ 0. (69)

For the lower bound, the integral over c ∈ [1/2,∞), divided by the spacing 2, is 1
2 log(1+4k2) ≥ log k.

For the upper, the first summand is at most 4; the remaining integral is at most 1
2 log(1 + 4k2) ≤

log 2 + log(1 + k).
Let p̄ = p/‖p‖, Pn be the first n DN projection, and δn = ‖(I − Pn)p̄‖2. Integration by parts

gives the exact coefficients

|〈p̄, eq〉|2 = cosh(L/2)2

L(sinhL− L)(1/4 + k2
q )2 . (70)

For L ≥ 1, the ratio cosh(L/2)2/(sinhL−L) decreases: its derivative is −L sinhL/[2(sinhL−L)2].
Its value at 1 is below 9, since cosh 1 < 2 and sinh 1−1 > 1/6. The first-term-plus-integral estimate
of the remaining fourth-power series therefore yields, for n ≥ 1,

δn ≤ 9L3

π4(n+ 1/2)3 = 9
πk3

n

.

If f ⊥ VM and f ⊥ p, its low-frequency component is proportional to PNM
p. The exact polar row

and Cauchy–Schwarz give ‖PNM
f‖2 ≤ δNM

‖f‖2, hence

DL[f ] ≥ {a(kNM
) − δNM

[a(kNM
) − a(k0)]}‖f‖2.

Put X = BM + β + 1 > 2. Since kNM
≥ eX , the decreasing function [5 + log(1 + k)]/k3 and (69)

give
δNM

[a(kNM
) − a(k0)] ≤ 9

π
(X + 6)e−3X < 3(X + 6)e−3X ≤ 24e−6 < 3/8.
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The deliberately generous X + 6 bound follows from log(1 + eX) < X + 1. Thus DL on the whole
receiving complement exceeds BM + β + 5/8. Dropping only the positive retained responses and
using VL � −BMI proves

TM � βI +M−1QMWlowQM . (71)

This proof is safe for every larger outward NM .
For completeness write vq = 〈eq, p〉, v0 > 0. The finite generating list wj = v0ej − vje0,

1 ≤ j < NM , has Gram v2
0I + vtailv

∗
tail. By (70) and cosh(L/2)2/(sinhL− L) > 1/2,

condGw ≤ ‖p‖2

v2
0

< 2L(1/4 + π2/(4L2))2 < 37L, L ≥ 1.

Its inverse square root defines a computable exact profile isometry. All inputs remain finite DN
combinations.

C.4 Constrained step inversion and the full residual

Let F = FM , Q = QM , d = dM , and Gd = F ∗d−1F . Since F ∗F = I and d is a finite positive step
multiplier,

d−1
maxI � Gd � d−1

minI.

Thus the finite inverse is both well-defined and susceptible to directed verification with an explicit
lower bound. For g ∈ ranQ, the function

z = d−1g − d−1FG−1
d F ∗d−1g

satisfies F ∗z = 0 and Qdz = g. It is the solution for the restricted multiplier form dQ. The same
formula annihilates F , so it defines Z = (dQ)−1 extended by zero. From (71), inverse form order
gives

0 � T−1
M � Z, ‖Z‖ ≤ β−1.

Write Hc = U∗
MSM UM , C = QŜM UM , and K = Hc −C∗T−1

M C. For a legal operator-domain Y ,
QY = Y , the complete residual identity is

K = (UM − Y )∗ŜM (UM − Y ) − (C − TMY )∗T−1
M (C − TMY ).

This follows by expanding both squares and cancelling all linear and quadratic Y terms. As
rY = C − TMY = QŜM (UM − Y ) and ZF = 0, replacing T−1

M by Z yields exactly

K − ΓM (Y ) = r∗
Y (Z − T−1

M )rY , 0 � K − ΓM (Y ) � β−1r∗
Y rY .

The positive receiving block makes this Schur identity valid even when the core block is indefi-
nite. Acceptance retains the complete ambient action covariance, not a square of a finite output
compression.

C.5 Computable trials, complete entries, and strict acceptance

Finite DN sums form a graph core for DL. Formula (70) also shows p ∈ DomDL, because a(kq) =
O(log(2 + q)) and the coefficient squares are O(q−4). Restriction to p⊥, and then to the finite-DN
core complement, has the expected operator domain: the off-diagonal rows against these finitely
many domain vectors are bounded. More explicitly, 〈p,DLf〉 = 〈DLp, f〉, and the same identity
holds for the finite core columns. Thus their removed row components are bounded in ‖f‖2, making
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the ambient and restricted graph norms equivalent on the constrained domain. All other terms in
ŜM −DL are bounded at fixed M .

For a true receiving-domain f , DN truncation converges in this graph norm. Exact pole correc-
tion using e0, followed by projection off the finite core, preserves graph convergence and finite-DN
structure. The corrections in (7) are graph-continuous and act identically on true receiving vectors.
Dyadic finite-DN proposals therefore give a computable graph-dense trial family. Each column of
T−1

M C belongs to the receiving operator domain. Approximating these finitely many columns by
that family makes ‖C − TMY ‖ → 0.

We spell out finite evaluability. The function d−1 is a finite step function. For finite-DN
inputs, diagonal actions are finite sine sums; each retained response is an explicit exponential; each
killed prime translation is a finite sine expression on its overlap panels. The odd-half identification
supplies the reflected pieces as well. The potential action is another finite piecewise sine sum. Hence
every entry in A∗

Y d
−1AY , F ∗d−1AY , Gd, and the form matrix uses finitely many sine, cosine and

exponential integrals over a common finite partition. For example, the entire expression∫ b

a
ezx dx = eza(b− a)

∑
m≥0

[z(b− a)]m

(m+ 1)!

has an explicit exponential-series remainder and includes z = 0. It avoids an equality decision at
a vanishing denominator. Outward panel endpoints and continuous zero-overlap limits similarly
handle coincident shift endpoints.

All scalar coefficients are computable with directed errors. The displayed positive series for a(k)
has tail at j ≥ R at most 2k2[c−3

R + c−2
R /4], by its first term and integral. Logarithms, exponentials,

trigonometric functions and square roots have their usual convergent rational enclosures. The Euler
constant entering m0 may be enclosed between Hn − logn−1/n and Hn − logn. Finite-dimensional
positive square roots and inverses can be enclosed using the explicit Gram lower bounds. The
outward arithmetic index may be chosen within two of e2L; any additional killed shift has zero
overlap on the actual support. Consequently a finite certificate contains directed bounds for every
scalar, node, height, action, constraint inverse, and final matrix.

Under RH the complete lower form is at least I/(36M) in profile norm. Minimization over
the entire receiving space with fixed core coefficient therefore gives K � I/(36M). The residual
tolerance ‖rY ‖2 ≤ β/(72M) proves ΓM (Y ) � I/(72M). The computable graph core attains this
tolerance at each fixed M . Directed refinement of the finitely many entries can attain any positive
error radius. With ‖Γ̂ − ΓM (Y )‖ ≤ e ≤ 1/(288M), the lower matrix obeys Γ̂ − eI � I/(144M).
This proves conditional fixed-instance completeness and finite recognition by a strict positive matrix
test. Conversely, every accepted certificate gives a complete original-norm allowance M−1; cofinal
exhaustion proves Theorem 2.1.

C.6 A quantitative complete receiving-return enclosure

We prove Theorem 2.2. Write ŜM = DL + B, where

‖B‖ ≤ h = CL +BM +M−1erL/(2r2
L).

The potential bound follows from the first theta term, as detailed below. For the normalized polar
row, cosine Parseval and integration by parts give

∑
q≥0

k2
q |〈p, eq〉|2 = ‖p′‖2,

‖p′‖2

‖p‖2 = sinhL+ L

4(sinhL− L)
< 4, L ≥ 1.
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The derivative ratio is decreasing, and the last inequality follows at 1 from sinh 1 > 7/6 > 17/15.
The preceding symbol integral gives a(k) ≤ 4 + 1

2 log(1 + 4k2) ≤ 4 + 2k. Hence a(k)2 ≤ 32 + 8k2

and ‖DLp̄‖ ≤ 8. For F = [p̄,UM ] this proves the dimension-independent estimate

‖DLF‖ ≤
√

64 + α2.

The graph-domain argument above identifies DomTM = DomDL ∩ ranQM . For y = T−1
M f , f ∈

ranQM ,
DLy = f −QM By + F (DLF )∗y, ‖DLy‖ ≤ G‖f‖.

Also C = QM ŜM UM obeys ‖C‖ ≤ α+ h.
Let Pm be the first m DN projection, m ≥ NM , and set z0 = (I − UM U∗

M )e0. Then z0 lies
in the first NM modes, ‖z0‖ ≤ 1, DL[z0] ≤ α, and 〈p, z0〉 = 〈p, e0〉 6= 0. For y = T−1

M f , the legal
approximation

wm = Pmy − z0
〈p, Pmy〉
〈p, e0〉

∈ Wm

retains both the polar and core constraints. Put h = (I − Pm)y and ζ = 〈p, Pmy〉/〈p, e0〉 =
−〈p, h〉/〈p, e0〉. The high and low pieces of y − wm = h + z0ζ are orthogonal in both L2 and the
diagonal form. Thus

‖y − wm‖2 ≤ (1 +R0)‖h‖2, DL[y − wm] ≤ DL[h] + αR0‖h‖2.

The exact pole formula gives

R0 = L(sinhL− L)
cosh(L/2)2

(
1
4 + π2

4L2

)2

< 16L.

Indeed the hyperbolic ratio is below 2, π2 < 10, and 2(1/4 + 10/4)2 = 121/8 < 16. Since a is
increasing,

‖h‖2 ≤ a(km)−2‖DLy‖2, DL[h] ≤ a(km)−1‖DLy‖2.

On the same receiving domain these estimates imply

TM [y − wm] ≤ {a(km)−1 + P∗a(km)−2}‖DLy‖2.

Let Y = T−1
M C and Ym = VmT

−1
m Bm. The classical Galerkin energy projection [5] gives orthog-

onality in the complete TM energy:

0 � X −Xm = (Y − Ym)∗TM (Y − Ym).

Apply its best-approximation property to wm, for each common core coefficient vector. The graph
bound for T−1

M then proves

0 � X −Xm � G2{a(km)−1 + P∗a(km)−2}C∗C � ϵm(α+ h)2I.

Every omitted receiving direction is priced by this error. The full C∗C is an optional sharper
payment; the printed scalar alternative uses the complete bound ‖C‖ ≤ α+ h.

For the specified outward mM , kmM ≥ etM and a(kmM ) ≥ tM ≥ max(1, P∗). Consequently

ϵmM (α+ h)2 ≤ 2G2(α+ h)2

a(kmM )
≤ 1

72M
.

This proves the conditional margin and the strict finite enclosure in Theorem 2.2. The entries
of Hc, Tm, Bm are finite-DN form integrals with the same step and shift panels already described.
Their receiving matrix has the explicit floor β. They therefore admit finite directed inversion and
error bounds.
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C.7 Actual arithmetic commutators and the sharper return bound

We prove Corollary 2.3, including the support-domain identification. On the full line let A = a(D)
and use the bounded nonnegative partial multipliers

An = an(D), an(ξ) =
∑
j<n

{2/cj − 2cj/(c2
j + ξ2)}.

Their off-diagonal kernel is −Kn(|x− y|), with

0 ≤ Kn(d) ≤ e−d/2

1 − e−2d
≤ e−d/2 + 1

2d
.

Across a half-line cut, write the distances as u, v > 0. The exponential cross kernel has rank one
and norm 1; the Carleman kernel 1/[2(u+ v)] has norm at most π/2. The commutator consists of
a cross block and its negative adjoint, so its norm is at most 1 + π/2. For the interval projection
P = 1(−L,L), subtraction of the two half-line projections gives uniformly in n,L

‖[An, P ]‖ ≤ c∗ := 2 + π. (72)

The diagonal constants cancel before this estimate.
For f ∈ DomA, Anf → Af , and (72) bounds ‖AnPf‖ uniformly. Monotone convergence of

an(ξ)2|P̂ f(ξ)|2 proves Pf ∈ DomA. Strong limits then give the bounded commutator [A,P ]. The
off-diagonal blocks PA(I −P ) and (I −P )AP are bounded by c∗. Removing their self-adjoint sum
from A yields a self-adjoint block-diagonal operator on DomA. Its interval part AI has domain
DomA ∩ ranP , and represents the restricted full-line closed form.

This is the original minimal supported realization. Indeed the block argument also bounds every
interval projection uniformly in the norm ‖f‖2 +‖A1/2f‖2. Interior interval cutoffs converge in that
norm: prove it first on the global Schwartz core, where a boundary strip of width ε has Ht norm
O(ε1/2−t), 0 < t < 1/2, and then use the uniform projection bound and density. The logarithmic
multiplier is bounded by every positive Sobolev power. An interior-supported vector can then be
mollified, with convergence by Fourier dominated convergence and with support retained. Even
mollifiers preserve odd parity. Thus compact smooth odd tests are a form core of the odd restricted
form. Lemma B.1 identifies this same closure with DL +RL.

Let τa be full-line translation and Ta = PτaP the actual killed translation on ranP . Both P and
τa preserve DomA; translation commutes with A. On the compressed domain the exact identity is

[AI , Ta] = −PA(I − P )τaP + Pτa(I − P )AP.

It proves ‖[AI , Ta]‖ ≤ 2c∗ for every real a. Only the pair Ta + T−a is restricted to the odd
sector. It has norm at most 2, preserves the odd supported domain, and the half-unitary identity
DL = AI |odd −RL gives

‖[DL, (Ta + T−a)|odd]‖ ≤ 4(2 + π) + 4CL. (73)

There is no shift-size singularity. Triangle inequality in this commutator estimate retains every
active prime power, while the arithmetic operator in the form keeps its actual signed coefficients.

We also pay the other components. For a step b on (0, L), each jump at t has

‖[DL, 1(t,L)]‖ ≤ 2CL, ‖[DL, b]‖ ≤ 2CL TV(b).

To prove the first estimate, use the finite digamma identity Dn = AI,n|odd −RL,n. In half-interval
coordinates the opposite-side kernel of AI,n is bounded by 1+1/[2(u+v)], giving norm at most CL.
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The RL,n commutator costs at most CL. Uniformity in n, followed by the same diagonal monotone
convergence argument, proves both preservation of DomDL and the stated bound. Sum the jumps
to obtain the variation estimate.

For the finite Green terms,

‖rj‖2 ≤ (2cj)−1, ‖r′
j‖2 ≤ 2cj , ‖DLrj‖2 ≤ 16/cj + 16cj .

These follow from the explicit exponential profiles and the same DN cosine Parseval estimate
used for p. Hence ‖DLrj‖‖rj‖ ≤

√
8/c2

j + 8 < 7. The rank-one commutator identity then gives
‖[DL, RL,J ]‖ ≤ 14J , with domain preservation. If ncell is the potential cell count, an explicit bound
for the whole perturbation B is therefore

K1 = 14J + [4(2 + π) + 4CL]
∑

2≤n<e2L

Λ(n)√
n

+ 4CLM
−1ncell‖Wlow‖∞ ≥ ‖[DL,B]‖.

(74)

Here TV(Wlow) ≤ 2ncell‖Wlow‖∞; monotonicity of the heights is unnecessary. Every component
preserves DomDL.

Put PF = FMF ∗
M , KF =

√
64 + α2, c = α+ h, and define

F1 = α2 + hα+K1 +KF c, G2 = F1 + (h +KF )Gc+ (K1 +KFh)c/β. (75)

The complete forcing C = QM ŜM UM belongs to DomDL, with ‖DLC‖ ≤ F1: expand DLQM (DL +
B)UM , using ‖DLPF ‖ ≤ KF and DLB = BDL + [DL,B]. For y = T−1

M f with f ∈ DomDL,
the previously proved identity DLy = f − QM By + PFDLy has its right side in DomDL. Thus
y ∈ DomD2

L, and applying DL yields

‖D2
Ly‖ ≤ ‖DLf‖ + (h +KF )‖DLy‖ + (K1 +KFh)‖y‖.

With f = Cv, this proves ‖D2
LT

−1
M C‖ ≤ G2, including every finite polar/core projection term.

For the same legal approximation wm as above,

DL[h] ≤ a(km)−3‖D2
Ly‖2, ‖h‖2 ≤ a(km)−4‖D2

Ly‖2.

The complete Galerkin energy identity now proves

0 � X −Xm � G2
2{a(km)−3 + P∗a(km)−4}I.

The threshold in Corollary 2.3 pays this by 1/(72M). On the actual support schedule, the el-
ementary weighted-prime bound, the response and cell counts, and M−1‖Wlow‖∞ = Mo(1) give
K1 = Mo(1). Consequently G2 = Mo(1) and logm(2)

M = M1/3+o(1), completing its proof.

C.8 Representation growth

For (3),

e2L = ρe2/λ/π = (1/π + o(1)) logM, J = O(logM log logM), L = O(log logM).

The elementary arithmetic budget gives B = O(
√

logM), so logN = O(
√

logM) and N = Mo(1).
Also KL = 21πe2L = O(logM), proving the cell count in Proposition 2.4. The first theta term gives
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s(x)2 = Θ/t ≥ 2r2e−r; this last function decreases for r ≥ π. With rL = πe2L = (1 + o(1)) logM ,
any profile isometry E therefore has

I/9 � E∗WE � erL

2r2
L

I, cond(E∗WE) ≤ 9erL

2r2
L

= M1+o(1).

These are representation and metric bounds for the stated core and profile isometries. The explicit
residual tolerance governs trial enrichment and finite precision in each certificate.

For the quantitative energy-return construction, the same potential bound gives h = Mo(1) on
the actual schedule. The certified near-threshold core index has α = O(BM + 1), while R0 =
O(LM ). Thus G,P∗, (α + h)2 = Mo(1), and the explicit tM is M1+o(1). Choosing mM within
two above its displayed threshold gives logmM = M1+o(1), as asserted. This trial-size bound
quantifies conditional completeness; all scalar, matrix inversion, and final enclosure precisions are
paid separately in the finite certificate.

D Unrestricted derivative nulls and exterior response pairing
The derivative nulls in Lemma 9.1 also satisfy an uncompressed distributional equation. This ex-
tension concerns the same original null family. We retain the normalization Mf(z) =

∫
R f(x)ezx dx

and Fourier measure dξ/(2π), with inner products conjugate-linear in their first argument. Write
ηj = szj = (∂2

x−1/4)ψ(2j+1). The transform identity and complete derivative tails are those already
proved in Lemma 9.1 and Appendix A.

Define the full signed geometric expression by

Ageof(x) = (a(D) +m0)f(x) −
∑
n≥2

Λ(n)√
n

{f(x− logn) + f(x+ logn)}

+
∫
R

2 cosh((x− y)/2)f(y) dy.
(76)

For compact input the prime sum is locally finite. For the theta-tail inputs ηj it converges locally
absolutely with every derivative. The expression is interpreted distributionally; no global self-
adjoint realization of its infinite prime convolution is assumed. The pole term in (76) is part of
the definition. On odd tests its quadratic form is −2|Mf(1/2)|2, so the expression agrees with the
complete Weil zero form in (64), rather than with the pole-free geometric form on an unrestricted
test class.

Proposition D.1 (Unrestricted distributional annihilation). For every fixed j ≥ 0 and every
g ∈ C∞

c (R),
〈ηj ,Ageog〉 = 0.

Equivalently Ageoηj = 0 in distributions on R.

Proof. Use the polar-preserving approximants already employed in Lemma 9.1, now before division
by s:

ηj,R = (∂2
x − 1/4)(χRψ

(2j+1)),

where χR is even with fixed-width transition and uniformly bounded derivatives of each fixed
order. These functions are compact, smooth, odd, and have both polar moments exactly zero.
The complete theta derivative bounds give convergence to ηj in every fixed exponentially weighted
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derivative L1 seminorm and in every fixed Hk. In particular repeated integration by parts yields,
uniformly in R and |<z| ≤ 1/2,

|Mηj,R(z)| ≤ Cj,N (1 + |=z|)−N for each fixed N.

For odd compact g, polarize the complete compact explicit formula with ηj,R in the first inner-
product slot. Its zero side is ∑

ρ

Mg(ρ− 1/2)Mηj,R(1/2 − ρ).

The zero count and the uniform strip estimates give an absolutely summable majorant counting
every multiplicity. The limit of each term is zero, since

Mηj(z) = (z2 − 1/4)(−z)2j+1ξ(1/2 + z)

vanishes at both polar points and at every centered nontrivial zero; the reflected conjugate argument
is another such zero. Multiplicity repeats the same vanishing value and introduces no derivative
premise.

The geometric limit is also justified directly. The H2 convergence and 0 ≤ a(ξ) ≤ 17ξ2 control
the archimedean pairing. For x in a fixed compact interval [−b, b], the complete theta tails and the
cutoff derivative bounds give, uniformly in R and large n,

|ηj,R(x± logn)| + |ηj(x± logn)| ≤ CnC exp(−cbn
2).

Thus the entire prime pairing is dominated by a convergent series
∑

n Λ(n)nC−1/2 exp(−cbn
2).

Scalar terms converge, and polar cross terms vanish exactly. Dominated convergence proves the
assertion for odd g without a polar restriction on g. Even g gives zero by parity of every term in
(76); decomposition proves the general case. Symmetry of the distributional expression identifies
the equivalent annihilation statement. No finite zero list or prime truncation is used.

Proposition D.2 (Complete exterior identity). Let I = (−b, b) and let u, extended by zero, be
odd and belong to the actual minimal supported local geometric operator domain. Suppose that its
constrained equation inside I is

Ageou = λu+ βup, p(x) = sinh(x/2), λ ∈ R.

Then
λ〈ηj , u〉I = −〈ηj ,Ageou− βup〉R\I . (77)

Every prime and polar term in the exterior pairing is retained and absolutely integrable against ηj.
The entire exterior response need not belong to ordinary L2.

Proof. The domain and supported-closure identification in Appendix C gives an L2 archimedean
action inside I. Outside I, the off-diagonal kernel of a(D) is exactly

−J(x− y), J(t) = e−|t|/2

1 − e−2|t| , t 6= 0.

Indeed the positive digamma series has summands 2/cj − 2cj/(c2
j + ξ2), and the inverse Fourier

transform of its second term is −e−cj |t| away from the diagonal. Near either endpoint the cross
kernel is bounded by a bounded remainder plus 1/[2(s + t)], for positive distances s, t to that
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endpoint. The Carleman part has L2 norm at most π/2, by Schur weights t−1/2; the remaining
local kernel is bounded and the far kernel decays exponentially. Hence the cross map from L2(I)
to L2(R \ I) is bounded.

These interior and exterior pieces represent the full archimedean distribution, including the
endpoints. To see the last detail without assuming a global operator domain, logarithmic symbol
growth gives a(D)u ∈ H−ϵ(R) for every ϵ > 0. The assembled interior/exterior action is in L2.
Their difference is supported at the two endpoints. A point-supported distribution is a finite sum
of delta derivatives, none of which belongs to H−ϵ(R) when 0 < ϵ < 1/2. The difference therefore
vanishes. Fourier symmetry now justifies the archimedean pairing with the Schwartz function ηj .

For arithmetic, change variables to the compact input interval and use the complete theta bound
to obtain ∑

n≥2

Λ(n)√
n

∫
I

|u(y)| |ηj(y ± logn)| dy < ∞.

This follows from ‖u‖L1(I) < ∞ and the same nC exp(−cbn
2) majorant. It pays every far-prime

translate and permits reversal of the full sum. The pole grows at most like e|x|/2, whereas ηj has
every exponential moment, so its pairing is absolute and can also be reversed. Together with the
scalar and archimedean parts, Proposition D.1 gives

〈ηj ,Ageou〉 = 〈Ageoηj , u〉 = 0.

Split inside and outside I, substitute the stated local equation, and use the global identity 〈ηj , p〉R =
0. The interior polar moment need not vanish separately. Moving it to the exterior gives (77), with
the displayed βup term and sign.

These propositions extend the derivative nulls to unrestricted tests and complete exterior re-
sponses. For packets null for an operator with a subtracted critical-value correction, that cor-
rection remains in the equation. An application to quantitative boundary observation uses the
exact exterior identities together with an observation norm and remainder estimates for the actual
eigenresponses.

E Supported unweighted growth and zero-free half-planes
The fixed-shift criterion of Theorem 14.3 uses one uniform unweighted lower bound across supports.
This appendix quantifies the corresponding implication when the allowed negative lower bound
depends on the support radius. The argument combines the complete Weil explicit formula [22, 4]
with the classical singularity principle for nonnegative Laplace transforms. Related eventual-sign
criteria for zero-free half-planes appear in Suzuki’s shifted screw-function formulation [20, Section
11, Theorem 11.1].

For a smooth compact profile f write

Mf(z) =
∫
R
f(u)ezu du, ‖f‖2

2 =
∫
R

|f(u)|2 du.

On profiles satisfying Mf(1/2) = Mf(−1/2) = 0, put qgeo[f ] = Q[f ], with the complete
archimedean-minus-prime form Q of Section 14. The compact explicit formula (64) identifies this
form with its complete zero sum. Let Z be the set of distinct centered nontrivial zeros σ = ρ− 1/2,
and write mσ for their positive integer multiplicities. The Fourier measure remains dξ/(2π).
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Proposition E.1 (Supported growth controls zero locations). Fix a ≥ 0. Suppose that, for every
ε > 0, there are constants Cε ≥ 0 and Lε such that

qgeo[f ] ≥ −Cεe
(a+ε)L‖f‖2

2 (78)

for every L ≥ Lε and every real odd f ∈ C∞
c (R) supported in [−L,L] with Mf(±1/2) = 0. Then

every nontrivial zeta zero satisfies
<ρ ≤ 1 + a

2
.

In particular, the hypothesis with a = 0 implies RH.

Proof. Choose a real even g ∈ C∞
c (R), supported in [−r, r], with both polar moments zero, and

put G = Mg. For R > r define

fR = τRg − τ−Rg, τRg(u) = g(u−R).

This test is real, odd and polar-free, has support in [−(R + r), R + r], and its disjoint translated
supports give

‖fR‖2
2 = 2‖g‖2

2, MfR(z) = 2 sinh(Rz)G(z). (79)

The complete zero form on a real even test has summands G(σ)2; on a real odd test it has summands
−Mf(σ)2. Using the symmetry σ 7→ −σ, define

Cg(R) =
∑
σ∈Z

mσe
2RσG(σ)2 =

∑
σ∈Z

mσ cosh(2Rσ)G(σ)2.

Conjugation symmetry makes Cg real for real R. Expansion of sinh2 in the complete explicit
formula yields

qgeo[fR] = 2qgeo[g] − 2Cg(R). (80)

For every fixed integer n ≥ 0, integration by parts gives

|G(z)| ≤ Ag,n(1 + |=z|)−n, |<z| ≤ 1/2.

Together with the multiplicity-counted zero bound Nζ(T ) = O(T log(T + 2)), this proves∑
σ mσ|G(σ)|2 < ∞. Thus the sum defining Cg converges absolutely, locally uniformly for real R,

and satisfies |Cg(R)| ≤ Age
R for R ≥ 0. In particular it is continuous. Applying (78) at L = R+ r

and using (79)–(80) gives
Cg(R) ≤ qgeo[g] + Cε‖g‖2

2e
(a+ε)(R+r).

After enlargement of a constant on a compact initial interval,

Cg(R) ≤ Kg,εe
(a+ε)R, R ≥ 0. (81)

For <s > 1, absolute convergence permits termwise Laplace integration:

Fg(s) =
∫ ∞

0
e−sRCg(R) dR =

∑
σ∈Z

mσG(σ)2

s− 2σ
. (82)

The right side converges normally on compact subsets avoiding its discrete pole set. Indeed the
high-zero denominators are bounded below by a constant times their heights, whereas G has arbi-
trary inverse-power vertical decay. It therefore defines a meromorphic continuation with residue
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mσ0G(σ0)2 at s = 2σ0. This continuation is holomorphic on the positive real axis: nontrivial real
zeta zeros are absent, as recalled in Appendix A.

We recall the positive-Laplace singularity principle with its elementary proof. If h ≥ 0 is locally
integrable and its Laplace integral has a finite real convergence abscissa α, the transform has a
singularity at the real point α. Otherwise, let it continue holomorphically to a disk of radius
r about α and set s0 = α + r/4. Its Taylor series at s0 converges at s0 − u, where u = r/3.
Differentiation in the convergence half-plane and Tonelli’s theorem give∑

n≥0

un

n!

∫ ∞

0
Rne−s0Rh(R) dR =

∫ ∞

0
e−(s0−u)Rh(R) dR < ∞.

All Taylor terms in this real direction are nonnegative, while s0 −u = α−r/12 < α, a contradiction.
The derivatives under the integral are justified by a smaller positive convergence margin.

Fix b > a and choose ε > 0 with a + ε < b. Equation (81) and continuity allow a constant
A > 0 such that

hb(R) = AebR − Cg(R) ≥ 0 (R ≥ 0), hb(R) ≥ (A/2)ebR for large R.

Its Laplace abscissa α is finite and lies between b and max{b, 1}. The transform has meromorphic
continuation

Hb(s) = A

s− b
− Fg(s).

If α > b, this expression is holomorphic near the real point α, contradicting the singularity prin-
ciple. Hence α = b, and the genuine Laplace transform is holomorphic throughout <s > b. By
meromorphic continuation the residue in (82) must therefore vanish at every pole in that half-plane.

Suppose now that a centered nontrivial zero σ0 has 2<σ0 > a. Choose b strictly between these
two numbers. Let ϕt be an even real smooth mass-one mollifier with compact support shrinking to
zero, and set gt = (∂2

u − 1/4)ϕt. Integration by parts gives both polar moments zero and

Mgt(σ0) = (σ2
0 − 1/4)Mϕt(σ0) −→ σ2

0 − 1/4 6= 0.

Fix a sufficiently small t. This one fixed admissible probe has a nonzero residue at 2σ0, contradicting
holomorphy for <s > b. Multiplicity contributes the positive integer mσ0 to this same residue. We
conclude 2<σ ≤ a for all centered zeros, which is the asserted closed boundary. For a = 0, functional
symmetry places every nontrivial zero on the critical line.

Corollary E.2 (Fixed-probe growth characterization). For a ≥ 0, the following are equivalent:

1. Every nontrivial zeta zero has <ρ ≤ (1 + a)/2.

2. For each fixed real even smooth compact polar-free g and each ε > 0, there is a finite Kg,ε ≥ 0
such that Cg(R) ≤ Kg,εe

(a+ε)R for every R ≥ 0.

Proof. Under the first assertion, absolute summation gives

|Cg(R)| ≤ eaR
∑
σ∈Z

mσ|G(σ)|2, R ≥ 0,

which proves the second assertion. Conversely, apply the positive-Laplace argument in the preceding
proof to a fixed detecting probe for each proposed zero with 2<σ > a. The second assertion supplies
exactly the one-sided bound (81) used in that argument, and the nonzero residue excludes that
proposed zero.
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The constants in the fixed-probe characterization may depend on the chosen probe and its
support. Proposition E.1 uses a single Cε for all admitted profiles at every sufficiently large sup-
port. These two quantifier patterns specify the respective supported-form and translated-probe
verification targets.

F Relative source energy and complete tail payment
This appendix proves the whole-tail payment used by Theorem 14.6. The spectral bands are proof
devices; the finite test in that theorem requires only the first-moment core.

Lemma F.1 (Elementary prime budget). For X ≥ 1,

∑
n≤X

Λ(n)√
n

< 6
√
X.

Consequently ΣL < 6eL.

Proof. For an integer h ≥ 1, Legendre’s valuation formula gives

vp

(
2h
h

)
=
∑
k≥1

(⌊2h
pk

⌋
− 2

⌊
h

pk

⌋)
.

Each summand is nonnegative and equals one when h < pk ≤ 2h. Writing Ψ(X) =
∑

n≤X Λ(n),
this proves Ψ(2h) − Ψ(h) ≤ 2h log 2. Dyadic telescoping and monotonicity give Ψ(X) < 4X log 2
for X > 1. Partial summation yields

∑
n≤X

Λ(n)√
n

= Ψ(X)√
X

+ 1
2

∫ X

1
Ψ(t)t−3/2 dt ≤ 8(log 2)

√
X − 4 log 2 < 6

√
X.

The case X = 1 is immediate, and restriction to the strict active cutoff proves the last assertion.
This is the elementary Chebyshev argument.

Lemma F.2 (Nikki’s Relative Tail-Payment Lemma). Let D � 0 be self-adjoint with an increas-
ing discrete eigenbasis. Let V be bounded self-adjoint, preserve DomD, and satisfy ‖V ‖ ≤ P ,
‖[D,V ]‖ ≤ K, where P ≥ 1 is rational. Let U contain its first N modes, Q = I−UU∗, and assume
that the first omitted diagonal is at least A. Put

H = U∗(D + V )U � δI, δ > 0, C = QV U.

Let n ≥ 1 be minimal with 4n ≥ 1 + P , and suppose

A ≥ max{8, 16P, [1024(n+ 1)2(K2 + P 2)/δ]1/3}.

For τ ∈ [A/2, A/2 + 1], the entire receiver satisfies Q(D + V )Q � τI and

τ−1C∗C � 3
16
H, H − τ−1C∗C � 13

16
H. (83)

Proof. Write VN = U∗V U and DQ = QDQ|ran Q. Since U reduces D, domain invariance gives the
actual operator identities

[H,VN ] = U∗[D,V ]U, DQC − CH = Q[D,V ]U − CVN .
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In particular C maps the finite source space into DomDQ. Let sj = 1/4 + j/(4n) and Ej =
1(−∞,sjA](H), j = 0, . . . , n. Adjacent thresholds have gap A/(4n), so the finite Sylvester integral
for the first identity gives

‖E⊥
j+1VNEj‖ ≤ 4nK/A.

The second identity has receiving-source gap at least A/2 on every Ej . To justify its Sylvester
integral, differentiate e−tDQCEje

tH|Ej . The domain assertion above justifies the derivative and the
terminal term decays at least as e−At/2.

Let cj = ‖CEj‖ and r = 2P/A ≤ 1/4. Splitting VNEj at Ej+1 and using the two gap bounds
gives

cj ≤ q + rcj+1, q = 2K/A+ 8nPK/A2 (j < n), cn ≤ 2(K + P 2)/A.

Iterating this finite recurrence proves

c0 ≤ q

1 − r
+ rn 2(K + P 2)

A
≤ 4(n+ 1)K

A
+ 2P

A
.

Indeed q ≤ (n + 2)K/A, (1 − r)−1 ≤ 4/3, (4/3)(n + 2) + 2 ≤ 4(n + 1), and P4−n ≤ 1. All
growing-band constants are explicit.

On E0, H � δI, while on E⊥
0 it exceeds AI/4. Thus ‖CH−1/2‖ ≤ c0/

√
δ + 2P/

√
A. Two

applications of Young’s inequality and τ ≥ A/2 yield

‖CH−1/2‖2

τ
≤ 128(n+ 1)2K2

δA3 + 32P 2

δA3 + 16P 2

A2 ≤ 1
8

+ 1
16

= 3
16
.

This bounds the complete mixed covariance, including low/high cross terms. Finally Q(D+V )Q �
(A− P )I � τI, since A ≥ 16P , P ≥ 1. Congruence by H1/2 proves (83).

The proof uses only the first commutator. Its narrow bands all lie between A/4 and A/2, so their
number can grow while the full-source Sylvester gap remains at least A/2. When P,K = O(eL),
the prescribed threshold has A = O(eL). This is the resource improvement used by the fixed-shift
core-only criterion. The complete-Galerkin and whole-source Gram tests remain complementary
constructions with their own admissions.

G Proofs for the high-frequency criteria
We use the Fourier convention and original paired closure of Section 3. In this appendix Nk = N16,k

is always the full gamma negative source and N>
k its part on |ξ| > 17.

G.1 A complete meromorphic bound and the finite-band return

Let F = −ζ ′/ζ, and let ξ denote the completed entire xi function. Its Hadamard product and
functional equation give

ξ′

ξ
(w) = B +

∑
ρ

w

ρ(w − ρ)
, B = log(2

√
π) − 1 − γE/2 ∈ (−1/40, 0),

∑
ρ

|ρ|−2 < 1/10. (84)

Here and below the zero sum counts multiplicity. For completeness, logarithmic differentiation at
0, 1 and the functional equation give

∑
ρ[ρ(1 − ρ)]−1 = −2B < 1/20. Absolute convergence follows
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from the classical zero count and the order-one product. The rigorous low-zero input in [8] implies
|=ρ| ≥ 2. For ρ = β + it, 0 < β < 1,

|ρ|−2

<(1/[ρ(1 − ρ)])
= (1 − β)2 + t2

t2 + β(1 − β)
≤ 5

4
.

Summing proves the last bound in (84). The elementary enclosures for π, γE give the stated interval
for B.

Put ℓ = log 16, s = 3/2 − iξ, and As(z) = 16zF>16(s + z), with the finite head as in (27). A
pole of F of residue c at ρ has q = s− ρ and contributes

c161−q

(1 − q)qk
(85)

to the difference between the first k alternating Taylor coefficients and evaluation at −1. This
follows by summing the geometric series of c16−q/(z + q); its constant evaluation term is retained.

On |ξ| ≤ 17, |z| ≤ 3, the variable w = s + z satisfies <w ≥ −3/2, |=w| ≤ 20, |w| ≤ 20.5. The
only singularities are the pole at 1 and the first simple zero pair ρ± = 1/2 ± iγ; trivial zeros start
at −2. Subtract all three principal parts of As. For the resulting analytic function Bs, we claim

sup
|ξ|≤17,|z|=3

|Bs(z)| < 20000000. (86)

Indeed all remaining zeros have |ρ| > 21, so |ρ|/|ρ − w| < 42. In (84) their absolute contribution
is at most 20.5 · 42/10. Removing the first pair leaves constants 1/ρ+ + 1/ρ− of modulus below 1.
The exact regular identity is

F (w) − 1
w − 1

= 1
2

Ψ(1 + w/2) − 1
2

log π − ξ′

ξ
(w).

For v = 1 + w/2, <v ≥ 1/4 and |v − 1| ≤ 10.25. The digamma series gives |Ψ(v)| ≤ 1 + 6|v − 1| ≤
62.5: its coefficient sum is bounded by 4 + log 4/(3/4) < 6. Thus the regular part after all three
subtractions is bounded by 1000 throughout the region. The finite head is at most 165/2 log 16.
Each of the three removable divided differences (16z −16ρ−s)/(z− (ρ−s)) is bounded by 163 log 16,
using its integral representation along the joining segment. Therefore

|Bs(z)| ≤ 163[1000 + 165/2 log 16 + 3 log 16] < 16715776 < 20000000,

as claimed.
The analytic Taylor tail at −1 is at most (3/2) 20000000 3−k. Equation (27) multiplies this

by 16. Each removed pole’s constant evaluation term cancels exactly against Bs(−1), leaving the
baseline F (s− 1). The completed functional equation gives 2<F (1/2 − iξ) = m0 + a(ξ) away from
the first zero pair. Hence

|m16,k(ξ) + 2<Tk(ξ) − Cγ,k(ξ) − C−γ,k(ξ)| ≤ 960000000 3−k, |ξ| ≤ 17, (87)

Tk(ξ) = 4eiℓξ

(1/2 + iξ)(1/2 − iξ)k
,

Cγ,k(ξ) = 2< ei(ξ+γ)ℓ

i(ξ + γ)(1 − i(ξ + γ))k
.

At ξ = −γ, the last real part has removable value 2(ℓ+ k). The complex principal part cancels the
corresponding one in F (s− 1), so (87) extends by continuity through both collars.
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Define the gamma tails

Qk(t) = e−t
∑
j<k

tj

j!
, Pk(t) = 1 −Qk(t), t ≥ 0.

Direct convolution of the inverse transforms of (1/2+iξ)−1 and (1/2−iξ)−k gives the inverse kernel

F−1(2<Tk)(x) = 2 cosh(x/2) − e|x|/2Pk(|x| − ℓ)1|x|>ℓ. (88)

Both theta-sandwiched terms are bounded. The first is rank two and annihilates the original space:
for f = sh, oddness gives

∫
f cosh(u/2) = 0 and polarity gives

∫
f sinh(u/2) = 0. For the zero pair,

the characteristic function of a Gamma(k, 1) variable and the transform of an interval give

F−1(Cγ,k + C−γ,k)(x) = 2 cos(γx){1 − Pk(|x| − ℓ)1|x|>ℓ}. (89)

Its full rank term is exactly Zγ on the odd polar space.
The complete theta envelope (12), with d = |u− v|, implies

|s(u)s(v)| ≤ 169e2d−πed
. (90)

To see this, first use x = |u| + |v| ≥ d and e2|u| + e2|v| ≥ 2ex, then the decrease of 2x − πex. Also
Pk(t) ≤ tk/k! ≤ 4−ke4t. Schur’s test bounds the two residual kernels in (88)–(89) by C164−k and
D164−k, where

C16 = 338 165/2e−16π

16π − 13/2
< 13 · 10−18, D16 = 676 162e−16π

16π − 6
< 7 · 10−18.

For example the first row bound is 338 16−44−k
∫∞

ℓ e(13/2)d−πed
dd; the derivative of its exponent is

at most 13/2 − 16π. The rational bounds follow from π > 3, e3 > 20: C16 < 692224/(83 2016) <
13 · 10−18 and D16 < 173056/(42 2016) < 7 · 10−18.

Finally the entire model exterior |ξ| > 17 satisfies

|Tk| ≤ 4(3/50)k+1, |Cγ,k| + |C−γ,k| ≤ 10
7

(17/50)k.

Here 2/
√

1157 < 3/50 and |ξ±γ| > 14/5 give 5/
√

221 < 17/50. The theta sandwiches cost at most
9, so these exteriors cost 72(3/50)k+1 and (90/7)(17/50)k. The same factor applied to (87) costs
8640000000 3−k. We have proved the full signed operator bound∥∥∥QbMs[1|ξ|≤17m16,k](D)MsQb − Zγ

∥∥∥ ≤ ϵk. (91)

Combining with (24) proves (50). All kernels used for this cancellation are bounded after the
original sandwich, so their compact-core identities extend on the original paired closure. The low
band is bounded at each k; removing it and adding the bounded row Zγ leaves the same form
domain V .

G.2 Moving contours and full-source asymptotics

The following single estimate also pays all high-frequency remainders. If Bs removes just the actual
pole at 1, and the disks |z| ≤ R < 1 have distance at least δ from every nontrivial zero, then (84)
gives, on |ξ| ≤ T ,

|ξ′/ξ(s+ z)| ≤ 1 + 1
10(T + 3)[1 + (T + 3)/δ].

68



The regular digamma term and the finite head have smaller bounds. The divided difference for the
removed pole is bounded by 16R log 16, independently of its imaginary position. Thus

m16,k = −2<Tk + Ek, sup
|ξ|≤T

|Ek| ≤ C(T + 3)2(1 + δ−1) R
1−k

1 −R
. (92)

The bounded pole baseline is −4eiℓξ/(1/2 + iξ) in the arithmetic evaluator; it, the finite head and
|m0 + a(ξ)| ≤ 6 + 17T 2 are included in Ek. This is a finite Taylor-sum estimate and uses no
evaluation at −1.

For an unconditional choice use [14, Theorem 1.3], in its weaker form β < 1 − [6 log |γρ|]−1 for
|γρ| ≥ 2. For T ≥ 4 put

δT = [24 log(4T )]−1, RT = 1/2 + δT < 3/5.

Zeros with |γρ| ≤ 2T have β < 1−4δT ; the remaining zeros have imaginary separation greater than
T − 3/5. Consequently all the disks are at distance at least δT from every nontrivial zero. Trivial
zeros are outside them. Equation (92) becomes

sup
|ξ|≤T

|Ek(ξ)| ≤ C(T + 3)2 log(4T )2ke−k/(24 log(4T )), (93)

using log(1 + 2δT ) ≥ δT .
For a fixed original vector with Schwartz physical profile f = sh, take T = k. The negative-part

Lipschitz inequality, the complete uniform symbol bound n16,k ≤ 6 + 32(log 2)2k, and the Schwartz
Fourier tail prove, for every fixed D > 0,

Nk[h] =
∫
R

(2<Tk)+|f̂(ξ)|2 dξ
2π

+Oh,D(2kk−D). (94)

The same argument applies to mixed entries of any fixed finite list of such profiles: integrate their
product in place of |f̂ |2. No complete source exterior has been removed without this payment.

If f̂(ξ) = cfξ
m +O(ξm+2), cf 6= 0, with m odd, rescale ξ = t/

√
k. The positive pole amplitude is

16 2k(1+4ξ2)−(k+1)/2, and its phase is ℓξ+(k−1) arctan(2ξ) = 2
√
k t+o(1) on compact t sets. The

periodic mean of (cos)+ is 1/π. Its absolutely convergent Fourier series and Gaussian domination
therefore give

Nk[h] ∼ 4 21/2−mΓ(m+ 1/2)
π2 |cf |22kk−m−1/2. (95)

Here
∫
R t

2me−2t2
dt = 2−m−1/2Γ(m + 1/2). Gaussian domination follows on a fixed small band

from log(1 + 4ξ2) ≥ cξ2; the complement is exponentially smaller. This also proves the upper
Oh(2kk−m−1/2) when only the indicated vanishing order is known.

For the raw null columns, differentiation gives exactly

ŝzj(ξ) = (−1)jξ2jF0(ξ), F0(ξ) = −iξ(ξ2 + 1/4)ψ̂(ξ), F ′
0(0) = c0 6= 0.

These profiles are Schwartz, by their full theta derivative tails. Apply (94) entrywise with arbitrary
D, then the same rescaling and periodic mean to (−1)i+jξ2i+2j |F0(ξ)|2. This gives exactly (51).
The powers ki+j in Dk are paid by choosing D > i+ j + 3/2 before taking the limit; no fixed-test
asymptotic is applied to a changing coefficient vector. For any nonzero a ∈ Cr,

a∗Mra = 8|c0|2

π2

∫
R
t2e−2t2

∣∣∣∣∣∣
∑
j<r

aj(−1)jt2j

∣∣∣∣∣∣
2

dt > 0.

Finite matrix-norm convergence proves Kr,k � cr2kk−3/2D−2
k , and hence the first bound in (52).

Constants and onset concern fixed r.
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G.3 Physical null transport and its actual constrained inverse

Suppress r, k temporarily. Put Vr = ZrK
−1/2
r,k , B = NkVr. Then V ∗

r NkVr = B∗Vr = I and
S = I − VrB

∗ is an oblique projection onto kerB∗ along ranZr. It preserves V and qH by genuine
associated-operator nullity. Expansion gives

S∗NkS = Nk −BB∗ � 0. (96)

The positivity follows equally from the source isometry E∗
kVr. If Π is the physical orthogonal

projection onto ranZr, S = S(I − Π) and its correction to (I − Π)h lies in the orthogonal space
ran Π. Therefore

‖S‖2 ≤ 1 + ‖V ∗
r Vr‖‖Nk‖, ‖V ∗

r Vr‖ ≤ Cr2−kk2r−1/2.

Theorem 5.1 now proves (52) and pays its product with κk + ek.
For each fixed k, S is bounded on K and preserves V . If x ∈ Fr,k and hn ∈ V converge to x in

the ambient norm, then Shn → x and Shn ∈ V ∩ Fr,k. This proves density in the closed physical
subspace. Its form domain is closed in the Ak form norm because Fr,k is closed in K. Thus the
restricted positive form and its inverse used in (47) are well-defined.

Let R = (Ak + κkI)−1, X = V ∗
r (Ak + κkI)Vr and C = B∗RB. Original nullity and (50) give

X = V ∗
r N

>
k Vr + V ∗

r (κkI −W>
k )Vr � I + (κk + ek)V ∗

r Vr.

Both X,C are positive definite. Restricting the variational supremum for 〈y,Ry〉 to vectors Vra
proves R � VrX

−1V ∗
r , whence C � X−1. This proves the finite inverse bound in (53) without a high-

only source Gram. Its inverse identity follows because R−RBC−1B∗R maps into kerB∗, annihilates
ranB, and solves the weak restricted equation against V ∩ kerB∗. Positive form congruence then
proves (47) with the complete source. For example C � κ−1

k ‖Nk‖I; the inverse bound is one-sided
and does not assert a condition number near one.

G.4 Gevrey density and high-source energies

Compact polar tests with Gevrey-2 physical profile are V -dense. To verify this exactly, take a
compact smooth odd polar profile f and an even compact Gevrey-2 approximate identity ρε. Set
fε = f ∗ ρε and hε = fε/s. One may use the normalized bump e−1/(1−x2)1|x|<1. Cauchy on a circle
of radius (1 − x2)/8, followed by optimization of t−ne−c/t, gives its Cn(n!)2 derivative bound and
flatness at the endpoints. Moving all derivatives to the mollifier proves the required bound for fε.
Oddness is preserved. Expanding sinh((u+ v)/2) in the convolution shows that its polar moment
equals(∫

ρε cosh(v/2) dv
)(∫

f sinh(u/2) du
)

+
(∫

ρε sinh(v/2) dv
)(∫

f cosh(u/2) du
)

= 0.

On a common compact support 1/s is bounded, and fε → f in H1. The bound a(ξ) ≤ 17ξ2 proves
hε → h in the original V norm. Combining with the original compact core proves the asserted
density.

For a fixed such profile, ‖f (n)‖1 ≤ CHn(n!)2 implies |f̂(ξ)| ≤ Che
−ah

√
|ξ| by integration by parts,

choosing n = b
√

|ξ|/(4H)c. Consequently its entire Fourier energy above T is at most Che
−a′

h

√
T

after polynomial absorption. The fixed raw null profiles have an even stronger bound:

|ŝzj(ξ)| ≤ Cje
−|ξ|/128. (97)
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Indeed the complete theta series is holomorphic in |=u| < π/4. On |=u| ≤ 1/128 each fixed
derivative is bounded by a polynomial in e|<u| times e−cπe2|<u| , from the Gaussian atoms and even
continuation. These bounds are integrable on both horizontal arms and tend to zero on the vertical
closing segments. The Fourier contour shift by ±1/128 proves (97). No division by theta occurs in
this step.

Under the fixed strip in Theorem 11.1, take its declared fixed R and δ = 3/2− b−R > 0. Every
zero is horizontally separated from every disk. Equation (92), with T = k4, gives

sup
|ξ|≤k4

|Ek(ξ)| ≤ Cb,Rk
8R−k.

On 17 < |ξ| ≤ k4 use the negative-part Lipschitz inequality; the pole amplitude is at most 8 17−k−1.
Above k4 use the complete symbol bound n16,k ≤ 6 + 32(log 2)2k and the Gevrey tail. Thus

N>
k [h] ≤ Ch,b,R{k8R−k + 2ke−ahk2 + 17−k}. (98)

Without a fixed strip, put T = k2 in (93); the same complete exterior argument gives

N>
k [h] ≤ Ch2k{k4 log(4k2)e−k/(24 log(4k2)) + e−ahk}. (99)

These are fixed-test energies and every frequency is covered.
It remains to justify these estimates on the moving repaired vectors, not to apply a fixed-test

limit to them. Write Sr,kh = h− Zrak. Equation (96) gives

a∗
kKr,kak ≤ Nk[h] ≤ C2k‖h‖2, ‖ak‖2 ≤ Ch,rk

2r−1/2.

By (97), each of the finitely many raw null profiles satisfies (98) or (99) with a common fixed
exponential constant. Positivity bounds their high Gram norm by the sum of its diagonal entries.
Finally

N>
k [h− Zrak] ≤ 2N>

k [h] + 2a∗
k(Z∗

rN
>
k Zr)ak

retains every mixed term. This proves (54)–(55) and completes the resource and criterion proofs.

G.5 The order-one threshold and fixed null-jet repair

We supply the remaining proofs without a uniform assumption on the conditioning of a changing
finite head.

Proof of Corollary 11.6. Fix an interval I ⊂ (0, 1) on which ψ̂ has no zero. The complete Abel
estimate in Section 7 gives, uniformly on I,

mM,1(ξ)/
√
M = −2 cos((logM)ξ)/(1/4 + ξ2) + o(1).

Consequently nM,1/
√
M is bounded below by a fixed positive constant where cos((logM)ξ) ≥ 3/4.

The source rows of the fixed raw null head are (−1)jξ2jF0(ξ). The indicator of this periodic set
has positive mean. Integration against each fixed C1 entry |F0|2ξ2i+2j converges to its mean times
the integral on I: integrate its zero-mean part against a bounded periodic primitive. The limiting
polynomial Gram is positive definite. Since the head length is fixed, entry convergence is matrix-
norm convergence. Dropping only positive source frequencies outside I proves Z∗

rNM,1Zr � cr

√
MI.

Thus ℓM = ‖V ∗
0,MV0,M ‖ = Or(M−1/2). The bound ‖NM,1‖ = O(

√
M) in Theorem 5.1 proves L2

M =
Or(1). Apply (56); the remainder dM,1 is exponentially small and ηMBQ,M ≤ ηM ‖NM,1‖ = o(1).
The cofinal original-domain endpoint proves the conclusion.
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Proof of Corollary 11.7. For a compact original test h the profile f = sh is odd and smooth.
Since F ′

0(0) 6= 0, the first m odd Taylor coefficients of f̂ −
∑

j<m aj(−1)jξ2jF0(ξ) can be set to
zero by one triangular system with nonzero diagonal F ′

0(0). The coefficients and repaired vector
Tmh = h−

∑
j<m ajzj are fixed, independent of k; genuine nullity preserves qH and V . The repaired

profile is Schwartz and vanishes at the origin to order at least 2m + 1. By (94) and the Gaussian
scaling used in (95),

Nk[Tmh] = Oh(2kk−2m−3/2).

This upper bound also covers a higher vanishing order, without dividing by its leading Taylor
coefficient. Apply the complete full-source comparison to Tmh and rearrange as in the proof of
Theorem 11.1. Choose the fixed integer m so that 2m + 3/2 > A. The excess times this source
energy tends to zero; (κk + dk)‖Tmh‖2 also tends to zero. Thus qH [h] ≥ 0 on the compact original
core, and closure and Lemma A.1 give RH.
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