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This document accompanies the main paper of the same title. It retains the alternative hard-
cutoff and finite-source methods and their numerical applications. Definitions, original-domain
proofs, and genuine-null lemmas are in the main paper; unprefixed section references to those
arguments refer to that PDF. All local sections and equations carry an S prefix. The complete
source/error derivations for the numerical application are included here. The results originate in
the author’s earlier weighted-Weil and signed-frequency work [1, 2, 3, 4, 5]; the references preserve
attribution. These supplementary methods complement the main finite-verifiable criterion and
averaged-covariance theorem. Literal data and reproducible code are described in the package’s
supplementary-material index.
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S1 A cofinal finite-response criterion for RH

The complete covariance criterion admits a second, explicit supported-form reduction. It keeps
the original polar condition and physical norm while replacing the infinite family of positive Green
responses by logarithmically many features. The receiving complement remains infinite and has a
proved floor; its exact inverse occurs in the finite Schur matrix below.

Use the odd-half unitary identification with L?(0, L) and put

p(x) = sinh(x/2), Fr =p+, eq(x) =1/2/Lsin(kgx), kq=(q¢+1/2)n/L.
Let Drey = a(kq)eq. The complete supported archimedean form is Dy, + Ry, where
e—¢i(L—z) _ p—cj(L+x)

RL,=Y rjory,  riz)= , ¢ =2j+3.
g;)] J J() \/W J 2

The Green identity and original-domain closure are proved in the main paper, Appendix B. Sec-
tion S2 below proves the relative-response and joint estimates used here. Write Ry, ; for the first J
responses and Vi, = mg — C%" for the complete bounded arithmetic operator on the supported in-
terval, including every active prime power. Thus ||V || < By, := 6+ 8(log 2)e” by (16). Restrictions
of these forms to Fj, are understood throughout. Precisely, if I = (—L, L) and Uy, is the odd-half
unitary map,

A(n)
C¥ =U; |11 7(51 n+S_1 n)l[ Us.
2SnZ<e2L \/ﬁ og og L

This transport retains the reflected channel as well as same-side shifts; the endpoint overlap has
measure zero. Consequently the complete supported profile form Dy + Ry + Vi + M~ 1s72 is exactly
the original H + M ' under f = sh and this unitary map.

Theorem S1.1 (Cofinal finite-response criterion). For integers M > 3 define

Ly = 3log(10log M/m) + 2, kar = MY
B = 6 + 8(log 2)el™ Ju = [Llog M1,

NM = [LM€2B7&/7T—‘.
Let Ups be a profile isometry onto P]:LM span(ep, . ..,en,—1), and let Qpr be its orthogonal comple-
ment in Fr,,. Form the complete finite-response operator

Sot = Dry + Riyan + Vi + M7 1s72

Set T()’M = SO,M|QM and
Ko v = UprSomUnr — (QMSO,MUM)*TO_’]b(QMSO,MUM)- (S1)

Then Ton > %AQM > 0, where Ag,, is the form restriction of Dr,, + B3 + M~1s72. The
Riemann hypothesis is equivalent to Ko = 0 along some unbounded sequence of integers M.
Under RH these matrices are strictly positive for every integer M > 229, Moreover Ny = M°M)

and Jyr = O(log M).



Proof. Orthogonality to the projected modes implies orthogonality to the original first Ny; DN
modes. Since a(k) > logk for £k > 1, the diagonal form on this complement is at least 2B%).
The signed arithmetic is bounded below by —Bj%; and Ry,, j,, = 0. Comparing coefficients gives
Tom > %AQ v With every receiving direction retained. The complete form Schur identity therefore
makes Ko 17 = 0 equivalent to Sy s = 0.

The omitted responses are positive, so this matrix inequality implies gz [h] + M ~!||h]|3 > 0 for
every original polar-free test supported in (— Ly, Las). Since Ly — 0o, every smooth compact test
is admitted eventually. Taking the unbounded sequence and then the original form closure proves
Weil positivity and hence RH by the odd converse.

Conversely, the complete relative-response estimate in Section S2 gives 0 < Ry, — Rr,,.7,, <
M~2(Dyg,, + B + M~'s72). Its full physical form sandwich, with ||s||c < 3, yields under RH

1- M™% 18B§;

7 [ 1>0

sSo,.ms > l

For an explicit admission, Bj; < 6 4+ 120y/log M by log2 < 1, e* < 64 and © > 3. This upper
divided by M decreases for M > e. At M = 2% it is below 606/22°, and 2740 + 10908/2%° < 1/2.
The displayed lower is consequently at least 1/(2M) for every M > 22, proving strict positivity
of the Schur matrix. Finally B} = O(y/log M), so log Ny = O(y/log M) and the stated resource
bounds follow. O]

The matrix in (S1) retains the exact inverse of the full receiving operator; it is not a principal
compression. Theorem S1.1 isolates its sign as the remaining condition in this route. Section S2 also
bounds the complete core-mixed-receiving change caused by the response reduction by M ~2+e(1)
in physical core coordinates, and preserves original-norm o(M -3/ 2) allowances directly at the full-
form level. The core coordinates do not make the transported receiving complement physically
orthogonal; quantitative allowance tests shift the complete physical form before taking its Schur
complement. The finite-sine alternative in Proposition S2.5 retains the same cofinal RH equivalence,
uses only finite DN combinations, and has raw profile Gram condition below 4L,; = O(loglog M).
For that core the joint Schur error is O(y/log M /M?) in physical core coordinates.

S2 Relative Green approximation and exact-response criteria

S2.1 A whole relative-response bound

Let Rp =3 . 7 ®rjand By = R, — Ry j. First on ambient L?(0, L), for B> 1, k > 0 define
the closed positive reference form
A=D;+ B+rs 2.

Proposition S2.1 (Complete relative tail). For 0 < n < L, let 0727 = eSSSUP[_,cqpcl, s(z)?. Then

0 < Ej <€A, where
2
e—2¢yn
= 2 . 2
€ [’/CLU"/K+\/2BCJ(1—64”)1 (S2)

The inequality includes every omitted response and survives restriction to the original polar-free
subspace.

Proof. Write P. = 1(1,_, 1) and P; = I — P,. Inverse order gives A7l < (B+ks?)7, so

IEY?P.AV?|? < Cp|P.LA'P.|| < Cro2 /.



For d = L — 2 > 1, the exact feature obeys 0 < r;(x) < e~%<. Tonelli and positivity give
6—20j77 6_26‘]77

Tr(PEsP;) < :
CEIOEDY 2¢; ~ 2cy(1—e )

jzJ

Using ||A~'/2|| < B~'/2 bounds the interior factor. Add E}/2P6A_1/2 and E}/QPiA_l/2 and square
their norm bound. This proves (S2) as a form inequality. The discontinuous spatial multipliers are
used only as bounded L? operators on inverse square roots; they are not assumed to preserve the
form domain. Apply the positive-series arguments first to partial sums and pass monotonically. No
unweighted whole-tail norm convergence is used. O

Corollary S2.2 (Explicit logarithmic response schedule). Let U =log M, M > e, and

L=1log(10U/m)+2, k=M1 J=max(l,[U/2]).
Then 0 < E; < M~2A for every B > 1.

Proof. Use n = 1 and the main paper’s theta envelope s(u)? < 169¢4u—7¢*"  The envelope decreases
on u > 0; since L > 1, ,
02 < 169(10€%/m)2U? M 10",

For U > 1, Cp <5U, e? < 8, €2 > 7 and ™ > 3. The square of the first term in (S2), divided by
M ™2, is therefore at most

845(80/3)%U%e %" < 845(80/3)%e %7 < 2717 < L.

220

Here U3e 67U decreases for U > 1, its constant is below , and e > 2. For the second squared

term use 4J > 2U, ¢y > 5/2 and
B(l—e <.

Both squared contributions are below M ~2/4; their square-root sum is below M 1. All constants
are elementary admissions, not sampled floating inequalities. O
S2.2 Preserving the original-norm allowance
On the original polar-free supported space write
Sg=Dp+ Ry +Vy+rs 2 |VL| <B, S;;=5;—Ey.

Since A < Sy + 2BI, the complete relative bound implies

(1—€)Sy—2eBI < Sy 5 =<5;. (S3)
Congruence by the same s, with ||s||c < 3, gives

(1 —€)Sy, —18eBI = Sp ; = Sp. (S4)

At the displayed growing window the elementary arithmetic budget is

By = 6+ 8(log 2)4/(10e* /m) log M = O(\/log M).

Thus 18By M ~2 = o(M~3/2). Equation (S4) proves that existence of original physical allowances
Sp = —=0pm1, oy = o(M =3/ %), is equivalent to existence of such allowances for Sh,: take 8, =
(1 — M~2)8p; + 18ByM~2 in one direction and use Sj, > Sp,s in the other. This uses the full
form, not merely a core matrix. Nonvanishing extra finite corrections require a complete two-sided
budget; the same power-two deduction then needs that total budget to be o(v/M).



S2.3 An explicit paid core and its energy

Let Pr be the projection onto p and take
N = [LeBJrﬁ/ﬂ, ranU = Prspan(ep,...,en—_1), U'u=1I,

where 8 > 0. A vector in the complementary subspace is orthogonal to each original e, ¢ < N.
Since a is increasing and a(k) > logk for k > 1, its diagonal energy is at least B + 5. Put
Q=1-UU" on F, and let Ag denote the form restriction of A to @. For both the complete and
partial-response receiving forms,

g

T = cAgq, Ty = cAg, 626—1—23'

(S5)
Indeed (1 —¢)Dyp + Ry + (1 — ¢)ks™2 + Vi, — ¢B is bounded below by (1 —¢)3 — 2¢B = 0. Every
response and receiving direction is accounted for.

Lemma S2.3 (Projected-polar core control). For L > 1, the preceding core has dimension N and
Deore := ||[U*DLU|| < AL(17k% + 68)(1/4 4 k%)% (S6)
Its projected-column Gram has condition number at most 2L(1/4 + k3)?.

Proof. Direct integration gives

1 COS
by = R 2 P~ - 2

Consequently p € Dom Dy. With p = p/||p|| and dx = ||(I — Pn)p||?,
on > [(p,en)? > [2L(1/4+ k)%

The raw projected-column Gram is I — vv*, v = Pyp in DN coordinates; its eigenvalues are
1 and 6y > 0. This proves the dimension and Gram assertions and gives an exact rank-one
orthonormalization formula if desired.

The positive digamma series yields a(k) < 2k? Zc;?’ < 17k?: its first coefficient is 16 and the

rest is at most %2]21 473 < 3/8. The DN Laplacian form identity gives

l']1? _ 17 sinhL + L
171 = 7 s L - I)

Dyp] <17 <68 (L=>1).
The last quotient is below 4 because L/sinh L decreases and sinh1 > 7/6. For w € ran Py,

v = Prw satisfies
[o]|> > onllwl?  Drfv] < 2(17k3 + 68)w|/*.

Combining proves (S6). In particular the projected columns are legal operator-domain vectors.

This is the projected DN core, not the smaller intersection of an unprojected finite prefix with
1

D O



S2.4 Joint core, mixed, and receiving error

Let S = Sy + FE, where Sy retains the first J responses, and 0 < E < €A. All operators here act on
the same polar-free profile space. Their form domains equal Dom A2, Put d = 1+ Cf, /B. The
bounds —A < Sy < dA and (S5) hold without a smallness assumption on €. Let

Hy=U*"SoU, Co=QSoU, Zy=Ty'Co, Ko=Hy— CiTy Co,

and define K analogously for S. Inverse pairings are form-dual pairings when needed; Aél is the
inverse of the restricted form, not QA™1Q.

Proposition S2.4 (Complete joint Schur budget). With the preceding objects,
0= K — Ko =e(l+d/c)*U*AU. (S7)
If W = U*s™2U is the complete physical core Gram, then
WK — Ko)W 2| < e(1 + d/)*[9(Deore + B) + . (88)

On the growing window, § = wB with fized w > 0 gives ¢ = w/(w+2), N = M°D and Deoye = MY,
Hence with the explicit response schedule the right side is M~2t0() = o(M—3/2).

Proof. The relative form norm of Sy is at most d. Thus C’SAE?ICO =< d?U*AU. Coercivity of Ty and
form Cauchy—Schwarz applied to TpZo = Cy give Z3AgZo < (d/c)?U*AU. The triangle inequality
in the A energy norm, in every coefficient direction, therefore gives

(U — Zo)*A(U — Zy) = (1 +d/c)*U* AU.

Variational minimization over the entire tail yields K = K. Testing S at the exact Sy minimizer
—Zy gives K =< Ko+ (U — Zy)*E(U — Zy), proving (S7). The square retains all core-response,
mixed, and receiving terms together.
Since W > 1/9,
W20 AUW =2 < [9(Deore + B) + ]I

The ridge becomes exactly xI here, with no factor maxs=2. At the declared window B =
O(Vlog M), kny = exp(O(v/log M)) and L = O(loglog M). Lemma S2.3 proves the asserted growth,
completing the quantitative comparison. O

The Gram W normalizes physical images of the core columns only. The profile-orthogonal re-
ceiving complement generally transports to a nonorthogonal physical complement. Thus (S8) is a
finite-coordinate shorted-matrix bound, not a whole-physical-operator norm bound. For a quantita-
tive global allowance, shift the complete physical form first, or pay the corresponding lift /projection
stability. Exact nonnegativity transfers by the form Schur identity; the global allowance comparison
(S4) does not require a core-to-tail lift inference.

S2.5 A finite-sine alternative with a sharper joint budget

The following alternative combines the same relative-tail estimate with a finite pole-free intersection
core. It avoids a pole-profile input action and improves the joint energy bound.



Proposition S2.5 (Stable finite-sine core). Suppose L >3, B = 6 + 8(log 2)e”, and take
N’ = [Le*BtY/x], ran U’ = span(eg, . .., enr—1) N pt, Uru' =1.

In this proposition Q, K, Ky, W and all receiving and mized blocks are rebuilt from U’; no block
from the preceding projected core is reused. Both full and finite-response receiving forms on this
complement satisfy T, Ty = Ag/3. A finite DN generating list has Gram condition number below
4L, and Deore < 2B + 7. On the growing support, for every integer M > 229 the joint bound (S8)
therefore improves to

49[27B + 63 + M 1] (W) ‘ (9)

”Wfl/Q(K _ KO)Wfl/QH < e =0 e

The cofinal RH criterion also holds with this (N’ — 1)-dimensional core.

Proof. Let 6, = ||(I — P,)p||*>. The exact pole coefficients and cosh(L/2)?/(sinh L — L) < 2 for
L > 3 give
2L°
O < —/————— > 1.
"= mr1/23 ' F

For the ratio bound use sinh L — L > e%/4 and cosh(L/2)? < el /2; the former holds at3 and its
difference increases. For the series bound, the decreasing summands are bounded by their first
term plus their integral. A vector f L ranU’ in p* has Py f proportional to Py/p. The exact pole
constraint and Cauchy—Schwarz imply || Py f||?> < dn/||f||>. Hence

Di[f] = {a(kn)(1 = dn) + alko)dn 1| FII*.

Put X = 2B +1 > 2. Then X < kn» < eX 4 2, while the main logarithmic symbol bounds give
X <a(kn') < X +6. Also 6y < (2/7)e 3%, so its diagonal leakage is below

2(X +6)e?* <16/(3¢%) < 1/12 < 1.

It follows that Dy |g > 2B and therefore T, Ty > Ag/3. On the core itself Deore < a(kn) < 2B +17.

Let vy = (eq, p), with vg > 0, and use the finite list w; = voe; — vjep, 1 < j < N’. Its Gram is
v%[ + VgailUsy;p; thus its condition number is at most

Ip|I?
g

< 2L(1/4+ 7%/(4L%))? < 4AL.

These columns require only finite primitive DN input actions. The complete output polar projection
and physical Gram are still retained. Finally C; < B for this elementary budget, so d < 2 and
(1 +d/c)? < 49. Insert Deore < 2B + 7 in (S8). The specified onset ensures Ly; > 3. The RH
equivalence follows by the same exact Schur and full-form argument, with this paid complement. [J

S2.6 A finite-feature residual test with all mixed terms

For completeness, a trial Z into the full receiving form domain gives an alternative sufficient cer-
tificate. Let T = S|Q = cAg, H =U*SU, C = QSU, and set
L;=C"Z+72"C—-2Z"TZ, Ly=CyZ+Z"Cy— Z"1HZ,
ro = Co — ToZ, K, = TSAC_ng‘Q,
G=U-2)A(U - 2).



For every 7 > 0,
H-C*T'C=Hy—Ly—c {1+ 1K, + (1 +7HEG. (S10)

Indeed the full residual is r = 79 + QE(U — Z). Relative positivity of E gives the joint Ag-dual
Gram of the second term at most €2G. Weighted Young and inverse order bound r*T~!r by the
displayed error. The exact residual identity and

(H—Ly)— (Hy— Lo) = (U—Z)*E(U — Z) = 0

then prove (S10). This is a joint matrix inequality, not a collection of diagonal tests. A numerical
use must enclose the complete K., G, constraints and reference inverse; its cofinal budget includes
the actual growth of G/c. The theorem does not assert that this finite-feature signed test has
succeeded, nor that the full receiving inverse has become a finite principal compression.

S3 Local inverse covariance for the averaged reference

For k£ =1 the continuous prime integral is exactly
ML/2+i€ 1
1/44+ € 1/2+if

/ Y2 min(1, M /t) dt =
1

Its phase-mean negative receiver, divided by v M, is
Co = aQMLy* M,Q, a=8/m, Ly=1—4d*/du’. (S11)

Here @ is an original orthogonal projection on the odd space, with a finite constraint space Z =
ker Q. Write [lg1F4 = [(|g]* +4]¢'%).

Theorem S3.1 (Full inverse-form source covariance). For h € ran (@,

s

lcg 2% = inf
8 ez (h+ )/seH!

17+ 2)/5]1% 4. (512)

with value infinity when the set is empty. For any finite odd H' profile family g; and e; = Q(sg;)
this yields the simultaneous Gram inequality
m

—1/2 ~1/2,,
(Cg"%einCq e < 3

[{9i, 95) + 4{gi, 95)]-
FEquality holds when Z is any finite span of the original polar row and canonical derivative-null
rows. All statements allow arbitrary finite source and row counts.

Proof. Factor Cg = aAA* with A = QM L_l/Q. The actual-range identity ran(AA*)Y/? = ran A
and polar decomposition identify the inverse form with the minimum squared preimage norm [6].
Writing g = Lal/Qa translates Aa = h to sg — h € Z, and ||a||* = [|g||7 4. The chosen profiles give
the matrix upper on every common coeflicient vector.

More exactly, project the profiles orthogonally in H!, with this norm, off {g € H! : sg € Z}.

Their projected Gram gives equality in (S12). This kernel is zero for the canonical rows. Indeed
b/s = sinh(u/2), and for z9; 1 = (PZ+3) — i+ /4) /5,

z2j+1(u) (—277)2j+3e(4j+13/2)u

s() 5 (u — +00).




To obtain this, the first theta atom derivative polynomial has leading coefficient 4(—2)™ at order
m, by the recurrence P11 = (1/2 — 2r) P, + 2rP),. At fixed order the higher atoms contribute a
polynomial times e~3" relative to the first. The exponents of these rows and b/s are distinct, so a
nonzero finite combination is not in L?. This proves the stated equality. O

If the full profile Gram is bounded by KD and the full profile-error Gram by 72D in this
same H' metric, the resulting inverse-form Grams differ in either order by at most (7/8)(2vKn +
n?)D. Expand each common coefficient combination and apply Cauchy-Schwarz before passing to
coordinates. The exact profile projection in the proof is a contraction, so the same error transport
applies to every finite constraint space.

Lemma S3.2 (Regularized preimage identity). For a,x >0 and e = Q(sg), g € Hlyy,
LF11% 4 L Qlslg — f)]HZ}

(S13)

I)"'e) = inf
(e, (aCq + KI) "e) in { p”~ -

1
feHodd

Proof. For B = \/aaQMsLal/Z, minimize ||z||? + x7!||e — Bz||?. Its value is (e, (BB* + xI)te).
Substitute f = aal, /2, This is the classical approximate-preimage regularization identity in
the present weighted and projected space [7]. O

S4 Explicit reference origin bounds

Let U =log M, Q = L/U, and use the actual smoothed negative symbol nys1. On the entire profile
space y;i;i = L2([0,Q], nar1(€) d&/m) put

@ : d§ 2
go(w) = [ mana(©0(©) sin€n) S Bo = Qsga), Do = ol

M,L
The reference Cq is exactly (S11).

Theorem S4.1 (Uniform ridged origin cap). For every L > 0, every integer M > 64 and every
finite original constraint space,

E*(VMCq+M 'I)"'E X K(M,L)Iyes (S14)

where, with R = %log(2 log M),

160 R \? 409672
K(M,L) = ==L (logM) + 73” LAM3/272m,

In particular K(M, L) = Or((loglog M/log M)3), and K(M,1) < 1/10 for every integer M > 2.
Proof. The elementary prime bound and Ee¥/2 = 2 give ny1 < 6+ 16(log 2)v/M < 16/M. Thus,
for A = [ nara(€)§%d¢/m,
16V ML?
3nU3

These common-profile estimates are Cauchy—Schwarz and |sin(§u)| < [u|. The finite frequency
band puts g in H'. Choose even xg equal to one on [—R, R], zero outside [-2R,2R], and linear
on each intervening interval. Then |x;z| < 1/R, and direct integration gives

Ay < 196(w) > < DypApu®,  |g,(uw)|* < DA

gl < SODANE,  Qls(9s ~ xngalI® < DoAuTr, Tr= [ s(w?u’du



Indeed ngR u?du = 16R3/3 and the derivative square is at most (56/3) DA R; multiplication by
four gives the constant80 for R > 1.

The complete theta estimate s? < 16r2e™",
give

2|ul

r = me”l"l and the two-arm Jacobian du = dr/r

oo
Tr < 16/ rde Tdr < 327‘%677.1%, rp = me?ft > 6.
TR

The last integral has logarithmic slope at most —1/2. Use the trial f = yggy in (S13), with a = v/ M,
k= M~!and rg = 2wU. The two costs are exactly bounded by the two terms of K (M, L)D,. This
proves the inequality on every profile, hence as a full observation operator and for every common
finite source combination. Projection contraction makes it uniform in all finite original constraints.
Both terms decrease on M > 64. Directed scalar evaluation gives K (220, 1) < 0.091767 < 1/10,
completing the explicit threshold. ]

Corollary S4.2 (Complete positive continuum-model cap). Define the positive continuum receiver

VM

Pcont: M
i = QM 1+ 4D2

(—cos(UD))4+ | MsQ.

For the same actual origin observation E,
EX(PY™ 4+ M) 7'E < 2K(M, L)I.
For L =1 this cap is below 1/5 for every M > 220,

Proof. Lemma 6.1 gives error ey, = 12M5/2e=™(M=1) < 1/(2M) on M > 64. The gate holds at64
using m > 3, e > 2, and the majorant decreases thereafter. Hence P§pnt + M1 = %(\/ MCq +
M~I). Inverse order and Theorem S4.1 finish the proof. O

S5 Feasibility and complete exterior control

The preceding certificates retain exact signed information. This section identifies the costs of
two simpler bounds and locates the earlier scalar complementary criterion within the complete
construction.

Proposition S5.1 (Cost of the positive majorant). For the explicit Ey in the proof above, with
m ~ blog M/ log 10,
cp/m

VM (logm)3

for all sufficiently large M. Thus this positive-majorant inverse cost is not O(M_l/Q).

| Eg Ry (M%) Eol| >

Proof. Choose compact smooth odd f with [ f(u)sinh(u/2)du = 0 but [uf(u)du # 0. Two
odd bump pairs construct such an f, since v and sinh(u/2) are linearly independent on a positive
interval. Then y = f/s is legal, |f(§)\ > c|¢| near zero, and for large M, Ejy = T,,,f. On [{| <
1/(2logm) every cos({ logn) > 1/2 for n < m. The prime number theorem gives >, .., A(n)/y/n >
cy/m; boundedness of a near zero therefore yields v,,(¢) > ¢y/m on this interval. Plancherel
gives || Egyl|?> > cy/m/(logm)3. The full bound ||Ny/| < 144v/M and the signed identity imply
Puly] + M~°||y||2 = Oy(v/'M). The inverse variational quotient proves the assertion. O

10



This concerns the particular positive majorant, not the signed covariance excess. It explains why
the next construction retains the exact null remainder rather than trying to sharpen this majorant
by constants alone.

The technical supplement’s arithmetic-gain section supplies a sharper compact arithmetic price,
a complete residual optimizer, and matrix tests for whether the resulting improvement covers a
signed certificate deficit. These retain the same receiving core and every mixed term.

S5.1 The complete exterior in the actual inverse metric

The next estimate identifies source directions that a constructive null head must capture globally.
Put Ry = (Py +wI)~! and Gy = E3 Ry Ey on the base original polar recipient.

Proposition S5.2 (Actual exterior payments). Let F' = Fypy — oo satisfy
FY/VM — 0, F3ey — 0,

and let Ip be source multiplication by lipap). Uniformly for 0 < k <1, for all sufficiently large
M

7

>V M|/F, (S15)
Tr(IpGyIp) > ¢/F, |Gy Ip|| > ¢/F2. (S16)

These conclusions hold, in particular, for F = exp(A+/log M) with any fized A > 0.

Proof. Write U = log M, B(£) = 8/(1 + 4¢%) and e = Qp[ssin(¢-)]. The complete Abel formula
and a(€§) < 17€2 give on [F, 2F]

< C(FYVM + F3ey) = o(1).

¢ + cos(U€)

Thus ny < CvVM/F? there, and ny > ev/M /F? on its subset where cos(U¢) > 1/2. That subset
occupies at least a quarter of each fixed-length interval for large M, and at least F'/4 of [F,2F].
The exact projected source Gram is

(g ec) = %/52 cos((& — O)u) du — %/32 cos((§ + C)u) du

(ssin(€-), b)(b, ssin((C-))
B[] '

Riemann-Lebesgue therefore gives [leg]|? — |[|s||3/2 > 0. Differentiating se¢ shows ||(seg)[|? <
C(1 4+ £?). The fixed hard-cutoff decomposition of the original form is H = A + By with By
bounded and A[h] = [a(§ )|§7L(§)]2d§ /(27). Consequently these sources belong to the original form
domain and qpfe¢] < C(1+ €2). Since Pyy = Ny + H — Wiy and || Ny|| < 144V M,

leg]*
Pyrlee] + ke ||2§C'\/]\47 (e¢, Ryree) > >c/VM.
¢ ¢ ST Purlee] + kel

Here F?2 < /M eventually. Integrating these estimates against nys(£)dé/m proves the raw and
inverse-weighted trace bounds.

The norm bound requires a separate coherent source. Choose fixed £ > 0 so small that
[ s?cos(tu) du > 3|s||?/4 for |t| < £. The other two Gram terms tend uniformly to zero on
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[F,F + (), so (eg,ec) > co > 0 there for large M. Let Z = [F,F + ¢] N {cos(U¢) > 1/2}, with
w(Z) = [, d¢/m, and use the unit source f = 1z/1/pu(Z). Its coefficients are nonnegative and p(2)
is bounded above and below by positive constants. For v = Ej;f, the full Gram and differentiated
Bochner integral give

eVM/F? < ||lv||> < CVM/F?, [(sv)|| < CMY4,

In particular v belongs to the original form domain and gg[v] < Cv M. The complete positive
energy satisfies

Py [v] + &||v|)? < 144V M||v|)? + CVM + (61 + &) ||v||> < CM/F2.

The inverse variational test now yields (f,Guf) > ||v]|*/(Pu[v] + &||v]|?) > ¢/F?. No trace-to-
norm inference is used. Finally Theorem 8.1 proves ey = Op (e~ ﬁ) for every fixed D > 0. For
fixed A, choose D > 3A to admit F = eAﬁ; F*//M — 0 is immediate. O

If a source head is supported below F', its orthogonal complement acts identically on [F,2F],
so its complete inverse remainder has norm at least ¢/F? and trace at least ¢/F. The same
holds for the remainder of a positive-contraction head supported there. In the displayed stretched-
exponential range these bounds exceed M —1/2 asymptotically. Thus a low-band head cannot pay
its entire positive remainder as o(M -1/ 2), even in the actual inverse metric. Global null-polynomial
heads and the directional Schur criterion remain available: these are lower bounds on a positive
complement, not on |G|l — 1.

S5.2 The scalar mixed-band criterion

Proposition S5.3 (Complete mixed-band cap). For the same positive inverse Rp = (P + kI)7!,
split the exact observation source as E = [E,, E¢|. If its two diagonal caps are EXRpE, < al and
E*RpE. 2 bI, and the full mized block has norm at most (, then

|E*RpE| < ila+b+/(a—b)2+4¢} <a+b when ¢ < Vab.

Proof. Positive-form Cauchy—Schwarz pays the mixed block by vab. More generally bound each
two-vector quadratic form by the real matrix {g g} and compute its largest eigenvalue. All mixed

observation terms are retained. O

Corollary S5.4 (A complementary-band cofinal criterion for RH). Let aps be the bound in (30)
at Q = 1/log M, and use any finite genuine-null recipient. If, along an unbounded sequence, the
complete complementary observation for the same Py + M ™11 has cap

ngl_aM"i_Mil?

then on the original domain

1 B
qulh] > — |dyg + — + M1

h2
D e,

and RH holds. A paid mized block can instead use the sharper condition in Proposition S5.8 at
target 1 +1/M.

Proof. The proposition gives the complete cap 1 4+ 1/M including all mixed terms. Apply the
bounded-negative absorption of Corollary 5.2 with k =1, 7 =0, n = k = 1/M. Here By =
O(V M), so the displayed allowance tends to zero; Theorem 3.2 applies. O

12



S5.3 Why bounded null rank does not fund the scalar criterion

The sufficient scalar comparison in Corollary S5.4 loses directional covariance information. The
following result gives its precise rank limitation at the displayed schedule.

Proposition S5.5 (Bounded-rank scalar obstruction). Put = 1/logM, k = M~' and split
the complete source into E, on [0,9Q] and its entire complement E.. For the same-form recipient
obtained by removing a genuine-null space K, put

a=[E;RuEoll,  b=I[ERmE,  x=I[E;RmE|-

For every fized integer D > 0 there are positive constants cp,Cp and a finite threshold, uniform
over all K with dim K < D, such that

X2 > CDQ4D+3, b>1— CDQ4D+7 _ CDM73/2‘

a

X ﬂ is not bounded by (14+1/M)I for all sufficiently large M. Any

cofinal realization of that scalar target requires the null dimension to eventually exceed every fized
D.

Consequently the scalar matriz [

Proof. Let Lp = span{zy,...,zp}, with the genuine nulls of Lemma 9.1. Dimension gives a unit
z=Y"P iz € Lpn K*'. The derivative Fourier rule and ¢(0) > 0 show, near zero,

D

> (—1)oug®

1=0

52(6)| = <€

The complete Abel formula gives nys,1 > ¢/ M on [0, Q] for large M, since cos((log M)E&) > cos1 > 0.
The positive moment matrix Gp = (1/(2i + 2j + 3))o<i j<p gives

fe

The fixed physical Gram of Lp bounds ||a|| below. Therefore N,[z] > cpvV/MQ*P+3 uniformly in
the moving K. All constants here are for fixed D; no uniform conditioning in D is used.
Write A, = EXRy E, and Co = EX Ry E.. The exact null identity gives

2
d€ > Amin(Gp) QP3| o],

D

> (—1)eug”

1=0

CooErz = (I — A))Erz + EXRyy(Wyy — k).

Vel > (1= @)/ No[2] = (dara + K)o/ .

The actual origin upper is a < CQ3(1 4+ loglog M)3. Dividing its error term by the lower bound for
VN, 2] gives at most Cp M ~3/4Q0~2P (1 4 loglog M)?/? 4 o(1), which tends to zero. The complete
bound N.[z] < 144v/M then proves the stated lower for x2. If N.[z] = 0, the displayed identity
already contradicts its positive right side for large M.

For the complementary lower choose a unit 2z’ € span{zpi1,...,22p4+1} N K L. Tts transform
vanishes to order at least 2D 4 3 at zero, so No[2/] < CpvVMQ*P*+7. The averaged quadratic
mean proved in Theorem 8.1 is positive definite on this fixed finite-dimensional span. Polarization
makes its convergence uniform on that span’s unit sphere; hence Ny,[2'] > C/D\/M for every allowed
moving choice. The exact null quotient yields

/
b> _NelZ]
~ Pyl + &

Since R?M < ﬁ_lRM,

>1— CDQ4D+7 o CDM_S/Q.
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Finally put ¢t = 1+ 1/M. If b > t the scalar target fails immediately. Otherwise its necessary
determinant inequality would imply

X< (t—a)(t —b) <2{M "+ CpQ*PHT 4+ CpM T2} = o(*PF3),
contradicting the proved lower. 0

The proposition concerns scalarization of the blocks. It neither rejects the operator-valued Schur
criterion nor establishes sufficiency of growing null rank. The regularized whole-source construction
retains the signed correlations that this scalar comparison discards.

S5.4 Spectral tests for a growing genuine-null head
The directional construction has an actual compressed-spectrum test that retains the physical lift
cost. It does not replace that spectrum by the unrestricted mean operator.

Proposition S5.6 (Null-compressed spectral and lift tests). Let IC be the closed physical span of
the genuine nulls and Ny the compression of Ny to K. For a rank-r null-valued map V with
V*NyV =1, put

J=EyV, Q=I-JJ", (=|VV], b=[QGuQl, g=IGCul
If b, < g <1, then
q(k + o)

A1 (Ni) <
+1(Nk) < -

(S17)
For every eigenvalue A > 0 of Ny,
2
be > |/ (1= (5 +0u)/N), — \/g)\ELF . (S18)

Proof. Closedness of H implies K C Dom H and H|x = 0. For z € K with E};z L ranJ, the
inverse variational test at z gives

Nau[2)?
Eyz, Gy Eyz) = (Nypz, Ry Nyz) > —————
< M M > < > PM[Z]—FHHZ”Q
Genuine nullity gives Pyr[z] = Nal2] — (2, Warz). Putting t = Nyy[2]/]z]|?, we obtain b, >
t/(t+ K+ dpr) whenever t > 0. There are at most r source-orthogonality conditions on z. Compact
min—max on Ny proves (S17), with eigenvalue multiplicities retained.

For the second bound choose a unit compressed eigenvector h at A and put f = Ejh, so
IfII> = A. Since V is K-valued, the compressed eigenidentity gives V*Ny/h = AV*h, without
assuming invariance of X under Nj;. Hence

)\2
JJ*FI|? < N2, .G > 0 >\- Sar).
[JT I < (f Mf>_)\_'_/{_|_5M— (K + 6nr)
The triangle inequality in the positive Gjs seminorm yields

VA Guf) < Vg AWVE+ Ve
Division by v/A and positive parts prove (S18). O

At Kk = M~!, a fixed complementary gap requires the head to capture every null-compressed
eigenvalue above a constant multiple of M ~!. If actual eigenvalues satisfy (x + &a7)/Aas — 0 and
Avlyr — 0, then Theorem 8.1 and (S18) give liminfb. > 1. In particular, an actual eigenvalue
comparable to M ~1/2 would exclude a fixed gap with ¢3; = o(\/ﬂ ). The spectral and lift tests are
evaluated jointly with the signed complement estimate in the complete source metric.
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S6 Source-aware positive receiving

The polynomial construction controls complete positive complements in well-conditioned coordi-
nates. A second, compatible finite reduction retains the actual positive and negative parts of the
signed symbol. It prices the error on its finite source rather than on the whole inverse.

Fix M > 2, put pys = (mar)+ and npy = (—mypy)4, and let Xy be the odd Hilbert space with
the polar row and any specified finite exact rows imposed. On this same recipient define the closed
positive form

2 d¢

™

Pll = [~ pu(©ls(©) 248

oo
Nl = [ nar(§)150(6)
Thus Hy; = P— N as forms. In this section P denotes this positive operator, rather than the range
projection of Section S9. Every inverse and observation below uses the original Hilbert norm and
the same exact-row recipient.

Theorem S6.1 (Complete inverse exhaustion and finite-source convergence). Let k > 0, R =
(P+kI)7L, and let Pp restrict the complete positive observation to [0, F]. Then Rp = (Pp+rI)™!
converges strongly to R, while

|Rp — Rl = "

for every finite . The same norm equality holds for every finite-rank positive lower Py X P. For
each fixed finite column map E, however,

|E*(Rr — R)E|| — 0.

Proof. The original graph closure is {v : sv € Hjog}, with the exact rows imposed, where Hjo, has
Fourier weight 14+log(2+|¢|). Indeed the digamma series makes 1+4a comparable to this weight, and
par — a is bounded. The square root of the weight is submultiplicative up to a constant. Weighted
Young’s inequality therefore bounds multiplication by a smooth cutoff by its weighted Fourier L'
norm. Dilated even cutoffs have uniformly bounded such norms. Schwartz density, followed by
cutoff convergence in H', proves cutoff convergence in Hyog. On each compact interval division by
the smooth positive s, then even mollification, supplies odd smooth compact graph approximants.
Multiplication back by s is bounded in Hj, because s and its derivatives decrease rapidly. Correct
the finitely many row moments by fixed compact odd dual functions; their coefficients tend to zero
in the graph norm. This proves the asserted minimal-domain identification. Increasing closed-form
convergence now gives strong resolvent convergence [8].

For the norm assertion first use the ambient odd space. Choose a nonzero even smooth com-
pactly supported x and unit odd packets hy = x sin(ku)/||x sin(k-)||2. These are weakly zero. The
finite-band observation is Hilbert-Schmidt, since its squared norm is bounded by ||s||3 fOF pav d€/m;
hence Pp is compact. Consequently Rphy — x 'hy — 0. The digamma asymptotic [9] gives
pm (&) =log|é| + Opr(1). Translating a Schwartz Fourier transform and using the integrable loga-
rithmic majorant shows, for each smooth compact g,

I(log &)~ par(D)(ge™) — ge™*|lz — 0.

Apply this to both sine arms of vy = (logk)~'s™2hy. These compact smooth functions lie in the

operator domain and satisfy vy — 0 and (P + k)vg — hy — 0. Thus Rhy — 0. Inverse order gives

0 < Rrp — R =< k!, establishing equality. A finite-rank Py has the same compactness argument.
For independent exact rows Zj, the constrained inverse extended by zero is

Rx = Ry — Ry Zy(Z; Ry Zy) "' Z; Ry..
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Its correction is finite rank. Projecting the weakly zero packets onto X changes them by o(1),
so the norm argument survives. Redundant rows are first removed. Finally strong convergence is
uniform on the unit sphere of a fixed finite-dimensional source range, proving the last assertion. [J

S6.1 A full mixed observation residual

Let Pf < P be a bounded finite positive lower, Ry = (P; + kI)~!, and V = R;E. Its actual trial
columns are assumed in the original positive form domain. The variational principle gives the full
matrix estimate
0= E*R;E — E"RE 2 V*(P — Py)V. (S19)
To prove the upper, evaluate the complete variational formula for (Ez, REz) at Vz; its value is
(Ez,RfEz) — (P — P¢)[Vz]. This proves the matrix order on every coefficient vector.
Here is a computable price including all cross terms. Write P = T*T, where Tv(§) =

par(€)50(€) in L2((0,00), d€/7). Suppose
Py =T*Z(D + pI)" ' Z*T, D=27*Z p>0,

and Z is supported in [0, Fp]. For F' > max(Fp, 1), a trial coefficient matrix B, and r > 1, define

F d
Aw= [ @v-zByav- 2B) % b, = (D (s0), D" (s0))).
0 m
and Cpr =4+ 23,23y A(n)/y/n. Then
Chr + log(3F)
F2r
Ridge-square completion gives the first two terms and the full exterior [2°(TV)*TV d{/m. The
digamma series, compared with its integral, gives a(§) < 4 + %log(l + 4€2), hence pp(€) < Cyp +
log(3¢) for € > 1. The quotient by &2 decreases there. Parseval proves the exterior bound with the
displayed complete derivative Gram. Actual finite-band columns and row corrections have finite
D,: their weighted profiles are s? times bounded-band integrals, complete theta derivatives, and
s? sinh(u/2).
The finite inverse is explicit. For Py = WD, YW, with its actual metric D, = 0, set L =
W*W + kD,p. Then

V*(P = Pp)V = Ain+ pB*B + D,. (S20)

V=xkYE-WL'W*E}. (S21)
On an exactly constrained recipient use the finite inverse-row correction in the proof of Theo-

rem S6.1. This retains the row/source, row/positive and all mixed covariances.

Theorem S6.2 (Paid source-aware cofinal reduction). For each j let k; > 0 tend to zero and
let 7j,6; > 0. Take the recipient to be the original polar-free space with a finite span of genuine
operator nulls removed, and on this recipient let

N.j = EjD;’}E;, 0=<Nj—N.; <71, Dy, = 0.

Suppose Py ; = Pj is a finite positive lower and, for 0 < v; < 1/2,
Ef(Pj+#rj) ' Ej 2 (1= 29))Dnj.  Vi*(P; = Prj)V; 27Dy
The second inequality may be certified by (S20). If the complete raw arithmetic error is §; and
Tj +0; = 0, then
qulh] = —(k;j +7; + )| 1]l
on the corresponding genuine-null complement. These certificates, with genuine operator nulls
restored, imply RH.
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Proof. Equation (S19) gives EJ(Pr; + ki) "LE; = (1 —vj)Dpj < Dy ;. The positive Schur comple-
ment is equivalent to N, ; = Py ; + xjI. Add the negative approximation and complete raw errors.
The original closed-form domain and exact null transport in Theorem 3.2 prove the conclusion. [

Corollary S6.3 (Polynomial excess above one). On the same original polar-free recipient with
finitely many genuine operator nulls removed, suppose instead that nar, Tar,dpr > 0, kpr > 0,
0 X Pyar = Py, and the full finite-source cap satisfies

Eri(Pras + spd) 7 Exg 2 (14 mm) Do, 0= Ny — Ey Dy Ery < 7l

Let By be an upper bound for ||s||2 (Imo| +23,<ps A(n)//n) and let 6y pay the complete raw
tail. Then, on the entire original domain,

™ + Ny By
anlh) 2 = {8ar + oy -+ PLEIEI 2 (522)
L+nm
In particular complete caps on a cofinal sequence with kyr = ny = T = 1/M  give original

allowances O(M~Y/2) tending to zero, and hence RH.

Proof. The cap is equivalent to N, < (1+n)(Pf+~kl), hence N < (14+n)P+tI, where t = (14+n)x+T7.
The exact symbol gives 0 < N < BI. Writing g =P — N+ W, W = —41, the following identity of
forms proves the absorption without bounding the unbounded P:

t+nB
1+n°

(1+n)(g+el)=[(14+nP+tlI —N|+nBI — N+ (1+n)[W+46I], e=0d+

Each summand is nonnegative. Genuine-null transport returns the bound to the whole original
domain. The elementary prime-power estimate (16) and ||s||oc < 3 permit the choice By = 9Ry =
O(vV'M), with Ry from (S26). Substitution yields (S22) and its stated rate. All finite-source, ridge
and continuous errors are included in the cap or in 7;;. ]

The cap in this alternative may lie above one; its excess is paid by the complete bounded negative
part. It uses a different regularization/cutoff schedule from Theorem S10.3. The source-residual
enclosure (S19) can fund the finite positive receiver against either target.

S6.2 Complete strip price and integration collar
For fi = sv; put A, = [(fi(- —in), f;(- — in))], with n = 1/8. For actual finite observation and

genuine-row columns these analytic weighted profiles give

/F (TV)*TV% < 2[Cy + log(3F)|e /%4,  F>4. (S23)

Contour shifting gives f (/—\m) = e f, full Plancherel and the positive-half measure pay the factor
two. The scalar multiplier [C; + log(3¢)]e~¢/* decreases for &€ > 4, proving the full matrix order.
For completeness, usable whole-source constants are

[s2(- +i/8)|la < 20, [Jw™ (- +i/8)[l2 < 3216™m!, ||s?(- £4/8)sinh((- +/8)/2)|]2 < 32.

Here is a direct complete-tail proof. Put z = |Rz|, r = me?*. On |3z| < 1/4, the theta atom
series and reflection give [¢)(z)| < Te®/2r2¢~T/8: each atom is at most 6e%/2(£2r)2e~77/8 and
successive ratios are below 1/8. On the 1/8 line, the sharper cosine bound 31/32 gives |s%(z)| <
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28r2¢=317/32 . The squared two-arm integral is at most 4704(16/31)* < 400. Cauchy’s circle of
radius 1/16 bounds the derivative by 14 16™Mmle®/2r2e=3"/4; its squared two-arm integral is at most
196 [° r4e=3/2 dr < 1024. The polar bound follows from |sinh(z/2)| < €*/? and the same integral
comparison.

An observation feature e = s fOB a(&)sin(&u) d¢ /7 therefore has weighted strip norm at most
20e5/8 ff la|dé/m. A genuine derivative-null feature has weighted profile ¢(2+3) — (241 /4 5o
the displayed derivative bounds apply. If sV = gA uses b such features and their strip norms are
bounded by kg, then

A, < bA* diag(k7)A.

This finite matrix includes the actual inverse metrics and row coefficients. Under the explicit
hypothesis A, < eBi/A+L; D,, j, the exterior is at most

2(Cy, +log(3Fy)]e BB/ LD, ;.
For v; = ¢ckf, 0 < p < 1, it suffices that

F, — B, 8|Crr. + log(3F;
L = Ly + plog(1/k;) + log (O, + 108 (35;)]
C

If L; = O(Uj), log B; = O(Uj), Bj > 1 and log Cy; = O(log Uy), with U; = log(1/x;), a sufficiently
large fixed C' permits F; = B; + CU;. This is an integration collar for the chosen receiver. The
interior residual in (S20) and the complete cap in Theorem S6.2 retain their stated hypotheses.

S6.3 Null leakage in the same positive metric

Let T now be an isometry onto finitely many genuine operator nulls inside a base recipient X,
before their removal; write Qr =1 —TT*, C = P+ kI, S =T*CT. This use of T is distinct from
the observation map above. Suppose N, = ED;lE*, 0 X N — N, =271, and the raw tail has norm
at most § < k. Put

Ay =D, 'E*T, B.=QrFEAy, s50=+r—0+ Amin(T*N.T) > 0.
For a finite positive lower Py = WD, lW* < P on the base recipient, define
Jp = BB, — BfW(W*W + kD,) 'W*B, = 0.
Then, for every t > 0,
K| T*CIT — S7H| < sg2|(1+ ) + (1 + 1/t)(1 + )21 (S24)

Indeed the exact null identity HT = 0 gives PT = NT — Wy.yT. Thus B = QpPT differs from B,
by at most 7 4+ 9, and S = sgl. The exact trial-residual identity is

T"C'T - S ' = s 'B*Cc~'BS~ .

Inverse order, quadratic Young’s inequality and (S21) give kB*C~1B < J, where J = (1+t)Jp +
(1+1/t)(r + 0)2I. This proves (S24). More sharply the matrix-relative target J < 75?2 yields debit
at most 7 by congruence with S~'; no commutation is assumed. The finite lower must be certified
before removing T', so all its mixed row covariances remain present.

These null-source tests are compatible with the full-source cap but have distinct recipients. For
example P = diag(1,1), N = diag(1,2), T' = e; gives HT = 0 and zero null debit for every &,
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while the second direction has negative signed form. The complete cap in Theorem S6.2 keeps that
direction in its test.

Finally a trial inverse from a different positive reference has a paid exact bridge. For A > 0,
bounded self-adjoint K = P — A, V4 = (A4 k)"'Z and G4 = Z*Vy4, square completion gives

Z*P+K)'Z G- ViKVy+kWIK?Vy.

The identity uses residual (P + k)V4 — Z = KVJy, followed by (P + k)~! < k~!I. It preserves the
full covariance of the changed reference.

S6.4 A complete 547-source inverse-action example

The source-aware viewpoint also gives a quantitative action certificate for a fixed finite positive
reference. We use the cutoff-thirteen head tuple comprising its first 46 negative observations of
the signed-frequency companion [4]: 547 negative columns E, 1680 positive columns W, and the
original polar row with eleven genuine complete-operator null rows. Every column is projected
through the full original twelve-row Gram. Let D,,D, = 0 be the actual midpoint frequency
metrics plus their rational ridges and put

k=5-10"" B=krl+WD,'W* C=EW, L=WW+&kD,.

The full frequency quadrature uncertainty is funded within half each ridge, so B < kI + Pi3 in the
original metric. Use the exact 1680-by-547 dyadic proposal F' in the included head data and set

R=C*-LF, Y=k (E-WF), Qr=r YE*E—~CF — F*C*+ F*W*WF + xF*D,F).

Proposition S6.4 (Full finite-reference covariance and action errors). For this complete tuple there
18 a saved full mized covariance upper Hr = R*D]le satisfying Hr < 9.36-107°D,,. In the same
coefficient metric the following strict bounds hold:

0=QrF - E*B7'E < 3.745-107%9D,,
(Y =B 'E)*B(Y — B™'E) <3.745-107%°D,,
(BY — E)*(BY — E) < 1.685-107°"D,,

(Y =B 'E)(Y - B7'E)  <7.490-107%'D,,.
The reference is the stated bounded finite B; inverse order gives E*(Pi3 +r)'E < E*B71E.
Proof. Woodbury square completion, with the actual rectangular F, gives
Qr —E*'B'E=r"'R'"LT'R=2x*R*D, 'R, BY —E=r"'"WD,'R.
Moreover W*B~1W < D,. Thus, fore=Y — B7'E,
¢*Be 3k *R'D,'R,  ¢'e=<r °R'D,'R.

The complete positive-frame trace bounds || D, Y ‘W*W D, Y ?| < 44.991, which pays the action
residual separately.

Here is the complete numerical error contract. Reconstruct all 2227 ambient sources and all
2227-by-12 original row crosses, then short by the actual enclosed 12-by-12 row Gram. The source
construction and complete error derivation in Section S17, adapted from [4], give a joint error
§ < 4.129 - 10758 in metric diag(D,, D,), including both sine images and the complete kernel, root,
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reflected and local errors. Let Ry be the modeled residual and Hy = RjD, 'Ry. Applying that
joint error to the full coefficient map [I; —F] proves

Hp =2Hy +26°(Dy + F*DpF) = R*D,'R.

All mixed entries are formed before taking the positive normalized trace. The public saved matrix
and actual D,, blocks give, by directed arithmetic,

Tr(D,'Hg) < 9.36 - 10~%.

Since Hgr = 0, this proves its full relative upper. The preceding identities, the frame trace and the
exact powers of k prove the table.

The source reconstruction used 768-bit directed arithmetic; its separate sufficient head-cap con-
gruence used 2048 bits. The new source reconstruction and residual assembly took approximately
448 seconds. The reader’s saved-array verification reparses all 598418 entries of the two stored
547-square matrices, verifies finite symmetric enclosures and recomputes the actual D,-normalized
residual trace; it is a saved-array replay, rather than another source reconstruction. Its slightly
widened durable decimal bounds are those stated above. The public supplement contains the full
arrays, true frequency-metric blocks, portable readback and exact algebra controls. Full source re-
generation uses the included scientific input subset, analytic source/error supplement and portable
producer. ]

The distinction between the finite reference and the complete positive observation is retained
throughout. A two-sided complete-positive inverse comparison uses the additional source-
observation residual of (S19); the finite-reference action estimates above supply their own bounded
application of the method.

S6.5 A necessary full-cap margin

The full cap also has a quantitative necessary test independent of null-source conditioning. Let £
be a (D + 1)-dimensional genuine operator-null space, and let the exact recipient have codimension
at most D in the polar space. Suppose N[v] > bpl|v||? on £, with bp > 0. If

N, = (1—=~)(P+k&Il), 0<XN-N,=71l,
on that recipient, and the complete raw tail has norm at most ¢, then necessarily

K+T+90

_ . 2
V_bD‘f‘ﬁ-l-(S (825)

Indeed dimension gives a unit v € £ in the recipient. The exact null identity gives Pv] < N[v] 4+ 4.
Together with N, = N — 71, the cap gives

Nyl =7 < (1 =) (N] + 6+ r),

which proves (S25). The lower observation floors developed for genuine derivative nulls in [1]
can be inserted without changing this argument. The estimate concerns the entire signed cap,
whereas (S24) prices the inverse error on its specified null source.
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S7 Complete observation under moving arithmetic cutoffs

The finite-source criteria above admit a complementary reduction on the entire negative observation
space. Its cutoff is an operator energy, rather than a Fourier window or a finite-rank projection.
The useful new input is a complete-positive source estimate uniform in the arithmetic cutoff, the
number of source profiles and the number of genuine null rows.

Let X be the original odd polar space with any finite subspace Kj; of ker H removed. All
projections and norms in this section are original Hilbert ones. Let P = Py k,, and N = Ny ,,
be the restrictions of the complete positive and negative forms to this recipient. Put

Ry = 6+8(log2)v M, By = 9Ryy, (826)
Ju = 3(84Ry 4+ 310+ 227), OS¢ = Ry J3,.

Here ||s]|loc < 3, 0 < nas < Ry and ||N|| < Bjps. Section S14 proves these constants from the
complete theta series and an elementary prime-power bound.

Theorem S7.1 (Uniform complete-positive source moment). Let ¢1, ..., ¢, be any finite family in
Vi = L*({€ > 0: nar(§) > 0}, nar(§) dé/m),

and let D > 0 dominate their true joint Gram matriz in this space. Writing Qus for the original
orthogonal projection onto Xyr, define

s = [T na©ai©sin(e) B = Qulsw)

Then every E; belongs to Dom P, and

E*E < By D, (PE)*(PE) = C3FD. (S27)
The constants are independent of r and dim Ky;. In particular, for k,A > 0,
Cste
0= E*1(p00)(P)(P+K)'E = WA{M)D (S28)
Proof. Section S14 proves, for an odd F-bandlimited g,
1Qr(s9)ll < 3llgll,  1PQu(sg)ll < 3[51Rar + 33log(2 + F) + 210 + 22" + daq] | g]l-

The complete negative support lies in [~Qys, Qas], with Q3 = e +1, For every common coefficient
vector z, Plancherel gives ||g.||? < Ry2*Dz and log(2+ ) < Ra+3. Since dyy < 1, the displayed
graph constant is below Jjs. This proves both full matrix inequalities, including all mixed terms.
The spectral theorem gives

Lx>a A2

Ak~ A2(A+k)

which proves (S28). The second moment uses E; € Dom P and does not require £; € Dom P2, [J

Define the complete observation Ths : Xy — Vs by

(Tarh)(€) = /]R s(u)h(u) sin(€u) du.
Thus T3¢ = Qm(sgg) and N = Ty, Thr. Let

k=M Ay = (AMCYO)Y?, Lar = Tarlio p,)(P)(P + kar) ™' Ty (529)
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Theorem S7.2 (Complete-observation energy criterion). For every M > 2 and every such finite
genuine-null choice,

1 1
0 = TorL(apy00)(P)(P + kiar) " Ty < o (S30)
If on an unbounded sequence of integers M the complete low-energy cap
3
Ly =<1+ i Iy,, (S31)

holds, then on the entire original domain

1 By
hl > — —
qulh] > {5M‘|‘M+M+1

| 3 (532

Conversely, H > 0 implies (S31) for every M > 2 and every finite genuine-null choice. The cofinal
energy criterion is therefore equivalent to positivity of this original H and, by Theorem 3.2, to RH.
Its original allowance is O(M~Y2), and Ayy = O(MP/9).

Proof. Theorem S7.1 applies to every finite tuple of profiles. On a dense profile core it bounds both
Tr¢ and PTy;¢ by fixed multiples of ||¢]|y,,. For a convergent profile sequence, both images are
Cauchy. Closedness of P gives graph-norm completion to every ¢ € Yy, with the same bounds.
Thus (S28) extends to the entire observation space. The choice of Ajys gives (S30); its high and low
pieces are the exact functional-calculus decomposition of the same resolvent.

Adding (S31) gives Tas(P+rar) Y15 < eI, ear = 1+1/M. The equivalent form inequality is
N =< ey (P + kpI). Rearrange using the bounded N, rather than introducing an adverse multiple
of unbounded P:

1 B }

P—N»=—kyl—(1—-c;)N=—|—
= —ral = (1= ey)N = {M+M+1
Add the complete original-norm raw tail. FExact genuine-null transport from Theorem 3.2
proves (S32) on all original V. Its allowance tends to zero.

For the converse, H = P—N+Wj; = 0 gives N < P+dp1. The bound (14) satisfies 6y < 1/M
for all M > 2. A rational admission at M = 2 is

2-451-9(10/27)°(10/13) < 1,

using m > 31/10, e > 27/10 and €*1° > 13/10. The consecutive majorant ratio is at most
(8/3)e™™ < (8/3)(3/8)2 < 1. Hence the complete observation cap is at most I, and so is its
low-energy summand. O

The spectral space 1jg ,,](P)X may be infinite dimensional. Theorem S7.2 specifies a com-
plete operator comparison; the finite-source Schur criterion and source-residual enclosures of Sec-
tion S6 supply separate constructive interfaces. The energy scale does not replace the Fourier
support 2j7 or the rank of a chosen positive receiving frame.

Corollary S7.3 (A finite cutoff interval from the M16 certificate). If a complete original-domain
certificate gives H = —al with a = 5.289-107'°, as in the signed-frequency companion [4], then for
every integer 2 < M < 10'® and every finite genuine-null choice,

Ty (P+M'D)7T <1, Ly = I
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Proof. At every arithmetic cutoff the same original bound gives Nys < Py + (a + dp7)1. It suffices
that M(a+dp7) < 1. For 2 < M < 15, the decreasing majorant used above gives Mdy; < 819/1000,
while Ma < 1/1000. For M > 16,

M6y <451-16-17%(3/8)° < 1/4,  Ma < 5289/10000 (M < 10'®).

These rational bounds prove the assertion. The bridge is the complete original-domain inequality,
rather than an identification of the M16 finite matrices with matrices at another cutoff. O

This finite-interval consequence and the unbounded-sequence hypothesis in Theorem S7.2 have
different quantifiers. The former follows from one fixed global allowance; the latter is the complete
low-energy comparison that would make the allowance vanish.

S7.1 True observation compression and a paid omitted trace

The complete energy criterion has a finite observation-space interface. It retains the true source
columns in its finite head and pays the entire remaining covariance, including mixed blocks, by
positivity. Keep Vs, T, Pk = M~' and Q = ef'M*! from Section S7, and write E = Ty, and
v=mnp(§)d¢/m on [0,9]. Put

W =RyQ/7m, a,=31/32, t(L)=28¢"%"C(r;/a, +a;?), rp=me?r.

The complete two-arm bound in Section S14 gives

v([0,Q) <W,  ||s|l3 < 28/a% < 32, / s(w)? du < (L).

The last integral follows by substituting r = me2ll in s2 < 28r2¢~%"; both arms together have
Jacobian dr/r.

Theorem S7.4 (True finite head and complete observation return). Choose L > 1 with Wt(L) <
1/(8M?) and an integer J > 1 such that

N;y=2J+1>2QL,  Nj>log,(16MVW). (S33)

Let TI be the true orthogonal projection in Yy onto span{¢, &3, ... ,§2J_1}, and let U : C7 — Yy
be an isometry onto that span. Then

1
2
1B - Mlas < 77 (S534)
For Riow = 1jg,0,,)(P)(P + k)~1 define the true finite matriz Gy; = (EU)*Riow(EU). The finite-
head condition

1
< _
Gy < <1+2M> I (835)

implies the complete low-energy cap (S31). Its validity along an unbounded sequence of admitted cut-
offs and finite genuine-null complements is equivalent to original H positivity, with allowance (S32).

Sufficient choices have J = O(1log M) = exp(O(V M)).

Proof. The ambient sine-source kernel is Hilbert-Schmidt, with square at most W||s||3. Applying
the original physical orthogonal projections preserves this property. Replace its sine on |u| < L
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by py(€u) = X723 (=1)7(€u)¥ 1 /(25 + 1)! and set the approximant to zero outside. The resulting

=0
2
t(L) + 32 { (QL)N"} ] , (S36)

source map F'; has rank at most J and
Ny!

1B~ Esllfis <W

Indeed p; is also the sine Taylor polynomial through degree 2J, so its real remainder is bounded
by |€u[N7/N;!. Orthogonal polar and genuine-null projections contract the whole error. The
observation dependence of E; lies in ranll; thus E;(I — II) = 0. The elementary bound N! >
(N/e)™ and (S33) make the remainder at most 277 < 1/(16M+/W). Equation (S36) is then at
most 1/(4M?), proving (S34).

For any positive 0 < R < kI, the operator £L = E*RE is positive trace class. Positivity
bounds its mixed quadratic term between x € ranIl and y € ker Il by the geometric mean of its
diagonal terms. Scalar Cauchy—Schwarz consequently gives

I£]] < [LLI| + tr((1 = )L —10)) < LT + s~ B —1)is. (S37)

This pays all mixed blocks without declaring them zero. Use R = Rjoy: the omitted trace is at
most 1/(4M), and (S35) gives ||L|| < 1+3/(4M). Theorem S7.2 now returns the original allowance.
Conversely H > 0 gives complete observation cap at most I, so every such true compression satisfies
(S35).

The choices terminate because (L) — 0. Since logW = O(v/M), a polynomially growing 77,
suffices, giving L = O(log M); the two requirements on N; then give the asserted sufficient rank.
The monomial Gram is positive definite because m;(0) < 0 and hence v is positive on an interval
near zero. This proves existence of U; numerical evaluation must certify its actual observation
metric. O

The finite matrix uses FU, not the Taylor-surrogate FE;U. This true compression is what
permits a quadratic omitted-error payment. The rank bound concerns the observation compression
and makes no rank assertion about 1y szq(P)' For upper certification one may instead bound
the larger full-resolvent head V*(P + k)™'V, V. = EU. If trial columns Y lie in Dom P and
A=V — (P+ R)Y is their complete action residual, then

V(P +5)7'V = Herm(V*Y) || < w7V [|A].

This follows from (P + k)~'V —Y = (P + k)" A. It supplies a paid upper in the true source
coordinates. A residual V' — BY for a different finite reference still leaves (P + k — B)Y to be
enclosed; all sources, norms and operators in the complete head estimate must match.

S8 The hard-cutoff mean and intrinsic receiver rank
The original hard-cutoff receivers have a useful independent description. On the polar space set

Co= %QszB(D)Mth BE) =(1+4) "2 R = (ker H)'.

The two references Cy and Cg have Fourier orders one and two, respectively. The next estimates
concern the hard cutoff. For the right-continuous prime-power sum Wy (z) = 3>, ., A(n) write
Ep(x) = Uyp(x) —x and

[EA(M)] 1 /M —3/2
i +\/M . |EA ()2 *d.
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Theorem S8.1 (Complete common mean and one-sided rate). The operators Ny /v M converge
strongly to Co. On Dom H, Pyyh//M — Coh, and the selfadjoint positive operators have the same
strong-resolvent limit. For F > 1,0<n<1/2 and M" > \/(1+2n)/(1 — 27),

Ny

—— = Co — pul, 538
\/M_O PM (S38)

9(12 + log(3F)) n 36 N 30M "1

VM 1+4F2  1-2p°
The same one-sided estimate compresses to every finite row complement. Classical PNT permits
F — oo with ppr — 0.

PM = 18(1 + F)eA(M) +

Proof. Put z =1/2+i§, U = log M. Abel summation, with its lower endpoint retained, gives
Ez(M)

b S A(n)n /2 = eV a1 e EaM)
VM z 2V M M

ozl /M Ep(2)z /24y,

vM J1
As |z — 1| = |2|, the difference from €V /z on |¢] < F is at most M~1/2 4+ (1 + F)ey(M). The
positive-part map is 1-Lipschitz. Using |mg| < 6 and a(§) < 4 + log(3F'), the normalized negative
symbol differs on this interval by at most d = 2(1 + F)ex (M) + (12 + log(3F)) /v M from

va (&) = 45 (€)(cos(EU — arctan(2€))) .

The absolutely convergent Fourier series of cos; has constant coefficient 1/7 and nonconstant com-
plex coefficient sum 1/2 + 1/m. Riemann-Lebesgue gives the local weak multiplier mean 43 /7.
The normalized symbols are uniformly bounded by (S26); their local weak means s therefore ex-
tend against every L' frequency test. For fixed input, truncate its Fourier profile sh to [~F, F].
Multiplication by s after a finite frequency projection is Hilbert—Schmidt, so it converts the weak
convergence on that band to strong convergence. The input exterior tends to zero uniformly in M.
This proves the negative strong limit.

For a quantitative continuum bound, the positive {th harmonic continues analytically on |Sz| <
1/2 as

eilUZ(l - 2i2)(l71)/2(1 + 27;Z)f(l+1)/2'

Shift to 3z = 1 on compact smooth physical tests. The multiplier bound is (1 — 4772)_1/ 24,
q=M"",/(1+2n)/(1—2n) < 1. The two physical factors acquire opposite exponential weights
and [|€7s]|so|/e7"s]|00 < 9. Indeed the complete envelope bounds their squares by 169z%F7e~™ <
169¢~™ < 9, x = e2l“l > 1. Vertical contour ends vanish by smooth compact integration by parts;
density extends the resulting bounded operators to all inputs. Summing the harmonics costs at
most 30M ~"/(1 — 2n). Discard the actual positive negative-symbol exterior beyond F' and pay the
omitted continuum by 36/v/1 + 4F2. The retained symbol error costs 9d. This proves (S38).
Finally Pyy = Nps + H — Wiy on Dom H gives the positive limit there. The resolvent identity
at (Co + i)h and the uniform resolvent norm bound extend it by density to strong resolvents.
PNT makes ey(M) — 0 by splitting its integral at a fixed large threshold; for example take
F = min(MY*, ey (M)~1/2). O

Theorem S8.2 (Intrinsic hard-cutoff receiver rank). There is ¢, > 0 such that

N(PrCo|R) > eufd,  j>1.
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Consequently, if a rank-J positive receiver Byy on the complement of any finite genuine-null space
Ky satisfies Nar iy, = By + kal, then

C

J+1> —F
oM+ Ky /N M

(939)

With a classical PNT remainder one may choose pyr = O(e~ VI8 M) Along Ky — 0, the required
receiver rank is therefore at least 12V M for sufficiently large M.

Proof. The operator Cy is compact: its finite-frequency sandwiches are Hilbert—Schmidt, and the
omitted multiplier has norm at most (36/7) supje|~p 8(§) — 0. Section S15 proves the eigenvalue
floor using the original-domain critical-zero representers and complete Schwartz-weight Gram esti-
mates. On its (J + 1)-dimensional protected span choose a unit vector in ker Bys. It belongs to
every genuine-null complement. Combining the floor with (S38) gives (S39). The classical error
|Ex(2)] < Aze=VI8T gives ep (M) = O(e~ VI M) by splitting at /M. Choose F = ecoviogM/2
and fixed n = 1/4. O

For arbitrary finite, possibly nongenuine row spaces of dimension d, an elementary version is
also useful. If og = minj,<ps* and ag = 4og/[r\/1+4n?/R?], then X\;(Co) > ar/(j + 1) and
J4+d+2>ag/(py + kar/V'M). Take the first j + 1 odd Dirichlet sine modes f on [~ R, R], set
h = f/s and impose the single polar moment. Fourier Jensen gives

D ]
(4D 2 e S

and ||f']| < w(j + 1)||f|I/R. Minmax and codimension interlacing give the displayed assertions.
These are representation costs for the hard-cutoff split; the smoothed reference of Section S3 has
its own source geometry.

S9 The full residual covariance and the signed return

The finite receiving gate must retain the source covariance between the phase space, the exact
rows and the complementary carriers. The following exact Schur identity gives the interface. It is
classical finite-rank elimination specialized to the original constrained recipient [10, 11].

Theorem S9.1 (Residual-covariance signed gate). Let Z : C¢ — H have finite-dimensional range
containing the exact row map R. Let P be its range projection and QQ = I — P. For a finite carrier
map U, define

G=27"27, F=U"Z, J=U*QU.

Let C = C* and a > ||J||. Then
al —ZCZ*—UU* =0 on kerR* (540)

if and only if
aG — GCG —aF*(al —J)'F =0 on{c:R"Zc=0}. (S41)

The columns of Z may be dependent. If J < J < al, substitution of J gives a sufficient gate. For
any finite matriz V' of trial coefficients,

J = (U= 2V)(U - ZV). (S42)
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Proof. The @ block of (S40) is a@Q — QUU*Q > 0. Its exact elimination adds
PUU*P + PUU*Q(aQ — QUU*Q)'QUU*P = aPU(al — U*QU)"'U*P

to the adverse finite block. Every € PH has the form Z¢; evaluation gives (S41). Since ran R C
ran Z, the entire () space satisfies the exact rows, so this elimination holds on the stated kernel.
Inverse operator monotonicity proves the upper-covariance substitution. Finally Q(U —ZV) = QU,
and the orthogonal P, @ split of the trial residual proves (S42). O

For injective Z, J = U*U — FG~'F*. Formula (S42) supplies a complete positive upper without
subtracting nearly equal numerical matrices or assuming a projected row Gram floor. It keeps the
full residual covariance rather than replacing it by unrelated diagonal carrier bounds.

S9.1 Paid common-source errors

Theorem S12.1 supplies the joint source enclosure, its exact-row shorting and the full congruence
payment. The numerical application in Section S13 retains every phase/row /carrier block.

A positive padded covariance I' > § diag(D), D, ) has shorted phase block at least § D),: minimize
its quadratic form over the row coefficients. This supplies a lower bound for the padded elimination
without requiring a lower bound on the angle between unpadded phase and row spans. The padding
is charged in the signed inequality. An original full-row Gram floor applies to its stated receiving
map; a complementary projection requires its own analysis or this paid residual construction.

S9.2 Return to the original form
For a finite arithmetic head and = = \/a + s?/5 h, the exact identity is

ai 1]+ |l = Nl = [ (1/5 = mar(@) iz (@) P s (543)

The original polar row becomes t,, sinh(u/2) in this variable. To separate the favorable unbounded
part, fix a finite A and write dy; = 1/5 — mys as

dy = dpet +0—9g, dret = Lig<adnr, b= Ligaaldm)+, 9= Ligsal—du)+ > 0.

The original graph domain pays each integral. Dropping the favorable —g gives a form upper bound;
only dyet and b receive bounded-operator approximations. Suppose these supply the complete upper
domination

Mta(1/5—mM)(D)MtajZCZ*+UU*+77[, 77<1,

as forms on the transformed original core. For example, a finite signed source approximation, a
positive defect approximation and complete norm errors supply this domination after retaining the
favorable exterior by its sign. Set a = 1 — n and apply Theorem S9.1 on the exact transformed
rows. A successful gate gives

qmy (B = —a|pl3, qulh] > —(a+ dm)|A[5,

where (13) supplies a full raw arithmetic payment. Finite genuine-null deflation is returned as in
Theorem 3.2. All identities begin on the exact polar core and extend through the original closure;
bounded retained perturbations preserve its domain.

Thus, for aj = 277 and any cofinal M; — oo, complete signed gates returning (S43) yield
the vanishing allowances required by Theorem 3.2. Theorem S10.1 supplies finite receiving spaces,
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complete positive complements and certified continuous coordinates for every such index. The exact
residual gate specifies the signed comparison to be certified in those coordinates.

The coordinated schedule of Theorem S10.3 supplies the explicit original allowance (142737)277.
The direct return adds the raw norm error to a;; any stronger inverse-normalized error requirement
used to establish a chosen finite gate is paid within that gate.

S10 A complete conditioned construction

The receiving space will approximate every frequency source at once. Put

; S
Oéj:2_J, tjzi, j216.

Qj +s2/5

Let v; be a positive finite measure supported in [0, 2;], with mass A;, and define the positive
operator on H = L2,,(R) by

05 == [ 1ty sin(€ )t sin(€ ) v ©) (544)

For an even nonnegative multiplier b, take dv = b(§)d¢ on the positive half-line. The identity
cos(x — y) — cos(x + y) = 2sinzsiny gives exactly (S44) in the Fourier convention of Section 3.
Positive atoms are also allowed.

Theorem S10.1 (Conditioned complete complements). Choose a computable integer B; >
max(1, A;j) and put

Lj = j + log(l + Bj),
T; = jlog2 + log(1 + B;) + 4log L; + 20, R; = 3 log(T;/m),
Ej = 129]'Rj + 210g(1 + Bj) + 410ng + 40.

Choose an even integer N;j with E; < N;j < E;j+4. Let V; be t; times the odd polynomials of degree

less than Nj, restricted to [—Rj, R;|, and let Q; project onto its entire odd orthogonal complement.
Then

1
1Q;0;Q;] < Ton L

oe L dim V; < 6Q;R; + log(1 + B;) + 2log L; + 22. (S45)
J

For computable supplied parameters, a terminating certified construction gives a dyadic basis trans-
formation whose actual continuous receiving Gram lies between 31 /5 and 51 /3. Its condition number
is at most 25/9 < 3.

Proof. The elementary inequalities
L/2 <T < 3L, 0<R<ilogL

hold for L > 16. For the upper bound use jlog2+log(1+ B) < L and 4log L + 20 < 2L; the latter
ratio decreases from its strict endpoint value at 16. For 0 < & < Q, real Taylor approximation
supplies an odd polynomial pe of degree less than N with

(QR)Y
N

|sin(&u) — pe(u)| < <4 N (lu] < R),



since N > 12QR and e < 3. Thus the squared interior error after multiplication by ¢, where 2 < 5,
is at most 10R16~". The complete theta upper bound (12), with = = e2lul gives the full exterior
estimate

o0

/ 2 du < 169 Qj/ ze " dx
|lu|>R T/m

169¢=20 T +1
T (I+B)LY w? (846)

Orthogonal projection is at least as accurate as this explicit approximation. Integrating the squared
error against the whole positive source gives

(947)

A _N . 169e729(T + 1)
1QOQ| < Tr(QOQ) < = (10316 T eaT B )

This trace includes every covariance combination and both infinite spatial tails. Because N >
2log(1 + B) + 4log L + 40 and log 16 > 2, 16~V < ¢780(1 + B)"*L 8. Multiplying the first term
in (S47) by log L bounds it by (5/3)e %(log L)2L~8 < 1/4. The second term times log L is at
most (676/27)e 2°L=2 < 1/4, using A/(1+ B) <1, T+ 1 < 4L and m > 3. This proves (545).
Upward rounding an outward enclosure of E of width less than one to the next even integer gives
the required NV without a transcendental equality decision.

For conditioning, the first theta atom and the decrease of r2e~" for r > 2 give, throughout
[_Rv R]a

82 2T26720 6720
TR —— — < <1
aj 7 (1+B)LA 2(1+B)L? ~ 7
Consequently
g Y S48
t; > > = .
I =155 a0 B2 - T B (548)

The final comparison follows from 30log2 > 20. In an ordinary L?([—R, R])-orthonormal odd
Legendre basis the true receiving Gram satisfies /;1 < G; = 51.

Choose a positive rational 4- < /; by outward evaluation. Compute a symmetric rational
moment enclosure éj with ||G; — C~¥j|| < 05/4; entrywise error £}/(4dimV;) suffices. On this
compact interval the complete theta series has effective uniform derivative tails and its denominator
is positive. Certified partitions and increasing precision therefore terminate. The moments here
are physical receiving moments, determined by s,t;, R;; computability of v; is needed only when
evaluating the source operator or its mass rather than using its supplied bounds.

Since C~¥j > 369[ /4, increasingly accurate inverse-Cholesky proposals give a dyadic invertible W
passing the finite check _

SIW;G;W; = 2L

The error bound and G > E;I imply (3/4)G; = éj = (5/4)G;. Hence
3 * 5
Only the basis changes; the space, its entire complement and the trace bound are unchanged. [J

The condition estimate concerns the polynomial phase Gram on V;. Adjoined exact rows enter
the joint signed gate with their actual mixed Gram, as specified in Section S9.
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For fixed A,Q, a fixed B yields dimV; = O(logj) and a complementary norm tending to
zero. The next section proves necessity of this order for a nonzero fixed density. Polynomial
approximation, finite-band concentration and whitening are classical mechanisms [12, 13, 14]; the
explicit theta-dependent wall, whole-tail payment, funded Gram floor and original signed interface
specify their use here.

S10.1 Moving arithmetic heads

The construction also applies when the complete arithmetic head grows. Put

A\;%) cos(&logn), bar = (1/5 —mas)+.

my(§) = RU(1/4+i&/2) —logm —2 >

2<n<M

Every prime power is included. The following elementary bounds, also used in the signed-frequency
companion [4], give concrete inputs.

Lemma S10.2. For M > 2, the positive-half support and mass of by; are bounded by
Q= eT80s2VM g <017+ 8(log 2)V/ M.

The coordinated choice below turns these inputs into explicit original-domain tail and receiving-space
budgets.

Proof. The Chebyshev and Abel argument in Section 4 gives Sy; < 4(log2)vV M — 2log2 by (16).
The complete digamma comparison (17) and mg > —6 give

mpr(§) > —6 + log(2|¢]) — 25u-

Thus outside Qpr, mp > 1+ log2 > 1/5. Everywhere the defect is bounded by 7 + 25y <
7+ 8(log2)v M. Integrating this bound over its positive-half support proves the asserted mass. [J

Theorem S10.3 (Coordinated arithmetic and receiving budgets). For j > 16, put x; = 277 and
choose an integer M; with

_ Jjlog2+3log(j +2) + 40

Ej < Mj < Ej + 2, Ej (849)
7r
Then the complete original arithmetic remainder satisfies
5M]‘ < 2737/@‘. (850)

For the moving positive source byy;, Theorem S10.1 gives condition number at most 25/9 and

log 2
log dim V; < 8log 2\/% V7 + O(log j). (S51)

The leading coefficient is 2.60467320417428 .... If complete signed head gates return Ay, [h] >

—rj||h||3 on the original recipient, then
qulh] > —(1+27°)277||h|3. (552)

Consequently such a cofinal family satisfies Theorem 3.2.
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Proof. An outward enclosure of F; of width less than one, followed by upward integer rounding,
supplies the stated integer. For j > 16, log(j + 2) < j/2, log2 < 1 and 7 > 3 imply

5j + 98 <

Mi+1<E;j+3< 6 <3(j+2).
Insert this into (14) and use M; > Ej:
4059¢710 . 4059 (3\*0 __. :
baty < 2l < <) 277 < 279727
P42 18 \8

Here e > 8/3; the last comparison is rational. Moreover M; = (log2/m)j + O(log j). Choose B; by
upward enclosure of the mass bound in Lemma S10.2. Then log(1+B;) = 8(log 2)/M;+O(log M;),
L; = j+ O(Vj), and R; = O(logj). Substitution into (S45) proves (S51). Finally the bounded
raw remainder costs at most dyy[|k[|3, proving (S52). Finite genuine-null deflations return by
Theorem 3.2. O

The constructed rank in (S51) prices the positive receiving space at the final original-norm scale.
With €; = (1 +2737)277, the same estimate reads

. 8log 2
logdim V; < Ww/log(l/ej) + O(loglog(1/¢;)).

The arithmetic and positive-complement estimates hold at every index. The signed hypothesis in
Theorem S10.3 is the finite gate of Section S9, including its complete approximation and residual-
covariance payments.

S11 The necessary fixed-source dimension

This lower bound counts the whole retained odd span, including any adjoined receiving directions.

Theorem S11.1 (Sharp dimension order). Let b > 0 be a nonzero bounded density on positive
frequencies supported in a fized [a,Q] with a > 0, extended evenly as a Fourier multiplier. Fix one
integer B > max(1, A) and use the corresponding R; of Theorem S10.1. Let O; = M;,b(D)M;; on

the odd space. Set
A:/ b, 32:/ 2, Bao = |Ib]c.
0 0

For any finite spaces W; with ||Qw,0;Qw;, | < 77 — 0,

dim W B
! muis 22 5.
J—00 Rj — 1 FB%O

Together with Theorem S10.1, the optimal dimension order for obtaining a complementary norm
tending to zero is O(log j); the constructed rate is the one in (S45).
Proof. Take L = R; — 1. On |u| < L, the first-atom lower bound gives

s%/a; > 2m% exp(jlog 2 — Tj/e*) — oo.

Thus t? > 4 there for all sufficiently large j. Compare the full source covariance with the source
covariance obtained by replacing ¢; by 1;_r ;. The former is at least four times the latter in
frequency-source space. By equality of the nonzero spectra of U*U and UU*, and min—max,

M(05) > 4M(Tr),  Tr =11 (D)1 1) (S53)
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on odd functions. This comparison is made in the common source space.
Put Cp(w) = 2sin(Lw)/w, continuously defined at zero. The complete sine-carrier formulas
give

e AL G AR
w1t = [T [T HOmICuE - m) - Cule - nP dgan.

Consequently Tr Ty, /L — A/w. The measures Cp(w)? dw/(4wL) are a positive approximate identity
of mass one. Applied to the continuous autocorrelation of the zero-extended b, this gives the
difference-term limit By/7 in TrT?/L. Since £ +n > 2a, its square term is O(1) and the mixed
term is O(v/L) by Cauchy-Schwarz. Therefore

TeT?/L — Bo/, 7% < Boo-
If Nj = dim W}, min-max and (S53) give An;11(77) < 7;/4. Hence
TrT? < N;B% + (7;/4) Tr Ty,
Divide by L and take the lower limit. Finally R; ~ %log j for fixed B. O

The first-two-trace argument belongs to classical time—frequency concentration. Its present
use matches the explicit complete-theta upper construction, including arbitrary competing odd
receiving spans. Compression by the fixed polar row changes a dimension count by at most one;
additional growing constraint dimensions are counted with their actual span.

S12 Complete joint sources and stable row elimination

The phase construction controls a positive complement. To evaluate its signed recipient, collect the
actual phase, exact-row and carrier profiles in one source map. Put ¢ = s, w, = q/(a+q/5) = t2.
On a finite interval I, write

Ye=\wa Y cafa, LI=YY.

Supported phase profiles are polynomials on their support cells, the polar profile is sinh(u/2), and
a derivative-row profile is

fro =% —p® /1) /g (k odd).

Literal carriers have profile /v, /7 sin(§,u). An exact column transformation is applied to the entire
derivative polynomial before evaluation. The original preimages determine genuine-null status; the
transformed rows are receiving coordinates.

Theorem S12.1 (Common-weight full covariance). Let the finitely many measurable profiles belong
to L*(I,wy), and let a real positive function p satisfy |p—we| < nwe on I, where 0 < n < 1. Define

Ty = Jy £(u)"f(u)p(u) du. Then
(L-m =Ty < (14 )T, (S54)

For a partition into retained and row coefficients, define the shorted form S[z] = inf,(z, 2)*T'(z, 2),
and similarly S,. Then
(1=m)S5 =25 2 (1+n)S.
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These assertions allow dependent columns and redundant rows.
Let Y}, approximate Y, = \/p f and let D = 0 be a specified coefficient metric. If

(Y, =V,)D 2| <e,  [[V,D"2| < M,
then, with § = 2Me + €2,
—0D <T,-Y;Y,=<é6D, T =22 — (S55)
1—-mn

Shorting this entire upper gives an upper for S.

Proof. Integrate the pointwise weight inequalities against | " ¢, f,|?. Taking the infimum over the
same row coefficients proves the shorted inequalities. For the profile change put £ =Y, — }A/p and
expand Y'Y, The two cross terms have total D-normalized norm at most 2Me, and E*E at most
e2. Combining with the left inequality of (S54) proves (S55). Quadratic-form order is preserved by
the defining infimum. O

This is a source-specific use of classical positive integration and variational Schur order [10, 14].
In particular, the relative-weight step preserves the exact kernel. A profile approximation is priced
separately by (S55). No lower angle between the phase and row spans enters these bounds. For
any exact coefficient map W, an additive enclosure —6D < T' — [' < 6D becomes the enclosure
OW*DW after congruence. This is the payment used for enrichment or row changes.

S12.1 Positive polynomial integration

Here is a fully specified realization of the weight step. Suppose w, is analytic on each closed disk
of radius d centered in [—R, R], with |w,| < H, and w, > wo > 0 on the real interval. These are
checkable source hypotheses. Split the interval into cells of half-width A < d/8, also splitting at
every supported-profile endpoint. On a cell centered at ¢, let L >m > 1 and {, = e2mil/L ge

o — <2h> Zwa e+ (d/2)¢)¢ ", ple+ha) = apat.

k<m

Exact conjugate-paired sampling makes p real. Cauchy’s coefficient bound and root-of-unity aliasing
give

H(h/d)™ H27 L
1—nh/d (1-2")(1—-h/d)
Indeed the discrete coeflicient at index k& < L contains only Taylor indices k 4+ vL; summing their
bounds proves the second term. Literal sample and real dyadic coefficient errors add their full
uniform payment. Choosing their sum with (S56) below nwg supplies the positive approximant in
Theorem S12.1.

For polynomial profile approximants of f degree below N, a positive Gauss—Legendre rule of order
at least N +m on each cell integrates p f * f exactly: every entry has degree below 2N +m. Certified
node, weight and evaluation errors are included when the rule is represented by literal numbers.
Thus its matrix is a single positive common-factor sum. The rule uses

(S56)

[wa = plloo <

O((R/d+ 1)(N + m))

points on a uniform grid, plus the support-boundary subdivisions. This argument establishes a
constructive rule under its stated strip and profile hypotheses.
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S12.2 Complete growing-row tails

A full-line covariance also needs physical tails. Write a premixed row profile on u > 0 as

fa(u) = Cq Sinh(u/2) + Qa(u)/Q(u)7 Qa(u) = eu/2 Z Pa(ﬂn262u)6_7m26

n>1

2u

Use odd reflection on the other arm. Let D > 2 bound all polynomial degrees, K, bound each
polynomial’s absolute coefficient sum, and Fy = 1+ 3, (|ca|? + K2).

Proposition S12.2 (Premixed complete row tails). For a =277 and T = ne?* > max(r,4D),
> / We| fa)? du < 676 29 FyT?Pe T (S57)
2 JIu/>R

For 0 < e < 1, a sufficient wall for this trace to be below € is
T > 4D, T > 4{jlog2 + 1log(676Fy) + 2D 1og(8D) + 2log(1/e) + 10}.

Proof. Put r = me2*. For r > 4D, comparison of successive terms gives |, Pa(rn?)e ™| <
2K,rPe". For example n*P e~r(n*=1) g decreasing with a geometrically bounded ratio, using
logn < (n?—1)/2. The first positive theta atom gives ¢ > 2r?e~", while (12) gives ¢ < 169¢%“~" and
we < 27q. Apply |z +y|? < 2|z|2 +2|y|?, sinh?(u/2) < e¥, du = dr/(2r) and both arms. Enlarging
powers to 2P and constants bounds the trace by 338 27 Fy I r2Pe"dr. Since T > 4D, integration
by parts or a geometric series gives an upper 212Pe~T. Finally 2DlogT < T/4+42D log(8D) proves
the sufficient wall. O

In particular D = O(j/log(j + 2)), log Fy = O(j) and log(1/e) = O(j) permit T = O(j)
and R = O(logj). If a common strip has d=! = O(j), logarithmic profile bounds O(j), and
log(wgy 1Y = O(j), the construction above reaches exponential accuracy with O(j) scaled coefficient
precision. For the raw identity metric this also requires logarithmic column count O(j); a different
metric additionally pays its inverse norm. High-frequency sine profiles use degree O(|¢|h+j) on each
cell. These statements specify source precision and node counts under the displayed hypotheses.

Complete mixed tails follow from the full source factor: if the row and carrier tail traces are
E,, E,., their joint tail trace is E, + E. and the cross block has norm at most /E,E.. Supported
phase tails vanish outside their support. The full covariance therefore remains a single error-
controlled input to Theorem S9.1.

S13 A complete 4473-column source certificate

We give a whole-line application of the common-source construction at o = 3/10'2. The supplied
data specify exact dyadic row coordinates and literal frequency carriers. The polynomial-weight
construction of Section S12 is one general realization; this application uses a directly enclosed
positive Gaussian rule for the actual theta sources.

Theorem S13.1 (Full mixed physical Gram). Let Y have the 4080 supported phase columns, 41
complete receiving rows and 352 literal carriers specified below and in the scientific data. Let I' be
the exact 27199 dyadic block-arrow matriz in data/joint_centers.npz. Then

[Y*Y —T'|| < 1.384607318 - 10720 < 2795,

The norm is the raw Euclidean coefficient operator norm. All phase/row, phase/carrier and
row/carrier terms, the entire global block, quadrature errors and both infinite physical tails are
included. In particular, putting § = 275,

Y*Y =T +6I, T +26I =61
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S13.1 Exact columns and a portable construction

The negative half-line is split into 100 cells of half-width » = 1/80, centered at ¢; = (—199 + 27) /80,
0 < i < 100. Odd reflection supplies the positive half-line. On the last 68 negative cells (32 < i <
100), take the 60 local columns

2k +1
2r

to(u) Pr((u—¢)/r), 0 <k <60,
where Py, is the Legendre polynomial; outside the paired cell supports they vanish. Their unweighted
odd Gram is 214989. Disjoint cell interiors give exact zero off-cell blocks.

The 41 global rows are an exact dyadic triangular mixture of the polar profile and the profiles
with odd derivative indices 1, 3,...,79. The file row_coordinates. json gives the literal coefficients
and polynomial normalizations. To reconstruct them, start with

Py(x) = 4a* — 6, Pryq(x) = (1/2 = 22) Py(x) + 22 P)(x).

Then ¢ (u) = e¥2y, Py(rn2e*)e~™*¢*" on u > 0. Normalize Pyio — P,/4 by its stated
largest absolute coefficient and premix the exact polynomials before evaluation. The file
literal_rule.json gives 352 rational frequencies 2400 < &, < 6000 and positive dyadic
weights v, with >, v, < 2. Their columns are exactly to\/ve/msin(&qu).

The script generate_rows.py evaluates all 80,000 negative-arm Gaussian nodes at 512-bit
ball precision using 16 theta atoms and a complete polynomial-dependent remainder. It produces
double-double source arrays and certified point errors. The global assembly uses those source arrays,
computes carrier phases by directed ball arithmetic, and pays all point and fixed-point errors jointly.
The exact row coordinates are mathematical inputs; no numerical QR is part of the certificate.

S13.2 Whole quadrature and tail payments

The following explicit bounds specify the analytic contract implemented by row_budget.py and
joint_gram.py. They also permit reproduction without a sampled Gram hypothesis. On each
Gaussian cell use the Bernstein ellipse p = 7/5. Its imaginary height is

r

h
2

(p—p~ 1) < 1/200.

The actual theta denominator is bounded in this strip by first-atom comparison on |[Ru| < 7/5
and by regularization outside. For v = me?? the first scaled atom satisfies |Py(v)| > 2[v|?. The
other atoms have relative sum at most 33,5, nte= (-0 o 1/10 for Rv > 2.99, giving the
lower denominator modulus 9X?2 /5 below. Inner-strip phase comparison gives Rty > 0; the outer
envelope and Rcosh(z/2) > .99 give receiving denominator real part above /2. The complete
strip envelope for 1 is below 100, which also funds the displayed bound 4 - 10'” for ¢2. The finite
checks are

13/400 + we*/5/100 < 1, 12053/10-me!*/ cos(1/100) ¢ /4

Use even reflection z — —z for a negative-real portion of the first positive-arm ellipse; the weight is
even and the receiving rows are odd. For a positive-arm cell let z_ = max(0,c—r(p+p~!)/2) and
ry = c+r(p+p~1)/2 be its extreme real coordinates on that ellipse, X1 = me?™*, and ¢;, = cos(2h).
A valid majorant is

to = min{4 - 10'°, (240/a)e?+/2=X=cn}y g5t =5/(9X2).
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For a premixed derivative polynomial P,, let A, be its absolute-coefficient polynomial. Its complete
atom numerator is bounded by

16
By =Y Ag(n?X ) DXch 94, (280X, )e 28X -en,
n=1

The script verifies that the remaining atom ratio is below 1/2. The corresponding row bound is
V2 €5+/2(|Spa| +dg ' By). The local Legendre factor is bounded by 70p% and the carrier sine factor
by €890 Positive Gaussian integration of an analytic scalar product has error at most
167”p_1600
1—pt
Trace bounds for row blocks and Frobenius bounds for mixed blocks give a complete summed

quadrature error below 5.6 - 107185,
For the whole physical tail put Z = we®, and define

x (its ellipse supremum).

o0
Ip=e?, Iy =kl + ZFe % = / zFe ™ dz.
z

If Ay(x)? =3 by x2®, the complete row-tail trace is bounded by

4 240
E =33 = buplis + —|Soal*Io { < 1.384607235 - 10,
a | @ k>2 a

The full exterior atom sum is bounded by twice its first absolute-polynomial term; the explicit ratio
tests at Z in the script verify this for every included degree. The carrier tail has bound

2 Ve 240
T«

E, (e°/3 +1/9)e 3.

The row/carrier mixed tail is at most v/ E, E.. Supported phase columns vanish outside their own
wall. Adding F, + E. + 2/ E,E, is therefore a conservative full-block tail payment.

Proof of Theorem S13.1. Use the common 800-point positive Gauss—Legendre rule on each of the
100 cells. Complete theta source intervals pay the point uncertainty. Directed 256-bit ball products
compute the sampled matrix; an alternative supplied route quantizes the common factors to 27120
and uses exact integer products. Directed products retain the double-double uncertainties in their
full matrix intervals. In the fixed-point alternative, the common-factor inequality (S55) pays source
uncertainty and factor quantization together. For this factor payment let the phase/global errors
be ey, €4, and let the represented global trace be T;. The phase factor norm is at most v/10 before
perturbation, since t2 < 5. Thus

e=(2+ )2 M <{(VI0+e)? + T, 12, Ep < 2Me + €2
Center the exact products at 27190, The block-arrow center-rounding error is at most
Eetr < max(Ep, Ey) + Epg,

where E,, E, are maximal directed row sums of the phase/global center radii and E, is the Frobe-
nius norm of all mixed radii. This uses the block-diagonal phase norm, the global block norm,
and the complete rectangular cross-block Frobenius norm; disjoint-support zeros remain exact. For
exact fixed-point products the simpler bound {max(60,393) + /4080 -393}27 1% suffices. The
portable assembly verifies En; + Eeir < 8.3 - 10728, Add the whole quadrature and tail bounds
above to obtain the stated radius. The final two inequalities follow from positive semidefiniteness
of Y*Y and its two-sided enclosure. O
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All uncertainty in this theorem concerns the stated literal carriers. A continuous frequency
measure is supplied to the original signed return with its own operator-approximation debit. The
raw covariance error transports through an enrichment W as dW*W. The scientific supplement
contains the exact columns, complete source arrays, centers and portable generators, together with
a short verification command and controls that reject underfunded error caps.

S14 Complete source bounds with uniform null cost

This section proves the actual-source estimates used in Section S7. The Fourier convention, theta
weight, original polar row and minimal realization are those of Section 3. No auxiliary positive
reference replaces Py k.

The shared arithmetic, logarithmic and complete-theta estimates used here are proved once in
Section 4. In this section Pj; again denotes the hard-cutoff positive form.

S14.1 Original polar return and count-independent null return

On the ambient odd space let Py = M, som (D)Mg and hg = sg. Bandlimited L? functions have
every derivative in L?; complete theta multiplication and smooth compact cutoffs put hg in the
minimal form domain. Equation (21) and form representation then put it in the ambient operator
domain and give

[Parholl < 3[33(Ras + log(2 + F)) + 210]| g (S58)

For example the compact approximants converge in L? and their weighted physical derivatives
converge in L?; a < 17€2 pays convergence in the specified minimal form norm.

The original odd polar row is b = ssinh(u/2). Put f, = sb = s?sinh(u/2). From (19), its
exponentially weighted Fourier norm is at most 32v/2. Since SUP;>( z2e /8 = 256/e? < 36,

If7)l < 1728,  |[Ab|| < 88128.

On each interval 1/4 < |u| < 1/2, the first complete theta atom gives s > 18-3710 and sinh?(u/2) >
1/64. Consequently

Ab
> 2720 L (S59)

o] > :
2]

64 - 310
Here r = me2l"l < e < 10, 7 > 3 and e < 3 suffice for the lower bound. The same compact form
approximation and representation justify b’s operator membership. From (18), Py; — A is bounded
by Bjys. Writing Q) for the polar projection and x = Qphyg, therefore,

| Par|| < |[Parholl + (2°7 + Bar)|lhol-

The constrained action is Pyrx = Qp P yra; preservation of the polar condition by the ambient action
is not assumed.

Now let T be an original Hilbert isometry onto any finite-dimensional K C ker H. Bounded
perturbation in the same minimal realization gives Dom H = Dom P,; and

PyT = NyT — Wy T, HPMT” < Bpy + 6.

For e = Qgw, the operator on the further constrained form domain acts as Py xe = QrPue,
whence
| Parcell < [|[Puv|| + (Ba + 0 ||z
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Combining the last displays, ||z|| < ||ho|| < 3||g|| and (S58) proves the promised count-independent
bound

| Prr Qi Qu(sg)|| < J(M,F)|gll, J(M,F)=3[51Ry + 33log(2 + F) + 210 + 2%7 + &5/]. (S60)

This argument uses actual operator-nullity. An arbitrary additional row requires its own graph cost.
Independence of dim K is an analytic norm estimate and does not assert that numerical projection
is free.

For arbitrary negative profiles and a common complex coefficient vector,

2 & 2 2 g
lg: | =/0 Wylo-? S < Ry Dz

Their support is bounded by Q/, and J(M, Q) < Jas. Equation (S60) proves the complete joint
moment in Theorem S7.1. Applying the same inequalities to profile differences and using closedness
of Py i proves the full observation-space graph completion used in Theorem S7.2.

The same graph estimate also pays finite inverse-action trials. If Ey, W are actual negative and
positive source families, the latter supported below Fy, and D,,, D, dominate their true frequency
metrics, put V = k7 1Qus(Eg — WoF,.) and F, = max(Qyy, Fy). Before multiplication by s, the two
profiles have disjoint Fourier sign supports. Thus

(PV)*(PV) = k2J(M, Fy)*[Rar Dy, + (Ras +log(2 + Fy))Fi D, F.).

This supports complete source-action residual accounting. Physical mixed covariance after multi-
plication by s remains present; disjoint raw frequency sign supports do not make the receiving cross
block vanish.

S15 Protected critical representers and their spectral floor

We supply the original-domain and uniform Gram arguments used in Theorem S8.2. The complete
polarized formula is

a(hn, he) = Zmz (she) ()M(sh1)(=2),  Mf(z) = / Flu)e* du.

All centered nontrivial zeros occur with multiplicity.

Lemma S15.1 (Critical evaluation vectors in the operator range). For every positive critical
ordinate v, vy = Qp(ssin(yu)) belongs to ran H.

Proof. Put o = iy of exact multiplicity m and Py = d?/du® — 1/4. For a function whose first r
transform jets vanish at o, define

0 (t — )"t

R f(u) = /u oD e f(t)dt.

Its canceled lower-tail expression is (—1)" [*__(u — t)""1e?*=% f(¢)dt/(r — 1)!. The vanishing jets
prove equality, and direct integration gives M(R] f)(z) = Mf(z)/(z — o)". With n = R", the
detector h, = Pyn/s therefore has transform (22 —1/4)6(1/2+ 2)/(z — o)™. It evaluates only at o,
where its value A is nonzero.

Here is its original minimal-domain return. Each fixed-order theta derivative is bounded on
either arm by a polynomial in r = mwe?l“l times el*//2=7; the first atom gives the matching positive
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lower for s2. In the upper primitive use ¢t = u 4 v and €2¥ > 1 + 2v; its complete tail is bounded by
a polynomial times e%/2~ "¢~ "y™~! beyond a fixed onset. Use the canceled lower primitive on the
other arm. Differentiation gives the corresponding fixed-order estimates. For compact even cutoffs,
Po(xrn) has both pole moments zero exactly, converges after division by s in L?, and its derivative
converges in ordinary L?. The bound a < 17£2 gives convergence in V. Weighted integration
by parts gives arbitrary vertical inverse powers, so the O(T'logT') zero count passes the full zero
formula to the limit, as in Appendix A.

Oddify by ho(u) = he(u) — he(—u). Its only evaluations are A and —A at +iy. The polarized
formula gives, in the conjugate-linear-first convention, qg (he, h) = 2miA(v,, h). This is a bounded
Hilbert functional; form representation puts h, € Dom H and Hh, = —2miAv,. In particular
vy L ker H. O

Classical positive critical-line proportion [15] and the local total zero bound N(7T'+1) - N(T) =
O(log(T + 3)) give a sequence of distinct critical ordinates with any fixed large separation G and
v < Dj. To see this, greedily retain a point and discard the following interval of length G. Each
discarded cluster has total multiplicity Og(logT') below height T', whereas the critical-line count is
at least ¢I'logT. Thus the number retained below T is at least cgT', even when multiplicities are
charged to clusters. Discard any fixed initial interval and enlarge D if necessary.

For an even positive Schwartz weight F', its sine Gram is

UE (v =) — Flvi + ).

Fourier decay bounds the off-diagonal difference row sums by Cn 37, .0(1 + G|I))~"; the sum-
frequency row sums tend to zero with the first retained height. Schur’s test therefore gives uniform
upper and lower Riesz bounds, simultaneously for F' = s? and s*. The polar coefficients cj =
(b, ssin(yju))/||b]|* have an arbitrarily small whole ¢* norm after increasing that height. Hence for
h =3i<jaivy, and f = sh,

llal* < IR < unllall®, IF12 = Ullal®.

Differentiating f = > a;s%sin(y;u) — sb3 a;c; and applying the upper cosine/sine Gram bounds
with weights s* and [(s?)'|* gives | f'||* < C~7|la/|* uniformly in j. Fourier Jensen, as displayed
after Theorem S8.2, now gives (Coh, h) > c./j||h||* on this j-dimensional span. Lemma S15.1 puts
it in R. Compact minmax proves the required floor. Complete theta decay supplies all Schwartz
seminorms used here; no constant depends on the number of subsequently removed genuine nulls.

S16 Origin compression and fixed-window separation

This appendix records an additional constraint on the original hard-cutoff origin layer. Put U =

logM, 0 < L < 7/2 and fix B < oo, C' > 0. On the original polar-only space let Ny;® use the

negative window [0, L/U], and let P][\f ! use the actual positive window [0, B/U].

Proposition S16.1 (A bounded scaled positive window). There are compact smooth original polar
tests hyr and constants ¢, ¢ > 0, with an integer k fized before M, such that eventually

(N§E = CPI o] > VMU, |har|? < CUH2,

Thus this fixed positive-window budget has an adverse Rayleigh depth at least a constant times

VU,
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Proof. PNT and Abel summation give uniformly on every fixed scaled interval my;(t/U)/v/M —
—4cost, with positive/negative parts converging to 4(—cost); and 4(cost)y. Choose b >
max(B, L, 7/2) and p(t) = t(1 — t?/b?)*. The positive integral on [0, B] is exponentially small in
k, since its support starts at w/2. The negative integral on [0, L] is at least a positive multiple of
k=3 by restricting to [0,1/(2k)]. Fix k so the negative integral exceeds C times the positive one by
a strict amount.

On a fixed compact interval the odd functions u,u?,..., u?**! sinh(u/2) are independent. A
positive even bump and their Gram inverse supply compact smooth odd moment duals. Writing
pr(t) = 2 j<p at™*1, choose fyr with exact polar moment zero and [ fpu®™' = (=1)7(2j +
1)!U%+1q;. Then hy = far/s is in the original compact polar core, ||hy|| = O(U?**1), and its
sine transform at t/U is px(t) + O(U~2) uniformly on the two retained intervals. Substitute in the
actual observations and use their scaled limits. The fixed strict polynomial gap gives the asserted
inequalities. O

There is also a positive finite-frequency compression for any original projection Q). With Th(§) =
(Q(ssin(&u)), h) in the true origin measure, its monomial projection Il; gives 0 < T*II;T < T*T.
This is a true source projection and keeps its full monomial Gram. A sine Taylor approximation
and the complete theta moments give the bound used in the portable controls:

[Qlog(4m)/2]*™
(m!)2 ’

For completeness put r,, = log(4m)/2. For z = |u| < rp, 2™ < r2™. For x > r, > log2,
monotonicity of ze 2% gives

Q
|T*T — T*I,T|| < 648 m=2d+1, By = / na dé /.
0

2mlog(x/rm) < 2me 2"me?® = e < Se

Thus 22" < r?nme’"/ 2 everywhere, and both real arms give

|su™|* < 1672 /oo re”"2dr = 16(21 + 4)e” ™/ 2r2™ < 64727,
™

The real Taylor remainder is |{u|™/m!; the squared observation-map error integrates to the dis-

played bound. The exact projection has no larger error. At Q = L/log M, for any fixed ¢ >

(p+ 1/2)/8, taking d = [clog M/loglog M| pays M ~P eventually, by Stirling. This is a compres-

sion estimate in the true observation metric, complementary to the complete ridged comparison of

Theorem S4.1.

S17 Source and error contracts for the finite-reference application

This section supplies the source construction and analytic error payments used in Section S6.4, in
the original norm and minimal form domain of Section 3. It adapts the author’s signed-frequency
construction [4]; that citation records the origin of the construction, while the necessary arguments
are included here. The hard-cutoff symbols in this section are

my=mo+a—2 Y Am)n Vcos(Clogn),  pu = (mam)y, nar=(—mu)s.
2<n<M

In the numerical head M = 13. Let Y = L2;(R), b = ssinh(u/2) and X = K = b- NY. The
weight, Fourier measure and physical norm are exactly those of (9)—(10). The original realization
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and its bounded paired hard-cutoff return were established in Lemma 4.1; the genuine operator
nulls

Zajr1 = (WEF) — @it )/
are the vectors proved legal and null in Lemma 9.1. Their Mellin normalization and the polar
cancellation are proved in Appendix A. Thus these domain and null facts require no additional
predecessor hypothesis. Only the finite scientific inputs, including literal dyadic coefficients and
row/source moments, are stored as data; their analytic construction and error bounds are given
below.

S17.1 Finite receiving with positive-frequency references

For a nonnegative weight w supported in a bounded frequency set put
(Tuh)(€) = \w(©) [ stwhwsin€w)du  in L(Ry, de/).

For the numerical construction this map acts on the ambient odd Hilbert space Y = L2 (R); its
inequalities can then be compressed to X. In particular Ny = T};, T,,, on Y. On frequency
intervals take z = 17v/w Ty(tr), where t; : I — [—1,1] is affine. For their column map Z, define
the raw metric D = Z*Z and E =T, Z.

Lemma S17.1 (Frequency range projection). For positive-weight columns with metric D, ridge
P+ > 0 and W = T;MZ+’
Pin = W(Dy + p. I)7'W* < Py

Such constructions add to at most Py; when their frequency supports have disjoint interiors.

Proof. Singular values give 0 < Z(Z*Z + pI)~'Z* < I. Conjugate by the observation map. For
disjoint sets their exact observation energies add, and each finite projection is below its own energy.
O

Absorb both ridges into D,,, D, > 0. Set
N, =ED;'E*, Py =WD,'W* Gnn=E'E, C=EW, Gp=WW.

These are full ambient mixed covariances. An ambient operator inequality restricts exactly to X.
The head uses the complete exact-row compression proved below.

Theorem S17.2 (Full mixed variational certificate). Let K > 0, L = Gpp + kD), and fix a matriz
F of size (dim D)) x (dim D,,). The condition

kDyp — Gpp + CF + F*C* — F*LF >0 (S61)
implies Ny < Py + «I. If an approximate full Gram satisfies
—édiag(Dp, D,y) < G — G < ddiag(D,,, D,), (S62)
it suffices to check

KDy, — G + CF + F*C* — F*(Gpp + kD, F

(S63)
— 6(Dy, + F*D,F) > 0.
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Proof. The positive inverse identity gives
KE*(kI + WD, 'W*)'E = G — CL™'C*.
Completing the square,
CL™'C* — (CF + F*C* — F*LF) = (L7'C* - F)*L(L"'C* - F) > 0.
Thus (S61) implies E* (kI + Pgy) 'E < D,. Singular values of (kI + Pﬁn)—1/2ED;1/2 give the

desired operator inequality. The Gram-dependent part is —(I,—F*)G(I,—F*)*. Apply (S62) to
(v, —Fv), giving precisely 6 v*(D,, + F*D,F)v. This proves (S63). O

A dyadic F' is an exact witness. A numerical inverse can propose it; the proof uses its literal
entries and the enclosed sign. The approximate Gram need not be positive. All mixed covariance
remains in the sign test. If an additional exact-row compression is used in another construction,
its full joint correction must also be retained.

An alternative is a direct certified inverse calculation. A frozen approximate inverse of L is
validated by its complete Neumann residual, which encloses L™!; a directed Schur sign then proves
kD, —Gpn+CL™'C* > 0. This is the same inverse criterion in the proof above, without exporting
an explicit variational F'. The supplement specifies which route each receiving group uses.

S17.1.1 Complete exact-row covariance
Let Z:C" — Y be an injective row map with I' = Z*Z > 0, and set
Q=1I1-2r"1z* Ch=Z"E, C,=2Z"W, C=][CpnCpl
The complete physical source Gram on ran () is exactly
Go=G-CcTlC (S64)
Projection changes the physical columns; the true frequency metrics D,,, D), retain their definitions.

Theorem S17.3 (Conservative row-compressed receiving). Suppose I > T' > 0, and the ambient
model obeys (S62). For a fized F, put

I
The condition
K(Dy — F*D,F) — TEGTp + ReT Ry — 6(Dy + F*DyF) > 0 (S65)

implies
QN Q < QP5n@Q + kQ  on ran@Q.
Proof. Inverse order gives I, < T'~! and hence
Go<G-CT 'C

Thus the left side of (S65) is a lower bound for x(D,, — F*D,F) — TjGoTr. The ambient model
error is paid on the whole vector Trv by (S62). Apply Theorem S17.2 to QE, QW in ran Q. O

All entries of Cp,,Cp and the proof of T' > T belong to this certificate. Enclosing arithmetic
evaluates their complete expression (S65); the row source is not replaced by selected entries or by
the identity Gram. Direct-kernel locality does not remove its dense correction.
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S17.2 Degree-independent locality and actual source funding
Let ¢ = s? and q(w) = [ q(u)e™™“* du. The ambient odd feature kernel is
. atw)singu) sin(¢u du = 1a( — O (¢ + O, (566)
Double frequency integration carries 1/(272). Exact row compression is applied to its full covariance
by (S64).
Lemma S17.4 (Complete theta Fourier locality). For every real w,
G(w)| < min{32e~%I/2 16384 3IwI/4},

If two frequency blocks start at a;,a; > 0, have separation d;; and masses [3;, 3;, their normalized
feature Gram block satisfies

1G]l < 16\/5733 (e_d”/Q + e_(““L“j)/Q) :

Normalization uses the true raw metrics plus nonnegative ridges; the estimates are independent of
degree.

Proof. On |Su| < 1/2 put r, = mn?e2™l, Since cos1 > 1/2 and | cosh(u/2)| > (31/32) cosh(Ru/2),
the complete theta series gives

4 _
la(u)| < 57 D (4r + 6ry)e /2,
n>1
Its horizontal integral is at most
64
a7 > (8’ + 28)e™ ™ /2 < 32.
3 n>1

Substitute r = mn2e?* on both arms; integrate (4r + 6)e and bound the remaining scalar sum

by its first terms and full geometric remainder. The complete double-exponential envelope makes
the vertical contour ends vanish. Translation by — sign(w)i/2 proves the first bound.
For |Su| < 3/4, use cos(3/2) > 1/16 and cos(3/8) > 9/10. The corresponding full-series bound

—r/2

is
2
()] < 20 32 (453 4 Grg)e /1S

n>1
Its integral over the two real arms is at most

2 2
20 S~ (G4mn? + 1120)e-™*/16 < 50(25652 +11208)),

9 n>1

where S = 3,51 e3n*/16 < 2 and S, = > on>1 n2e=3n*/16 < 15, Indeed successive ratios give
Sh < e=3/16 /(1 — ¢=9/16) and
32 6_3/32

The integral is therefore less than 16384. The same complete contour argument at height 3/4 proves
the second bound.

A normalized source coefficient vector represents a weighted polynomial of L? norm at most
one, since its metric contains the true raw Gram. Its weighted L' norm is at most v/f3;. Apply this
twice to (S66); the half-strip constant becomes 32/2 = 16. O
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For a union of blocks with total mass B, a uniform retained-kernel error e gives normalized full-
matrix error at most Be. The rank-one comparison (/3;5;) proves this for the entire coefficient
vector. Complete omitted interactions are paid by the same argument and their actual minimum
argument. The finite-rank correction in (S64) remains dense.

S17.2.1 The complete real kernel polynomial

The source data supply the fixed exact dyadic polynomial

512
Q) =3 aTi(w/210),  sup () — Q)| < 1075, (367)
=0 |w| <210

0Odd coefficients vanish exactly. Here is the complete analytic construction. The preceding strip

proof gives
< % o56/¢2 £ 2a)0) 0 198 (|3u| < 1/2
lg(u)] < 3*1( 56/¢” + /e)m <128 (|Sul <1/2).
Use ten physical panels of width 1/4 on [0,5/2], 128 Gauss—Legendre nodes per panel and even
reflection. For real |w| < 210 their symmetric Gaussian error is at most

8(1/8) 1286630/32 9—256

Eg=2-10-
¢ 1-1/2

The omitted theta atoms after eight cost Ey = 5- 1672 9%e~8'" and the full real tail is bounded by

480€4U77re2U

Fre=—7—
* 2me2U — 4

U=5/2.
Every enclosing Fourier node receives these complete errors. On the parameter-2 frequency ellipse,

|Sw| < 158 and
< 240 - 80!

o~ o0 _2,2u
|q(w)| §480/0 et02u=3¢" 4y, —gsr = Mo

Chebyshev coefficient bounds and complete Lobatto aliasing cost 4MQ2_512. Add the sum of all
DCT coefficient radii when replacing them by exact dyadic midpoints. Odd coefficient balls contain
zero before symmetry is imposed. The total is below 5.119-107%3 establishing (S67). This separates
analytic integration from coefficient approximation; compare [16].

The executed head uses this Q512 on [—210,210]. Local evaluation first expands the fized exact
polynomial at a nearby integer center and keeps degree 256, then shifts to the actual fractional center
and keeps degree 192. The two omitted polynomial parts are paid separately. Let Moy < 1.26-10%
bound @ on every radius-24 circle centered on [—-210,210]. The Bernstein ellipse with semimajor
1424/210 contains these disks, giving this bound directly from the literal coefficients. The fractional
center shift has modulus at most 1/2, and the actual convolution halfwidth is at most 4. Thus the
first real remainder is at most
(4.5/24)%7

FEleal = M. .
real 24 1 — 45/24

Cauchy’s coefficient bound gives modulus at most May/(1—16.5/24) for the intermediate degree-256
polynomial on the radius-16 disk about the actual center. The second remainder is at most

M24 (1/4)193
1-16.5/24 1—1/4°
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Their sum is below 3.411-10772 < 10~79. This is a bound for two polynomial truncations, indepen-
dent of the real-kernel error in (S67).

The head retains every real kernel argument through 210. An omitted term has minimum
argument at least 202. Consequently the normalized source debit

2B (16384¢5202/4 4 107 4+ 10°7) (S68)

pays its complete kernel, far-image and local-model error. The true raw metrics and their enclosing
entry errors are retained; the ridges dominate the model-metric discrepancies. The factor 2 safely
covers the common-metric transport. It is paid on (v, —Fv), without a further inverse-ridge factor.

S17.2.2 True symbol integration and source classes

The holomorphic symbol used for source quadrature is

mpy(z) = Po(1/4 +iz/2) —; Po(l/4 —iz/2) _ logm — 2 Z cn cos(zlogn).
n<M

Complete root brackets have opposite endpoint signs and a strict derivative sign. Every intervening
real part is certified by a whole symbol box or monotonicity and endpoints; the entire negative
support and positive exterior are included. If a root stripe has width n and |m/;| < 100, its symbol
magnitude is at most 1001 and its integrated weight in d¢/m is at most 100n? /7. Thus the omitted
stripe payment is quadratic in its width. All such stripes remain paid in the continuous source.

Each fixed-sign integration panel has length at most 1/4. Its parameter-2 ellipse has real
halfwidth 5h/4 and imaginary halfwidth 3h/4. The actual rectangles check ®(1/4 +iz/2) > 1/5
and their distance from 1. The convergent digamma series gives |¥o(w)| < 1+ 6|w — 1| on this half-
plane. The actual prime coefficients then fund the symbol bounds below. Mapped raw Chebyshev
arguments have modulus less than 2, so |Tj| < 5.

For the true complex Fourier kernel,

3(2)| < /Rq(u)elul du<12, |32 <1.

The complete envelope g(u) < 16m2eul=me?"! and the substitution r = el give this gamma-
integral bound. It applies with one frequency variable complex and the other real. A profile
envelope M,, and Gaussian order n therefore give errors at most 8LM,,272" for a raw metric
and 16L1LoM,,272" for a joint Gram entry. These errors concern the true analytic integrands.
Only their real quadrature values are then replaced by fixed polynomials. Factorial-scaled moments
evaluate that finite tensor rule exactly up to their enclosing arithmetic, retaining the second-variable
sign and the two frequency measures.

The following contracts distinguish the selected constructions. An observation count is separate
from its number of source columns.

Source class Observations Positive bins  Gauss order Symbol cap
Exact-row head 46 105 256 2000
Three dense groups 26 128 256 10000
Sixteen remote groups 35 variable 256 20000
Four repriced sources 4 5 each 256 own contract
Inherited isolated sources 138 5 each own contract own contract
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The dense positive bins have width at most 2 and 16 features; each negative block has 13 features.
Their maximal profile index is 15, so the analytic metric and one-variable Gram envelopes fit 103%.
The adopted total integration widths are below 270. Raw metric and Gram pads are 1073 and
1078%, Both 13-107%% < 10726 and 16-10~% < 10739 fund the corresponding negative and positive
ridge comparisons. The remote groups use the same profile counts with their larger actual digamma
rectangles. The head has 547 negative and 1680 positive columns, maximal profile index 15, analytic
envelope 10%° and 1071%° raw entry pads. Its ridges are 1072° and 1072%. The other sources keep
their own small-interval polynomials, reflected-term bounds, ridges and complete contracts. The
typed index data/m13_certificate. json binds each group to these literal inputs.

S17.2.3 The original twelve-row head source

Write |
Z(€) = Riemann(1/2 +i&) = /R¢(u)g_15“ du.

Complete-theta integration by parts gives

§22j11(€) = —i(— 1€ THE + 1/9)2(E).

For exact dyadic premixing coefficients A, form

10 10
Zh=_ Ajzgir, P =D Ap(—1)7¢HN(EE +1/4)
j=0 =0

before source evaluation. The actual mixed column is

(B = [w@Ti(©) PO 2.

Exact combinations remain genuine nulls; their actual original Gram A*I'11 A is retained. Sec-
tion S17.3 gives the complete physical quadrature and reciprocal-theta bounds. The supplied
complete enclosure differs from I in row-sum norm by less than 1.108 - 107%°. This is a verified
normalization, not a replacement of that Gram by 1.
The polar row completes Z = [Z1,...,211,b]. Its null crosses vanish exactly, and the complete
Mellin identity gives
513 = & - 4(0) > 0.

Thus I" is the direct sum of the full eleven-row Gram and this positive scalar. On X, projection
off these twelve rows equals QQk,,. The row b implements a Hilbert constraint; the operator-null
transport uses K11 alone.

The remaining polar mixed source is

a
T )

(B = [wOT@)BE S BE = [ v(w tanh(u/2)sin(¢u) du.
It has a separately funded odd degree-1536 polynomial on [—500, 500] with real uniform error below
10~%5. Its complete construction uses ten physical panels on [0,5/2], order 192, eight explicit theta
atoms and both full omitted tails. The physical integrand bound is 256€7903/32; its Gaussian
payment is

2566500-3/32 9—384

210 8(1/8) =77
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The omitted atom and real-tail payments are respectively

48069U/2—7r62U
204,-81 —
10 - 1672 9% 517, e g5 U =52

Their sum is below 1070 at every frequency node. On the parameter-2 frequency ellipse a complete

bound is 240-189! /389, Lobatto aliasing costs at most four times this bound times 271536; the sum
of all coefficient radii is also paid. The resulting total is below 5.790 - 10789, Its local degree-256
polynomial remainder is below 3.784 - 107 2!, This independent polar source funds the actual row,
including its sine normalization.

For the true null and polar mixed integrands the complete contour bound |Z(z+iy)| < 768¢~1#1/2
and |B(x + iy)| < 768, |y| < 2, supplies source majorants. Here is a direct scalar admission for
these constants. On either Imu = £1/2, reflection and cos1 > 1/2 give

()] < el B2 37 (452 4 Gr)e 2,y = mp2elReul,
n>1

Since €°%/2 = (r,, /(7n?))%* < r2 /(7n?)%/* for z > 0, the two-arm weighted integral is bounded by

) 4
a5/4 Z n—5/2/ (4r + 6r2)e "2 dr < %g < 768.
0

n>1

The double-exponential tails allow translation by —isign(z)/2 in the Fourier integral, giving the
stated Z bound. On the real physical line, |tanh(u/2)| < 1 and |sin((z + iy)u)| < €?¥l; the same
larger positive envelope gives the stated polar bound.

On each actual frequency ellipse, |z| < 500, |T;| < 5'° and |mj3| < 10000. The exact coefficient
sum By, = >, |[Pi]¢|500¢ bounds each premixed polynomial. For a total frequency length at most
1000, a safe Gaussian payment is

16 - 1000 (10000 56 768 By, /7)2 7512,

On the real line, positivity of ¢ gives |=(§)| < Z(0) < 1. To justify the strict scalar bound in this
normalization, the Mellin identity of Appendix A gives

I'(1/4)n(1/2)
8rl/4(v2 —1)

The alternating-series upper bound is 7(1/2) < 1 — 1/v/2 4 1/4/3 < 9/10. Splitting the gamma
integral at one gives I'(1/4) < 4 + e~! < 35/8. Finally 7'/* > 13/10 and v/2 — 1 > 2/5 yield
(35/8)(9/10) < 8(13/10)(2/5), proving Z(0) < 1. For at most 1000 root stripes of width at most 7,
their complete mixed-column payment is therefore at most 100-100072 By /7. The actual stripe end-
points allow the smaller corresponding polynomial coefficient sums. The Gaussian and root-stripe
errors are evaluated in each column, with all arithmetic balls retained. Complete row integration
costs are below 8.281 - 10719 for quadrature and 2.522 - 10~ for stripes. Together with the full
original Gram, the separate polar model and the complete ambient covariance, these are the joint
inputs to (S65). Exact row premixing does not import locality through the projection or through
an inverse.

2(0) =¢(1/2) =
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S17.3 Complete physical source for the original null Gram

The covariance in Section S17.2.3 uses the original norm, including its reciprocal-theta factor. Here
we give the bounds underlying its physical quadrature. Set

(u) cosh(u/2)
¥(u)

Define the exact polynomial operator DQ = %Q +2r@Q' — 2rQ and

Fj=(D*-1/4)D%*ly,  GY = 2/ i) F du, 0<j,k<10.
0

Qj = (D* = 1/)D¥ ! (4r* —6r),  dj=degQ; =2j+5, 5= [[Qjll-
L

Thus Fj(z) = e*/? don>1 Qj(aneQZ)e*’erzz. All these polynomials have exact rational coefficients.

Consider z = z + iy, x > 0, |y| < .01, and put r» = 7e** and r. = me?*. Then Rr, > .99r and
|re| = r > m. The first theta atom satisfies [472 — 6r.| > 2r2. Relative to this atom, the sum of the
remaining absolute values is at most

3 Z n467.99r(n271) < 64e— 399" < 1.
n>2

Indeed the successive-term ratio is at most (3/2)%e™59" < 1/4. Consequently the complete de-
nominator is nonzero and

[(2)] > grgex/ 2, (S69)

Splitting .99 = .24 + .75 and maximizing t% e~ 2% gives

] ) di —d.
Cj = Sj(f]/'%_l?a B S e,
—e us

Since | cosh(z/2)| < e*/2, it follows that

F;(z)Fy(z) cosh(z/2) 5CiCk 35 _r/2
IO R B VoA

Each Fj is odd and % is even, so the Gram integrand is even. This also funds the part of the first
quadrature ellipse with negative real part by reflection to |Rz|.

The finite interval [0, U], U = 3, is split into 120 equal cells with halfwidth h = 3/240. For the
Bernstein parameter p = 7/5, h(p — p~1)/2 < .01. Order 512 Gaussian quadrature, including both
physical arms, therefore has complete error at most

5C]Ck 6771'/2.
972

< Mj; = (S70)

—1024
p

1—p 1

8U My

At every real node eight theta atoms are evaluated. The remaining denominator and jet tails are
respectively bounded by

86u/27"2 946_81T, QSje“/zrdedee_Slr.

The successive-term bounds (10/9)2%e~197 < 1/2 fund all omitted atoms. These positive-radius
balls are included before the reciprocal of 1 is taken; positivity of the complete real denominator
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is checked. Finally r(U) = me® > 1200. Integrating the first bound in (S70), with du = dr/(2r),
funds the two-arm physical tail by

10C;Cy,

9w
Both errors are added to every raw Gram entry. The exact dyadic map A then gives the complete
enclosure A*GY A, with all interval radii retained. The row-sum allowance stated in Section S17.2.3

uses this enclosure. The portable physical generator evaluates these formulas anew; it does not
substitute an identity matrix for the conditioned Gram.

12005/2¢ =600

S17.4 Joint error used by the complete inverse-action application

For the declared head input, let Bp.ss be the sum of the actual zeroth raw-metric entries over all
negative and positive source blocks, and let the enclosing integration balls be retained throughout.
The complete ambient kernel debit is

Sare = 2B (163846—3'202/4 +107% 4+ 10—70) < 4.129. 10758,

The full raw metrics plus their deterministic ridges dominate the true frequency metrics: each
block of size d has total entry uncertainty less than half its ridge divided by d. This comparison
and the displayed scalar bound are checked by directed arithmetic on the literal input. The orig-
inal twelve-row Gram and every row/source cross are enclosing balls, not midpoint replacements.
They are inserted into (S64) before the residual covariance is formed, so their quadrature, stripe
and reciprocal-Gram uncertainties remain in that full expression. Applying the ambient two-sided
source error to the entire map [I; —F| gives its debit dgc(Dy + F*D,F); the squared residual
construction in Section S6.4 pays the resulting full mixed error. No locality or identity-Gram
hypothesis is applied after row compression. The code regenerate_inverse_residual.py recon-
structs this complete tuple; the saved-array reader separately checks the retained residual matrices.
The proofs and data have distinct roles: scientific literal coefficients specify the finite object, while
the preceding arguments supply its complete continuous, kernel and tail error contract.

S18 Arithmetic bounds and complete signed-deficit coverage

This section combines a complete compact arithmetic bound with a direction-sensitive test of
its benefit to a signed certificate. Weighted Schur bounds, constrained inverses and quadratic
completion are classical tools [10, 11]. We give the relevant derivations in full. All comparisons of
receiving blocks below use one fixed original physical metric, constraint space and receiving core.
They do not identify a scalar arithmetic saving with a signed matrix margin.

S18.1 A sharp leading arithmetic bound

Put £ =log K > 0 and, on L?(|0, E]) with zero extension, let
Z \/‘ ﬂOgn+ﬂogn) (th)(x) :f(x_t)'
2<n<K

Every active prime power and both shift orientations are retained. This is the complete compact
arithmetic block when the arithmetic cutoff is at least K. Define the truncated sums

oxly)= S Am), Axly)= 3 S g@) =ty 02

2<n<K, n<y 2<n<K, n<y
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For 1 <z < K put

K[© A (K Or(K A
ri(z) = VE([Ok(2) + Ax(K/2)] + 2Ok (K/2) + K(z)], Brs(K) = esssuprg(z).

\/E +z 1<z<K
Proposition S18.1 (Complete arithmetic price). The two-sided bound |Ck|| < Bgs(K) holds.
For integer K, the upper is determined by finitely many one-sided values at the rational breakpoints
1, K,n, K/n. Moreover, using the classical unconditional PNT,

ICk]l = 1 +o())VE (K — o).

The same leading asymptotic holds on the centered odd space after any finite-dimensional odd row
constraints, with no restriction on their dimension as a function of K.

Proof. Exact summation of the allowed shift overlaps gives
(Cxd)(x) = e *P[OK(e") + Ax (e )] + e DR[O () + A ()],
Thus (Ck¢)/¢ = r(e”). For each edge use 2|f(z)f(y)| < [f(2)Po(y)/d(x) + |f(y)Po(x)/(y).

Integration over the full overlaps and summation over both orientations give [(f,Crf)| <
[1f(2)|?>rk(e®)dz. The operator is self-adjoint; this proves its norm bound without assuming
it positive semidefinite. On every open breakpoint cell the four partial sums are constant, so
ri(2) = (VKa + 2b)/(VK + 2) has derivative of constant sign. Its supremum is at a one-sided
endpoint. Duplicate breakpoints must be merged; a value using the wrong side’s sums is not an
upper. Interval-enclosed noninteger cutoffs require certified ordering and membership decisions.
For the asymptotic, Ok (y) = y + o(y) on growing arguments, Ok (y) = O(y), and Ax(K) =
O(log K). These follow from the unconditional PNT [17] and partial summation. Excluding n = K
changes the endpoint by at most log K. Replacing the two O terms by their arguments gives
exactly VK. On K4 <z< K3/4 the relative PNT error tends uniformly to zero. For z < K/4
the small-argument error contributes O(K 1/ 4), and the other argument is at least K 3/ giving
o(vVK). Reflection z — K/z handles the other end. The two Ax terms form a convex average
bounded by O(log K). Consequently 7x /v K — 1 uniformly. The Rayleigh quotient at ¢ is its
¢*-weighted average, proving the matching lower. The assertion about odd constraints follows from
Lemma S18.2 below, applied after centering. O

For completeness, an exact finite lower uses

lo)* =2(1 - K1) +2¢/VK,
(¢, Tiogn®) = 2(n~"/* = n'/? /) +log(K/n)(y/n/K + 1/VEn).

These formulas follow by expanding the four exponential products on [logn,f]. The Rayleigh
numerator is twice their sum with weights A(n)/\/n. No frequency quadrature is involved. Scalar
minima of independently valid complete norm uppers are permitted; entrywise minima of Hermitian
matrix uppers are not.

Lemma S18.2 (Finite-head invariance of the pure arithmetic norm). Let C' be bounded self-adjoint
on the line or a centered interval, commute with reflection, and be an operator-norm limit of finite
sums M1y with bounded multipliers, including interval restrictions. For any finite-dimensional row
space in the odd Hilbert space, with orthogonal complement projection @,

1QCRranqll = [IC]-

50



Proof. For U, f = ™" f, UrM, U, = e ™t ). T,. Simultaneous recurrence on each finite torus of
shift phases and a diagonal choice through the norm approximants give w; — oo with ||U;EJ,CUWJ. —
C|| — 0 for both signs. To see unbounded recurrence directly, apply compactness to the integer-
time orbit of the finite phase vector: arbitrarily close orbit points have differences arbitrarily close
to the identity. Either these return times are unbounded, or a bounded subsequence yields an exact
return whose multiples are unbounded.

Choose a unit, parity-pure f with |(f, C'f)| arbitrarily close to ||C||, possible because the two
parity spaces reduce C. Use v; = fcos(wjz) if f is odd, and v; = fsin(w;z) if f is even. Then
v; is odd, |jvj||* = 1/2, and v; — 0. The modulation identity and Riemann-Lebesgue applied to
fOf € Lt give (v;,Cv;) — (f,Cf)/2. Finite rank implies ||(I — Q)vj|| — 0; boundedness of C
preserves the Rayleigh limit after projection. This proves the lower; compression gives the reverse
inequality. O

The lemma applies to Cx and, with the complete norm-convergent prime tail proved in the
main paper, to the bounded theta-sandwiched prime block. It does not apply to the unbounded
full Weil operator or automatically to an inverse-weighted return. The recurrent frequencies may
have large archimedean energy. For legal form tests one may first choose smooth compact Rayleigh
approximants and use operator-domain rows; this adds no uniform energy or frequency bound.

S18.2 The same-core receiving improvement

Work in the original physical Hilbert norm on a fixed support window. Let @ project off all fixed
constraints and the finite receiving core. All restrictions use the original minimal closed form. Core
columns lie in the associated operator domain, and their finite projection preserves the form domain;
mixed columns are actual operator actions. Suppose the complete finite polar correction has its
range in that excluded space, and the actual tail is

T = QlgI + Msa(D)Mg + MVyo M) Q)| Var =mol —Cg, ¢>0.

ran Q’

Assume a paid archimedean comparison QMsa(D)MsQ = vQM,(Q) and two valid scalar prices
By > By > HVarH, with G = By — B1 > 0. For 5; = v — B; > 0 define

Ds, = Q(gI + BiM2)Q,  Zs = Dj'.

Thus T = Dg, = Dg, and T~ < Zg = Zg,. These inverses act on ran(@, extended by zero
elsewhere. If W is an orthonormal map spanning the entire excluded finite space, and dg = g+ Bs?,
their explicit formula is
_ -1 -1 % =1\ —1yr7* —1
Zg=dg —dj w(w dg W)= W dg.

Indeed the right side annihilates W, has range in its orthogonal complement, and multiplication
by QdgQ gives () there. It is not the generally different compression nglQ.
Put Ay = QM ,Q. The bounded resolvent identity gives

Zg, — 4p, = GZﬁoA;m(I + GA;/2ZBOA;/2)*1A;/2ZB0' (S71)
Since Dpg, = [oAs, Ai/QZBOA;/Z = BO_II. Hence

GBo
Go+ G

ZpyAsZp, = Zg, — Zp, 2 GZpyAsZp,, 28, — 4, (S72)

< —275.
~ B+ G Bo
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The last assertion is scalar functional calculus for Gt/(1+ Gt) on 0 <t < 3y L after conjugating by
Z;/ % These bounds include G = 0 and use no cutoff-uniform minimum of s.

For the positive reference Ty = Q[Msa(D)M + B1 M2 + gI]Q, the bounded difference satisfies
0<Ty—T = 2B1A,. Therefore

A

Ty <T =Ty, c=—"2
0=7 =70 B1+ 2By

For an already paid core with v = By + 1, prices By = (2 + 0(1))VK and By = (1 + o(1))VK give
¢ — 1/3. An exact choice for the former price is |mg| plus twice the sum of A(n)//n for n < VK,
plus its sum for VK < n < K. Each killed translation has norm at most one. For ¢ > l/2,
the two end intervals joined by 7} 4+ T} are disjoint; this operator exchanges them isometrically
and is zero on the remaining interval, so its norm is one. The unconditional PNT and partial
summation give 3, A(n)/y/n = (24 0(1))y/z, while the n < /K contribution is O(K'/*) by the
elementary Chebyshev bound. Hence By has the stated leading term. The latter price follows from
Proposition S18.1, with |mg| added to both and the scalar minimum with By taken if needed at
finite K. This restores a uniform relative inverse factor on that same paid core. It does not assert
that such a core is small.

For clarity, writing Ry = Ty * and C = Ré/z(To — T)R(l)/2 gives 0 X C < (1 —¢)l and T7! =
R(l)/ 2 (I — C)_lRé/ ? by coercive form factorization. If ¢ = 1, T = Ty and the inverse is exact. For
0 < ¢ < 1, the Neumann inverse remainder after degree n is bounded by (1 —¢)""'Rg/c. For n > 1,
Chebyshev residual polynomials on [¢, 1] give the factor §, = 1/T,,((1+¢)/(1—¢)) < 2[(1—+/c)/(1+
Vo)l for pp(N) = (1 —rn(N)/X and 7,(A) = Tp((1+¢—20) /(1 —¢))/Tn((1 +¢)/(1 —¢)), one
has (1 — 8,)A "1 < pp(N) < (14 ,)A"L. Full mixed-column congruence retains these inequalities.
Approximate reference actions still require their own error enclosures.

S18.3 An optimized complete return and its signed test

Let H. be the finite signed core and J its complete mixed map into the tail. Every J, ;Y column
below takes values in ran@. Put X = J*T~'J and Kiue = H. — X. For a finite map Y with
columns in Dom T', define

r=J-TY, LY)=JY+Y*J-Y*TY, Uz(Y)=L(Y)+rZr (Z=T7").
Expansion proves the complete two-sided enclosure
H, —LY)=1"Zr < Kywe < H.— L(Y), X=LY)+rT r. (S73)

Thus a positive lower certifies this signed test; a negative direction of the upper certifies its failure.
A negative lower alone is inconclusive. All action, interval and omitted-tail errors must be included
on their proper sides. No Dom 72 premise is used.

For independent trial columns E C Dom T, set

V =J'2J, Ag=(TE)*Z(TE)— E*TE, Fy=(TE)*ZJ— E*J.

Then Uz (EC) =V — FpC — C*Frp+ C*AgC. Taking Z = (1+¢)Zg, € > 0, gives Ap = eE*TE
egE*E > 0. Square completion therefore gives the unique optimizer

Copt = AL Fp, Uopt =V — FE AL Fp = X.
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Enlarging the trial span cannot increase this matrix upper. For the two prices on the same core,
write Z; = (14 ¢)Zg, and ro = J — T'Y) at the old optimizer. Evaluation of the new quadratic at
Y, proves

(A +)Gho

Mgain = Uopt,O - Uopt,l = TS(ZO - Zl)TO = Bo+ G

(sZp,r0)" (sZp,r0) =: Gx.
This computable gain lower preserves the full residual and every cross term. Its factor saturates;
growing scalar savings need not give growing gains in every coefficient direction.

Proposition S18.3 (Exact deficit coverage). Let D = Uqpi 0 — He. The improved certificate passes
exactly when Mga — D = 0. For any positive lower Gy =X Mgain, G« — D = 0 is sufficient.
Decompose the coefficient space into ran G, @ ker Gy and put A = —Dyn. Then this sufficient test
s equivalent to

A= 0, Dpy ker A =0, (Go)r = Drr + DrnA'Dyp.

When G, = 0 the test is simply D < 0; when its kernel is empty only the full positive-definite
comparison remains.

Proof. The exact identity is H. — Ugpt,1 = Mgain — D. The displayed block conditions follow
by completing the square for G, — D with bottom block A. Positivity forces the off-diagonal to
annihilate ker A; after that compatibility the remaining block is (G«)r — Drr — DryATDyg. O

A numerical near-kernel cannot be treated as an exact kernel. For a strictly positive G, the
test is AmaX(G;1/2DG;1/2) < 1, with the full matrix-error budget paid. It is not necessary for

coverage when the lower gain is strictly smaller than Mgain. For example G, = diag(1,0) misses

D = diag(0,1/10) despite a larger gain trace. For D = {1/010 1/010
the mixed compatibility fails. Both are exact finite interface examples, not Weil counterexamples.
Finally, repricing must conserve the actual positive surplus. If an arithmetic pair has old prices

a,d and new price ¢ = a + d — G, then

} the kernel diagonal is zero but

901_ (Cn+0m) = (aI—Cn)+(dI_Cm)_GI'

Increasing the baseline by G while retaining both old surplus features counts that gain twice. For
instance the true tail 7' = 1 may be written as 1/4 + 3/4 or 3/4 + 1/4; combining the new floor
with the old surplus falsely gives 3/2. At H. = 4/5,J = 1 this changes the true Schur value —1/5
to the false positive 2/15. Rebuild the actual blocks after any core change. For a shifted relative-
covariance test, shift the core, mixed map and tail together before applying the identities above.
These are complete acceptance and failure tests; their success at growing cutoffs still requires the
actual joint matrices and all original-norm return payments.
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