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Abstract

We give constructive finite-verification criteria for the Riemann hypothesis (RH) through
arithmetic Weil positivity on its original domain. The central criterion expresses positivity
of the infinite-dimensional form through finite matrices with explicit control of its constraints
and entire receiving complement. RH is equivalent to strict certificates along an unbounded
sequence of growing supports; under RH, computable finite trial families recognize each ad-
mitted instance with specified residual and rounding tolerances. A complementary fixed-shift
criterion reduces verification to signed arithmetic first moments and a known diagonal at pre-
scribed spectral cutoffs. A first-commutator, relative-energy estimate pays the full infinite tail
analytically and gives a sufficient matrix-dimension bound exp(O(y/log M)) on its stated sup-
port scale. Complete-response commutator bounds and bounded profile regularization provide
alternative verification constructions. An unconditional complete-covariance estimate has order
M~1/2+¢ at prescribed polynomial ridges, uniformly over finite genuine-null restrictions. Two
complete shrinking-allowance examples retain every active prime power, constraint and mixed
term; the larger-support example reduces the supported allowance sixteenfold. Two arithmetic-
only examples and a continuous ridge interval give further evaluated certificates in their specified
realizations. Uniform unweighted lower bounds and support-growth estimates connect the com-
plementary constructions to the same original positivity endpoint. Realization-specific proofs,
quantitative error bounds, and scientific code and data are supplied for reproduction.
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1 RH through arithmetic Weil positivity

The Weil criterion expresses the Riemann hypothesis (RH) as positivity of a complete quadratic
form. A constructive use of this criterion requires finite calculations that control the original
infinite-dimensional form, including its constraints and the space outside the chosen finite core.
We give such finite-verification criteria in the original odd reciprocal-theta realization, retaining
the physical norm, polar condition and minimal closed domain. The central construction supplies
explicit growing-support certificates and conditional computable completeness. Complementary
constructions and a quantitative complete-covariance theorem support this same arithmetic Weil
positivity endpoint.

A finite-verifiable RH criterion. Theorem 2.1 constructs an explicit family on growing sup-
ported intervals. A candidate consists of a finite polar-free sine core, legal finite trial functions,
positive dyadic potential heights, and a strictly positive outward enclosure of one finite matrix
Iy (Y). The receiving complement is the entire orthogonal space outside the finite core and its
constraints. Its contribution is bounded in full by the constrained step inverse (5). The entry
formula uses a finite constraint-Gram inverse and explicit function integrals. The criterion is

RH <= strict finite certificates exist for an unbounded sequence of M.



Every accepted certificate gives the original supported lower bound gg[h] > —M ~!||h||3. Under
RH, every integer M > 220 has a strict certificate in a computable legal trial family. The theorem
specifies residual and rounding tolerances sufficient for acceptance. Theorem 2.2 further gives a
specified finite-matrix criterion, with a quantitative complete inverse-return error bound and an ex-
plicit sufficient trial dimension. Corollary 2.3 sharpens that dimension using a uniform commutator
estimate for every actual killed arithmetic shift pair.

The proof combines three explicit estimates. A complete physical Green-tail estimate is below
1/(4M) on the declared growing supports. A uniform whole-theta comparison and logarithmic
derivative estimate construct an exact positive dyadic floor between half and all of the physical
ridge. A finite-sine intersection core then bounds the polar projection error and bounds the entire
receiving operator below a restricted positive step multiplier. Complete residual algebra retains
all core, mixed, and tail terms. The analytic supporting proofs, including original closure and
computability, are internal to the main paper.

Complementary verification constructions. The complete Green response supplies shared
operator control. Lemma 3.1 bounds its norm by 7/2, uniformly in support; the complete com-
mutator and effective actions in Section 3 support bounded capped regularization with an exact
isometric constraint-Gram condition number at most two. These constructions retain their own
complete forms and finite error payments.

Section 4 gives a complementary route in the unweighted logarithmic profile norm. Exact-
null density and compact approximation turn one uniform unweighted lower bound into original
Weil positivity. The uniform Green bound then gives an arithmetic-only fixed-shift realization.
Theorem 4.6 simplifies its finite verification: at a prescribed cutoff, a directed first-moment core
Hy > I/5 implies the whole supported lower bound Apo = 521 /405. A relative source-energy
argument pays the complete infinite receiver and every mixed return analytically. The finite matrix
uses the exact DN diagonal and complete signed arithmetic first moments. Its sufficient dimension
is exp(O(y/log M)) when e?! = O(log M), with precision and validation costs treated separately.
Appendix F gives the first-commutator proof and elementary prime budgets. The technical supple-
ment develops supporting transfers for the arithmetic-only criterion: complete-core representation
with certified pullback error, conditional polar completion, and local support extension from an
accepted whole-operator lower bound.

The full-response, capped, constant-floor and original shrinking-allowance constructions sup-
port the same positivity subject through their specified norms and finite tests. Table 1 identifies
those recipients and the evaluated evidence. The alternative whole-source-Gram growing-floor
construction and controlled sparse support deduction are retained in Appendix G. The complete
Hilbert-principal-channel decomposition in Proposition 3.5 supplies a separate structural tool for
the full-response analysis.

The complete covariance estimate. Using Mellin cutoff averaging [8], a complementary for-
mulation starts from the averaged arithmetic realization

H = Py — Ny + Wy, Ny = EvEyy, Wl < dari

For any finite genuine-null space K, define ya (K k) = [[Eqy j(Pri + kD) Epr k|, using same-
form restriction and the actual source metric. Theorem 11.1 proves, for each fixed b > 0,

< Cyv/log M exp(48+/blog M)
—_ \/M )

sup [ar (B M) — 1] M > M, (1)



This is Op (M ~1/2+€) for every € > 0, uniformly over moving and growing finite genuine-null
restrictions. The proof keeps all negative-source frequencies and uses the complete arithmetic
source majorant, theta tails, the classical Vinogradov—Korobov prime-number error, and uniform
actual-inverse preimages.

Corollary 11.2 identifies the exact critical endpoint

RH <= liminf VM (v (Kp; MY — 1) = 0. (2)
—00

Genuine derivative nulls give complete source coordinates and signed trace or regularized certificates.
Factorial physical lift bounds and uniform small-set inverse estimates throughout [0, eAVIee M]  for
fixed A > 0, quantify these constructions. Corollary 12.5 proves RH from a complete complementary
cap ¢ < 1 and source-normalized physical lift cost o(v/M) for one sequence of genuine-null heads.
The covariance estimate is unconditional; its RH implication uses the joint complementary-gap and
physical-lift hypotheses. Appendix D further proves unrestricted distributional annihilation for the
original derivative nulls and the complete exterior pairing identity, retaining the constrained po-
lar correction. Appendix E relates uniform unweighted support-growth bounds to zero-free strips
through compact translated probes and a one-sided Laplace argument; its subexponential special-
ization gives another sufficient condition for the RH endpoint.

Evaluated complete certificates. Sections 2.1-2.2 give complete supported examples at two
moving windows in the SD reference family. The M24 case retains all 660 constraints and reduces
the original-norm allowance sixteenfold. Theoretical trial-size guarantees use their specified PS
schedule. Theorems 4.7 and 4.8 give two complete arithmetic-only Schur certificates, at 256 modes
with shift three and 768 modes with shift two. Their full spatial action Grams and receiving floors
are part of those evaluated proofs. Section 5 provides continuous-ridge control at its fixed support.
Each example thus tests a declared complete construction.

Relation to previous work and organization. The explicit formula and Weil criterion are the
number-theoretic foundations [19, 4, 1]. The original weighted realization, null compression and
certified lower bounds were developed in [14, 12, 15, 13]; their necessary realization-specific proofs
are reproduced here. The Green realization follows Li [9]. Finite Weil reductions and complete Schur
compensation also appear in [21, 11]. Schur elimination, constrained inverse order, factorization and
regularization are classical [20, 6, 18]. Related exact-form constructions use truncated preimages
and theta payments [16, Section 7], or collective covariance with pole compensation [3, Sections
6-7]. The full-response construction of bramble_trace [2] certifies strict positivity in both parity
sectors through support radius two. Our evaluated original-norm examples illustrate a different
shrinking-allowance certificate family; the growing-support completeness and uniform complete-
source covariance results are the principal quantitative contributions compared here. The cubic-
theta continuation work of B. Liu [10] gives the zero-free boundary 0.874957019420098946 . .. for
finite-order Hecke functions over Q(v/—3) and Dirichlet functions, with principal poles excluded.
Our constructive increment is the explicit original-domain certificate family with finite enclosable
entries, conditional fixed-instance completeness, and quantitative growing-support representation
bounds. The complete covariance estimate supplies a second quantitative description of the same
positivity endpoint.

Section 2 states and proves the central criterion, with its complete analytic construction in Ap-
pendices B—C. Sections 68 fix the original realization and elementary arithmetic estimates. The
subsequent sections prove the actual-inverse covariance theorem, signed genuine-null certificates,
and complementary controls. Section 15 assembles the verification roles and proof dependencies.



Appendix A proves the odd Weil equivalence. An indexed technical supplement contains the al-
ternative exact-response and reference-calibration methods, complete source/error contracts, and
reproducible numerical applications.

2 Finite-verifiable certificates for the Riemann hypothesis

We first give an explicit certificate criterion for original arithmetic Weil positivity. Every candidate
uses finitely many specified functions and finite matrices, with a proved price for the whole receiving
complement. The original odd Weil equivalence is proved in Appendix A; the complete construction
and supporting proofs are in Appendix C.

Original and profile coordinates. The original odd test is h, with ambient norm ||A||2, and its
logarithmic profile is f = sh. Here s> = ¢/ cosh(u/2), where, for u > 0,

P(u) = et/? 22(47",21 —6rp)e "™, = mnle??,
n>1

with even continuation. Thus ||h||3 = [z |f(uw)|*s(u)"2du. The odd-half unitary sends f to g =
ﬂf|(0,L), so |lgll2 = |Ifll2- In profile coordinates the original ridge is the multiplier M ~'W,
W = s72; in the original h coordinates it is M ~'I. The supported polar condition is g L sinh(xz/2).
Section 6 gives the full form and minimal-domain definition; the supported realization used here is
proved in Appendix B.

On the odd-half unitary profile space L?(0, L), put

p(z) = sinh(z/2), Fi=p", eq(x) =1/2/Lsin(kyz), kq=(q+ %)ﬂ'/L.
The original supported form has the exact realization
Hy =D+ Ry + Vg, Drey = a(kq)eq, W =s2.

Here a(k) = R¥(1/4 + ik/2) — ¥(1/4), mo = ¥(1/4) —logm, and R, = 3,507 @ rj = 0 is the
complete Green response, with ¢; = 25 + % and

e—¢i(L—z) _ o—cj(L+x)
) = T e

The support-uniform norm bound is proved in Lemma 3.1. The bounded Vj, = my — C}" contains
every active prime power:

[RL|| < /2.

A(n)
C¥ =Ur, |1,_ E ——=(Slogn + S—10gn)1(— us.
( L,L) peiTior \/ﬁ og og ( L7L) L

Thus both shift orientations and the reflected channel are retained. The exact physical coordinate
is f = sh, with the odd-half unitary map understood; the ridge M ~'W corresponds to M ~'I in
the original physical norm.



The explicit lower form. For every integer M > 220 set
Uy =log M, Ay = logUyy, v = Upnr + 8y,
nMZ)\]T/[l, LMZ%IOg(pM/ﬂ')—i-nM, Jur €N, pMAM/4§JM§pM)\M/4+2. (3)

Write Ry, j = 3y ®7;. An exactly specified positive dyadic step multiplier Wiey is constructed
below so that
W < Wigy <W.

Throughout this section every block is built from the same lower form
Sm = DLM + RLM,JM + VLM + M_1VV10W on ]:LM' (4)

An elementary full arithmetic budget is By; = 6 + 8(log2)el™. Fix 8 = 1, and choose a certified
integer Ny with
LMeBM+5+1/7T < Ny < LMeBM+B+1/7T—|— 2.

Such an outward choice is computable by interval refinement. Let Uj; be an exact profile isometry
onto
Vu :span(eo,...,eNM_l)ﬂpJ‘, dim Vy; = Ny — 1.

Define Fyy = [p/|Ipll, Unm], Qm = I — FyFfy, and

dy = B+ M~ Wigy,

Zy = dyf — dyf Fy(Frpdyf Far) P Frpdy (5)
Only a finite constraint Gram is inverted in this formula.

Theorem 2.1 (Finite-verifiable RH criterion). The complete receiving operator Thr = Sir|ran Qyy
satisfies
where Zyr is extended by zero on ran Fyy. For any legal finite-DN trial map Y, QupY =Y, put
Ay = Sy (Upy = Y),
Car(Y) = (Upr — Y)*Su(Ups — V) — AL Zy Ay (6)

Here Sy is the full ambient expression in (4); all output functions are retained. Any certified
Hermitian lower enclosure L'y (Y) = T'p(Y) with Ly (Y) > 0 proves

qulh] > —M~"hl3

for every original polar-free test supported in (—Lpr, Lay).

The Riemann hypothesis is equivalent to the existence of such strictly positive finite certificates
along an unbounded sequence of integers M > 220, The trial family can be fized computably: take
dyadic finite-DN proposals w and apply, columnuwise,

wi—s (I — UpUsy) (w—eoéf::;;). (7)

Under RH, every admitted M has a strict certificate from this family. Still under RH, if ry = Qu Ay

and 5
2
<
Iy ll® < =37
then Iy (Y) = 1/(72M). A two-sided enclosure IT =Tap (V)| < e, e <1/(288M), therefore gives
the strict lower certificate I' — el = I/(144M).



Proof. Appendix C proves the original-domain realization, step floor, receiving bound, and full
residual identity
0= Ky — PM(Y) = T;(ZM — T]\}l)Y’y < /3717’;7’1/,

where K is the exact Schur matrix of Sp;. Thus a passing lower enclosure proves Sp; = 0.
Complete positive order gives Sy =X Hy + M ~1W, yielding the asserted physical bound. Since
Ly — o0, an unbounded sequence admits every compact original polar-free test. Taking the limit
and the original minimal closure gives Weil positivity and hence RH.

Conversely, under RH the complete physical Green-tail bound proved below and the step floor
give Spyrp = I/(AM), or Syr = W/(AM) = I/(36M). Its exact Schur matrix has the same profile
scalar lower bound. The legal computable trial family is graph-dense, so its complete residuals tend
to zero at each fixed M. The residual inequality gives the stated I/(72M) margin. Every entry
of (6) is computable by finitely many explicit panel integrals and a finite matrix inverse. Finite
directed refinement therefore supplies a strict outward certificate. For the printed radius guard,

~

I' —el = T'y(Y) — 2el, which proves the final bound. O

A specified finite trial space. The following alternative pays the receiving return through
energy approximation and gives an explicit trial-size bound. Fix computable choices of the guarded
indices, step heights, and core isometry above. Put Cp = L + 7/2, rp, = me?F, and

h=CrL+Bu+M 'et/(2r}), a=alky,), Ro = [|p*/|(p, €0)|?,
h+ V64 + a?
/8 )

Choose an outward integer mj; within two above max(Nyy, Lyset™ /7). For m > Ny, let V,, be
an exact isometry onto

G=1+ P, =aRy+b(1+Ry), ty =1+ P, +144MG?*(a +b)2.

Wi = span(eg, . . ., em—1) N p= N Vi
Define the finite matrices
H,=U3SuUn, T = VS Vi, B = Vi SuUn,
Xm =BT By em = GHalky) ™' + Palkn) 2}, Latm = He — Xm — em(a +b)21
At an empty trial space the inverse term is zero.
Theorem 2.2 (Specified finite-matrix criterion). These matrices satisfy
Ly = Ky 2 He — Xop, T = BI.

RH is equivalent to the existence, along an unbounded sequence of admitted M, of strictly positive
finite outward lower enclosures of the specified matrices Lyfm,,. Under RH, every admitted M
satisfies Larm,, = 1/(72M), and the center-radius guard 1/(288M) gives a lower enclosure at least
I1/(144M). The trial dimension is myr — Ny, with

may = exp (MHO(l)) )

Proof. The complete constrained energy-approximation proof in Appendix C gives, for X =
C*Ty A C,

0=X — X, =% €,C*C =< (a4 h)*I.
The prescribed mjs makes the last scalar at most 1/(72M). Under RH, K > I/(36M), proving
the asserted strict margin. Conversely any passing lower matrix proves the whole Sy; = 0; the
original order and exhaustion in Theorem 2.1 apply. The remaining proof gives the explicit trial-
size growth and finite entry evaluation. O



The matrices L, use an energy-return error payment; I'y/(Y") uses the complete step-priced
L? residual. These are two independently paid finite certificates for the same complete Schur
matrix.

Corollary 2.3 (Sharper specified trial size). For the actual arithmetic, finite-Green and dyadic-step
model, let G be the explicit second-graph bound in (62). Choose

t3) = max{1, P,, (144MG3)'/3}
and an outward integer mg\? within two above maX(NM,LMetE\?/W). The complete Schur matriz

satisfies
H. — X — Ga{a(kp) ™2 + Pea(ky) ™} < Ky

Under RH this finite lower matrix at m = mﬁ) is at least 1/(T2M). It admits the same strict
directed acceptance test and cofinal RH equivalence, with the sufficient trial-size bound

mﬁ) = exp (M1/3+0(1)) )

Proof. The complete arithmetic commutator and constrained second-graph estimate proved in Ap-
pendix C give the displayed return error. The threshold makes that error at most 1/(72M); the
proof of Theorem 2.2 then applies. The same proof establishes Go = M°!) and the stated near-
threshold trial count. O

Proposition 2.4 (Whole physical response and representation bounds). For (3), the entire omitted
Green response obeys

1024 log log M 1

— M > 2%,
M (log M )6 NVYVE - (®)

HS(RL]\/I - RLM,JM)SH <
The number of retained Green responses and the sufficient number of dyadic potential cells are
O(log Mloglog M); Ny = MY The generating finite-DN intersection list has profile Gram
condition below 37Ly;. For any genuine profile isometry E, the physical Gram G = E*WE has
cond G < Mi+o(1),

The proof is given in Appendix C. These counts describe the core, response and potential
representations. The finite trial map and directed precision are additional parts of each accepted
certificate. The original covariance estimate developed next supplies a complementary quantitative
description of the same arithmetic Weil positivity endpoint.

Norms, verification routes and evaluated evidence

Table 1 distinguishes the mathematical recipients of the criteria and the evaluated examples. The
original weighted norm, the unweighted profile norm and packet energy serve different purposes.
Every numerical result uses its stated reference family and complete receiving construction.



Table 1: Verification routes, their norms and their evidence.

Route

Norm and complete conclusion

Construction or evaluated evidence

Central finite
criterion

Moving-window
examples

Core-only
arithmetic criterion

Arithmetic
benchmarks

Complete
covariance

Separated-packet
input

Original ||h||2 with f = sh; supported
allowance M ~1(|h]|3

The same original ||h|2; whole
supported allowances 2720 and 2724
Unweighted odd-half ||g||2 = || f|l2;
whole Ay, 2 = 52I1/405 from an
admitted finite test

Unweighted profile norm; whole raw
supported floors —3 and —2

Actual complete source metric;
polynomial-ridge estimate and critical
cap characterization

Unweighted logarithmic energy &;
actual-prime mixed discrepancy with

Theorems 2.1-2.2 and Corollary 2.3:
specified theoretical schedules and
conditional finite recognition.
Evaluated SD references with 329
and 660 constraints; Sections 2.1-2.2.
Theorem 4.6: prescribed cutoff and
directed Hy = I/5, with analytic
payment of the full tail.

Evaluated N = 256 and N = 768
complete Schur constructions;
Theorems 4.7 and 4.8.

Theorem 11.1 and Corollary 11.2,
with genuine-null restriction and
actual inverse.

Fixed mother and sufficiently
separated high frequencies;

self-contained analytical development
in the technical supplement.

explicit support factor

2.1 A complete fixed-window certificate

The finite criterion can be evaluated on a complete receiving space. The following worked example
uses an alternative fixed support and receiving reference in the same original-form normalization.
Put

M=2 k=2 L=1}log(4log(2®)/m)+15, J=T4  N=32,
Use the exact original supported realization and normalization defined above. Let W), be the
dyadic theta floor specified by the accompanying certificate data, with W/2 < W, < W, and put

Sy = Dy + RL,74 + mo — C?,r + K/I/Vlow-
Every prime power n < e and both killed-shift orientations occur in CH.

Theorem 2.5 (Evaluated complete supported certificate). On the original minimal closed odd
supported profile domain, subject to (p, f) = 0, the form Sy is nonnegative. Consequently every
original odd polar-free test supported in (—L, L) satisfies

gulh] > —272|h|]3.
Proof. Write p, = (p,e,) and let C': C328 — L?(0, L) have the columns

uj = ej — (pj/po)eo, 1 <5 <328.

These span the full low-band polar-free intersection. Their raw Gram G¢ = C*C is retained. Let
F = [p,C], and let @ be the orthogonal projection onto ker F*. The receiving comparison is a whole-
form inequality. For the positive reflection-symmetric Schur weight ¢(u) = e~%/24e~2L=%)/2 apply
2lfgl < |fI26(v)/o(x) + |gl?0(x)/d(y) to every translated edge. Its exact finite row sum v gives
mo—C% = mp—rt. For areceiving vector, its first N DN coefficients are parallel to the low-band pole



projection. The polar equation bounds their squared norm fraction by dy < 9L3/[m*(N + 1/2)3].
Splitting the diagonal at IV therefore gives

DL|Q iﬁNI, EN :a(kN) —(5N{a(kN)—a(k0)}.

The reference-cell verification in the supplementary section “Verification of the complete supported
example” certifies ryp, > v and o <y + mp. Adding the positive Green response proves, on this
entire infinite receiving space,

T = (Sy)g = dg, d(z) = KWiow(x) + o — 1yp () > 1/200.

Here o < fn + my, £y is the leakage-paid diagonal suffix bound, and 7., bounds the complete
arithmetic exponential-Schur row potential on every common cell. In particular no finite receiving
compression supplies this inequality.

Define G = F*d~'F and the complete constrained inverse

Z=d'—d'FG'F*d .

The inverse comparison gives 77! < Z on ranQ. The exact invertible upper-triangular dyadic
conditioner Rg, retaining all 329 constraints, satisfies

|REGRG —I| <6, 6=4x10""7.

Thus G~! = RgRE /(14 6). Set E = S, — d, with the identical ridge canceled symbolically, and
form the complete output integrals

Bg=C*EC, Kg=(EC)"dY(EC), H=FC+F*d'EC.

The DN columns lie in the actual operator domain. All output functions, including the polar row
and every mixed term, are integrated without projection back to a finite DN output list. Let K,
denote the exact core Schur matrix in these raw coordinates. The zero-trial residual identity and
the preceding inverse bound yield

H*RgRLH

K,=T(0)=H'G'H-Bg— Kg = A, :=
* () E E — s 1+5

— Bg — Kg.
The supplement gives the exact panel definitions, elementary primitives, directed data and replay
for this matrix. All 328 pivots of the directed LDL factorization of P%:A,Pc are positive, where
Po = GEIR;J is invertible and R, is the core block of Rg. This proves A, > 0 in its raw core
coordinates. Completing squares against the positive complete receiver proves S, = 0 on its full
closed form domain.

Finally Ry, — R 74 = 0 and W — Wioy > 0 give Hy + kW = S,. The exact physical congruence
f =sh, sWs =1, gives the stated original-norm inequality. O

The zero receiving trial suffices. A separately verified 64-trial extension is supplementary repro-
ducibility evidence for the same instance. The evaluated instance supplies a concrete realization of
the complete finite-certificate mechanism at the stated support and cutoff.

10



2.2 A second complete moving-window certificate

The same whole-receiver construction can be evaluated at a larger support with a smaller original-
norm allowance. This is a second fixed instance of the supported certificate family. Its reference
and constraint metric are recomputed at the new support; no M20 inverse-error constant is reused.
Put

M=2* = k=27 L=1llog(dlogM/m)+ &, J =288, N =660.

The exact full-theta floor and common partition are specified in the companion M24 scientific data
and verified in the technical supplement. Let

Sos = Dy, + RL,88 +mg — C%r + kWiew oOn pJ', p(:L‘) = Sinh(l‘/Q).

Theorem 2.6 (Second evaluated complete supported certificate). The form Soy is nonnegative on
the original minimal closed odd supported polar-free profile domain. Consequently every original
odd polar-free test supported in (—L, L) satisfies

qulh] = —27%(|h|3.

Proof. Let C have the 659 columns e; — (p;/po)eo, 1 < j < 659, set F' = [p,C], and let Q) project
onto ker F*. The pole-leakage and complete arithmetic row bounds used above, with the M24 cell
data, give

T = (S24)Q = dg, d = kWiow + @ — 1yp > 1/200.

This is an inequality on the whole infinite receiving space. The 7,828 common cells retain all 14
active prime powers and both translated channels; the 88 retained Green features are positive. The
supplement gives their complete reference and weighted-Gram checks.
Write G = F*d~'F. The exact upper-triangular dyadic conditioner R, with positive diagonal,
satisfies
|IR*GR —I|| <4747 x 107 <6, 6§ =10"%,

Hence G™! = RR*/(1 + ). The constrained inverse Z = d~! —d 'FG=1F*d~! satisfies T™! < Z.
For the full ambient expression Sa4, put

E=8y—d,  Bg=C'EC, Kg=(EC)*d'EC, H=F*C+ F*d"'EC.

All output functions, including the pole row, are retained before taking these inner products. The
zero-trial Schur lower therefore obeys

H*RR*H

146

The data and replay in the supplementary section Verification of the second moving-window cer-
tificate give all 659 positive directed pivots after the invertible raw-core congruence Po = GalR;J ,
where Go = C*C. Thus Asq > 0. Completion of squares against the positive whole receiver proves
S24 = 0. Finally R, — Rpgs = 0 and W — Wiy > 0 imply Hy + kW = Sa4; the exact physical
congruence f = sh, sWs = I, proves the stated bound. ]

K24EF(0)EA24 = —BE—KE.

The complete evaluated cases are summarized in Table 2. The second case extends the eval-
uated support and reduces this family’s supported allowance by a factor of sixteen. Both cases
use the alternative support/reference family of Section 2.1; the quantified trial-size bound for the
distinct schedule (3) is not transferred to these examples. The two evaluated instances are com-
plete supported certificates; the cofinal assertion of Theorem 2.1 retains its unbounded-sequence
quantifier.

11



Table 2: Complete supported zero-trial certificates in the SD family.

Case Support half-width Constraints Core Allowance

M20 1.535391914. .. 329 328 220
M24 1.626552692.. . . 660 659 924

3 Complete-response verification and bounded regularization

The criterion of Theorem 2.1 concerns the original Weil positivity endpoint. We now give a comple-
mentary construction for that same endpoint, retaining the complete Green response and bounding
the regularization in profile coordinates. The finite-Green construction and its evaluated examples
retain their stated definitions. Each matrix in the complementary construction below is assembled
from its stated full-response form.

Lemma 3.1 (A support-uniform Green norm). For every L > 0 and every finite Green prefiz,
0=Ryy=5l,  0=R =L

The bounds use the complete reflected response normalization of Section 2.

Proof. Set ¢j = 2j 4+ 1/2 and change to the boundary coordinate s = L — x. The exact response
profile satisfies
e Cis _ efcj(QLfs)
7"j(L—=‘>’): V=T OSTj(L—s)ge_CJS, 0<s< L.
The finite feature Gram G;; = (r4,7;) therefore has nonnegative entries and obeys the entrywise
bound

L 1
a</ et e T iy,
s, € "Eo(itit1/2) Y

Put w; = 473 (2]] ). Its generating function and Tonelli’s theorem give, for every i > 0,
1/t
> Hijw; = —/ V21— )72
>0 2.Jo

w/2 )
= / sin? 9 df = Ewi.
0 2

The last identity follows from integration by parts, starting with ¢ = 0. For a finite complex
coefficient vector z, use symmetry and

2 Wj 2 Wi
20aillzg| < Jal o+ 1=

It follows that

2
% 7
#G2 < Y Hylalizl < 30 B0 S g < Tg)2
= : w; 2
6,5<J 1<J i<J
It Tyz =3 ;<5 27, then G =T7T; and Ry j =TT have the same operator norm. This proves
the finite-prefix bound. The positive prefixes increase to the original complete response; their

uniform bound gives a strong monotone limit and the same inequality for Ry . O
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Lemma 3.2 (Full-response commutator and effective actions). Put Hy, = 1+8L/m2. The complete
response Ry preserves Dom Dy, and

|[Dr, Rr]|| < 600H.

The same bound holds uniformly for every finite Green prefiz. If a column map V is supported in
the first N DN modes and P, projects onto the first m > 1 output modes, then

(I = Po)RLV | < HpyfN/m |V]].

FEvery finite output coefficient can be enclosed effectively. Truncating its exact reflected scalar series
at index J > 1 incurs entry error at most 2/(LJ). An additional directed entry error € gives low-
output map error at most VmN{2/(LJ) + €}||V].

Proof. Direct integration in the normalization of Section 2 gives

C"/]_ + 6_2CjL
(rj,eq) = \/2/L(—=1)1—F—5—.
cj + kg
For z,y > 0, the function ¢?/{(c?+22)(c? +y?)} is unimodal, with maximum (x+%)~2 and integral
w/{2(z+y)}. A spacing-two unimodal sum is bounded by half its integral plus twice its maximum.

Consequently
™ 8 H L

+ < .
(kg + k) Lkqg+kr)* ~ qg+r+1
This also bounds every partial sum, since its summands have a common sign. Writing ¢t = k/2 and
b, = n + 1/4, the digamma series yields

|(RL)qr| < T

b
kd' (k) =22y — 2 <

Indeed, for t < 1/4, the reciprocal-cube sum is at most 72. For ¢ > 1/4, the unimodal sum has
integral 1/(2t%) and maximum at most 1/(2t®), giving 1+2/t < 9. Thus |a(z) —a(y)| < 9|log(z/y)|.
Set = g+ 1/2, y = 7+ 1/2 and use Schur weights z~/2. The bound |logt| < 4(t'/* 4 t=1/4),

together with
v
3 TY o4

>0 x+y sin v

v T

. v=1/4,3/4,

proves a commutator norm at most 36Hy (4 + 2mv/2) < 600H. The displayed sum follows by
bounding its decreasing summand by its first value and the positive-line integral. Each column
Rre, belongs to Dom Dy : the coefficient envelope remains square summable after multiplication
by a(ky) = Or(log(2 + ¢g)). On finite DN sums the bounded matrix is therefore the genuine
commutator. Graph-norm approximation and closedness of D extend the identity and domain
preservation to its full domain.

The squared Hilbert-Schmidt output tail is at most Hf >, n(m +¢)~" < H;N/m. For the
scalar series, the omitted absolute sum is at most (4/L){c;* + (2¢;)~'} < 2/(LJ). The finite-
block error follows from its Frobenius norm. These low- and high-output errors concern orthogonal
output spaces and may be combined in quadrature. They do not assert operator-norm convergence
of Ry, j to Ry, on unrestricted inputs. O
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Corollary 3.3 (Support-uniform response resources). Put f{L = min{l + 8L/x%,7}. The full
response and every prefiz have coefficient envelope |(Rr)qr| < Hr/(q+ 17+ 1), and

I[Dr, Re]|| < 600H, <4200, ||(I = Py)RLVI| < Hp/N/m |V .

For a prefiz the commutator is also bounded by min{14.J,600H}.

Proof. Keep the exact coefficient series in Lemma 3.2. Write s = 24y and f(c) = ¢?/{(c*+2?)(c*+
y?)}. If its maximum occurs at \/zy > 1/2, then s > 1 and sup f = 1/s?> < 1/s. Otherwise its
maximum on [1/2,00) is at ¢ = 1/2; with a = 2z, b = 2y,

2(a+ )
A+a)0+5) =%

Thus the shifted unimodal sum is at most (7/4+4)/s. The exact reflected coefficient has multiplier
at most 4/L, giving the envelope (1 + 16/7)/(¢ +r + 1) < 7/(q¢ + r + 1), also for every prefix.
Combine this with the earlier Hy, envelope and use the same weighted-Schur, domain and output-
tail arguments. The prefix bound 14J follows independently from its finite rank-one decomposition
in Appendix C. O

sf(1/2) =

Proposition 3.4 (Complementary capped full-response criterion). Retain the schedule, core isom-
etry Ups, complete constraints Fyr and projection Qpr of Section 2, with 8 = 1. Rebuild every
operator and matriz below from

wr :min(MAWlow,ﬁ), Sy, =Dr + R + Vi, +w, dyf =B+ wa.
Then the entire receiver obeys Ty" = (d3))qy, = BL. For the exact isometric constraint map,
(28)7'1 = Fyy(dyP) " < 571

In particular this complete weighted constraint Gram has condition number at most two. Strict finite
lower Schur certificates for these rebuilt forms along any unbounded subsequence of M imply RH.
Conversely, under RH each admitted M has a strictly positive, effectively verifiable finite Galerkin
certificate. The sufficient trial-size exponent remains m = exp(M'/3t°)) on the stated schedule.

Proof. The existing core admission proves the receiving lower for Dy, 4+ Vr; adding the nonnegative
complete Ry, and wy; gives the asserted floor. The Gram bound follows by compressing (23) 1 <
(diF)~! < B~ by the exact isometry Fjy. It is not a condition bound for an unnormalized raw
constraint list.

In the rest of this proof all blocks are rebuilt: H = U%,577 U, C = QS5 Unr, and T = TP

Put ap = a(kn,,), Kr = \/64—|—a2D, cp=ap+b, G=1+(h+Kr)/B and Ry = ||p||*/|(p, e0)|? <
16L. Define
P, =apRy+ H(1+ Rp), Flza%—H]ozD—i-Kl—FKpcD,

Gy =Fi+ (h+ Kp)Gep + (K1 + Krb)ep/B.

Here h and K; are the bounds specified next, not constants copied from a saved finite-Green
calculation.

Use the same legal constrained DN trials and second-graph derivation of Appendix C, recomput-
ing its constants for this form. The bounded perturbation norm is at most h = L +7/2+ By + 5.
Its commutator budget is

A(n)

K1 =600HL + [42+7) +4(L+7/2)] Y —= +4(L+7/2)ncenf.
2<n<e2l \/ﬁ
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The last term uses TV (wpr) < 2neen; no smooth derivative of the step is assumed. Every projection
and polar correction in the second-graph constants Ga, Py is retained. Thus for the actual complete
return X = C*(T};°)71C and its finite Galerkin return X,,,

0=X — X Zenl,  en=G2alkn)>+ Pealkn)™*}.

All these constants are M°) on the stated schedule. Choosing a(k,,) > max{1, P,, (72MG3)'/3}
pays €, < 1/(36M) and gives the asserted near-threshold trial size.

Since 0 < wy; < M~'W, a passing complete Schur lower implies the original supported al-
lowance qg[h] > —M~||h||?. Support exhaustion proves the forward assertion. Under RH the
original profile form is nonnegative, and Wig, > W/2 > 1/18 gives Sy;® = I/(18M). Its exact
Schur complement has the same core lower bound. Hence H — X,,, — €,,1 »= I/(36M). A two-
sided matrix-center error at most 1/(144M), subtracted once again to form a directed lower, leaves
I/(72M). Lemma 3.2 encloses the exact full-response entries; all arithmetic, coordinate, constraint
and inverse errors must also be paid. This proves effective strict recognition, not a total runtime
bound or an evaluated new capped certificate. O

3.1 The complete Hilbert principal channel and a compact remainder

The coefficient formula also separates the infinite principal response from a remainder with a whole-
operator approximation bound. Let E be the diagonal unitary E,, = (—1)? on DN coefficients and
let Hyr = (¢4 r + 1)~! be the Hilbert matrix. It is bounded: the weighted Schur argument of
Lemma 3.1 also bounds H, since its entries are at most twice those of that lemma’s half-shift
comparison matrix.

Proposition 3.5 (Complete principal-part decomposition). For every L > 0 there is a self-adjoint
Hilbert—Schmidt operator Ky, such that

R, = $EHE + K.

Put t;, = e * and define

o [Atp(1+1tr) 2, 1 }
Sp=e"
L= { (Tt @ (—t? a0-i))’
AL b 2135},
a = — = .
L= 3 L g
Then
ar by

[(KL)gr| < 1K llns < az\/¢(3) + L*S1/3.

+ ;
(g+7r+1)2 " (¢+1/2)2(r+1/2)?
For the first-m DN projection, m > 1, set

ar, bL7T2

m — + .
2 V2m /18 m3/2

The entire output and finite-remainder errors satisfy

(I = Pa)Kell < npms | Re = (3EHE + PuKiPy) | < 208,
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Proof. For x,y > 0 extend f(c) = ¢2/{(c* + 2%)(c? + ¥?)} by zero to ¢ < 0. It is continuous,
nonnegative and unimodal, with maximum (x 4 y)~2, total variation 2/(z + y)?, and integral
7/{2(x +y)}. The length-two cells centered at ¢; = 2j + 1/2 partition [—1/2,00). On each cell I},

‘f(cj') 3 [ H@de] < vary, ().
j
Summing the variations, with absolute convergence, proves the two-sided complete lattice estimate

2
LI = )| = e oe

7=>0

Apply this to the exact reflected response coefficients in Lemma 3.2. The nonexponential part has
main term 7/{2L(ky+ k,)} = 1/{2(¢+7+1)} and error at most 4/{L(k, + k,)*}. The exponential
part is bounded by
cje —241L,
Lk:g k2 ]go

Expansion of c? = 4452 + 25 + 1/4 and the exact first two geometric moment sums identify the last
sum with Sp. Substituting the DN frequencies yields the displayed entry bound for the difference
from %EHE.

The squared Hilbert—Schmidt sum of (g+7+1)721is 3,51 n/n* = ¢(3). The second comparison
is rank one, with Hilbert—Schmidt norm by, 37 ~((q+1/ 2)~* = bym*/6. Minkowski gives the asserted
norm. Thus the coefficient difference defines a self-adjoint Hilbert—Schmidt operator. Equality
of the coefficients proves the decomposition on finite vectors and then on the whole space by
boundedness and density.

For » > m > 1, decreasing integral comparison gives

1
dr+q+1)7" <33 >
r>m

q=>0

1 1
73§ om2’

Convex midpoint comparison also gives 3., (r + 1/2)™* < 1/(3m3). Combine these with the
full sum Y,50(q + 1/2)™ = 7*/6 and the two entry bounds to obtain ||(I — Pn)K.| < ||(I —
Pp)Krllus < np,m. Finally self-adjointness and Ky — P, K1 Py, = (I — Py K + P K (I — Pp)
give the safe factor two in the whole-operator error. O

The approximation retains the exact infinite Hilbert principal channel. It is not a finite-Green
approximation of Ry, in operator norm. Requested finite K entries still need directed coefficient
errors, and any solver or inverse for the Hilbert channel needs its own complete error bound.
Neither the compact remainder nor its norm controls the signed arithmetic Schur matrix without
those further estimates.

4 A complementary constant-shift certificate criterion

The vanishing-allowance criterion above and the criterion below retain the same original arithmetic
Weil form. They use different norms and different finite receiving constructions. In particular, the
fixed shift below is in the unweighted logarithmic profile norm, not in the theta-congruent norm.
Its use is justified by a uniform-semiboundedness argument, which we include in full. Each criterion
specifies its own operator, norm and finite verification test.
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4.1 Uniform semiboundedness on the odd compact class

Let Q(f,g) be the original archimedean-minus-prime form on the logarithmic line, with Fourier
measure d§/(2m). Thus its archimedean multiplier is my + a(§) and its arithmetic term retains
both translations for every prime power. Put

S1(f) = sup el max{| f(w)], | f'(u)]}.

ueR
The argument below uses the compact and strong test classes throughout.

Lemma 4.1 (Mixed continuity and compact null approximation). There is an explicit finite con-
stant C, such that

log n(1 + logn)
n3/2

n>2

The complex span of the odd functions

Tt = %(tho - T—tQO)a q0 = (83 - %)% le Rv
is dense in odd unweighted L*(R). Every r; is a strong two-moment-zero mizved null of Q, and
every finite linear combination can be approximated in Sy by smooth compact odd two-moment-zero
functions.

Proof. Since [ e~ 2*ldu = 1, the L? norms of f and f’ are at most S1(f). The digamma series gives
a(§) < (£2/4) 3, 50(n+1/4)73 < 17€%: the sum is at most 64 + (5/4) 7 +1/{2(5/4)?} < 68. This
bound and Plancherel therefore bound the archimedean mixed term by (17 + |mg|)S1(f)S1(g). For
t>0,

/ e eIt gy = (1 4 t)et.
R

Apply this to the two arithmetic translates at ¢ = logn, use A(n) < logn, and sum. The dis-
played series converges by the integral test. This proves continuity for the complete raw form,
without splitting a divergent bare prime diagonal. For completeness, each exponential moment
obeys |M f(£1/2)| < (8/3)Si(f), so adding both explicit-formula pole products costs at most
(128/9)S1(f)S1(9)-

The theta Mellin identity gives

Mao() = (2 — D)e(1/2+ 2).

Translation multiplies this transform by an exponential. It still vanishes at both poles and every
centered nontrivial zero. The complete polarized explicit formula on the strong test class thus proves
mixed nullity, with zero multiplicities retained. Strong theta derivative decay pays all Mellin and
arithmetic limits. The Fourier transform of gg is nonzero almost everywhere, since its entire xi
factor has only isolated real-frequency zeros and its polynomial factor has none.

If an odd h € L? is orthogonal to all r;, parity makes its correlation with 7_;qq the negative of
its correlation with 7yqy. Both correlations are therefore zero. Fourier uniqueness, applied to the
L' product of their two L? Fourier transforms, implies iAuTO = 0 almost everywhere and hence h = 0.
This proves the asserted density, not continuity of the Weil form in the unweighted L? norm.

Choose even smooth compact cutoffs xr with uniformly bounded derivatives through order
three. Then qr = (02 — 1/4)(xr%) is even, compact and has both exponential moments exactly
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zero, by integration by parts. Complete theta derivative decay gives Si(qr — qo) — 0. Translations
satisfy Sy(7.f) < ellS;(f). For each fixed finite sum, replace its finitely many translates of go by
translates of ggr, choosing R after the sum and the desired tolerance are fixed. Antisymmetrization
preserves oddness and the two zero moments, proving the compact approximation assertion. ]

Proposition 4.2 (A uniform unweighted floor). RH is equivalent to the existence of one finite
K > 0 such that

Qlf] > —K||f|I3

for every smooth compact odd two-moment-zero test f, across all supports.

Proof. Fix such an f. By Lemma 4.1, choose finite odd mixed-null sums r,, with ||f —r,[j2 < 1/n,
and compact odd two-moment-zero approximants g, satisfying

St(gn —rn) < {n[l+Su(f —ra)]} 7
| =

Write e,, = g, — 1y, and v, = f — g,,. Mixed nullity gives Q[f —ry,
gives

Q| f], whereas mixed continuity

|Qlvn] = QIfIl < 2Cu/n+Cifn®, lonll2 < 2/n.

The same floor applies to every compact admissible v,,, even though their supports grow. It follows
that Q[f] > 0. The odd original-domain Weil criterion then gives RH. Conversely RH gives
positivity and the choice K = 0. This proof uses neither a support-dependent floor nor a global
L?-closed extension. O

4.2 The supported constant-shift operator

For g € L?(0, L) use the odd-half unitary identification f(z) = g(z)/v/2 for z > 0 and f(—z) =
—g(x)/v/2. Then, with p(x) = sinh(x/2),

M2 = V2 [P, M1/ = -MS/2)

The sum of the two explicit-formula pole products is therefore —4[(p,g)|?>. The complete raw
supported odd form is

Br, =Dr+ Rr +mo—C
on the full odd-half space, without a polar constraint. Its minimal supported closure and operator
domain are those in Lemma B.1, with bounded arithmetic added.

Theorem 4.3 (Complementary constant-shift RH criterion). Fiz 8 > 0 and any increasing support
sequence Lj — o0o. The following are equivalent:

1. RH;
2. By, + BI =0 for every L > 0;

3. Br, + BI = 0 for every member of the sequence.
Under RH the stronger floor By, + BI = 51 holds.

Proof. Under RH the zero-side form is a sum of squared absolute Mellin transforms. The exact
pole calculation makes the raw odd form equal to that nonnegative sum plus 4|(p, g)|>. Positivity
passes from compact tests to the same minimal supported closure, so By, = 0. Conversely every
compact odd polar-free test lies in each sufficiently large support. The complete supported forms
agree on this test under zero extension. Assertion 3 therefore gives the one uniform unweighted
floor Q[f] > —B||f||3. Proposition 4.2 proves RH. No nesting of finite Schur matrices or assumption
of global closability is used. O
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4.3 A complete finite receiving test with fixed margin

Put A;, = By, + BI = Dy, + V" and choose explicit bounds ||[V|| < P and ||[Dr, V|| < K71, with
domain preservation. The full-response commutator theorem and the complete paired-arithmetic
bound supply these hypotheses; the scalar shift has zero commutator. Fix a receiving floor 7 > 0,
independently of 5. Choose a certified finite prefix U = [eg, ..., ex_1] such that

a(kN) + mg — HC%rH + 8>

With @ = I — UU*, the entire receiving operator T' = QA on ran () satisfies T' = 71, because
Ry = 0. Set H=U*ALU, C = QALU, and ay = maxgn a(ky).

Proposition 4.4 (No-polar cubic return enclosure). Define
Go = Pay + (14 P/7)(K1 + P?).
Let Enm, be the isometry onto modes N,...,m —1, m > N, and put
X = C*Engn(EN mALEN ) Ex mC.

Then
0=C*T71C - X, < el em = GHa(ky) ™ + Pa(ky) ™1}

A strictly positive directed lower enclosure of H — X, — eI certifies Ap, = 0 on its entire supported
domain. Under RH, €, < B/4 and a two-sided center radius e < /8 leave an outward lower of at

least B1/2.

Proof. Here Q commutes with Dj. The exact mixed map is C = QV'U, so |C]] < P and
|DLC|| < Pay + Kj. For y = T~1C, coercivity and the operator equation give

lyll < P/, |Dry|| < P+ P%/r.

Domain preservation and the bounded commutator imply that Dpy = C — QVLSth belongs to
Dom Djy. Applying Dy, gives

Diy=D;C-QVi"QDry — Q[Dr, Vi"Qy,  [|Diyll < Ga.

This supplies the required second-graph regularity rather than assuming it for a generic bounded
perturbation.

Galerkin energy minimization uses the legal receiving trial obtained by retaining modes below
m in y. The omitted vector h obeys

(h, Drh) < a(km) *|DZyl*,  0)1* < alkm) ™| DLyl

Adding the bounded perturbation fee proves the complete return estimate in finite coefficient order.
Schur square completion proves the certificate implication. Under RH, A;, > (1, so its exact Schur
complement is at least SI. Subtracting €., leaves at least 351/4. A center enclosure of radius e
followed by subtraction of el can lose 2e, which leaves at least 31/2 under the stated guard. ]

Every finite coefficient in this test is effectively enclosable: the complete Green coefficient series
has its paid tail, every active arithmetic pair is retained, and the receiving finite matrix is coercive.
All inverse, coefficient and final matrix errors must be included in the directed lower. This gives
the complete finite-recognition test for the stated supported form.
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For a sufficient explicit threshold take
a(km) > max{1, P, (8G3/B)"/%}.

It gives €, < /4. For fixed 3, choose 7 = 1 and a near-threshold outward prefix. The complete
bounds yield P = O(e* + L), ay = O(e*) and K7 = O(Lel), hence Gy = O(e3) and a sufficient
near-threshold choice has logm = O(e?f) for L > 1. On L = Llog(10log M/7) + 2, this is
m = MO, Here M labels support growth in the fixed-shift realization. This trial-dimension
bound has the fixed conditional margin and unweighted norm of Theorem 4.3. Arithmetic precision
and validation costs enter separately in the directed finite test.

4.4 An arithmetic-only fixed-shift construction

The support-uniform response norm gives a further finite target for the same original positivity
question. Keep the unweighted odd-half coordinates and minimal supported domain of Section 4.
For a fixed § > /2, define

Arg=Dr+mo—Ci"+BI,  d5=p~—m/2>0.

The complete arithmetic operator retains both killed translation orientations and the reflected odd
channel for every active prime power.

Corollary 4.5 (Arithmetic-only RH criterion). Fiz f > 7/2 and any increasing sequence Lj — oo.
The following are equivalent:

1. RH;
2. Arg = 0 for every L > 0;
3. Ap,;p =0 for every j.
Under RH,
Apg = 0l uniformly in L.
In particular f = 2 has conditional margin greater than 2/5, and = 3 has conditional margin

greater than 7/5.

Proof. Write the complete raw odd form as By, = Dy + R + mg — C?". In the half-unitary
convention, the two explicit-formula pole products are —4|(sinh(z/2), g)|*>. Thus under RH the raw
form By is the nonnegative zero-side form plus the positive term 4|(sinh(z/2), g)|?>. This proves
By, = 0 on compact odd tests and on its same minimal supported closure. Lemma 3.1 now gives

Arg=Br+pI — Ry = (8 —m/2)1.

Conversely, cofinal positivity of Az, g gives By, = Ar g+ R, — 81 = —f1 on each accepted support.
Every compact odd polar-free test belongs to all sufficiently large supports, and the complete forms
agree on it under zero extension. Hence the original raw form has one uniform lower bound —3|| f|3
on that compact class. The exact-null density and strong compact-approximation argument of
Proposition 4.2 converts this bound to original Weil positivity and RH. The stated rational margins
follow from m < 16/5. O
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Complete arithmetic and commutator bounds. Let
Aln
X = Z \ﬁﬁ)’ Py = |mo| + B+ 2%, Kg=(8+67)XrL.

2<n<e?L

Then Vi, g = mo — C¥" + I preserves Dom Dy, and
Vesll < Ps, [Dr, Vislll < Kp.

Indeed each killed symmetric pair has norm at most two. The crosscut domain argument in Ap-
pendix C gives, before odd restriction, a commutator bound 4(2+7) for the supported archimedean
operator. Since that operator equals Dy + Ry on the odd sector, bounded subtraction and
Lemma 3.1 give for the same pair

N[DL. (T4 + T-)loadlll < 42+ 7) + 4| Ry || < 8 + 6.

Bounded subtraction preserves the supported domain, and the killed-pair domain invariance is
supplied by the crosscut argument. Summation with the complete arithmetic coeflicients proves
the two bounds above.

Complementary complete-return implementations. The same domain and commutator
bounds allow Proposition 4.4 to be applied directly with V' = V7, g, P = Pg and K1 = Kg. Choose
a DN prefix U and 7 > 0 with a(ky)+mo—2X,+5 > 7, put Q = I —UU*, and set H = U* A gU,
C = —QC}'U. The proposition gives a complete finite Galerkin return enclosure; its constants and
induced error bounds are recomputed for these data.

A scalar receiving payment gives the complementary finite lower

I'=H-r'c*Cc, C*C=U*"C¥)>*U — (U*C¥U).

The first term integrates complete spatial output functions. The identity retains every prime-pair
and reflected mixed contribution. A positive directed lower for I' proves positivity on the entire
supported domain by Schur square completion. This is the full-output construction used by the
evaluated arithmetic examples below. The following theorem gives an additional first-moment-only
test by paying the receiving return analytically at its prescribed cutoff.

4.5 First-moment certificates with analytic tail payment

The arithmetic-only realization admits a finite test involving its first moments alone. A prescribed
spectral cutoff and the complete first commutator bound pay the entire receiving return analytically.
This provides a simpler verification object alongside the complete-return constructions above.
Fix Apo = Dr + Vi, where Vi, = my — C7" + 21, and set §g = 1/5. Choose rational budgets
P >1 and K > 0 satisfying
Vel <P, D, Vi]ll < K.

The arithmetic domain invariance established above is retained. Explicit outward budgets are
available from
P > 8+ 12", K > 192¢%;

Lemma F.1 below proves their elementary prime estimate. The dimension estimate below uses
rational budgets within one unit above these two elementary lower bounds. Sharper complete
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budgets may also be used. Let n > 1 be the least integer such that 4" > 1 4+ P, and choose a
rational A between the following maximum and that maximum plus one:

1/3
} . 9)

Choose an outward integer N with Le? /7 < N < Le?/m + 2. All subsequent matrices use these
same choices. Rational enclosures of width less than one give these choices without deciding equality
of computable real numbers.

1024(n + 1)2(K? + P?)
do

A > max {8, 16 P, l

Theorem 4.6 (Core-only arithmetic certificate). Let U = [eg, . ..,en—1] be the ordinary DN mode
isometry and put

Hy = U*.ALQU = diagq<N a(kq) + (mo + 2)[ — U*C%r . (10)

If a complete directed lower enclosure certifies Hy = 1/5, then, on the entire original supported

domain,

52 1
LN
Ar2 = 551> 3

For any prescribed increasing unbounded support sequence Lj, RH is equivalent to the existence
of these directed certificates at every L;. Under RH, the exact cores satisfy Hyn > 21/5. For the
near-threshold choices above, the sufficient matriz dimension is

log N = O(el +log L), N = exp(O(v/log M)) when e*X = O(log M), L > 1.

The dimension bound concerns this finite verification object; precision and wvalidation costs enter
separately.

Proof. Write Q = I —UU*, C = QVi U and T' = QAL 2Qranqg. The omitted diagonal satisfies
a(ky) > A. For any rational 7 € [A/2,A/2+ 1|, T = (A — P)I > 7I. Once the finite premise
Hy = 9ol is verified, Lemma F.2 gives the complete covariance payment

T1C*C < 3Hy/16.

Thus the true Schur complement satisfies Hy — C*T~1C = 13Hy/16 = 13I/80. Moreover
IT-1C|| < P/ < 1/8 and 7 > 8. Schur square completion, with triangular norm fee at most
(9/8)2, therefore yields the whole bound min(13/80, 8)(9/8) 21 = 521 /405.

Under RH, Corollary 4.5 gives Ap2 = (2 — w/2)I > 2I/5, hence the same floor for each
compression. Directed recognition has a strict margin: a Hermitian center with induced radius
e < 1/20 has outward lower strictly above 31/10. The possible center displacement and the
subtraction together cost at most 2e. Entrywise radii are first converted to an induced matrix
bound.

Conversely, successful tests on the prescribed cofinal supports give Br, ;= ALJ-’Q + Rp, — 21 =
—2I. Every compact odd polar-free test embeds in a sufficiently large support, with its original
unweighted norm preserved. The uniform-floor implication in Proposition 4.2 proves RH.

Finally P, K = O(e*) and n = O(L) permit A = O(e*) in (9). The outward choice of N gives
the displayed dimension bounds. The full proof of the relative payment and its domain requirements
is in Appendix F. O
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Complete finite entries. For ¢t = logn € (0,2L) and w, = A(n)//n, the arithmetic entry in
(10) is

« var 2 max(0,L—t) ) ]
(U*cy )ij:Z Z wy, /0 sin(k;x) sin(kj(x + t)) dz

n<e?l

L
+ / sin(k;z) sin(k; (z — ) dz |
max(0,t—L)

The second sine itself implements odd reflection when its argument is negative. Both orientations
and every active prime power are retained. The identity 2sin(k;x) sin(k;(x +ot)) = cos((k; —k;)x —
okjt) —cos((ki+kj)x+ok;t) gives exact finite primitives. When i = j, the zero-frequency primitive
is evaluated as a constant integral, with no division by an interval containing zero. The diagonal
is also directly enclosable through a(kq) +mo = Re(1/4 + ik, /2) —log . Thus the test uses only
signed arithmetic first moments and the known diagonal. Its cutoff supplies the analytic whole-tail
guarantee. The two evaluated certificates below retain their original complete Schur proofs and
specified cutoffs.

4.6 A complete arithmetic-only supported certificate

The arithmetic-only criterion of Corollary 4.5 admits a complete finite calculation at the same
support used by the second SD example, now in the unweighted odd-half profile norm. Set

1 96 log 2 1

L=-1 —

og (2252 ) + 15,

2
and use the original minimal supported realization of

N =256, p=3,

AL73:DL+m0—Cir+3I, BL:AL73+RL—3I.

Here U = [e,...,ea55] is the orthonormal DN core and @ = I — UU* is its entire receiving
complement.

Theorem 4.7 (Evaluated arithmetic-only certificate). At the stated support, Ay 3 is nonnegative
on its complete odd supported domain. Consequently the complete raw odd form satisfies

By, = —31.
Proof. The complete active prime powers are
{2,3,4,5,7,8,9,11,13,16, 17,19, 23, 25}.

The arithmetic row bound can be verified directly in the unweighted logarithmic norm. On (—L, L)
use the positive even Schur weight h(z) = cosh(z/2). For x > 0, define

pa(@)= D An), ha(z)= ) A(n)/n,

n<elte n<el+=
()= > An), h(x)= > An)/n,
n<eL—a: n<6L—x

where all sums run over the displayed active prime powers. The two killed translation orientations
give the weighted row price

A(x) + e*B(x)

P A=po+hy, B=pp+ha

r(x) =
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Indeed their respective weight ratios are A(n)(1+¢e*/n)/(14+¢€”) and A(n)(1/n+¢€%)/(1+€%), with
the corresponding support indicators. Symmetry makes r even, and the complete paired operator
is symmetric on the full supported interval. Applying
h(y) 2, h(z) 2
20v(z)o(y)| < m!v(x)\ + @!v(y)\

to every paired shift proves its absolute quadratic-form bound by [r(z)v(z)|?dz. Restriction
to the invariant odd sector, followed by the unitary odd-half identification, retains the reflected
channel and gives the same bound for C}".

The coefficients A, B are constant on each complete reference cell. The derivative of its row
price has the sign of B — A; both one-sided endpoint bounds therefore control the whole cell. The
verifier checks all 7,828 cells and their exact consecutive endpoints. The reference uses the identical
expression (VKA + 2B)/(VK + z), where K = ¢?I and z = e"*®. Consequently the exact dyadic
upper 7yp gives [[C¥|| < rmax := maxry,. Monotonicity of the digamma diagonal gives, on the
whole suffix,

71111
T=QAL3Q = RU(1/4+ ikn/2) —logT — rmax + 3| I > 71, T = 65536

The directed bracket before I exceeds 1.0850825.
Define the complete finite matrices

B=U'CYU, S=(CUU)CFU), H=U"ALsU.

The diagonal and scalar terms preserve the DN core, so the exact mixed map is C = QAL 3U =
—QCH#U and
c*C =S - B*B.

The full arithmetic-output Gram S is integrated on (0, L). The 19 arithmetic integration intervals
are formed from 0, L and the interior points logn, L —logn, logn — L. On each interval the action
columns are finite sine/cosine combinations. Their exact elementary antiderivatives, evaluated by
directed arithmetic, enclose every entry of S and B. The separate closed-form first-moment formulas
check all 65,536 entries of B.

Inverse order therefore gives the complete Schur lower
H—-C*T'C =Ty :=H-71S—-B*B).

The scientific enclosures give 256 strictly positive directed pivots for I'y, — I/10. The portable
verifier reconstructs the digamma diagonal, first moments and complete Schur matrix, reverses
the DN coordinate order, and checks the factorization independently. Thus I'y; > I/10 in the
orthonormal core coordinates. Completion of squares against 1" > 71 proves Az 3 = 0 on its entire
supported domain. Finally By, = Ar 3 + R — 31 and Ry, = 0 give the raw-form bound. O

Scientific data and error bounds. The arithmetic-only companion contains the original 768-
bit directed enclosures for H, S, B, S—B*B and I',;, together with the exact reference-cell data and
rational 7. The source Gram includes the entire arithmetic output before the finite-core subtraction.
The manifest identifies each scientific file and the prescribed support. The generator recomputes the
continuous elementary integrals; the independent verifier checks the complete reference, recomputes
every first moment from its separate closed-form identity and validates all 256 reversed-order pivots
at 2,048 bits. All coefficient, integration, subtraction, inverse-reference and factorization errors are
included in the interval operations. The margin 1/10 is used for the finite Schur inequality; whole-
domain positivity follows from its stated receiving bound and square completion.
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4.7 A stronger arithmetic-only supported certificate

Increasing the DN core at the same support strengthens the supported lower bound in Theorem 4.7.
Set
L=1log(%96log2/m)+ &, N =768  B=2.

Use U = [eg,...,e7s7] and its entire orthogonal complement Q = I — UU* in the unweighted
odd-half realization.

Theorem 4.8 (Evaluated shift-two arithmetic certificate). At this support, Ap 2 = Dr, + mg —
C9"+21 is nonnegative on its complete odd supported domain. The complete raw odd form therefore
satisfies By, = —21I.

Proof. The active arithmetic shifts and the weighted-Schur majorant are those of Theorem 4.7: all
fourteen prime powers are retained. On each of the 7,828 reference cells, the price (A +e*B)/(1 +
e”) has constant-sign derivative, so checking both endpoints bounds the complete cell. The even
weight cosh(x/2) then gives ||C5"|| < rmax on the full supported space and its invariant odd sector.
Monotonicity of the diagonal symbol on the entire DN suffix gives

i(768 +1/2)m

QAL2Q = t.Q, t, = §R‘I’<}1 + o

) —logm — rmax + 2 > 1.18239457729109417.
The rational receiving bound 7 = 77489/65536 satisfies 0 < 7 < t,.
Define the complete continuous-output moments

H=U"AsU, J=U'CEU, S=(CTU)*(C¥U).

Integration over all nineteen arithmetic panels encloses every entry of J and .S, including all reflected
and killed-shift terms. The full mixed return is S — J*J. The scientific interval matrices enclose

=H-7YS—JJ).

Directed factorization of I' — %I gives all 768 strictly positive pivots. Thus the actual Schur
complement dominates I" > %OI on the finite core. Completing the square with the positive entire
receiving suffix proves Ay o = 0. Finally By, = Ar 2+ Ry, —21 and Ry, = 0 give the stated raw-form
bound. 0

The companion supplies all 7682 = 589,824 entries of each continuous moment matrix, the
exact receiving bound, and the interval Schur matrix. The independent verifier reconstructs every
arithmetic first moment from a separate closed formula, reconstructs all three Schur ingredients,
checks every reference cell, and reverses the core order before factorization. The coefficient 1/10 is
the finite Schur-core margin used in the completion-of-squares argument. The result strengthens
the supported raw lower bound from —3 to —2 at this fixed support.

Supporting certificate transfers. Section S22 of the technical supplement gives three comple-
mentary transfers for this arithmetic-only realization: complete-core representation with certified
pullback error, conditional completion of a polar-free raw bound by a smooth edge direction, and
local support extension from a positive whole-operator margin. Each retains its stated assumptions,
original profile coordinates and complete mixed-error payment.
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5 Complete fixed-support ridge continuation

The supported examples can also be studied as parameter families. The following comparison
retains the full constrained reference inverse and all mixed columns. Support, constraints, Green
model and legal trials remain fixed throughout each comparison.

Write S, = So + Wy, d, = do + Wy, where Wy is a bounded positive multiplier on the fixed
support. Let @ be the complete receiving projection and assume QS,Q > Qd.Q, with d, uniformly
positive on the parameter interval considered. Extend Z, = (Qd.Q)~! by zero off ran Q. For a
fixed legal finite input map V, set

I, =V*SV — (S:V) Z(S:V), X, =V —-2.5.V.

These are sufficient reference-inverse lower matrices. The complete Schur comparison retains the
corresponding actual receiving operator.

Proposition 5.1 (Complete derivative and downward loss). On the common domain,
I = X WoX, = 0.

At an admitted anchor ko, put Do = X WoXy, and a = esssup Wy/dy,. For 0 <t < h and

ha < 1,
t

1—ta
Assume kg > 0 and 0 < h < k. If a positive accepted anchor lower Ly = I'y, satisfies koDgy < cLo,
andb=1—ha >0, g=1—ch/(kob) > 0, then throughout that band

Fno—t i Fno - D07 F/ = (1 - ta’>_2D0'

Ko—t —

c
k[ < %FH.

Proof. The constrained resolvent identity gives Z. = —Z.,WyZ,.  Differentiating the en-
tire quadratic expression, including both mixed terms, gives the derivative square. Put
A = Wol/ 2Z,,€0 01/ ®. The multiplier-minus-finite-rank formula implies 0 <= A < (Wo/dk)1,

so ||A|| < a. Subtracting the constrained equations for X yields
1/2 1qpr1/2
Wol? X oot = (I — tA) W2 X,

Spectral calculus proves the derivative bound; integration gives the loss ¢/(1 — ta). The reference
remains positive because dy,—t > (1 — ta)dy,. Finally Dy < cI'y,/ko and the loss bound give
I'y, = gI'y,. Combining these matrix orders proves the relative estimate without simultaneous
diagonalization. O

Application to the complete M24 example. With exactly the supported model and input
contracts of the M24 example, the complete derivative-weight integrals and their independently
reconstructed 659 x 659 derivative Gram certify a continuous ridge band. Its upper endpoint is
ko = 2724, and its exact lower endpoint is kg — h, where

B 1125889145388605 o 61260186864964717714045042811731968
 75557863725914323419136° B 3651321882289427623988064773

The lower endpoint is approximately 4.47036260082x10~8. Complete directed matrix tests establish
koDo < (1 +2720) Ly and the downward-band lower. Substitution in Proposition 5.1 gives

k[ <30 (ko —h <k < Kog).
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All 434281 derivative-matrix entries and all 659 directions are retained. This application uses
new derivative-weight primitives; the original M24 moment archive alone does not reproduce that
additional claim. Its scientific inputs, exact congruences and numerical contracts accompany this
extension in the separate ridge-continuation dataset and portable verifier. The interval keeps the
same support; a changing support changes the operator and requires a separate comparison.

Proposition 5.2 (Uniform capped return comparison). Fiz an admitted capped model with S, =
Sbase+w; dy = dpase + W, dpase > 617 and Q(Sbase _dbase)Q = 0. For any 0 < wy; <wp < 617 keep
the same constraints and legal input V. Put A = wg — wy, A = A1/2Zw0A1/2 and B = Al/szo.
Then

0=A=1l [(wy) = T(wo) — B*(I — A)™'B.

For M; = B*A'B and every integer m > 0,
> M; =B (I-A)"'B=>" M;+2""M,.
j<m j<m

This holds also for wy = 0, including changes across clipping knots.

Proof. Inverse order gives Z,,, = d;é and A/(dpase + wp) < 1/2. Minimize the complete quadratic
functional V*S,V —2R((S,V)*y) +y*dyy over y € ran Q. Writing y = Z,,Sw,V + 2, completion of
the square at w; subtracts B*B+ B*A'Y/2Z,, AY?B from I'(wg). The constrained resolvent identity
makes its middle factor (I — A)~!. The positive geometric series and A™(I — A)~! < 2= prove
the moment enclosure. No inverse of the possibly singular A is used. O

The contraction is uniform under the stated admissions. Certification also includes the size
of the complete observation Gram My and a directed signed lower bound after subtraction of the
return charge. Every capped-model test uses its own recomputed inputs, including the moment,
full-response and inverse errors.

6 The positivity endpoint and the finite reduction

The Riemann hypothesis has a positivity endpoint in a fixed odd Weil realization. We retain this

realization throughout the complete covariance estimates and the constructive signed certificates.

We first specify the original norm and domain; the later reductions return to precisely these objects.
Use f(£) = Jg f(u)e ™ du and Plancherel measure d¢/(27). For u > 0 define

Y(u) = e/? 2(47“2 —6rp)e ™, 1, = mne?Y, 5% =1/ cosh(u/2), (11)
n>1

with the even continuation given by theta inversion. Let K be the odd subspace of L?(R) satisfying
(h, ssinh(u/2)) = 0.
Write ¥ =I"/T" and
a(§) =RV (1/4+1i£/2) — ¥ (1/4) > 0, mo = V(1/4) — logm.
The domain V is the completion of the smooth compact odd polar-free core for

2 ¢

o (12)

Il = 15 + [ a@)lsh(©)
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The complete form on this domain is the closure of
—~5d
qulh] = /R(mo—i-a)|sh|227§

—ZA

\5%) <5h, (Slogn + S 1Ogn)8h>, Sbf(u) = f(u + b).
n>2

Inner products are conjugate-linear first. For f = sh the original physical norm is

I8l = [ 1P au

These are the conventions of the weighted-Weil and complementary-receiver predecessors [14, 12,
15].

Notation and proof dependencies. The ambient Hilbert norm is always ||h|2, and f = sh
is its physical profile. @, removes the polar row; a further projection removes only a specified
finite genuine-null space. The symbols pas i, nar i refer to arithmetic averaging, while the explicitly
declared symbols in Section 7 and the technical supplement refer to hard cutoffs. After averaging
order one is fixed, Pys, Nar, Ear and Ry (k) denote its positive form, negative form, complete source,
and actual positive inverse. Scalar hard-cutoff budgets have only their local declared meaning. No
projection, ridge or cutoff changes the original minimal form domain. The proofs below are internal;
predecessor citations identify the development of the constructions.

Lemma 6.1 (Complete elementary envelopes). For r = me2lul,

2lul

2r2e™" < s(u)? < 169¢HvI—me (14)

The arithmetic sum in (13) converges in original operator norm. Moreover 0 < a(§) < 17£2.

Proof. Each theta atom is positive. The first atom, 472 — 6r > 2r2, and e*//2/ cosh(u/2) > 1 give
the lower bound. For the upper, e/*/2/cosh(u/2) < 2 and ¥, +, nte=("=1r < 2: the consecutive
ratios are bounded by 16e™" < 1/2. Hence s> < 16r%e™" < 169¢=7 For b = logn, put
x = |u| 4+ |u+ b| > b. The upper envelope gives

s(u)s(u +b) < 169e2* 7™ < 169n2e ™.
Thus the norm of the full omitted arithmetic sum is bounded by
o = 338 Z n®?logne ™ — 0. (15)
n>M

This sums all integers and therefore every omitted prime power. In particular, for every integer
M > 2,
Spr < 451(M 4 1)2e "M+, (16)

Indeed logn < \/n, and the consecutive ratios of n?e~™ are at most 4e~™ < 1/4. Summing
the resulting geometric majorant gives the coefficient 1352/3 < 451. Boundedness of s and this
convergence make (12) the original semibounded form topology. Finally the digamma series is

(£/2)
,;0 (n+1/4)((n+1/4)* + (£/2)%)

The n = 0 coefficient is at most 16£2, and the others total at most &2 > on>1 n=3/4 < 3€2/8. O

a(§) =
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Theorem 6.2 (Cofinal complete certificates). For each j let I1; be a finite orthogonal projection
onto genuine null vectors of the complete associated operator H, and put P; = I —11;. Suppose a
complete signed certificate on the original domain gives

au Pl = —¢j|Phl3 (heV).,  0<e—0 (17)

along an unbounded sequence of indices. Then qg > 0 on V, and the Riemann hypothesis holds.
Each 11; may use its own finite genuine-null space.

Proof. For a genuine associated-operator null vector z € Dom H, qglz,h] = 0 for every h € V.
Consequently finite null projections preserve V', qu[Pjh] = qu[h] and || P;h|l2 < ||h||2. For each

fixed h, (17) gives qg[h] > —ej||h||%; taking the limit proves positivity. Lemma A.1 supplies the

endpoint implication. O

The following arithmetic realization and covariance estimates return to precisely this norm and
domain. The finite-coordinate constructions in the technical supplement provide alternative imple-
mentations of the same endpoint. Related compact-window reductions retain a Fourier envelope
and leading—tail coupling [21], or source-exact positive directions in a block—Schur certificate [11].
Our main estimates act on the complete odd weighted realization; the compact-window and whole-
line recipients are distinct.

7 Elementary estimates for the original realization

The estimates used below are proved here in the normalization and minimal form domain of Sec-
tion 6. They consolidate the elementary inputs of the author’s weighted-Weil and joint-cutoff
predecessors [14, 12, 15, 13]; those citations record provenance rather than substitute for the proofs.

In this section only, may = mg + a — 29, A(n)n~"2cos(€logn), pyr = (mar)y and
nay = (—myr)y denote the hard-cutoff symbols, with Ry; = 6-+8(log 2)v/M. The averaged symbols
introduced later carry their averaging indices explicitly. The estimates below do not identify a hard-
cutoff symbol with an averaged one.

7.1 Elementary arithmetic and logarithmic symbol bounds

Write d¢(N) = loglem(1, ..., N). The quotient for ¥c(2m) — d¢(m) divides (*™): a prime power
in (m,2m] supplies a positive binomial valuation, and there is at most one such new power per
prime. Similarly the quotient for ¥¢ (2m+1) —dc(m+1) divides (*”F1). The two equal odd central
binomials together are at most 22™+1, so either is at most 22™. Induction, starting at N = 1, gives

Jo(N) < 2N log?2.

Partial summation, with the bound extended to real arguments by flooring, therefore gives

Sui= > A\%) < 4(log2)V'M — 2log 2. (18)

2<n<M

This estimate needs no prime number theorem.

The identity mg = —y—m/2—3log2—log 7 gives —6 < my < 0 and mg+4+1log2 < 0. Here are
elementary admissions for these strict constants. The bounds v < 1, 7 < 22/7, log2 < 7/10 and
logm < 7/6 give my > —6; the logarithmic bounds follow from positive exponential Taylor sums.
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Also v > Hg —log9 > Hg — 11/5 = 29/56 > 1/2, since the first six Taylor terms give e'*/10 > 3.
Together with 7 > 3, log2 > 2/3 and log 7 > 1, this gives mg + 4 + log2 < —1/3.

For t = |¢|/2, the summand f;(q) = t*/[q(¢* + t*)] is nonnegative and decreasing for ¢ > 0.
Integral comparison with the digamma series gives

3log(1+4€%) < a(€) <4+ jlog(1 +4&%). (19)
Using the negative my, (18) and %log(l +4£?) <log?2 + log(2 + [€]) yields
0<ny <Ry, [pm—al <Ry, pm(§) < Ry +log(2+ (). (20)

The middle bound also holds where mj; < 0, since there a < |mg| + 2Sys. For |¢] > Qp = efmF1
the lower bound a(§) > log(2|¢]) proves mps(§) > 0. Thus the full negative support is bounded
without importing a sampled sign pattern at another cutoff. The raw tail satisfies dp; < 1 for
M > 2, since its decreasing majorant at M = 2 is below 4059(3/8)? < 1.

7.2 Complete theta constants and convolution

We first record the complete strip estimates
|s%(- & i/8)]2 < 20, ||s%(- & i/8) sinh((- +4/8)/2)|]2 < 32. (21)

For z = z+iy, z > 0, |y| < 1/8 and r = me?*, cos(2y) > 31/32 and 472 + 67, < 6r7. The consecutive
ratios of the majorized theta atoms are below 16e3(31/32)7 1/8. Summing all atoms gives

[(2)] < 7e®/2p2e=31T/32, 182(2)] < 2872 317/32,

The second estimate uses |cosh(z/2)| > cos(1/16) cosh(xz/2) > cosh(z/2)/2. Evenness covers the
other real arm. The squared two-arm integral for the first norm in (21) is at most 4704(16,/31)* <
400. For the second use |sinh((z + i/8)/2)]> < el*l < r/7; the squared norm is at most (784 -
24/7)(16/31)> < 1024. On the real line the stronger atom-ratio bound gives s? < 16r2e™"; its
maximum for r > 7 > 3 is less than 144e73 < 9, 50 [|5]|c0 < 3.

Put w = s?. Analyticity and complete double-exponential decay justify shifting the two Fourier
contours, including the vertical end pieces. Plancherel and (21) give

dg
El/41 50612 28
/Re @(€)[?> < 800.
Weighted Cauchy—Schwarz implies
_ d§ _ d€
— — 10.
[1o15: <38, [ g2+ leDialy; <210 (22)

Indeed the reciprocal-weight integrals are 4/7 and at most 164/m, using log(2 4+ z) < 1 + z; then
3200/3 < 33% and 131200/3 < 210? suffice. For an odd g with Fourier support in [—F, F], the
inequality 2 4 [£] < (24 |£ — ¢|)(2 + |¢|) and weighted Young’s inequality now prove

IPar(D)(wg)ll2 < [33(Rar +1og(2 + F)) + 210] | g]]2- (23)

The logarithmic multiplier is used only on these paid sources, rather than asserted bounded on all
L2,
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7.3 Complete hard-cutoff return

Let Qp be the orthogonal projection from the ambient odd Hilbert space onto the polar space K of
Section 6. For an integer m > 2 set

Lemma 7.1 (Hard-cutoff source bounds). The multiplier a is increasing on [0,00) and a(L) >
3log(2L) for L > 1/2. Moreover

cos(§logn).

640(m + 1)?
20m+1
(24)
The operator expression denotes equality of forms on the original minimal domain V; the omitted
arithmetic perturbation Vi, is bounded.

Islle <3, [bm(&)] <18V/m,  H = QuMs(a+bp)(D)MsQp + Vi, [Vl <

Proof. For fixed ¢ > 0, t?/[q(¢® + t?)] increases with t+ > 0. The positive digamma series in
Lemma 6.1 therefore proves monotonicity. Equation (19) gives

a(L) > $log(1 +4L?%) > Llog(2L),

since 1 +4L? > 2L. The real complete-theta estimate above proves ||s|ls < 3. From |mg| < 6 and
(18),
|bm| < |mol + 28, < 6 + 8(log 2)y/m < (6 + 8log2)v/m < 18y/m.

The exact identity follows first on the compact polar core by retaining all arithmetic shifts with
n < m. Its remainder is the complete paired omitted shift operator from Lemma 6.1. Hence, with
k=m+1,

[Vinll < 6m < 451k%e™™ < 640k2207F,

using €™ > 20 and 451 < 640. Compression by ), cannot increase its norm. The retained symbol
differs from a by a bounded multiplier, while V,,, is bounded in the original Hilbert norm. The core
identity consequently extends through precisely the specified minimal form closure. At no stage
are the paired signed edge pieces closed separately. O

8 Positive arithmetic smoothing and a cofinal schedule

Write M for multiplication by the complete theta weight s in (11). All identities in this section
begin on the original polar compact core and extend through its minimal closure V. Put

mp(§) =mo+a(€) —2 Y An)n~*cos(€logn), pr=(mr)+, ng=(—mg)+.
n<R

The cutoff is real, with Wr = W g|. For integers M > 2, k > 1, average R = Me" with density
vF~1e=?/(k — 1)!. The survival weights are

1, n <M,
=< Mk M) 25
weln) = O M logu/My (25)
n o= J!

Let mar, = mo+a—2RSy k, where Sy (§) =3, A(n)n‘1/2+i5wM7k(n), and take pas i = (Mark)+,
nak = (—mak)+ after averaging. The series is absolutely convergent at fixed M, k.

31



Theorem 8.1 (Exact smoothed realization and complete remainder). On the same original domain,
and after any finite genuine-null projection,

451(M + 1)e~™(M+1)

H =Py, — N W W <dpmyg = 26
M.,k M,k+ M.,k || MJﬁH > UMK Mkfl(l_efﬂ)k ( )

The bound holds for every integer M > 2, k > 1. Moreover
INargll < Bar := 9[6 + 8(log 2)v/ M 2%]. (27)

The separately averaged positive and negative receivers have an exact common positive term Jyyp
such that
Py =EPg — Ja ks Ny = ENR — Iy

Proof. Integration of the cutoff indicator gives (25). The elementary estimate Y., -p A(n)/v/n <
4(log 2)v/R is proved in Section 7. Since Eev/2 = 2k absolute Fubini applies and gives (27), using
|mo| < 6, a >0, ||s||lec < 3. Every arithmetic perturbation is bounded at fixed M, k; its positive
symbol differs from a by a bounded multiplier. The original minimal form domain is therefore
unchanged.

Set g =€~ " and j = M + [. The probability of the floor-cutoff cell is

[+ /Mt M
T (k-1 GG+

Indeed v < log((j+1)/M) < (I+1)/M in that cell. Multiply by the complete bound 451(j+1)2¢/*1
from (16). As M(j+1)/j < M+1and (I+1)*1 < (k‘—l)!(lzl:l), summing the binomial generating
series proves (26). The remainder is an average of bounded original-Hilbert operators. This extends
the core identity through the paired original closure.

Pointwise put A = Epgr, B = Eng. Then A — B =mp;y and j = min(A, B) = A — (muye)+ =
B — (—mum )+ > 0. The bounded operator Jy, = QMj(D)MsQ gives both identities. The
positive average is interpreted on V; its difference from the bounded negative average is the original

signed expression. O

Corollary 8.2 (Fixed-seed certificate criterion). Fiz an integer M > 2, ki > 0 and g, 7, > 0. On
the original finite genuine-null complement suppose

0 = Narg — Nify = 7l Nite = (14 ne) (Pars + ki)
Then on all original V,

T + M Bk 1A

hl > —|d + K +
qulh] > M+ Kk 5o

(28)

In particular the complete inequalities with ki, = 7, = 2% and n = 47% imply RH.

Proof. Rearrange N < (14n)(P+kI)+7I using the bounded N: P—N = —[s+(7+n||N||)/(1+n)]I.
Add the complete remainder and use genuine-null transport as in Theorem 6.2. The displayed
schedule tends to zero by (26)—(27). O
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8.1 An exact full-symbol evaluator

For F(s) = —('(s)/¢(s) and Fspr(s) = F(s) =3, <p A(n)n™*, absolute differentiation of the Euler
series gives

Sus(©) = 3 Ampn-v/2Hie 4 a3 (0 108 MY Fo(s)

]
n<M =0 J: 5=3/2—i¢

(29)

Thus the full arithmetic symbol is evaluable from a finite head and k derivatives in the abso-
lutely convergent half-plane. A Taylor expansion F. /(s + ) = >, a;z! makes its jth summand
?_o(=D'a;(—log M)7=t/(j — I)!. The paired operator remainder and the scalar evaluation er-
ror are separate quantities; both have explicit roles in (28). For example djg; < 5.122 - 1072,
di2 < 3.346 - 10721 and di616 < 8.618 - 10738,
For fixed k the prime continuum has amplitude

61'5 log M

(1/2+i€)(1/2 — i&)*’

whose negative phase mean is 227 ~1(1 +4§2)*(k+1)/ 2. This fixed-k continuum motivates the local
reference for k = 1 below. The all-k remainder (26) and the fixed-k mean have their stated, distinct
parameter regimes.

9 Complete sources and the actual inverse construction

The arithmetic realization of Section 8 is now fixed at averaging order one. We retain the complete
negative source and construct preimages for its actual positive receiver. Throughout the main
covariance arguments the original odd polar space is denoted by X = K, with minimal form
domain V.

H = Py — Ny + Wy, Ny = ExEyy, Wil < 0n = dura,
Ruy(r) = (Py + 6171, Gu(r) = Ei Ry (k) Eyy.

Here Py = Pyp and Ny = Njy,p in the main argument; the appendices explicitly identify their
separate hard-cutoff notation. The source space is YVpr = L?(Sar, dé/m), Sy = {€ > 0 : npr1(€) >

0}, with
Elh() = y/naa(€) /[R s(u)h(u) sin(&u) du.

For a finite genuine-null subspace K, Py i is the same-form restriction to K + and E\ i its exactly
projected source. All such inverses use the original norm. We write vas(K; k) = || By i (Pu i +
HI)_lEMJ(H.

An equivalent weighted-source convention is convenient for profiles: for I C [0,00) and ¢ €

L2([, TLM71 d§/7r),

. d d
go(u) = /InM,1(§)¢(f) Sln(fu)f, Er¢ =Q(sgs), Dy = /InM,1(€)|¢(f)|27f~
Multiplication by ,/ma71 identifies this convention isometrically with the unweighted source on its

positive support. Thus neither notation changes a covariance cap or omits mixed source terms.
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Set Lo =1 — 492, B(D) = 8L, and

8 _
CQ = ;QMSLO lMsQa Hf

L= [P+l P,

The exact polar cancellation below supplies the actual inverse construction. The technical supple-
ment gives separate inverse-form reference calibrations. The following exact polar cancellation is
the ingredient needed for the actual arithmetic inverse.

Lemma 9.1 (Exact polar Green cancellation). On the original odd polar space let B(D) = 8(1 +
4D*)~1 and K, = MyB(D) cos(aD)My. For every a > 0,

|QpKaQolls < 126231, (30)

Consequently, for either sign of the cosine and any further original orthogonal constraint projection
Q inside the polar space,

|QM,[B(D)(% cos(UD))+]M:Q — Collyg < 12M2e ™M1, (31)

Proof. The full kernel of K, is s(u)s(v)[e~14~v=al/2 4 ¢~lu=v+al/2] SQubtract the bounded rank-two
kernel 2e~%2s(u)s(v) cosh((u — v)/2) on the whole plane. Its even component vanishes on the odd
space; its odd component is —2e~%2|b)(b| and is killed by Q,. The exact remainder is

—2s(u)s(v) sinh((Ju — v — @) /2)1jy—y|>q-

Put A = e On its support 7, + 7, > 2 A by AM-GM. Its square is at most A~ 's(u)?s(v)2el v,
Split e~ (rutm) < e=2m(A=1)g=(rutru)/A  After enlarging the remaining integration to the whole
plane, each factor is bounded by

16
16r2e~ /Al gy, < =2 A3/2D(5/2) = 124572,
/R N /%)

Taking square roots proves (30), including every atom and both infinite arms. The nonconstant
real cosine coefficients of cosy have absolute sum 1/2 4+ 1/7 < 1. The right side of (30) decreases
with A > 1; apply it to each harmonic a = nU. The constant coefficient is 1/7, giving (31). Further
original projections contract the bound. O

10 An actual inverse estimate

The exact polar phase cancellation also pays a positive lower of the actual averaged arithmetic
receiver. This gives a whole-profile receiving theorem in the operator used by the signed criterion.
Write Py = Pyra, iy = nan, U =log M. For 0 < Q <1, let Eg be the complete source map of
Section 9 on [0, 2], with the same true profile metric.

Theorem 10.1 (Uniform actual-positive origin bound). There are constants C > 0, My such that
for every integer M > My, every 0 < Q < 1 and every finite exact constraint space inside the
original odd polar space,

E5(Pug+ M) Eq < CQ*(1 + loglog M)?1. (32)

Here ﬁM,Q is the closed-form restriction of the same actual positive operator and the source
uses its exact orthogonal projection. In particular, for Q = 1/log M, the entire origin cap is
O((loglog M /log M)3) and tends to zero. Ewvery schedule Q = o(1/loglog M) gives a vanishing
actual cap. For any fixed a > 0 the same conclusion holds at ridge M~%, with constants depending
on a.
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Proof. First use only the original polar constraint ;. Normalize one arbitrary complex profile by
Dy =1, and put Ag = 16v/MQ3/(37). Common-profile Cauchy-Schwarz gives

wl < VAglul, gV (w)| < VAV (> 1), (33)

All constants below are independent of this profile and €.

A phase-safe actual positive lower. For E(t) = W, (t) — t define the complete Abel error

E(t yt—3/2dt+\ﬁ/ |Ex(2)[t°72dLt.

EN = % — / |
Split the weighted prime integral at M and integrate by parts; the common boundary cancels
because min(1, M/t) is continuous. The derivative moduli are at most (1/2 + F)t=3/2 and (3/2 +
F)M t=5/2. Together with the lower endpoint this gives

Sma() V¢
VM 1/4+ &2

The unconditional quantitative PNT [7, Theorem 1.1] implies |E,(t)] < COnt/(logt)™ for every
fixed N. Splitting the first integral at /M gives €3y = On(U~V); the second normalized integral
has mass2. Take F' = U® and N = 20. With B(§) = 8/(1 + 4£2),

mari(€) 3(1 +4F?) N (1+4F?)(2+F)
VMB(€) 4/M 4

We used a > 0 and my > —6. Eventually e;; < 1/2. The scalar positive-part inequality therefore
gives the closed-form order Pj; = Ap, where

Ap = VMQyM,B(D)w(UD)1pj<pMsQp, w(t) = (—cost —1/2);.

sup < (24 Fley

|€I<F

ey — 0.

> —cos(U&) —epn, enm=

This is a bounded positive operator. Its phase mean is u = (v/3 — 7/3)/(27) > 0.

A compact smooth preimage. Choose a fixed Gevrey-2 step x, equal to one to the left of0
and zero to the right ofl, with |x)| < CoC](j!)2. Such a step is obtained from n(t) = e~/* for
t > 0 and0 otherwise, by x(t) = n(1 —t)/(n(t) + n(1 —t)). Cauchy’s estimate on a disk of radius
ct bounds derivatives of by j!(C/t)7e=¢/t; maximization in t gives C7(j!)2. The denominator is
bounded below near each endpoint, and the reciprocal Leibniz recurrence preserves this bound; on
the remaining compact middle use a uniform analytic disk.

Put R = $log(2U/x) and f(u) = x(|u| — R)g(u). For large U, R > 1, the cutoff is constant
near zero and is smooth and even. Its transition has fixed physical width. Leibniz and (33), with
0 <1, give ‘

IF174 < CAa(R+1)%, |fD]2 < OVAa(R +1)*2C{ (1) (34)

Indeed the undifferentiated g is bounded by /Aq(R + 1), each differentiated g by v/Aq, and the
factorial ratios in the Leibniz sum are absorbed by one fixed exponential constant. Define

__Lof
8uvM s

It is compact smooth odd and exactly polar legal: [sinh(u/2)Lof = 0 by two integrations by parts.
On its support r < 2¢2U; the original lower theta bound gives

1Y |]2 < CM2° 1 Ag(R + 1)3. (35)
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Complete residual and energy. Let A, omit the frequency truncation in Ag. The cosine coef-
ficients of w are absolutely summable, because its first derivative has bounded variation. Lemma 9.1
then gives

Aso = pVMQUMB(D)M,Qy + Har, [ Hall < ha = CM>/ 27V,
Since B(D)Ly = 8 and QY =Y, its mean acts on Y as Q(sf), and the exact truncation action is
(Aoo - AF)Y = M_lQszw(UD)1|D|>Ff-

Thus the complete residual e — ApY is the sum of Qy[s(g — f)], —HumY and this Fourier exterior.
All mixed terms are paid by the squared triangle bound with factor3. The full two-arm theta
estimate gives

1Qu[s(g — H)]II? < CAq /2U re " (logr)?dr < CAqUe™ Y (log U)>?.

For j = [U], (34) gives
I rfll < FfD) < CVAg(R 4 1) eV 10sU+O0),

Consequently M|le — ApY||? is Q3 times a negligible term; the polynomial trial cost (35) is domi-
nated by hys. Also Ap < Ay, gives

L
(Y,ArY) < (Lot f) + hy ||V < CQ*(R + 1)% 4 smaller terms.

Suv M

For complex f, integration by parts gives (Lo f, f) = ||f||%4
For any bounded positive A and & > 0, least squares gives

(e,(A+r)te) < (Y, AY) + r|e — AY || (36)

One obtains this by choosing A/2Y as the coefficient in the regularized preimage formula. It is
valid when A has a kernel. Apply it to Ap, x = M, and use inverse order from Ap =< Pj;.
Equations above prove (32) uniformly on the entire profile unit ball.

For any additional finite constraint space Z, the variational supremum for the restricted inverse
is taken over V' N Z1, a subset of the original trial space. For the exactly projected source its
value is therefore at most the original inverse energy. This gives the same constant for every such
constraint space. The closed restriction is densely defined: approximate in the dense form domain
and correct the finitely many row evaluations using fixed form-domain dual vectors. Finally, for
fixed ridge exponent a > 0, replace rg = 2U by cU, where ¢ > a + 1/2. The source residual costs
C’Q?’M‘IH/Q_CU(log U)2; the other errors stay negligible. This proves the last assertion. O

11 Complete covariance at prescribed polynomial ridges

The complete source admits an unconditional norm estimate at the ridge M ~! used in the signed
return. More generally, the following holds at every fixed polynomial ridge. Its proof combines
the original hard-cutoff realization of Lemma 7.1 with the actual arithmetic preimage and the
Vinogradov-Korobov prime-number error [7].
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Theorem 11.1 (Schubr’s Uniform Complete Covariance Theorem). For every fized b > 0, there
are Cy, My such that, for M > My,

Cy/log M exp(48+/blog M)
i .
The supremum is over all finite genuine operator-null spaces, including moving and growing choices,

with same-form restriction to K. The upper bound holds for every exact finite restriction with
dense restricted form domain. Every negative source frequency is included.

U | B s (Parsc + M D)™ Byl = 1] < (37)

Proof. Write U = logM and x = M~° Use a second arithmetic cutoff m, distinct from the
averaged-receiver parameter M. The original minimal realization has

640 1+ 1)2
H = Qus(a + b) (D)sQp + Vi [[Viall < o s= S22 FLT 18 ym,

20m+1
Here by, (§) = mo — 2> 0cp<m A(n)n~Y/2 cos(¢logn), while a > 0 is increasing on the positive half-
line and a(L) > 1log(2L) for L > 1. Lemma 7.1 proves these complete paired form identities in
the present manuscript; the raw remainder is never separated into its edge pieces. Put

k::max{4, POg%(jO/H)—‘}, m=Fk—1, Dy=18/m, L =¢*"°.
log 10
Since k? < 2, d,, < k/4. The multiplier v,, = (—(a + by,))+ lies in [0, Do] and is supported in
[~L, L]. On the unitary odd Fourier profile space put T}, = v,,,(D)"/? and E = QysT},. Scalar sign
decomposition gives H = —EE* — d,;,I on the original form domain.
Let S = ||s|lec < 3, and choose an even Gevrey-2 cutoff xr equal to one on [—R, R| and zero
off [-R — 1, R + 1], with a fixed-width transition and bounds ||X%)||Oo < CoCY(j1)2. Set

1045 D
Xo =log ———2,
K

R = 3 log(2Xo), Eo = QpsxrTm.

The complete theta envelope gives

K
sup s(u) < 26Xpe 3%0 < 13e=%0 = .
>R () 0 85Dy
Consequently ||[EE* — EgEj|| < /4 and
H = —EoE; — (1/2)1. (38)

This constructs a source majorant of the negative sign of H without applying a non-monotone
negative-part operation to an operator inequality.

We next bound the actual inverse on the entire coefficient unit ball of Ey. Theorem 1.4 of [7]
gives |W(z) — x| < Cx(log ) 8 exp[—0.1853(log z)/° / (log log ) /7] for & > 23. In the complete
Abel error, split M ~1/2 flM |W(t) —t|t=3/2 dt at v/M:; its lower part is O(M ~1/*), and its upper part
and M2 [2° |W(t) —t|t~>/2 dt obey the displayed stretched-exponential error. Thus, for every fixed
A >0,

emM = OA(G_A\/U).

Take T = exp[(50v/b 4 2)v/U]. The exact arithmetic phase debit
3(1+4T2)  (14+4T2)(T +2)_
+ eM
4V M 4
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tends to zero. Hence, for large M, the actual positive form dominates

8

Ar = VMQysB(D)w(UD)pj<rsQs,  B(§) = 1+ 462

w(t) = (—cost —1/2)4.

If u is the positive mean of w, its full-frequency continuation is A, = /L\/MQ{,SB(D)SQ(, + Jar,
with ||Jas]| < CMO/2e=m(M=1),

For ||¢]| <1 put g = Tino, f = xrg and e = Ey¢. Plancherel and product differentiation give,
uniformly over this entire ball,

134 <CDo(1+L?),  [[fD)2 < CVDo(L + C5%).

Here ||f]174 = ||l fII3 + 4]l f'[|3. Since m/U — b/log10, eventually Dy < 12v/bU and L < 24V0U
Choosing j = [U] yields

_173/2
Ippsrfllz < CV/Doe™ V™",

The compact smooth odd trial Y = (1 — 402)f/(8uuv/Ms) is exactly polar legal by integration by
parts against sinh(u/2). On its support the lower theta bound s(u)? > 2r2e~", r = me?l¥l| gives

IY[? < CM 10 Dy(1 + LY).

This pays division by s on the moving support. Since Xy = bU + Op(log U), this growth is harmless
against the full harmonic error. The exact mean action and residual are

/L\/MQ(,SB(D)SQ(,Y =e, e—ArY = —-JyY + /ubilQbS’w(UD)l‘Dbe.

Their complete squared residual, including the cross term, is smaller than every fixed inverse power
of M after multiplication by x~!. Also

(Y, ArY) < M7 f112 4 + [ IalIY )1
The kernel-safe trial inequality (36) therefore proves

Cy ﬁem\/w
VM

The proof is uniform over the full coefficient unit ball, with no finite-column or dimension factor.
Finally Nj; = Py + Wy — H and (38) give

1Eg Bar (1) Eol| < (39)

RYPNyRY? < I+ RyYPEyESRY? + (a — 1/2) Ry
The last term is nonpositive for large M. Equality of the source and physical operator norms gives
the required complete upper bound. For any exact same-form restriction its inverse, extended by
zero, is at most the base inverse. Restricting the form inequality thus proves the upper uniformly
without commuting projections with an inverse.

For the lower take one nonzero v € Dom HN(ker H)». Such a vector exists since the archimedean
form is unbounded above on compact high-frequency packets, whereas its arithmetic perturbation
is bounded. It belongs to every genuine-null complement. For completeness, the averaged quadratic
mean used here follows directly from the complete Abel formula. On each fixed frequency band,
nar1/VM — B(€)(cos(U€))+ — 0 uniformly. The phase mean of (cos); is 1/, and its absolutely
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convergent Fourier series gives weak convergence against every integrable test on that band. The
uniform complete bound ny71 < 16V M pays the exterior of |50|2 by Plancherel. Hence

Ny[v]/VM — (v,Co,v) =: ¢, > 0.

Strict positivity follows from s > 0 and B(§) > 0. This is the averaged order-two mean. The
separate hard-cutoff order-one mean is proved in the technical supplement and is not used here.
Therefore

Nas[v] —1/2
Gu (k)| > >1-C,MY
1GaactN 2 N T+ ano] = (0, Wagw) + ol =
uniformly in K and 0 < x < 1. This completes the proof. O

At Kk = M, Theorem 11.1 establishes the complete covariance estimate
/)/M — 1 + 0(1\471/24’0(1))7
uniformly over finite genuine-null restrictions. Corollary 11.2 characterizes RH through
liminf VM (yp — 1)1 = 0.
M—o0

Sections 12-14 develop complete signed certificates, exact null cancellation and physical lift esti-
mates within this formulation. Corollary 12.5 proves that a fixed complete complementary gap
together with the stated lift bound yields vanishing original-norm allowances and hence the Rie-
mann hypothesis.

Corollary 11.2 (Critical covariance characterization). Let Kj; be any sequence of finite genuine
operator-null spaces and put yar = ||Exy g, (P ey, + M) 7 Eny ey || Then

H>0 < l]i\glninf\/M(’yM—1).,r =0.
—00

Thus the critical covariance condition is equivalent to the original Weil positivity criterion and hence
to RH in the realization of Theorem 6.2.

Proof. If H = 0, the signed identity gives RMQNMR}V/IQ < I+ 0y — M~ YRy = I for all large M,

also after any same-form restriction. Conversely, if H is not nonnegative, choose a fixed nonzero
v € Dom H N (ker H)* with gg[v] < 0 by spectral projection onto a bounded negative interval.
This vector belongs to every K ]%4 Its same-state quotient gives

—qu[v] + (v, Wyv) — M~Hv|?
Par[v] + M=Ho|?

v — 12> chM_l/Q.

The last inequality uses the fixed positive numerator for large M and Pys[v] = Nas[v] + qu[v] —
(v, Wprv) = O,(v/M). This contradicts the stated liminf condition, which therefore establishes
H > 0 on the original domain. The original Weil equivalence in Lemma A.1 now applies. Hence,
under the stated critical covariance condition, the Riemann hypothesis holds. 0
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12 Genuine nulls and complete source certificates

Genuine null vectors provide coordinates adapted to the signed form. We first establish complete-
ness at each fixed arithmetic cutoff, then quantify the full covariance error of a finite null head.

Lemma 12.1 (Genuine derivative nulls). For every j > 0, z; = (%3 — (2771 /4) /5 belongs to
Dom H and satisfies Hz; = 0. Every finite initial family is linearly independent.

Proof. The theta Mellin identity of Appendix A gives
M(szj)(2) = (z* = 1/4)(=2)7+1E(1/2 + 2).

It vanishes at both polar points and at every centered nontrivial zero. To verify the original domain,
use compact even cutoffs yg and the polar-preserving approximants (92 — 1/4)(xzgyp®*1)/s. The
complete derivative tails, also quantified in Proposition 13.2, give convergence in L? after division
by s and convergence of the weighted physical derivative in L2. The bound a(¢) < 17¢2 proves
convergence in V. The same complete tails and integration by parts give arbitrary vertical inverse
powers for the Mellin transforms on |Rz| < 1/2. The zero-count bound therefore passes the po-
larized explicit formula through these approximants as in Appendix A. It yields gg|[zj, h] = 0 first
on the compact core and then on all V. Form representation gives the asserted operator nullity.
Finally a vanishing finite combination would make a nonzero polynomial times (2% —1/4)£(1/2+ 2)
identically zero. Analyticity excludes this. O

Theorem 12.2 (Complete null-generated source). Let

(2i+3) _ 1 (2i+1)
Zi = Ld Ld /47 i >0,
S

be the genuine operator nulls of the original realization. For every fired M with nonzero negative
source,

E};span{z; : i > 0} = Y.
Moreover Ey is Hilbert-Schmidt. If 11, projects onto span{E},zo,...,Eyzr—1}, then, for each

fized M and k > 0,
(I = 1L)Gar (k) (I = 1L )[| — 0.

Proof. The complete averaged prime multiplier is bounded for fixed M, whereas the archimedean
multiplier tends to infinity. Hence Sy lies in a bounded interval [0, Fis]. The derivative rule gives,
up to one fixed nonzero normalization factor,

Ejzi(€) = om(©)(—1)7€%,  wp(€) = /nara (€) (€% + 1/4)1(€).

The nonzero entire function 12 has discrete real zeros, so vys # 0 almost everywhere on Sys. It
belongs to L2(Syr). If f € Vi is orthogonal to every displayed function, the finite complex measure
fuar d€/m annihilates every polynomial in €2. Such polynomials are uniformly dense in C([0, Fiy]),
by polynomial approximation after the homeomorphism ¢ — £2. The measure is therefore zero,
and f = 0 almost everywhere.

The source kernel satisfies

. dg
1B s 2/ nara (6)[|Qpls sin(€)]?— < oo
Sm T
Thus Gps(k) is positive trace class. The proved density gives II, — I strongly, and compactness
gives the asserted norm limit. O
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The theorem concerns the source images of known nulls. It does not identify the full physical
kernel of H. Its density assertion is on the base polar recipient; imposing further physical constraints
can alter that assertion.

Theorem 12.3 (Signed remainder and complete trace certificate). Fixz M, k > 0 and finitely many
independent derivative-null columns Z. Define

K=2*NyZ, Vyz=ZK % J=EVy;, Q=1-JJ* (=|ViVy.

Then K -0, J*J =1, and

TG = [1+ (6a + 63, /K)0), (40)
7= |ExQl}s = Tr Nyy — Te(K 1 Z* N3, Z), (41)
IGarl| <1+ (6ar + 634 /K)E 4 7 /. (42)

For an increasing initial derivative family, T — 0 at fivred M. If Z has r columns, then
0> X\ (Npp) "t > 7/ Tr Ny,
where the positive eigenvalues are arranged in decreasing order.

Proof. The nonvanishing common factor in Theorem 12.2 shows that every finite source polynomial
family is independent, hence K = 0. Suppress M and write A = P+kl, R=A"Y F = (W —xrI)Vy.
Genuine operator nullity gives NVz = AV + F, so exact expansion gives

GJ =J+ E*RF, JGI=1+V;(W—krl)Vy;+ F*RF.
Using R < x~'I only after combining these terms yields
Vi(W — kI)Vy + F*RF X VH(—=W + W2/Kk)Vy < (6 + 6% /k) Vi V5.

This proves (40). In particular the ridge does not produce a separate k¢ charge.

Expanding @ and using cyclicity of the trace gives (41); all operators under the trace are trace
class or finite rank. Also [|QGQ| < 7| EQ|/}g = 7/k. For a positive two-block operator with
diagonal norms a, b, positive-form Cauchy-Schwarz bounds its quadratic form by (v/al|z||+vb|y|)?,
and consequently its norm by a 4 b. This proves (42), including the mixed block. Hilbert—Schmidt
approximation and source density give 7 — 0. Finally V;NVz = I makes the Rayleigh quotient of
N on ran Vy at least 1/¢. Min-max and r\,(N) < Tr N prove the last two inequalities. O

Proposition 12.4 (Directional Schur alternative). With the same notation, put b = ||QGrQ),
rp = ||F*RyF|| and € = (6pr + 0%, /k)L. For A =1+ > b, the condition

b?"F
<
A—b !

€+

implies Gy = Al.

Proof. The mixed block is QG J = QE3 Ry F and its squared norm is at most brp. Complete
the square in the @) coordinate of A\I — Gy, using A\l — QG Q = (A—b)I, and then apply (40). O
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Corollary 12.5 (A fixed complementary gap sufficient for RH). At x = M1, suppose that along
an unbounded sequence of M, finite genuine-null heads in Proposition 12.} satisfy

by = |QuGuQum| < g <1, U = ViVl = o(V M),

where q is fired and the complement contains every remaining source frequency. Then the original
Weil form is nonnegative and RH holds.

Proof. The actual remainder d); decreases exponentially. Since Rp; = kM and Fyy = (W —
kD) Vyr,
(Ii +0 M)2

reym < ———Lly.
K

Put ens = (6ar + 03, /)00 and nyr = enr + qrear/(1 — ). The two assumed resources imply
vy = O(M_l/z). With Ay = 1+ nas, one has Ay — by > 1 — ¢; hence Proposition 12.4 gives
Gy = (14 nar)1, including the mixed block. The original-domain absorption bound is

B
|||

hl > — |6y + ML 27000
QH[]_ M 1+ s

Since Bys,1 = O(V M), its allowance tends to zero. Theorem 6.2 applies: under the stated complete
complementary-gap and lift hypotheses, the Riemann hypothesis holds. O

The corollary uses a fixed gap below one, with both resources evaluated on the same head.
The matrix-valued signed Schur comparison can retain additional cancellation lost in these scalar
sufficient bounds.

13 Regularized null certificates and physical lift budgets

The null-source construction can avoid an unregularized source-Gram inverse. The price becomes
an explicit approximation error and the physical norm of its constructed lift. In this section write
d=||Wu| and D = d + d?/k.

Theorem 13.1 (Regularized complete certificate). Let Z : C" — X be a physical isometry with
range in Dom H Nker H. Put A= E},Z, K = A*A, and, fort >0,

J=AK +tI)'A*, T =2Z(K+tl) A"

Then 0 = J =<1, J = E},T, and
D m _ -1 —1 7% AT2
IGall <14+ 7= Te Ny = Te((K +t) K (K + 1) 2N}, 2). (43)
K
If a Hilbert-Schmidt map X : X — C" satisfies |Ey; — AX||las < € and || X ||us < Lo, then

2¢2 2D
G| < 1+%+,/7L0. (44)

FEvery trace and approzimation here uses the complete source metric.
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Proof. The singular-value multipliers of T are o/(0% + t); hence ||T||> < 1/(4t). The exact signed-
null identity, applied to T'f, gives

(JF,Gud f) < ITFIP + DITFI? < (1 +D/(4))IIFII*.

Use the positive partition Ny = EpJ2EY, + Ey (I — J?)E%,. After inverse congruence its first
term has norm ||JG s J||, and its second is at most ! Tr(Ey (I — J?)E};). Expanding J? and
using cyclicity proves (43). Completing the finite-dimensional square gives

Te(En (I — J)Eyy) = inf{|| Exy — AX [ + t| X lfis }-

Since I —J? < 2(I—J), the excess in (43) is at most D/(4t) +2(e?+tL3)/k. For D, Ly > 0 optimize
at t = /Dr/(8L3); the zero cases follow by limits. O

For independent raw columns Zy, replace K + tI by Z§NyZo + tZ5Zy. In (44) the physical
lift norm is then Lo = ||ZpXo||lgs.- This preserves the original physical metric without requiring
explicit formation of its inverse square root.

The collar estimate of Theorem 14.1 also survives regularization. With P; denoting source
multiplication by I C [0,e4V°eM] for a fixed A > 0, suppose

(1 = Pr)Ey — AX |lus < €out, [ X lns < Lout-

Completing the same square with (I — Pr)E}, and using the triangle inequality in inverse energy
gives

2
D 2(€2y + tL2
||GM||§1+4t+(\/a+\/(€°ut+cmt)) , ¢ = Cy|I|(1+ loglog M). (45)

R

No projection is commuted with J. The square includes the mixed term, and the exterior includes
every frequency outside 1.

Proposition 13.2 (Order-uniform original-norm null budget). For z; = (%3 — (%1 /4) /s,

|2]l2 < 10064%F3(25 + 3)1, 5 >0.
Consequently the raw map Zy = (29, ...,2r—1) Satisfies
1 Zo|l4g < B, := 100007 64172 [(2r + 1)!]?, 1 ZoXo|lus < v/Br||Xo||us- (46)

Proof. Set p =1/64 and r,, = me?l*l. The complete theta series is holomorphic in | Im z| < 7/4 and
even there. On |z — u| = p, reflect to the right half-plane if needed. Then Re(me?*) > 3r,/4 and
|Te??| < e2Pr,. Tts full series gives

()] < 246'“‘/27“56_3”/4 Z nte 3n* /4 48elul/2p2 o =3ru /4
n>1

Indeed the n = 2 summand is below 1/4 and subsequent ratios are below 1/256. Cauchy’s estimate
yields [*) (u)| < 48k!64Felul/2p2¢=3m/4 Divide by the original lower envelope s > 2r2e~"* and
integrate both arms using du = dr, /r, and elul = \/Tu/m. Thus

1152 e

Jp®) /5] < —(k!64k)2/ 326772 dr < 34567/2(k164)? < 80%(k!64%)2.

e 7
The triangle inequality at k = 2j + 3 and k — 2 proves the first bound. Summing its squares and
using the largest summand proves the second. O
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Since log B, = O(rlog(r +1)), this gives a useful cofinal lift window. At x = M~ the complete
averaged remainder has dy; < poly(M)e ™. If rj; = o(M/log M) and log(1+ || Xo s lus) = o(M),
then

VMDy || Zopr Xoa|lus < e ™M/ZHo),

Thus the lift part of (44) is paid at every fixed polynomial scale. A complete-source approximation
with €3, = o(M~%71), 1/2 < a < 1, would then give the excess o( M ~%) and the vanishing-allowance
endpoint. The approximation norm includes the entire source exterior as part of its complete-source
error budget.

14 Uniform covariance on small sets in a growing band

The null-source representation can be poorly conditioned near zeros of 1Z The actual positive
inverse controls small frequency sets there without division by that transform. An exact Fourier
shift extends this control beyond every fixed power of log M.

Theorem 14.1 (Growing-band observation bound). Put U =log M, and let Ly; — oo satisfy

VI
?M — 00,  Lien — 0, (47)

where ep; is the complete Abel error of Theorem 10.1. For all sufficiently large M and every
measurable I C [0, L],

IET(Pa + M~ )7 E;|| < C[I|(1 + loglog M). (48)

The constant and onset may depend on the admitted schedule, but not on the number or locations
of the components of I. The upper bound survives additional exact finite comstraints, with the
same-form restricted receiver, dense restricted form domain and exactly projected source.

Proof. Take T'= 2Lp;. The complete arithmetic phase debit is

3(1+47?)  (1+47?)(T+2)_
em(T') = + e
Since ej; > 3/v/ M, both terms tend to zero by (47). The scalar inequalities in the actual-origin
proof consequently give, for all sufficiently large M,

12v M

Pur = Az i= VMQusB(D)w(UD)pi<rs@s: mara() < 777

0<¢<T),
where B(¢) = 8/(1 + 4¢2%), w(t) = (—cost —1/2); and p > 0 is its mean. These are inequalities
for the actual arithmetic receiver and observation, before theta sandwiching.

Put e = Qp[ssin(¢-)] and Ry = 1 log(2U/n). Let xg, be the even fixed-width Gevrey-2 cutoff
equal to one on [— Ry, Ry] and zero outside [—Ry — 1, Ry + 1]. Define

— 492
fe(u) = xpo(w) sin(€u),  Ye = W'

This trial is compact smooth, odd and exactly polar legal: integration by parts transfers 1 — 492 to
sinh(u/2) and annihilates it. Uniformly for 0 < & < Lj;, product differentiation and the complete
two-arm theta envelopes give

Ifellfs < C(A+ €21+ 1ogU),
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Is(sin(¢-) — fe)||I* < CUe Y,
IVel? < CM* =11+ €2)%(1 + log U).

The first bound uses a support of length O(1 + logU) and a fixed transition width. For the last
bound the support satisfies r = me2l“l < 22U, so the original lower envelope s> > 2r2e™" controls
division by s.

Every positive-order derivative of x g, is supported on two fixed-width translated intervals. Thus
||X%3||1 < C’OC{(]’!)2 for 7 > 1, independently of Ry. Integration by parts with j proportional to

VW] gives [Xr, (w)] < Ce VIl for large |w]|, uniformly in Ry. The exact shift identity

n _X\Ro(w_g)_SC\Ro(w"i_g)
felw) = 5

therefore proves the complete exterior bound
11pjs7fell2 < Cem Vi, 0<&< L.

Indeed both shifted frequencies have modulus at least Ljs there; the polynomial factor arising on
integration is absorbed by reducing c.
The full-frequency continuation satisfies

Aso = pWMQysB(D)sQy + Jar, || Jar]| < CMP/2emM=1),
The polar Green identity gives its exact mean action Qp(sf¢). Consequently
eg — ArYe = Qpls(sin(é-) — fe)] — JnYe + u™ Qusw(UD)L pjsrfe-

A squared triangle bound pays all three terms and their mixed products. At ridge M ~! the physical
error costs O(U/M); the Fourier error costs O(Me~2¢VIa) smaller than every fixed inverse power
of M by (47). Also that admission and &y, > 3/v/M imply Ly = o(M'/9), so the displayed trial
norm is polynomial in M and is absorbed by the harmonic error. Finally

(Ye, ATYe) < CM T2 fell? 4 + 1Tl Ye >
The kernel-safe least-squares estimate (36) and Ap < Pj; now prove, uniformly on the whole band,
(e, (Py + MY leg) < OM™Y2(1 + €2)(1 + log U). (49)

The negligible errors are absorbed uniformly; at £ = 0 the source is zero. Integrating in the exact
source metric gives

1/2

d.
IR Erlls = [ mava (©)ice, Rasee) = < CJI|(1 -+ logU).

This trace bounds the full operator norm, retaining every profile combination. Variational restric-
tion gives the last assertion. O

Corollary 14.2 (Unconditional expanded bands). For every fized A > 0, estimate (48) holds for
all measurable I C [0, eV M| and all sufficiently large M. Constants and onset may depend on
A; no uniformity for a growing A is asserted.
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Proof. The complete Abel estimate proved in Theorem 11.1, using the classical Vinogradov—
Korobov prime-number error [7], gives ey = OB(e*B‘m) for every fixed B > 0. For Ly, = eAVU
choose B > 3A. Then L3ey = OB(e_(B_?)A)ﬁ) — 0 and Ly /U = eAﬁ/Q/U — 00.
Theorem 14.1 applies in the original norm and domain. O

Corollary 14.3 (Complete collar and null-source certificate). Use the null head of Theorem 12.3,
set kK = M~Y, and let Py be the source multiplication projection onto I C [0, Lys] for a schedule
admitted by Theorem 14.1 (in particular Ly = V18 M for fired A > 0). Define

Now = Em(I — Pr)Eyy, Tout = Tr Noug — Tr(VZ N2, Vz), cr = C|I|(1 4+ loglog M).
If
(Oar + 834 /K)E + (\/a+ W)Q <n, (50)
then Gpr(k) < (1 +mn)I, and on the entire original domain

nBaa 2
h] > — dnm + —|—’] R~
O e L

In particular, a cofinal family satisfying (50) with n = O(M*1/2) gives vanishing original-norm
allowances and RH.

Proof. Let Q =1 — JJ* as above. Without commuting @) and Py, cyclicity gives
IEM(I — Pr)Qlls = Tr Nows — Tr(V; Now Vz)-

Here Vz uses the full Nj; normalization. The triangle inequality in actual inverse energy gives

2
QG QI < (IR ExPrQl + RN Ear(T = POQI)” < (Ve + /7o)

Combine this with (40) and the positive-block estimate in Theorem 12.3. The original-domain
lower bound follows from Corollary 8.2, with complete negative source and no finite-source omission.
Since By = O(V M) and dpy — 0, the stated rate gives the endpoint. O

All frequencies outside I, including those above Ljs, occur in 7oy. The mixed collar/exterior
cost is the cross term in the square in (50). Thus the displayed criterion specifies a complete quan-
titative construction, with growing-rank conditioning and the complete trace remainder evaluated
in the same source metric.

15 Consequences and verification structure

The results support the original arithmetic Weil positivity question through complementary, com-
pletely specified verification routes. Table 1 identifies their norms, finite tests and actual numerical
evidence. The central criterion of Theorem 2.1 retains the original h norm and an allowance tending
to zero. Its complete receiver payment converts a strict finite matrix inequality into a bound for
every test in the supported domain; support exhaustion gives the RH-equivalent endpoint.
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First-moment arithmetic verification. Theorem 4.6 uses the complementary unweighted
fixed-floor route. Uniform Green control first gives the arithmetic-only realization. Its complete
first-commutator bounds and prescribed cutoff then convert the directed finite sign Hy > 1/5
into a whole-space lower bound 527/405. The logarithmic-band theorem pays all mixed source
covariance and the infinite receiver whenever the admitted finite sign is verified. Thus this test
requires signed first moments and the diagonal, while its admission is fixed by explicit analytic
budgets. The uniform-floor/null-approximation theorem supplies its original positivity implication
across cofinal supports. This branch and the central shrinking-allowance criterion retain their
respective norms.

Complementary constructions and evaluated instances. Complete-response commutator
and action bounds support capped regularization and finite receiving-inverse approximation. The
full-source-Gram arithmetic Schur construction remains the mechanism of the evaluated 256-mode
shift-three and 768-mode shift-two cases. The SD/M20/M24 examples instead use their declared
finite-Green reference, original-norm allowance and constrained receiver. The continuous-ridge
example holds its support fixed. These constructions retain the exact forms, constraints, complete
outputs and rounding payments used in their proofs.

The alternative growing-floor matrix of Theorem G.1 uses a complete spatial action Gram and
a scalar suffix floor. Its controlled-sparse version is Corollary G.2. This construction uses complete
norm and source-Gram bounds independently of commutator payment. The Hilbert-principal-
channel decomposition in Proposition 3.5 provides a separate whole-operator approximation of the
response’s compact remainder.

Complete covariance and supporting arithmetic analysis. The complete-covariance theo-
rem and its critical endpoint use the actual inverse and full source metric. Genuine derivative-null
coordinates, regularized lifts and collar estimates support that complementary characterization.
The support-growth theorem in Appendix E connects unweighted lower-bound growth to zero-free
strips through the original compact test class.

The technical supplement’s section Actual-prime discrepancy and physical packet energy pro-
vides another analytic arithmetic input. Given a zero strip Rp < b < 1, its Mellin estimate has
logarithmic frequency cost. A complete mixed-matrix estimate and uniform physical-energy condi-
tioning transfer that bound to selected growing packet families with a fixed mother and sufficiently
large fixed frequency separation. The coefficient retains its explicit e(®=1/2+M7T dependence for
0 < n < 1—0, including the odd-arm and self-interaction payments. This supporting analysis
uses its stated profile energy, alongside the complete-domain certificate criteria and their evaluated
instances.

The dependency structure is therefore explicit: the odd Weil criterion and supported realization
fix the original object; complete receiver bounds justify each finite acceptance test; exact-null
approximation justifies the complementary uniform-floor route; and arithmetic and source-energy
estimates support their specified verification tasks. The scientific package separates regeneration of
continuous-integral primitives from matrix reconstruction and retains the quantitative error bounds
for every evaluated certificate.
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A The odd original-domain criterion

We give the needed realization-specific reduction to the classical Weil criterion [19, 1]. For F(z) =
| f(u)e*™ du, the complete explicit formula has zero-side form

Wif,gl=> Flp—1/2)G(1/2-p). (51)
p

The sum counts multiplicities. On odd real tests W([f] = =3, F(p — 1/2)%2. The physical form
in (13) equals W[f] + 2|F(1/2)|? on odd tests; the polar term vanishes on K.

Lemma A.1 (Odd original-domain criterion). Nonnegativity of gz on 'V is equivalent to RH.

Proof. The theta Mellin identity, in the normalization (11), is
M() = €(1/2+2),  My/(s) = —26(1/2+2),  My/(1/2) = —1/4.

Indeed, with ¢ = ** and A(t) = 3,5, e~ ™t one has ¢ = e“/2(412A” + 6tA’). Two integrations
by parts on 0 < t < 0o, initially for s > 1, give

Mib(s —1/2) = 8(“’2_1) /Ooo A2V dt = £(s).

Theta inversion gives the entire continuation. For any compact smooth real odd f, put g =
f+4F(1/2)y'. Its polar moment is zero and its transform agrees with F' at every nontrivial zero,
so Wlg] = WIf].

Here g/s belongs to the original minimal domain. To see this directly, take even smooth cutoffs
xr and a fixed compact real odd b with Mb(1/2) = 1. Set gr = xrg — M (xrg)(1/2)b. Then gr is
in the exact polar compact core. Complete theta derivative envelopes give

I(gr —9)/sl2 =0, ll(gr — 9)'ll2 = 0.

For example |¢'| < 40el“//273¢=" and the lower bound (14) give an integrable upper 800e/“/rte="
for |¢’/s|?. The derivative atom polynomials are —8r2 + 30r2 — 157 and 16r* — 11273 + 165r2 —
75r/2. Their absolute coefficient bounds for » > 7 > 3, and consecutive atom ratios, give |[¢)"] <
160e!/2r%e=7 . These complete tails pay both limits. Bounded cutoff derivatives and the vanishing
compact moment correction preserve them. The bound a < 17¢2 now gives convergence in (12).

The same tails give exponential-weighted L' convergence of ggr — g and its first derivative.
Integration by parts therefore gives

sup (1 +|32])|M(gr — 9)(2)] — 0.
Re<1/2

The zero count implies p(l +1Sp]) 72 < o0, so the complete quadratic zero sum converges as well.
Passing the compact explicit formula to the limit yields qg[g/s] = Wg] = W[f]. Thus positivity
on V implies W[f] > 0 for every real odd compact smooth f.

Suppose an off-line centered zero og = & + 7y exists, with 4,y > 0 by symmetry. Nontrivial real
zeros are absent because the alternating eta series gives ((s) < 0 for real 0 < s < 1. Fix I' > v+ 1.
An even real polynomial P annihilates every zero orbit in |So| < I' except the quartet of og, and
P(09) # 0. Choose real a,b with iP(0g)(a + bog) = 1, possible because o # 0. Put

Fr(2) = iP(2)(a + b22) [T — TG+ 7 > 1,
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This entire function is odd and real type. It is the bilateral Laplace transform of a real odd Gaussian
multiplied by polynomial and trigonometric factors. At each fixed T', even compact cutoffs of that
physical function converge in exponential Schwartz seminorms. Repeated integration by parts gives
transform convergence with every polynomial vertical decay uniformly on |Rz| < 1/2. The zero
count N¢(Y') = O(Y log(Y + 2)) therefore permits dominated convergence in (51), so W([fr] > 0.
At ao,
o 18° Fr(og) =1 — ATV +4iToy 1

The target quartet, of multiplicity m, contributes —4mRFr(og)? ~ —4me®T* . All other zeros in
the finite window are annihilated. For exterior zeros put d, = ||So,| — | > 1. A fixed polynomial

envelope bounds their squared transform by

C(1+ |%O_p|)2D62T(1/4—d,23) < Ce—3T/2(1 + ‘%o_p|)2De—(d§—1)‘
The full remaining zero sum is O(e~37/2) by the same zero-count bound. The negative quartet
dominates, a contradiction. This proves RH. Conversely, RH makes (51) a sum of squared absolute
transforms on the polar core; original form closure extends positivity to V. O

B The supported Green realization

The supported Green realization used in Theorem 2.1 follows the positive exponential construction
of Li [9]. Its domain identification is included here. The complete physical-tail estimate and finite
certificate construction are proved in Appendix C. All arithmetic sums below include every active
prime power. Optional critical carriers are empty, and the original polar restriction is retained.

B.1 Exact realization and domain

On the odd-half unitary space L?(0, L) put

G =2j+ %> kq=(q+ %)W/La eq(@) = \V 2/Lsin(kqz), Dreq = a(kq)eq.

Lemma B.1 (Complete Green realization). The minimal zero-extended supported archimedean
form equals D, + Ry, where

_ 2sinh(c;z)

Rp=) rj®r;j, ri(x) = ) 52
L JZZ(:) J J i () 250 1 1 (52)
0=<Ry, |Ri|<CL:=L+n/2 (53)

The associated operator domain is Dom Dy ; finite DN spans are an operator graph core.
Proof. The positive digamma difference expansion is
2 2c;
a<€>=Z<—2J2>-
For the Dirichlet half-line and Dirichlet—-Neumann interval Green functions,

e—clz—yl _ o—clz+y)

Goo,c(xv y) = 2 y
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sinh(cmin(z,y)) cosh(¢(L — max(z,y)))
ccosh(cL) ’

Gone(z,y) =

direct subtraction gives 2¢(Gpn,c — Goo,e) = re ® 1e. For z = 2L — 2 —y > 0, the sum kernel is

bounded by
—z/2
Z€_Cjz = 67722 S 1+i
= 1—e 2z

The constant kernel has norm L; the Carleman kernel [2(u + v)]™!, w = L — x, has Schur bound

/2 with weight u~ /2. All positive partial sums therefore converge strongly to the bounded Ry, in
(53).

The identity first holds on smooth compact odd tests. To identify its closure, extend a finite
DN combination oddly across zero and evenly across L, with period 4L. Cut it off in endpoint
layers of width e and mollify preserving parity. The reflected error has H* norm O(e'/?~?) for
every fixed 0 < t < 1/2: rescale each bounded smooth boundary bump in the fractional Sobolev
norm. The bound a(k) < Cy(1 + k?)!, from the logarithmic symbol estimate, shows convergence in
the diagonal form norm. Conversely smooth compact tests have rapidly decreasing DN coefficients.
Finite sequence truncation is a form core of Dy ; hence the original minimal closure is precisely
Dy 4+ Ry. Boundedness of R; then gives its operator domain and graph core. This argument
retains the supported realization, rather than silently imposing a different endpoint domain. ]

At fixed L, the original positive smooth s has positive minimum. Thus s*! are bounded on

this interval. The original physical congruence is exactly S, = sSfs, with physical norm |[/h|2.
The polar condition becomes f L p, p(x) = sinh(z/2), in profile coordinates. Restrict the closed
forms to this subspace, retaining their minimal supported closure; one can enforce the constraint
on the smooth approximants by subtracting a fixed compact test with nonzero polar pairing. Finite
bounded arithmetic and ridge terms preserve these domain statements. No condition number is
assumed uniform as L grows.

C Proofs for the finite-verifiable criterion

All forms use the original supported minimal closure and its exact polar restriction. Lemma B.1
proves Hy = Dy + Ry, + Vi, the domain Dom Dy, and the finite-DN graph core. The arithmetic
bound follows from the complete weighted Chebyshev estimate in Section 7. The construction
below combines that realization with positive form order, constrained inversion, and a complete
residual identity.

C.1 Uniform theta brackets and the dyadic floor
For z > 0, put r = me?*, t = (1 + e7%)/2, and

O(z) = Z(4T2n4 - 6rn2)e_m2, W =t/0.

n>1
Every summand is positive. Write ¢; = (472 — 6r)e™" and

(1+e " )e"

W=t/ 4r(2r — 3)
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Lemma C.1 (Whole-theta brackets and variation). On z > 0,
q1 <O <(129/128)q1, (128/129)W; < W < Wh, |(log W)'| < 217e?*. (54)

Proof. Since r > 3, q1 > 2re™". For n = 2, 4log2 < 3; for n > 3, 4logn < 4(n — 1) < n? — 1.
Thus

O—aq 4 —r(n— Cora 2¢~6 5971968 1
<9 r(n®—1) <9 2(n*-1) < <
@ nz>:2n ‘ Ef ~ 1—e10 71073682775 ~ 128

The penultimate inequality uses e > 8/3. This proves the first two bounds for the entire series.
Termwise differentiation, justified by uniform Gaussian tails on finite intervals, gives

O'(x) = Z(—8y3 + 28y — 12y)e Y, y = rn’.

n>1
For y > 3 the absolute polynomial is at most 20y3. Also don>1 nber*=1) < 2. for n > 2,
6logn < 2n?, and the remaining tail is bounded by

-1
Yo s <16/3L < L.
n>2 o

Consequently |©'/0| < 20r. Finally |¢/t| < 1/2, proving the logarithmic derivative bound. O

Let K, = 21me?l. Partition [0, L] into cells of length at most h < log(4/3)/(2KL). At each left
node use directed evaluation 0 < a < Wj <b, b/a < 17/16. The complete-theta node enclosure

aj = (128/129)a <W <b=1b;,  b;j/a; < 2193/2048 < 4/3

then needs only the elementary expression Wj. Choose an exactly represented positive dyadic d;
with

(9/10)aje KLl < d; < aje Kl
and put Wisy = d; on that cell. The nonempty strict interior of this interval permits a finite
certified dyadic choice. Logarithmic variation gives

dj

d; < W(z), > (9/10)(aj/b;)e”*K1h > 817160 > 1/2.

Thus W/2 < Wiey < W as multiplication operators. One sufficient cell count is [2KL/log(4/3)].
At each fixed L, both potentials are bounded. Their jumps change the operator by a bounded
multiplier and preserve the supported form and operator domains.

C.2 The whole physical Green response

Lemma C.2 (Complete physical sandwich). For E;y = R, — Rrj, 0 < n < L, and 0727 =
eSSSUPL_ <yl s(z)?,

e_QCJU 2
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Proof. Use the ambient L? edge and interior projections P, = Yp—nr)y, Pi =1— Fe. Since 0 =

E; <Ry,
IEY?Pus|| < \/L +7/20,.

On the interior 0 < rj(x) < e~ (L=2) whence Tonelli and the complete positive feature sum give

—2cjn 6—2CJ7']

e
Tr(PEsB) < Z 2¢; = 2c7(1 —e41)’

3=J

Use [|s]lcoc < 3 for the interior factor, and apply the operator triangle inequality before squar-
ing ||E}/ 2s||2 = ||sEys||. All cross terms are included. Positive partial sums pass monotonically
to the bounded response. The characteristic functions act only in L?, so no multiplication of a
form-domain vector by a discontinuous cutoff is required. Restriction then preserves every polar

constraint. O

All response indices are chosen outward as in (3); finite interval refinement supplies such an
integer without deciding an exact-ceiling equality. Here are the explicit admissions. Write U =
logM, A\=1logU, p=U +8\. For M > 2% 13 < U, 2 < ), and logU < U/4. The last inequality
follows at 13 from log 13 < 3 < 13/4, and then by differentiation. Thus p < 3U, n < 1/2, and

CL=L+m/2<3ix+3 <2

The width satisfies L > 1. Indeed its derivative has the sign of U(A? — 2) + 8A\(\ —2) > 0. At
Uy =20log?2, p/m > (40/3 4+ 16)/4 = 22/3 > 4, Ao < 3, and hence L(Up) > log2+1/3 > 1.

At the edge start me*(E= = p. The complete theta envelope s(z)? < 169¢iz—me*" decreasing
for x > 0, therefore gives

169 338X
2 2 — 2
0'77 S 169(p/77'> (& P S W, C’L(T77 S MU6
Moreover 4Jn > p, 2c; > p/n, and 1 —e~t > t/(1 +t) imply
4p 4 e=2cam 3
2cs(1 — e~ 41) > =U = < :
b=z p > 30 iE oo g ) S e

Applying (a + b)? < 2a? + 2b% in (55) proves

676 27 1024\ 1024 1024 1
A7 < MA; <
J= 306 T oaoe = Mus I =

U5 S S 1

These elementary inequalities prove (8) for every admitted integer, not just asymptotically.
The complete lower form satisfies Spy < Hy + M ~1W. Under original Weil positivity, its exact
physical congruence is

1
SM,h = Hh — SEJS + M713m0W8 > (W - AJ) I > I/(4M)

Equivalently Sy = W/(4M) > I/(36M). The bounded response and potential changes preserve
the same original minimal supported closure. Compact polar-free exhaustion uses the exact physical
row s(z)sinh(z/2), as in the proof of the odd criterion.
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C.3 The small-support intersection core and receiving floor

The scalar symbol bounds needed below follow directly from

2
) =3 2%k

= cj(c§ +k2)’

For k > 1, comparison with the decreasing integral gives a(k) > logk; separating j = 0 and
bounding the remaining sum by its integral gives

a(k) <5+log(l+ k), k> 0. (56)

For the lower bound, the integral over ¢ € [1/2, 00), divided by the spacing 2, is % log(144k?) > log k.
For the upper, the first summand is at most 4; the remaining integral is at most %log(l +4k?) <
log2 + log(1 + k).

Let p = p/||p|l, P, be the first n DN projection, and &, = ||(I — P,)p||?>. Integration by parts
gives the exact coefficients

cosh(L/2)?
L(sinh L — L)(1/4 + k2)*

(P, eq)|” = (57)
For L > 1, the ratio cosh(L/2)?/(sinh L — L) decreases: its derivative is —L sinh L/[2(sinh L — L)?].
Its value at 1 is below 9, since cosh 1 < 2 and sinh 1—1 > 1/6. The first-term-plus-integral estimate
of the remaining fourth-power series therefore yields, for n > 1,

9L3 9
mi(n+1/2)3  wk3

If f L Vy and f L p, its low-frequency component is proportional to Py,,p. The exact polar row
and Cauchy—Schwarz give ||Py,, f||* < dn,, || f||?, hence

DL[f] > {a’(kNIM) - 5N]M [a(kNM) - a(k())]}HfHZ

Put X = By + 8+ 1 > 2. Since ky,, > e, the decreasing function [5 + log(1 + k)]/k® and (56)
give
9

(X +6)e 3% <3(X +6)e* <2476 < 3/8.
T

dnylalkny, ) —alko)] <

The deliberately generous X + 6 bound follows from log(1 + e*) < X + 1. Thus Dy, on the whole
receiving complement exceeds Bys + 3 + 5/8. Dropping only the positive retained responses and
using Vi, = —BjsI proves

TM = BI + M_lQMVVIOWQM- (58)
This proof is safe for every larger outward Nj;.
For completeness write v, = (eq,p), vo > 0. The finite generating list w; = wvoe; — vjeo,

1 < j < N, has Gram 021 + vgaivf,,. By (57) and cosh(L/2)?/(sinh L — L) > 1/2,

2
cond Gy, < @ <2L(1/4 +7%/(4L*)* < 37L, L>1.
v

0

Its inverse square root defines a computable exact profile isometry. All inputs remain finite DN
combinations.
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C.4 Constrained step inversion and the full residual

Let F = Fy, Q = Quy, d=dy, and Gy = F*d~'F. Since F*F = I and d is a finite positive step
multiplier,
d—l

max

I<Gy=d-}T.

min
Thus the finite inverse is both well-defined and susceptible to directed verification with an explicit
lower bound. For g € ran @, the function

z=dtg—d 'FG;'F*d g

satisfies F*z = 0 and Qdz = g. It is the solution for the restricted multiplier form dg. The same
formula annihilates F, so it defines Z = (dg) ™! extended by zero. From (58), inverse form order
gives

02Ty 22, |z <p7"

Write H, = U},SyUn, C = Q§MUM, and K = H, — C’*T]\?C. For a legal operator-domain Y,
QY =Y, the complete residual identity is

K = Uy —Y) Sy (Up —Y) = (C =Ty Y)* Ty (C = TasY).

This follows by expanding both squares and cancelling all linear and quadratic Y terms. As
ry =C —TyY =QSy(Uy —Y) and ZF = 0, replacing T]\}l by Z yields exactly

K-Ty(Y)=1r3(Z - Ty )ry, 0=<=K—-Ty(Y) =<8 riry.

The positive receiving block makes this Schur identity valid even when the core block is indefi-
nite. Acceptance retains the complete ambient action covariance, not a square of a finite output
compression.

C.5 Computable trials, complete entries, and strict acceptance

Finite DN sums form a graph core for Dy,. Formula (57) also shows p € Dom Dy, because a(kq) =
O(log(2 + q)) and the coefficient squares are O(g~*). Restriction to p*, and then to the finite-DN
core complement, has the expected operator domain: the off-diagonal rows against these finitely
many domain vectors are bounded. More explicitly, (p, Dy f) = (Dprp, f), and the same identity
holds for the finite core columns. Thus their removed row components are bounded in || f||2, making
the ambient and restricted graph norms equivalent on the constrained domain. All other terms in
§M — Dy are bounded at fixed M.

For a true receiving-domain f, DN truncation converges in this graph norm. Exact pole correc-
tion using eg, followed by projection off the finite core, preserves graph convergence and finite-DN
structure. The corrections in (7) are graph-continuous and act identically on true receiving vectors.
Dyadic finite-DN proposals therefore give a computable graph-dense trial family. Each column of
T A_JlC belongs to the receiving operator domain. Approximating these finitely many columns by
that family makes ||C' — Th/Y|| — 0.

We spell out finite evaluability. The function d~! is a finite step function. For finite-DN
inputs, diagonal actions are finite sine sums; each retained response is an explicit exponential; each
killed prime translation is a finite sine expression on its overlap panels. The odd-half identification
supplies the reflected pieces as well. The potential action is another finite piecewise sine sum. Hence
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every entry in A}d 1Ay, F*d 1Ay, G4, and the form matrix uses finitely many sine, cosine and
exponential integrals over a common finite partition. For example, the entire expression

b
/ e dr = e**(b—a) Z

m>0

[2(b — a)]"™
(m+1)!

has an explicit exponential-series remainder and includes z = 0. It avoids an equality decision at
a vanishing denominator. Outward panel endpoints and continuous zero-overlap limits similarly
handle coincident shift endpoints.

All scalar coefficients are computable with directed errors. The displayed positive series for a(k)
has tail at j > R at most 2k2[c]§3 + 0;52 /4], by its first term and integral. Logarithms, exponentials,
trigonometric functions and square roots have their usual convergent rational enclosures. The Euler
constant entering mg may be enclosed between H,, —logn—1/n and H,, —logn. Finite-dimensional
positive square roots and inverses can be enclosed using the explicit Gram lower bounds. The
outward arithmetic index may be chosen within two of e?; any additional killed shift has zero
overlap on the actual support. Consequently a finite certificate contains directed bounds for every
scalar, node, height, action, constraint inverse, and final matrix.

Under RH the complete lower form is at least I/(36M) in profile norm. Minimization over
the entire receiving space with fixed core coefficient therefore gives K > I/(36M). The residual
tolerance |y ||? < B/(72M) proves I'y;(Y) = I/(72M). The computable graph core attains this
tolerance at each fixed M. Directed refinement of the finitely many entries can attain any positive
error radius. With ||T — Ty (V)| < e < 1/(288M), the lower matrix obeys I' — el = I/(144M).
This proves conditional fixed-instance completeness and finite recognition by a strict positive matrix
test. Conversely, every accepted certificate gives a complete original-norm allowance M ~!; cofinal
exhaustion proves Theorem 2.1.

C.6 A quantitative complete receiving-return enclosure
We prove Theorem 2.2. Write S v = D + B, where
IB|| <b=Cp+ By +M et /(2r2).

The potential bound follows from the first theta term, as detailed below. For the normalized polar
row, cosine Parseval and integration by parts give

> kel eg)* = IIP'II%,

q=>0

|p'|>  sinhL+L
[pI? = s L~ 1)

<4, L>1.

The derivative ratio is decreasing, and the last inequality follows at 1 from sinh1 > 7/6 > 17/15.
The preceding symbol integral gives a(k) < 4 + 3log(1 + 4k?) < 4+ 2k. Hence a(k)? < 32 + 8k?
and | Drp|| < 8. For F' = [p, U] this proves the dimension-independent estimate

|IDLF|| < V64 + 2.

The graph-domain argument above identifies Dom Ty; = Dom Dy Nran@Qy;. For y = T]\}l f fe

ran Qr,
Dry=f—QuBy+ F(DLF)"y, Doyl < G| f]].

Also C = QarSaUas obeys ||C]| < a +b.
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Let P, be the first m DN projection, m > Ny, and set zg = (I — UprUj,)ep. Then 2 lies
in the first Njs modes, ||20]| < 1, Dr[20] < «, and (p, z0) = (p,ep) # 0. For y = TA}lf, the legal
approximation

P,

{: Bny) W

(. eo)
retains both the polar and core constraints. Put h = (I — P,,)y and ¢ = (p, Pny)/(p,e0) =
—(p,h)/{p,e0). The high and low pieces of y — wy, = h + 20¢ are orthogonal in both L? and the
diagonal form. Thus

W = Py — 20

ly = winl* < 1+ Ro)[IAl*,  Dily — ww] < D[] + aRol|A|*.

The exact pole formula gives

2

L(sinhL - L) [, 72

Ry = : 16L.
0 cosh(L/2)? (4 + az) =

Indeed the hyperbolic ratio is below 2, 72 < 10, and 2(1/4 + 10/4)* = 121/8 < 16. Since a is
increasing,
111 < alkn) 2 DLyl®,  Drlh] < alkm) ™[ Dryl*.

On the same receiving domain these estimates imply
Tly — wm) < {a(km) ™" + Pea(kn) "} Dryl>.

Let Y = TA}IC and Y, = V,, T, 1 By,. The classical Galerkin energy projection [5] gives orthog-
onality in the complete T, energy:

0=X = Xp=(Y = Yp)* Tt (Y = Yip).

Apply its best-approximation property to w,,, for each common core coefficient vector. The graph
bound for T]\}l then proves

0= X — X, < G*alkp) ' 4 Pea(ky) 2}C*C < ep(a +b)21.

Every omitted receiving direction is priced by this error. The full C*C is an optional sharper
payment; the printed scalar alternative uses the complete bound ||C|| < a + b.
For the specified outward myy, km,, > €™ and a(kp,,) > tar > max(1, P,). Consequently

mnr

2G%(a + b)? - 1

2
Emjw (a + h) N a(km]%) B 72M '

This proves the conditional margin and the strict finite enclosure in Theorem 2.2. The entries
of H.,Ty,, By, are finite-DN form integrals with the same step and shift panels already described.
Their receiving matrix has the explicit floor 5. They therefore admit finite directed inversion and
error bounds.
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C.7 Actual arithmetic commutators and the sharper return bound

We prove Corollary 2.3, including the support-domain identification. On the full line let A = a(D)
and use the bounded nonnegative partial multipliers

A, = an(D), = {2/¢; = 2¢;/(c; + %)}

j<n
Their off-diagonal kernel is — K, (| — y|), with
e~ /2 —q/o 1
0< Kn(d) < T <e / + 57

Across a half-line cut, write the distances as u,v > 0. The exponential cross kernel has rank one
and norm 1; the Carleman kernel 1/[2(u + v)] has norm at most 7/2. The commutator consists of
a cross block and its negative adjoint, so its norm is at most 1 + 7/2. For the interval projection
P =1(_r 1), subtraction of the two half-line projections gives uniformly in n, L

I[Au, Pl < ez =2+ (59)

The diagonal constants cancel before this estimate.
For f € Dom A, A,f — Af, and (59) bounds ||A,Pf| uniformly. Monotone convergence of
an(€)? |Pf( ¢)|? proves Pf € Dom A. Strong limits then give the bounded commutator [A, P]. The
off diagonal blocks PA(I — P) and (I — P)AP are bounded by c¢,. Removing their self-adjoint sum
from A yields a self-adjoint block-diagonal operator on Dom A. Its interval part A; has domain
Dom A Nran P, and represents the restricted full-line closed form.

This is the original minimal supported realization. Indeed the block argument also bounds every
interval projection uniformly in the norm || f||%+|| A2 f||2. Interior interval cutoffs converge in that
norm: prove it first on the global Schwartz core, where a boundary strip of width & has H® norm
O(e'/?7%), 0 < t < 1/2, and then use the uniform projection bound and density. The logarithmic
multiplier is bounded by every positive Sobolev power. An interior-supported vector can then be
mollified, with convergence by Fourier dominated convergence and with support retained. Even
mollifiers preserve odd parity. Thus compact smooth odd tests are a form core of the odd restricted
form. Lemma B.1 identifies this same closure with Dy, + Ry,.

Let 7, be full-line translation and T, = P, P the actual killed translation on ran P. Both P and
T, preserve Dom A; translation commutes with A. On the compressed domain the exact identity is

[A7, T, = —PA(I — P)r,P + Pr,(I — P)AP.

It proves ||[A7,Tu]|| < 2¢, for every real a. Only the pair T, + T, is restricted to the odd
sector. It has norm at most 2, preserves the odd supported domain, and the half-unitary identity
Dy, = Atloaa — Rr, gives

DL, (Ta + T-a)loddl || < 4(2 + ) +4C. (60)

There is no shift-size singularity. Triangle inequality in this commutator estimate retains every
active prime power, while the arithmetic operator in the form keeps its actual signed coefficients.
We also pay the other components. For a step b on (0, L), each jump at ¢ has

DL, Ll <2CL,  |[[[Dr, b]]| < 2CL TV(b).

To prove the first estimate, use the finite digamma identity D,, = A plodd — Rr,n- In half-interval
coordinates the opposite-side kernel of Ay, is bounded by 1+1/[2(u+v)], giving norm at most C',.
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The Ry, , commutator costs at most Cr. Uniformity in n, followed by the same diagonal monotone
convergence argument, proves both preservation of Dom Dy, and the stated bound. Sum the jumps
to obtain the variation estimate.

For the finite Green terms,

Il < @)™ Il* < 2¢5,  |Drjl* < 16/¢; + 16¢;.

These follow from the explicit exponential profiles and the same DN cosine Parseval estimate
used for p. Hence || Dprjl|||r;]| < ,/8/0? +8 < 7. The rank-one commutator identity then gives

\[Dr, R j]|| < 14J, with domain preservation. If nce is the potential cell count, an explicit bound
for the whole perturbation B is therefore

A(n)

Ky =14J + [4(2+7) +4C] Y, —=
scnzer VI (61)

+ 4CLM71ncellH‘/Vlow||oo > ||[DL7 B] H

Here TV(Wiow) < 2ncen||[Wiow|so; monotonicity of the heights is unnecessary. Every component
preserves Dom Dy,.
Put Pp = FyFy;, Kp = V64 + a?, ¢ = a+ b, and define

Fi=ad*+ha+ K+ Kpe, Go=F +(h+Kp)Ge+ (K1 + Krb)e/B. (62)
The complete forcing C' = Q7S Uas belongs to Dom Dy, with IDLC|| < Fi: expand DrQn (D +
B)Uyy, using ||DpPr|| < Kp and DB = BDy, + [Dy,B]. For y = Ty f with f € Dom Dy,
the previously proved identity Dry = f — QaBy + PrDry has its right side in Dom Dy. Thus
y € Dom D%, and applying Dy, yields
ID3yll < IDLfll + (b + Kp)| Doyl + (K1 + Krb)llyll-

With f = Cw, this proves ||D2T,,;'C|| < Ga, including every finite polar/core projection term.
For the same legal approximation w,, as above,

Di[h] < a(kn)?[DZyl?, (Kl < alkn) " IDLyl”.
The complete Galerkin energy identity now proves
0= X — X = GHalkm)® + Pea(km) .

The threshold in Corollary 2.3 pays this by 1/(72M). On the actual support schedule, the el-
ementary weighted-prime bound, the response and cell counts, and M~ |[Wigy|lee = MM give

K1 = M°Y), Consequently Gy = M°M) and log m(2) M1/3+e() completing its proof.
C.8 Representation growth
For (3),

et = pe? Jr = (1/7 + 0(1))log M, J = O(log Mloglog M), L = O(loglog M).

The elementary arithmetic budget gives B = O(y/Iog M), so log N = O(y/Iog M) and N = M°(),
Also K, = 217e?l = O(log M), proving the cell count in Proposition 2.4. The first theta term gives
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s(z)? = ©/t > 2r2e™"; this last function decreases for r > 7. With rp = me?! = (1 4 0o(1)) log M,
any profile isometry E therefore has

e’ Q"L
I/9 < E*WE < 27[, cond(E*WE) < 57 = A1)

2
L L

These are representation and metric bounds for the stated core and profile isometries. The explicit
residual tolerance governs trial enrichment and finite precision in each certificate.

For the quantitative energy-return construction, the same potential bound gives h = M o) on
the actual schedule. The certified near-threshold core index has o = O(Bys + 1), while Ry =
O(Ly). Thus G, P, (a + h)2 = M°D, and the explicit ¢y, is M), Choosing my; within
two above its displayed threshold gives logma = M'T°(1)  as asserted. This trial-size bound
quantifies conditional completeness; all scalar, matrix inversion, and final enclosure precisions are
paid separately in the finite certificate.

D Unrestricted derivative nulls and exterior response pairing

The derivative nulls in Lemma 12.1 also satisfy an uncompressed distributional equation. This ex-
tension concerns the same original null family. We retain the normalization M f(z) = [ f(z)e** dx
and Fourier measure d¢/(27), with inner products conjugate-linear in their first argument. Write
n; = szj = (02—1/4)y& D The transform identity and complete derivative tails are those already
proved in Lemma 12.1 and Appendix A.

Define the full signed geometric expression by

Aol (9) = (@(D) 4 m0) (@) = 32 2 (@ = log) + F(a -+ ogn)}
n>2

+ [ 2cosh((@ — y)/2)f(y) dy.
R

(63)

For compact input the prime sum is locally finite. For the theta-tail inputs 7; it converges locally
absolutely with every derivative. The expression is interpreted distributionally; no global self-
adjoint realization of its infinite prime convolution is assumed. The pole term in (63) is part of
the definition. On odd tests its quadratic form is —2|M f(1/2)|?, so the expression agrees with the
complete Weil zero form in (51), rather than with the pole-free geometric form on an unrestricted
test class.

Proposition D.1 (Unrestricted distributional annihilation). For every fized j > 0 and every
g € C(R),
<77j7 Ageog> =0.
Equivalently Ageon; = 0 in distributions on R.
Proof. Use the polar-preserving approximants already employed in Lemma 12.1, now before division
by s: '
njr = (07 = 1/4) (xrp® ),

where ygr is even with fixed-width transition and uniformly bounded derivatives of each fixed
order. These functions are compact, smooth, odd, and have both polar moments exactly zero.
The complete theta derivative bounds give convergence to 7n; in every fixed exponentially weighted
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derivative L' seminorm and in every fixed H*. In particular repeated integration by parts yields,
uniformly in R and |Rz| < 1/2,

IMn; r(2)] < Cjn(1+|S2))™N  for each fixed N.

For odd compact g, polarize the complete compact explicit formula with 7; g in the first inner-
product slot. Its zero side is

> Mg(p—1/2)Mn; r(1/2 —p).
p

The zero count and the uniform strip estimates give an absolutely summable majorant counting
every multiplicity. The limit of each term is zero, since

Mnji(z) = (22 = 1/4)(—2)2T¢(1/2 + 2)

vanishes at both polar points and at every centered nontrivial zero; the reflected conjugate argument
is another such zero. Multiplicity repeats the same vanishing value and introduces no derivative
premise.

The geometric limit is also justified directly. The H? convergence and 0 < a(¢) < 17£2 control
the archimedean pairing. For z in a fixed compact interval [—b, b], the complete theta tails and the
cutoff derivative bounds give, uniformly in R and large n,

Inj,r(z £ logn)| + |n;(z £logn)| < cn® exp(—cbnz).

Thus the entire prime pairing is dominated by a convergent series 3, A(n)n®~1/2 exp(—cyn?).

Scalar terms converge, and polar cross terms vanish exactly. Dominated convergence proves the
assertion for odd g without a polar restriction on g. Even g gives zero by parity of every term in
(63); decomposition proves the general case. Symmetry of the distributional expression identifies
the equivalent annihilation statement. No finite zero list or prime truncation is used. O

Proposition D.2 (Complete exterior identity). Let I = (—b,b) and let u, extended by zero, be
odd and belong to the actual minimal supported local geometric operator domain. Suppose that its
constrained equation inside I is

Ageott = Au + Bup, p(x) = sinh(z/2), X eR.
Then
Anj, w1 = —(nj, Ageott — Bub)r\1- (64)

Every prime and polar term in the exterior pairing is retained and absolutely integrable against n;.
The entire exterior response need not belong to ordinary L?.

Proof. The domain and supported-closure identification in Appendix C gives an L? archimedean
action inside I. Outside I, the off-diagonal kernel of a(D) is exactly

e ltl/2
—J(z —y), J(t):ma t#0.
Indeed the positive digamma series has summands 2/c; — 2¢;/ ((332 + ¢2), and the inverse Fourier

transform of its second term is —e~ %!l away from the diagonal. Near either endpoint the cross
kernel is bounded by a bounded remainder plus 1/[2(s + t)], for positive distances s,t to that
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endpoint. The Carleman part has L? norm at most /2, by Schur weights t~1/2; the remaining
local kernel is bounded and the far kernel decays exponentially. Hence the cross map from L?(I)
to L2(R\ I) is bounded.

These interior and exterior pieces represent the full archimedean distribution, including the
endpoints. To see the last detail without assuming a global operator domain, logarithmic symbol
growth gives a(D)u € H~¢(R) for every ¢ > 0. The assembled interior /exterior action is in L2.
Their difference is supported at the two endpoints. A point-supported distribution is a finite sum
of delta derivatives, none of which belongs to H™“(R) when 0 < ¢ < 1/2. The difference therefore
vanishes. Fourier symmetry now justifies the archimedean pairing with the Schwartz function ;.

For arithmetic, change variables to the compact input interval and use the complete theta bound
to obtain

5 2 [t i+ o] dy < oo

n>2

This follows from [[ul|z1(;) < oo and the same n® exp(—cyn?) majorant. It pays every far-prime
translate and permits reversal of the full sum. The pole grows at most like e/*l/2, whereas n; has
every exponential moment, so its pairing is absolute and can also be reversed. Together with the
scalar and archimedean parts, Proposition D.1 gives

<7]j, Ageou> = <-Ageo77ja u> = 0.

Split inside and outside I, substitute the stated local equation, and use the global identity (n;, p)r =
0. The interior polar moment need not vanish separately. Moving it to the exterior gives (64), with
the displayed (G,p term and sign. O

These propositions extend the derivative nulls to unrestricted tests and complete exterior re-
sponses. For packets null for an operator with a subtracted critical-value correction, that cor-
rection remains in the equation. An application to quantitative boundary observation uses the
exact exterior identities together with an observation norm and remainder estimates for the actual
eigenresponses.

E Supported unweighted growth and zero-free half-planes

The fixed-shift criterion of Theorem 4.3 uses one uniform unweighted lower bound across supports.
This appendix quantifies the corresponding implication when the allowed negative lower bound
depends on the support radius. The argument combines the complete Weil explicit formula [19, 4]
with the classical singularity principle for nonnegative Laplace transforms. Related eventual-sign
criteria for zero-free half-planes appear in Suzuki’s shifted screw-function formulation [17, Section
11, Theorem 11.1].

For a smooth compact profile f write

MIE) = [ et du 718 = [ 17w du.

On profiles satisfying Mf(1/2) = Mf(=1/2) = 0, put ggeolf] = Q[f], with the complete
archimedean-minus-prime form Q of Section 4. The compact explicit formula (51) identifies this
form with its complete zero sum. Let Z be the set of distinct centered nontrivial zeros o = p—1/2,
and write m, for their positive integer multiplicities. The Fourier measure remains d§/(2m).
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Proposition E.1 (Supported growth controls zero locations). Fiz a > 0. Suppose that, for every
e > 0, there are constants C. > 0 and L. such that

Ggeolf] > —Ceel ™)L £|13 (65)

for every L > L. and every real odd f € C°(R) supported in [—L, L] with M f(£1/2) = 0. Then

every nontrivial zeta zero satisfies
1+a
Rp < 5

In particular, the hypothesis with a = 0 implies RH.

Proof. Choose a real even g € C°(R), supported in [—r, |, with both polar moments zero, and
put G = Mg. For R > r define

fR = TRG — T—RY, Trg(u) = g(u — R).

This test is real, odd and polar-free, has support in [—(R + r), R + 7], and its disjoint translated
supports give

Ifal3 =2lgll3,  Mfr(z) = 2sinh(Rz)G(2). (66)
The complete zero form on a real even test has summands G(c)?; on a real odd test it has summands

—~Mf(0)?. Using the symmetry o +— —o, define

Cy(R) = Z mgee*G(0)? = Z mg cosh(2Ro)G(0)?2

ceZ oEZ

Conjugation symmetry makes C, real for real R. Expansion of sinh? in the complete explicit
formula yields

Qgeo[fR] = QQgeo[g] - QCg(R)' (67)

For every fixed integer n > 0, integration by parts gives
G(2)| < Agn(T+[32))7", [Rz[ < 1/2.

Together with the multiplicity-counted zero bound N¢(T) = O(Tlog(T + 2)), this proves
>, My|G(0)]? < co. Thus the sum defining C;; converges absolutely, locally uniformly for real R,
and satisfies |Cy(R)| < Agel for R > 0. In particular it is continuous. Applying (65) at L = R+
and using (66)—(67) gives

Cy(R) < dgeolg] + Cc|lg||3e =) ).

After enlargement of a constant on a compact initial interval,
Cy(R) < K,el0t9B R >0 (68)
For Rs > 1, absolute convergence permits termwise Laplace integration:

meG(o)?

s—20

Fy(s) = /OOO e *RC,(R)dR = Z

ceZ

(69)

The right side converges normally on compact subsets avoiding its discrete pole set. Indeed the
high-zero denominators are bounded below by a constant times their heights, whereas G has arbi-
trary inverse-power vertical decay. It therefore defines a meromorphic continuation with residue
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My, G(09)? at s = 20¢. This continuation is holomorphic on the positive real axis: nontrivial real
zeta zeros are absent, as recalled in Appendix A.

We recall the positive-Laplace singularity principle with its elementary proof. If A > 0 is locally
integrable and its Laplace integral has a finite real convergence abscissa «, the transform has a
singularity at the real point a. Otherwise, let it continue holomorphically to a disk of radius
r about a and set sp = a + r/4. Its Taylor series at sy converges at sp — u, where u = r/3.
Differentiation in the convergence half-plane and Tonelli’s theorem give

L / Rre=*oBp(R)dR = / e~ (0WRL(RYAR < o.
= o 0

All Taylor terms in this real direction are nonnegative, while s) —u = a—r/12 < «, a contradiction.
The derivatives under the integral are justified by a smaller positive convergence margin.

Fix b > a and choose ¢ > 0 with a + ¢ < b. Equation (68) and continuity allow a constant
A > 0 such that

hy(R) = A’ —C,(R) >0 (R>0),  hy(R) > (A/2)e"®  for large R.

Its Laplace abscissa « is finite and lies between b and max{b, 1}. The transform has meromorphic
continuation

A
Hy(s) = ~—3 = Fy(s).

If @ > b, this expression is holomorphic near the real point «, contradicting the singularity prin-
ciple. Hence o = b, and the genuine Laplace transform is holomorphic throughout s > b. By
meromorphic continuation the residue in (69) must therefore vanish at every pole in that half-plane.

Suppose now that a centered nontrivial zero oy has 2Rog > a. Choose b strictly between these
two numbers. Let ¢; be an even real smooth mass-one mollifier with compact support shrinking to
zero, and set g, = (02 — 1/4)¢;. Integration by parts gives both polar moments zero and

Mgi(oo) = (08 — 1/4) Mo(on) — o8 — 1/4 # 0.

Fix a sufficiently small ¢. This one fixed admissible probe has a nonzero residue at 20, contradicting
holomorphy for Rs > b. Multiplicity contributes the positive integer m,, to this same residue. We
conclude 2Ro < a for all centered zeros, which is the asserted closed boundary. For a = 0, functional
symmetry places every nontrivial zero on the critical line. O

Corollary E.2 (Fixed-probe growth characterization). For a > 0, the following are equivalent:
1. Every nontrivial zeta zero has Rp < (1 +a)/2.

2. For each fized real even smooth compact polar-free g and each € > 0, there is a finite Ky > 0
such that Cy(R) < K,.e(@tE for every R > 0.

Proof. Under the first assertion, absolute summation gives

Cy(R)| < ey mg|G(a))?,  R>0,
ceZ

which proves the second assertion. Conversely, apply the positive-Laplace argument in the preceding
proof to a fixed detecting probe for each proposed zero with 2o > a. The second assertion supplies
exactly the one-sided bound (68) used in that argument, and the nonzero residue excludes that
proposed zero. O
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The constants in the fixed-probe characterization may depend on the chosen probe and its
support. Proposition E.1 uses a single C. for all admitted profiles at every sufficiently large sup-
port. These two quantifier patterns specify the respective supported-form and translated-probe
verification targets.

F Relative source energy and complete tail payment

This appendix proves the whole-tail payment used by Theorem 4.6. The spectral bands are proof
devices; the finite test in that theorem requires only the first-moment core.

Lemma F.1 (Elementary prime budget). For X > 1,

A(n)
n;{ i < 6VX.

Consequently Y1, < 6e”.

Proof. For an integer h > 1, Legendre’s valuation formula gives

o) =5 (521,

Each summand is nonnegative and equals one when h < p¥ < 2h. Writing ¥(X) = >on<x An),
this proves ¥(2h) — W(h) < 2hlog2. Dyadic telescoping and monotonicity give ¥(X) < 4X log?2
for X > 1. Partial summation yields

Aln) _ ¥(X) 1/X ~3/2

= o ()32 dt < 8(log 2)VX — 4log2 < 6VX.

n<X

The case X = 1 is immediate, and restriction to the strict active cutoff proves the last assertion.
This is the elementary Chebyshev argument. O

Lemma F.2 (Nikki’s Relative Tail-Payment Lemma). Let D = 0 be self-adjoint with an increas-
ing discrete eigenbasis. Let V' be bounded self-adjoint, preserve Dom D, and satisfy |V] < P,
I[D, V]| < K, where P > 1 is rational. Let U contain its first N modes, Q = I —UU*, and assume
that the first omitted diagonal is at least A. Put

H=U"(D+V)U =é6I, ¢6>0, C=QVU.
Let n > 1 be minimal with 4™ > 1+ P, and suppose

A > max{8,16P, [1024(n + 1)2(K? + P?)/5]'/3}.
For Tt € [A/2,A/2 + 1], the entire receiver satisfies Q(D + V)Q = 71 and

3 13
TCMC = H, TCC (70)

Proof. Write Viy = U*VU and Dg = QDQ|rang- Since U reduces D, domain invariance gives the
actual operator identities

[H,Vy] = U*[D,V|U,  DuC —CH = Q[D,V]U — CVy.
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In particular C' maps the finite source space into Dom Dg. Let s; = 1/4 4 j/(4n) and E; =
L(oo,s;4] (H), j =0,...,n. Adjacent thresholds have gap A/(4n), so the finite Sylvester integral
for the first identity gives
|1 VN Ej|| < 4nK/A.

The second identity has receiving-source gap at least A/2 on every Ej;. To justify its Sylvester
integral, differentiate e~ *Pe C’EjetH‘Ej
terminal term decays at least as e

Let ¢; = [|[CEj|| and r = 2P/A < 1/4. Splitting VN E; at Ej;1 and using the two gap bounds
gives

. The domain assertion above justifies the derivative and the
—At/2

¢; <q+rejy, q=2K/A+8nPK/A* (j <n), cn < 2(K + P?)/A.

Iterating this finite recurrence proves

2(K + P2
q +T,n( + P?)

e An+1)K 2P
1—r A

A A

<

Indeed ¢ < (n +2)K/A, (1 —7)"t < 4/3, (4/3)(n +2) +2 < 4(n+ 1), and P4™" < 1. All
growing-band constants are explicit.

On Ey, H »= &I, while on Ej it exceeds AI/4. Thus |[CH 2| < co/V6 + 2P/V/A. Two
applications of Young’s inequality and 7 > A/2 yield

3

|CH=/?)? _ 128(n +1)2K? 32P%  16P? 1
- 16 16

7 5A3 Tt T a2

iy
8

This bounds the complete mixed covariance, including low /high cross terms. Finally Q(D+V)Q =
(A—P)I »= 71, since A > 16P, P > 1. Congruence by H'/2 proves (70). O

The proof uses only the first commutator. Its narrow bands all lie between A/4 and A/2, so their
number can grow while the full-source Sylvester gap remains at least A/2. When P, K = O(el),
the prescribed threshold has A = O(e). This is the resource improvement used by the fixed-shift
core-only criterion. The complete-Galerkin and whole-source Gram tests remain complementary
constructions with their own admissions.

G An alternative growing-floor arithmetic matrix criterion

The fixed-shift test has a complementary growing-floor version whose scalar tail payment uses the
complete spatial action Gram. Proposition E.1, with exponent a = 0, permits an unweighted
negative floor growing subexponentially with support. The construction below composes that
implication with the complete arithmetic source Gram. Its matrix contains no Green action or
receiving inverse; the complete receiving contribution is paid by an explicit scalar floor.

For each integer j > 4, set

L=3j, Bj=eY9,  Pj=8je.
Choose a certified rational 7; and an outward integer N; with

AP?/B; < 1 < 4P} /B; + 1,
e e
X; = P+ |mo| + 75 +1, JT <N;<?

+2. (71)
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These choices are effective: approximate the real lower threshold for 7; to a rational interval of
width less than one and use its upper endpoint. An interval of width less than one for jeXi/m
supplies an integer in the stated outward range, without an exact-real equality decision. Fix these
same chosen values in all subsequent matrices.

Let U; be the ordinary isometry onto the first N; DN modes at support j, and Q; = I — U;U5.
Use the complete supported self-adjoint arithmetic operator C; = C7*, with both killed translations

and the reflected odd channel for every n < e?. Put

Aj:Dj+m0—Cj+ﬁjI,

AY¥ = UsC;U;, G = (CUy)*(CiUy) = U C3U,
G;ec _ G§ull _ (14‘;;1”)27 Hj = diagq<Nj a(k:q) + (mo + BJ)I - ‘,éléj?lf7
Fj = Hj — T;lG;eC. (72)

The square in (A?r)2 is a matrix product. In particular, Gguu integrates the complete spatial
arithmetic outputs, not a finite receiving-output projection.

Theorem G.1 (Explicit growing-floor matrix criterion). Fach I'; is a finite, effectively enclosable
matriz. The following are equivalent:

1. RH;
2. T'; = 0 for every sufficiently large integer j;

3. for every sufficiently large integer j, I'; admits a strictly positive directed lower enclosure with
every coefficient and matriz error paid.

Under RH, T'; = B;1/2 for every j > 4. A two-sided matriz-center radius e; < ;/8 then leaves an
outward lower at least Bj1/4. The specified sufficient dimension satisfies

log N; = O(je! + j2eMVI 4 log 7).

For j = [Lo(M)], where Lo(M) = 3log(10log M/m) + 2, this gives N; = M°YV). Here M labels
support growth, not a shrinking original-norm allowance.
Proof. The elementary bounds A(n) < logn < 2j for n < e* and D o<n<K n~12 < 2VK give
A .
> A g ol<p,
2<n<e? "

The second estimate retains the entire paired arithmetic operator; odd restriction cannot increase
its norm. On the whole DN suffix, ky, > ¢*/ > 1 and a(k) > log k imply

T; = QAjQjlran; = lalkn;) +mo — Py + G511 = (15 + 1+ B5)I = 751.

This is the full receiving floor on the same minimal supported domain. The exact mixed map is
C'JI-niX = —Q;C;Uj, and therefore

(CPX) O = U7 C5Q;C5U; = G = 0.
Inverse order proves the complete Schur lower

mix\*p—1 ~mix
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Hence a positive directed lower for I'; proves A; = 0 on its entire supported domain by Schur
square completion.

Every arithmetic input action is a finite collection of killed and reflected sine pieces. A common
finite endpoint partition reduces both A?-r and G?IH to continuous piecewise trigonometric integrals,
with all paired cross terms retained. The digamma diagonal also has directed enclosures. This
proves finite entry computability. Subtraction in G}* must be enclosed in the full matrix order; its
exact positivity alone does not price numerical cancellation.

Under RH, the odd pole calculation and Lemma 3.1 give A; = (5; —7/2)I. Since HijiXH < P
and Tj > 4P]~2/5j,

Here j > 4 gives 3; > e? > 2m. Subtracting a two-sided center radius loses at most 2ej, giving the
stated directed margin and effective recognition at each fixed j.

Conversely, suppose the matrices pass for every integer j > J. The raw supported form B; =
Aj+Rj— ;I then satisfies B; = —3;1. Embed any compact real odd polar-free profile supported in
[-L,L] at j = [L] > J. The complete forms agree on it under zero extension and the half-unitary
map preserves its unweighted norm. Thus

ggeolf] = —eVTEN 113,

For every ¢ > 0, \/[L] < VL +1<¢e(L+ 1)+ 1/(4¢). This supplies one support-growth constant
C. = e=t1/(4) for all admitted profiles and sufficiently large supports. Proposition E.1 with a = 0
proves RH. No arbitrary gapped support subsequence is used in this step.

Finally the upper guards in (71) give log N; = O(logj + P; + PJZ/BJ-), yielding the stated bound.
For j = [Lo(M)], ¥ = O(log M) and j = O(loglog M); hence

26257

jel + log j
log M

= 0(j%7) — 0, g 1

This proves the sufficient dimension assertion for the prescribed near-threshold choices. Entry
count, precision and validation costs are separate; this dimension estimate is not a total runtime

bound. 0

Corollary G.2 (A prescribed controlled-sparse support sequence). Fiz a strictly increasing un-
bounded integer sequence j such that jxi1 = o(j,%). RH is equivalent to existence of strictly posi-
tive, fully paid lower enclosures of the matrices (72) at every sufficiently large ji. In particular the
prescribed sequence ji = 2F suffices.

Proof. Under RH the preceding strict margin applies at every support. Conversely take an arbitrary
sufficiently large support L and its first containing sequence support. If jr < L < ji+1, the accepted

form gives the common floor eV/*+1 for every legal profile at that L. Moreover

VIk+1 < VIk+1

L = g

— 0.

Equality L = j;, uses that support directly. Thus for every ¢ > 0 the floor is at most e°* for
all sufficiently large real L, uniformly over the profiles. The support-growth theorem proves RH.

For j, = 2%, the next containing support is at most 2L, giving the explicit envelope V2L <
el/(28) el O
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Along a sparse sequence the resource label is its native M; = exp{(7/10)e?U~2)}, for which

Lo(M;) = j and N; = M;(l). Rounding an arbitrary Lo(M) up to its next doubling support
can change this comparison and does not establish a uniform N = M°®) bound in that arbitrary
smaller label. The criterion specifies an infinite signed matrix target; finitely many passing tests

do not decide its all-needed-support premise.
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