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Abstract

We develop a quantitative covariance formulation of the Riemann hypothesis through
arithmetic Weil positivity. In the original odd weighted realization, RH is equivalent to
liminf oo VM (yamr — 1)+ = 0, where ) is the complete covariance norm at ridge 1/M after
any sequence of finite genuine-null restrictions. We prove that the complete covariance norm
differs from one by Ob,E(M_l/Q"‘E) for every ¢ > 0 at each prescribed ridge M, b > 0 fixed,
uniformly over all finite genuine-null restrictions. The estimate includes every negative-source
frequency and all mixed terms. Its proof combines a complete arithmetic source majorant,
theta-tail bounds, the Vinogradov-Korobov prime-number error and a uniform actual-inverse
construction. Genuine derivative nulls then provide complete source coordinates and signed
Schur certificates. A complete complementary cap bounded by a fixed ¢ < 1, together with
source-normalized physical lift cost o(v/M), suffices for RH. We prove uniform small-set inverse

bounds throughout [0,e4V1°8M] for every fixed A > 0, unconditionally. Factorial physical
lift budgets and actual inverse-weighted exterior and null-spectrum bounds quantify the con-
struction. These results retain all mixed terms and give complete signed criteria for vanishing
original-norm allowances and the Riemann hypothesis. A second cofinal RH criterion uses
explicit M°(M-dimensional Schur matrices retaining the exact infinite receiving inverse, with
a proved complete receiving floor and only O(log M) positive Green responses. The response

reduction preserves the original-norm vanishing-allowance scale. A finite-sine core gives joint
Schur error O(+/log M /M?) in physical core coordinates.
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1 RH through arithmetic Weil positivity

The Weil criterion expresses the Riemann hypothesis as positivity of a complete quadratic form.
We study that criterion in a fixed odd reciprocal-theta realization, retaining its original norm and
minimal closed form domain. The purpose is to make the approach to positivity quantitative:
a complete signed lower bound with an allowance tending to zero establishes RH, and genuine
operator-null projections preserve this implication exactly.

The paper connects this endpoint to the complete arithmetic covariance. Positive averaging of
the prime cutoff gives

H = Py — Ny + Wy, Ny = ExEyy, Wl < dari,s

where Py is the actual positive receiver and Fj; contains the entire negative observation. For a
finite genuine-null subspace K and ridge x > 0, write

(K3 &) = || Eyy o (Paric + 61) 7 Eakl]-

The subscript denotes same-form restriction to K+ and exact projection of the source. Section 2
specifies the original realization; Section 5 fixes the source metric.

The RH condition and the quantitative theorem. For any sequence of finite genuine-null
spaces K s, the original positivity criterion takes the exact form

RH <= liminf VM (v (Kpp; MY — 1) = 0. (1)
—00

Corollary 7.2 proves this characterization using the original-domain Weil criterion. Our principal
unconditional estimate is

< Cy/log M exp(48+/blog M)

YT, . b>0fixed, M > M, (2)

sup [ar (K M%) -1



The supremum includes every finite genuine-null choice, including moving and growing ones. The-
orem 7.1 proves this complete-source bound. Equivalently, for each € > 0 its right-hand side is
Ope(M —1/2+e ). Together, Theorem 7.1 and Corollary 7.2 give a complete covariance estimate and
an exact characterization of RH in the original weighted realization.

The proof retains the actual arithmetic positive operator throughout. A complete hard-cutoff
source majorizes the possible negative sign of H. The classical Vinogradov—Korobov prime-number
error admits a growing comparison band, and an exact polar Green identity supplies a uniform
preimage estimate on its entire moving coefficient unit ball. Complete theta tails and the ridge
subtraction pay the return to the original form. No finite frequency sampling substitutes for the
full covariance.

Complete signed certificates and the RH criterion. Genuine derivative nulls generate a
dense system in the complete negative source at each fixed M (Theorem 8.2). Their exact signed
identity cancels the artificial ridge charge before estimation. Theorems 8.3 and 9.1 turn this identity
into full trace and regularized approximation certificates, including every mixed block. The explicit
factorial norm bound in Proposition 9.2 controls the physical lift of growing null families. Uniform
small-set inverse estimates then allow collars around poorly conditioned frequencies while retaining
the entire exterior. These results provide complete signed certificates and physical lift estimates
within the covariance formulation.
Corollary 8.5 gives the following sufficient criterion for RH:

1QuGMQuM| < g <1,  [[ViiVul = o(vVM),

for a single sequence of source-normalized genuine-null heads Vjs; Qps projects onto their complete
source complement. Corollary 8.5 proves that these resources imply RH, using the exact mixed
residual rather than discarding the complement. The growing-band theorem also improves to every
measurable I C [0,e4V1°8M] for each fixed A > 0, with inverse cap at most C4|I|(1 + loglog M).
This unconditional extension combines the same prime-error input with exact Fourier translation
of a Gevrey cutoff.

The positive-majorant and raw-exterior obstructions in Section 11 explain why the signed struc-
ture matters. Actual inverse-weighted exterior and null-compressed spectral tests further quantify
the complementary cap, physical lift and source geometry entering the signed criterion. The ac-
companying technical supplement gives the independent hard-cutoff and finite-coordinate imple-
mentations, their complete source/error contracts, and the two numerical applications. None is an
input to the principal averaged-covariance theorem or its RH criterion. The main paper contains
all realization-specific proofs needed for those results; the code and literal scientific data document
the separate computational applications.

An explicit cofinal RH reduction. Theorem 12.1 supplies a second exact cofinal criterion for
RH on a declared growing support. Its explicit projected-polar DN core has dimension M o) itg
complete receiving floor is proved, and only O(log M) positive Green responses are retained. A
whole relative-form estimate preserves original physical o(M -3/ 2) allowances, while a joint Schur
comparison pays every core and mixed response term at M —2+o(1). 4 finite-sine alternative improves
this to O(y/log M /M?) with profile Gram condition below 4Lj;. The resulting finite core matrices
retain the exact infinite-dimensional receiving inverse; their signed positivity is the condition iso-
lated by this criterion. The main paper gives both directions of the RH equivalence; Appendix B
supplies the full Green, domain, core-energy and mixed-error proofs.



Relation to earlier work. The original weighted realization, null compression and certified lower
bounds were developed in [2, 3, 4]; complete hard-cutoff source estimates also appear in [5]. Their
necessary realization-specific arguments are given here, with shared elementary estimates collected
in Section 3. The present whole-source rate strengthens the origin estimate and complementary
criterion by placing an unconditional bound on the full covariance. Mellin smoothing, inverse
preimages, Schur elimination and regularization are classical tools [6, 7, 8, 9]. Related exact-form
constructions use truncated preimages and theta-tail payments [10, Section 7], and collective exact-
Gram covariance with pole compensation [11, Sections 6-7]. Here their quantitative use retains one
original domain, true source metrics and simultaneous control of finite genuine-null restrictions. The
classical explicit formula and Weil criterion remain the number-theoretic foundations [12, 13, 14].

The covariance estimate is unconditional; its RH implication uses the joint complementary-gap
and physical-lift hypotheses.

Organization. Sections 2—4 establish the original form and arithmetic realization. Sections 5-7
prove the actual inverse estimates and complete covariance theorem. Sections 8-10 construct the
signed null-source certificates and exterior controls. Section 11 treats their feasibility. Section 12
proves the explicit cofinal finite-response RH criterion. The appendices prove the odd Weil equiv-
alence, complete Green reduction, reference inverse identities and origin payments. The indexed
technical supplement develops alternative hard-cutoff and finite-source certificates, conditioning,
and reproducible numerical applications, with supporting analytic source proofs included in that
document.

2 The positivity endpoint and the finite reduction

The Riemann hypothesis has a positivity endpoint in a fixed odd Weil realization. We retain this

realization throughout the complete covariance estimates and the constructive signed certificates.

We first specify the original norm and domain; the later reductions return to precisely these objects.
Use f(&) = Jg f(u)e™® du and Plancherel measure d¢/(27). For u > 0 define

P(u) = eu/? 2(47",% —6ry)e” "™, 1, = mnle?, s2 = ¥/ cosh(u/2), (3)

n>1
with the even continuation given by theta inversion. Let K be the odd subspace of L?(R) satisfying
(h,ssinh(u/2)) =
Write ¥ =T"/T and
a(§) = RU(1/44i€/2) — ¥(1/4) > 0, mo = V(1/4) — log .
The domain V' is the completion of the smooth compact odd polar-free core for

d§
B = 1013 + [ a@Ish()f5.

The complete form on this domain is the closure of
— 5 d
anlh) = | <n~m+a>|sh|Lg

—Z

n>2

sh (Stogn + S—10gn)sh), Spf(u) = f(u+b).



Inner products are conjugate-linear first. For f = sh the original physical norm is

9 o cosh(u/2) u
I3 = [ £GP 5= du

These are the conventions of the weighted-Weil and complementary-receiver predecessors [2, 3, 4].

Notation and proof dependencies. The ambient Hilbert norm is always ||hll2, and f = sh
is its physical profile. @, removes the polar row; a further projection removes only a specified
finite genuine-null space. The symbols pas i, nar i refer to arithmetic averaging, while the explicitly
declared symbols in Section 3 and the technical supplement refer to hard cutoffs. After averaging
order one is fixed, Py, Nar, Ear and Rys(k) denote its positive form, negative form, complete source,
and actual positive inverse. Scalar hard-cutoff budgets have only their local declared meaning. No
projection, ridge or cutoff changes the original minimal form domain. The proofs below are internal;
predecessor citations identify the development of the constructions.

Lemma 2.1 (Complete elementary envelopes). For r = me2lul

2[u|

2r2e™" < s(u)? < 169¢HI=me

(6)

The arithmetic sum in (5) converges in original operator norm. Moreover 0 < a(§) < 17£2.

Proof. Each theta atom is positive. The first atom, 4r% — 6r > 272, and el*//2/ cosh(u/2) > 1 give
the lower bound. For the upper, e/*/2/cosh(u/2) < 2 and ¥, <, n e~ (*=Dr < 2. the consecutive
ratios are bounded by 16e™" < 1/2. Hence s < 16r%e™" < 169¢=7 For b = logn, put
x = |u| + |u+ b| > b. The upper envelope gives

s(u)s(u + b) < 169e2*7™" < 169n2e ™.
Thus the norm of the full omitted arithmetic sum is bounded by
o = 338 Z n3?logne ™ — 0. (7)
n>M
This sums all integers and therefore every omitted prime power. In particular, for every integer
M > 2,
Sar < 451(M + 1)2e ™M+ (8)

Indeed logn < /n, and the consecutive ratios of n2e™™ are at most 4e™™ < 1/4. Summing

the resulting geometric majorant gives the coefficient 1352/3 < 451. Boundedness of s and this
convergence make (4) the original semibounded form topology. Finally the digamma series is

) (€2
a(é) = %% (n+ 1/4)((n + L/42 + (£/2))°

The n = 0 coefficient is at most 16¢2, and the others total at most ¢2 don>1 n=3/4 < 3¢2/8. O

Theorem 2.2 (Cofinal complete certificates). For each j let I1; be a finite orthogonal projection
onto genuine null vectors of the complete associated operator H, and put P; = I —1I;. Suppose a
complete signed certificate on the original domain gives

qu|Ph) > —¢j|Ppll3 (heV),  0<e —0 9)

along an unbounded sequence of indices. Then qg > 0 on V, and the Riemann hypothesis holds.
Each 11; may use its own finite genuine-null space.



Proof. For a genuine associated-operator null vector z € Dom H, qg|z,h] = 0 for every h € V.
Consequently finite null projections preserve V', qu[Pjh] = qu[h] and || P;h|j2 < ||h||2. For each

fixed h, (9) gives quy[h] > —¢;||h||%; taking the limit proves positivity. Lemma A.1 supplies the

endpoint implication. O

The following arithmetic realization and covariance estimates return to precisely this norm and
domain. The finite-coordinate constructions in the technical supplement provide alternative imple-
mentations of the same endpoint. Related compact-window reductions retain a Fourier envelope
and leading—tail coupling [15], or source-exact positive directions in a block—Schur certificate [16].
Our main estimates act on the complete odd weighted realization; the compact-window and whole-
line recipients are distinct.

3 Elementary estimates for the original realization

The estimates used below are proved here in the normalization and minimal form domain of Sec-
tion 2. They consolidate the elementary inputs of the author’s weighted-Weil and joint-cutoff
predecessors [2, 3, 4, 5|; those citations record provenance rather than substitute for the proofs.

In this section only, my = mg + a — 23 9c,cns A(n)n~2cos(Elogn), pyr = (mar)y and
nar = (—mar)4 denote the hard-cutoff symbols, with Ry; = 648(log 2)v/M. The averaged symbols
introduced later carry their averaging indices explicitly. The estimates below do not identify a hard-
cutoff symbol with an averaged one.

3.1 Elementary arithmetic and logarithmic symbol bounds

Write 9¢(N) = loglem(1, ..., N). The quotient for J¢(2m) — Jd¢c(m) divides (277:): a prime power
in (m,2m] supplies a positive binomial valuation, and there is at most one such new power per
prime. Similarly the quotient for ¥¢(2m+1) —d¢(m+1) divides (*™*1). The two equal odd central

m
binomials together are at most 221, so either is at most 22™. Induction, starting at N = 1, gives

Yo (N) < 2N log 2.

Partial summation, with the bound extended to real arguments by flooring, therefore gives

Sui= Y. A\%) < 4(log2)V'M — 2log 2. (10)
2<n<M

This estimate needs no prime number theorem.

The identity mo = —y—m/2—3log2—log 7 gives —6 < my < 0 and mo+4+1log2 < 0. Here are
elementary admissions for these strict constants. The bounds v < 1, 7 < 22/7, log2 < 7/10 and
logm < 7/6 give my > —6; the logarithmic bounds follow from positive exponential Taylor sums.
Also v > Hg —log9 > Hg — 11/5 = 29/56 > 1/2, since the first six Taylor terms give !/ > 3.
Together with m > 3, log2 > 2/3 and log 7 > 1, this gives mg + 4 + log2 < —1/3.

For t = |¢|/2, the summand fi(q) = t?/[q(¢* + t?)] is nonnegative and decreasing for ¢ > 0.
Integral comparison with the digamma series gives

3log(1+4¢€%) < a(€) <44 Jlog(1+4¢%). (11)
Using the negative mg, (10) and §log(1 + 4¢%) < log2 + log(2 + [¢]) yields

0<ny <Ry, |pm—al <Ry, pm(§) < Ry +log(2+ [£]). (12)



The middle bound also holds where mj; < 0, since there a < |mg| + 2Sys. For |£] > Qp = efm+1
the lower bound a(§) > log(2|¢|) proves mps(§) > 0. Thus the full negative support is bounded
without importing a sampled sign pattern at another cutoff. The raw tail satisfies dp; < 1 for
M > 2, since its decreasing majorant at M = 2 is below 4059(3/8)°

3.2 Complete theta constants and convolution

We first record the complete strip estimates
[2(- £/8)[l2 <20, [|s*(- £14/8)sinh((- £/8)/2)|]2 < 32. (13)
For z = x+iy, z > 0, |y| < 1/8 and r = me?*, cos(2y) > 31/32 and 477 +6r; < 6r7. The consecutive
ratios of the majorized theta atoms are below 16e~3(31/32)7 < 1/8. Summing all atoms gives
|w(z)| < 7€x/2r26—31r/32’ ‘82(2)| < 28T2€_31T/32.

The second estimate uses | cosh(z/2)| > cos(1/16) cosh(z/2) > cosh(z/2)/2. Evenness covers the
other real arm. The squared two-arm integral for the first norm in (13) is at most 4704(16/31)*
400. For the second use |sinh((z + i/8)/2)|* < el*l < r/x; the squared norm is at most (784 -
24/7)(16/31)> < 1024. On the real line the stronger atom-ratio bound gives s? < 16r2e™"; its
maximum for r > m > 3 is less than 144e™3 < 9, 50 ||5lc0 < 3.

Put w = s?. Analyticity and complete double-exponential decay justify shifting the two Fourier
contours, including the vertical end pieces. Plancherel and (13) give

/elf\/4| D) s §<8OO
R

Weighted Cauchy—Schwarz implies
d d
/ r|£ <33, [log2+ el < a0, (14)
R R 27

Indeed the reciprocal-weight integrals are 4/7 and at most 164 /7, using log(2 + z) < 1 + x; then

3200/3 < 33% and 131200/3 < 210? suffice. For an odd g with Fourier support in [—F, F], the

inequality 2 4 [£] < (24 |£ — ¢|)(2 + |¢|) and weighted Young’s inequality now prove
Ipar(D)(wg)ll2 < [33(Rar +1og(2 + F)) + 210] | g]]2- (15)

The logarithmic multiplier is used only on these paid sources, rather than asserted bounded on all
L?.
3.3 Complete hard-cutoff return

Let Qp be the orthogonal projection from the ambient odd Hilbert space onto the polar space K of
Section 2. For an integer m > 2 set

b (&) = mgy — 2
( 2<%;m \/>

Lemma 3.1 (Hard-cutoff source bounds). The multiplier a is increasing on [0,00) and a(L) >
2log(2L) for L > 1/2. Moreover

cos(§logn).

640(m + 1)?
20m+1
(16)
The operator expression denotes equality of forms on the original minimal domain V ; the omitted
arithmetic perturbation V,, is bounded.

I8]lo0 <3, bm () < 18Vm,  H = QpMs(a+bp)(D)M;Qp + Vi,  [[Vinl <



Proof. For fixed ¢ > 0, t?/[q(¢? + t?)] increases with ¢+ > 0. The positive digamma series in
Lemma 2.1 therefore proves monotonicity. Equation (11) gives

a(L) > 1log(1 +4L?) > Llog(2L),

since 1 +4L? > 2L. The real complete-theta estimate above proves ||s|ls < 3. From |mg| < 6 and
(10),
|bim| < |mol + 28, < 6 + 8(log 2)y/m < (6 + 8log 2)v/m < 18y/m.

The exact identity follows first on the compact polar core by retaining all arithmetic shifts with
n < m. Its remainder is the complete paired omitted shift operator from Lemma 2.1. Hence, with
k=m+1,

[Vinll < 0 < 451k%e™™ < 640k2207F,

using e™ > 20 and 451 < 640. Compression by @, cannot increase its norm. The retained symbol
differs from a by a bounded multiplier, while V,,, is bounded in the original Hilbert norm. The core
identity consequently extends through precisely the specified minimal form closure. At no stage
are the paired signed edge pieces closed separately. O

4 Positive arithmetic smoothing and a cofinal schedule

Write M for multiplication by the complete theta weight s in (3). All identities in this section
begin on the original polar compact core and extend through its minimal closure V. Put

mp(&) =mo+a(€) —2 Y An)n % cos(€logn), pr=(mr)+, ng=(—mg)+.
n<R

The cutoff is real, with Wr = W g|. For integers M > 2, k > 1, average R = Me" with density
vF=1e=v/(k — 1)!. The survival weights are

1, n <M,
= ¢ M = log(n/M)F 17
war(n) = MO losUM) gy, an)
n o J!

Let mpy = mo+a—2RSy i, where Sy (€) = >, A(n)n_1/2+i§wM7k(n), and take parip = (mark)+,
nak = (—mak)+ after averaging. The series is absolutely convergent at fixed M, k.

Theorem 4.1 (Exact smoothed realization and complete remainder). On the same original domain,
and after any finite genuine-null projection,

451(M + 1)e~™(M+1)

H =Py — N %4 W <dmg:= 18
M,k Mk + Wik, Warkll < dark MF-I(1 — e m)k (18)

The bound holds for every integer M > 2, k > 1. Moreover
INa k]l < Bark := 9[6 + 8(log 2)v'M 2"]. (19)

The separately averaged positive and negative receivers have an evact common positive term Jpy x
such that
Py = EPR — Jug, Nyrg = ENg — Jag -



Proof. Integration of the cutoff indicator gives (17). The elementary estimate Y., A(n)/v/n <
4(log 2)V/R is proved in Section 3. Since Ee?/? = 2%, absolute Fubini applies and gives (19), using
|mo| < 6, a >0, ||s]|cc < 3. Every arithmetic perturbation is bounded at fixed M, k; its positive
symbol differs from a by a bounded multiplier. The original minimal form domain is therefore
unchanged.

Set g =e™" and j = M + [. The probability of the floor-cutoff cell is

' [(1+1)/M)t M
T k=1 G+

Indeed v < log((j+1)/M) < (I+1)/M in that cell. Multiply by the complete bound 451(j+1)2¢/*1
from (8). As M(j+1)/j < M+1and (I+1)F1 < (k—1)! (Hk 1), summing the binomial generating
series proves (18). The remainder is an average of bounded original-Hilbert operators. This extends
the core identity through the paired original closure.

Pointwise put A = Epgr, B = Eng. Then A — B =mp and j = min(A, B) = A — (muye)+ =
B — (—mp )+ > 0. The bounded operator Jy, = QMj(D)MsQ gives both identities. The
positive average is interpreted on V; its difference from the bounded negative average is the original
signed expression. O

Corollary 4.2 (Fixed-seed certificate criterion). Fiz an integer M > 2, ki > 0 and ng, 7, > 0. On
the original finite genuine-null complement suppose

0 = Ny — Nify = 7l NER < (1 + ) (Parge + k).
Then on all original V,

Tk + Bk ME

hl > —|d + K +
QH[]_ Mk T Rk 1+ 7

(20)

In particular the complete inequalities with Kk, = 7, = 2% and n, = 47% imply RH.

Proof. Rearrange N < (14n)(P+kI)+7I using the bounded N: P—N > —[s+(7+n||N|)/(1+n)]I.
Add the complete remainder and use genuine-null transport as in Theorem 2.2. The displayed
schedule tends to zero by (18)—(19). O

4.1 An exact full-symbol evaluator

For F(s) = —('(s)/¢(s) and Fsp(s) = F(s) = >,<p A(n)n™*, absolute differentiation of the Euler
series gives

— 0 —10gM)JF>M( )

Sarr(€) = Y Aln)n~ /2 +MZ

(21)
n<M §=0 7! s=3/2—i€

Thus the full arithmetic symbol is evaluable from a finite head and k derivatives in the abso-
lutely convergent half-plane. A Taylor expansion Fsps(s+x) = 37, a;z' makes its jth summand

?_o(=Dla;(—log M)7=t/(j — I)!. The paired operator remainder and the scalar evaluation er-
ror are separate quantities; both have explicit roles in (20). For example dig; < 5.122 - 1029,
dig2 < 3.346 - 107! and di616 < 8.618 - 10738,

For fixed k the prime continuum has amplitude

ei§ log M

(1/2+1i§)(1/2 —i)*

9




whose negative phase mean is 28t27~1(14-4¢2)~(++1/2 This fixed-k continuum motivates the local
reference for k = 1 below. The all-k remainder (18) and the fixed-k mean have their stated, distinct
parameter regimes.

5 Complete sources and the actual inverse construction

The arithmetic realization of Section 4 is now fixed at averaging order one. We retain the complete
negative source and construct preimages for its actual positive receiver. Throughout the main
covariance arguments the original odd polar space is denoted by X = K, with minimal form
domain V.

H = Py — Ny + Wy, Ny = ExEyy, Wil < 0n = dars
Ry(k) = (Py+sD)7Y  Gu(k) = By Ry(k)Eyy.

Here Py = Pp1 and Njyr = Nyy1 in the main argument; the appendices explicitly identify their
separate hard-cutoff notation. The source space is Vs = L?(Sar, dé/m), Sy = {€ > 0 : npr1(€) >

0}, with
Eyh(§) = \/nM,l(f)/Rs(u)h(u) sin(éu) du.

For a finite genuine-null subspace K, Py i is the same-form restriction to K Land E M, K its exactly
projected source. All such inverses use the original norm. We write yar (K k) = ||E} j(Pax +
IiI)_lEM,KH.

An equivalent weighted-source convention is convenient for profiles: for I C [0,00) and ¢ €
L*(I,npp1 d€ ),

N3

™

go(u) = /InMJ(ﬁ)qﬁ(O Sin(éu)%7 Er¢ = Q(s94), Dy = /InM,1(€)\¢(€)\

Multiplication by ,/maz,1 identifies this convention isometrically with the unweighted source on its
positive support. Thus neither notation changes a covariance cap or omits mixed source terms.
Set Lo = 1 — 492, B(D) = 8Ly " and

8 _
Co=~QMLg'MQ,  |If

L= LU+,

The inverse-form interpretation and explicit numerical reference bounds are proved in Appen-
dices C-D. The following exact polar cancellation is the ingredient needed for the actual arithmetic
inverse.

Lemma 5.1 (Exact polar Green cancellation). On the original odd polar space let B(D) = 8(1 +
4D~ and K, = MyB(D) cos(aD)M,. For every a > 0,

Qb KaQollus < 1262371, (22)

Consequently, for either sign of the cosine and any further original orthogonal constraint projection
Q@ inside the polar space,

|QM,[B(D)(% cos(UD))+]MsQ — Collyg < 12M%e ™M1, (23)

10



Proof. The full kernel of K, is s(u)s(v)[e~14~v=al/2 4 ¢=lu=v+al/2] SQubtract the bounded rank-two
kernel 2e~%2s(u)s(v) cosh((u — v)/2) on the whole plane. Its even component vanishes on the odd
space; its odd component is —2e~%2|b)(b| and is killed by Q,. The exact remainder is

—2s(u)s(v) sinh((ju — v — @) /2)1jy—y|>q-

Put A = e® On its support 7, + 7, > 27 A by AM-GM. Its square is at most A~ s(u)2s(v)2el“*I,
Split e~ (rutm) < =2m(A-De=(rutro)/A " After enlarging the remaining integration to the whole
plane, each factor is bounded by

16
1672~/ Aelul gy < — AP/2D(5/2) = 12A45/2,
/| < A3/

Taking square roots proves (22), including every atom and both infinite arms. The nonconstant
real cosine coefficients of cosy have absolute sum 1/2 4+ 1/7 < 1. The right side of (22) decreases
with A > 1; apply it to each harmonic @ = nU. The constant coefficient is 1/, giving (23). Further
original projections contract the bound. O

6 An actual inverse estimate

The exact polar phase cancellation also pays a positive lower of the actual averaged arithmetic
receiver. This gives a whole-profile receiving theorem in the operator used by the signed criterion.
Write Py = Par1, iy = naga, U = log M. For 0 < Q < 1, let Eq be the complete source map of
Section 5 on [0, 2], with the same true profile metric.

Theorem 6.1 (Uniform actual-positive origin bound). There are constants C > 0, My such that
for every integer M > My, every 0 < Q < 1 and every finite exact constraint space inside the
original odd polar space,

ES(Parg + M ') Eq < CO*(1 + loglog M)?1. (24)

Here Pyrq is the closed-form restriction of the same actual positive operator and the source
uses its exact orthogonal projection. In particular, for Q = 1/log M, the entire origin cap is
O((loglog M/log M)3) and tends to zero. Every schedule 2 = o(1/loglog M) gives a vanishing
actual cap. For any fixed a > 0 the same conclusion holds at ridge M~%, with constants depending
on a.

Proof. First use only the original polar constraint Q. Normalize one arbitrary complex profile by
Dy =1, and put Ag = 161/ MQ3/(37). Common-profile Cauchy-Schwarz gives

w) <VAglul, gV (w)] < VAL (= 1). (25)

All constants below are independent of this profile and Q.

A phase-safe actual positive lower. For F(t) = ¥, (¢) — ¢ define the complete Abel error

eM—F \ﬁ/ |Ex(8)[t32dt + VM / |EA(t)|t~2/2dt.
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Split the weighted prime integral at M and integrate by parts; the common boundary cancels
because min(1, M/t) is continuous. The derivative moduli are at most (1/2 + F)t=3/2 and (3/2 +
)M t75/2. Together with the lower endpoint this gives

Saa(€) Vs
sup — 5| <
el<r| VM 1/44¢

The unconditional quantitative PNT [17, Theorem 1.1] implies |Ex(t)] < Cnt/(logt)Y for every

fixed N. Splitting the first integral at v/ M gives ey = On(U~N); the second normalized integral
has mass2. Take F' = U® and N = 20. With B(&) = 8/(1 + 4£2),

(2+ Fey.

mar1(€) > _cos(UE) — enf. enf = 3(1 +4F?) N (1+4F?)(2+F)

VMB(§) WM 4

We used a > 0 and my > —6. Eventually e, < 1/2. The scalar positive-part inequality therefore
gives the closed-form order Py; = A, where

ey — 0.

Ap = VMQuM,B(D)w(UD)1pj<pMsQp, w(t) = (—cost—1/2).

This is a bounded positive operator. Its phase mean is u = (v/3 — 7/3)/(27) > 0.

A compact smooth preimage. Choose a fixed Gevrey-2 step ¥, equal to one to the left of0
and zero to the right ofl, with |[x)| < CoC](j!)2. Such a step is obtained from n(t) = e~ /* for
t > 0 and0 otherwise, by x(t) = n(1 —t)/(n(t) + n(1 —t)). Cauchy’s estimate on a disk of radius
ct bounds derivatives of n by j!(C/t)7e~¢/t; maximization in ¢ gives C7(j!)2. The denominator is
bounded below near each endpoint, and the reciprocal Leibniz recurrence preserves this bound; on
the remaining compact middle use a uniform analytic disk.

Put R = $log(2U/n) and f(u) = x(|u| — R)g(u). For large U, R > 1, the cutoff is constant
near zero and is smooth and even. Its transition has fixed physical width. Leibniz and (25), with
0 <1, give '

If134 < CAa(R+ 1%, [[fD]l2 < CVAQ(R + 1)*2C{(j!)°. (26)

Indeed the undifferentiated g is bounded by /Aq(R + 1), each differentiated g by v/Aq, and the
factorial ratios in the Leibniz sum are absorbed by one fixed exponential constant. Define

__Lof
8uv/Ms

It is compact smooth odd and exactly polar legal: [sinh(u/2)Lof = 0 by two integrations by parts.
On its support r < 2¢%U; the original lower theta bound gives

1Y|]2 < CM2 1 Aq(R + 1)3. (27)

Complete residual and energy. Let A, omit the frequency truncation in Ag. The cosine coef-
ficients of w are absolutely summable, because its first derivative has bounded variation. Lemma 5.1
then gives

Aoe = pVMQyM;B(D)M;Qy + Hur, |Hy| < hay = CMP2emm(M=1),
Since B(D)Ly = 8 and QY =Y, its mean acts on Y as Qp(sf), and the exact truncation action is

(Aos — Ap)Y = 7' QuMaw(UD)1 ps r f-

12



Thus the complete residual e — ApY is the sum of Qp[s(g — f)], —HnY and this Fourier exterior.
All mixed terms are paid by the squared triangle bound with factor3d. The full two-arm theta
estimate gives

|Qu[s(g — f)]||2 < CAq /2U re_r(logr)2dr < CAQU€_2U(1Og U)2.

For j = [U], (26) gives
I pfll < FfD) < CVAg(R + 1) 23108 U+O0),

Consequently M|e — ArY||? is Q3 times a negligible term; the polynomial trial cost (27) is domi-
nated by hps. Also Ap < A gives

L
(Y,ArpY) < Lot f) +hu||[Y]]? < CQ*(R 4+ 1) + smaller terms.

Suv M

For complex f, integration by parts gives (Lof, f) = ||f||%74.
For any bounded positive A and x > 0, least squares gives

(e, (A+ K)"e) < (Y, AY) + ke — AY|% (28)

One obtains this by choosing A'/2Y as the coefficient in the regularized preimage formula. It is
valid when A has a kernel. Apply it to Ap, kK = M ™!, and use inverse order from Ap < Pjy.
Equations above prove (24) uniformly on the entire profile unit ball.

For any additional finite constraint space Z, the variational supremum for the restricted inverse
is taken over V N Z+, a subset of the original trial space. For the exactly projected source its
value is therefore at most the original inverse energy. This gives the same constant for every such
constraint space. The closed restriction is densely defined: approximate in the dense form domain
and correct the finitely many row evaluations using fixed form-domain dual vectors. Finally, for
fixed ridge exponent a > 0, replace rg = 2U by cU, where ¢ > a + 1/2. The source residual costs
CQ3Mot/2—cy (log U)?; the other errors stay negligible. This proves the last assertion. O

7 Complete covariance at prescribed polynomial ridges

The complete source admits an unconditional norm estimate at the ridge M ! used in the signed
return. More generally, the following holds at every fixed polynomial ridge. Its proof combines
the original hard-cutoff realization of Lemma 3.1 with the actual arithmetic preimage and the
Vinogradov—Korobov prime-number error [17].

Theorem 7.1 (Complete covariance at polynomial ridges). For every fized b > 0, there are Cy, M
such that, for M > My,

Cy/log M exp(48+/blog M)
i .
The supremum is over all finite genuine operator-null spaces, including moving and growing choices,

with same-form restriction to K. The upper bound holds for every exact finite restriction with
dense restricted form domain. Every negative source frequency is included.

up || (Pav i+ M D)™ Bagae]| = 1] < (29)

13



Proof. Write U = logM and x = M~° Use a second arithmetic cutoff m, distinct from the
averaged-receiver parameter M. The original minimal realization has

640 1+ 1)2
H = Qus(a + b) (D)sQp + Vi [Vl < oy s= 20 ELD7 0y 18 ym,

20m+1
Here by (§) = mo — 2 0cpam A(n)n=1/2 cos(¢logn), while a > 0 is increasing on the positive half-
line and a(L) > 1log(2L) for L > 1. Lemma 3.1 proves these complete paired form identities in
the present manuscript; the raw remainder is never separated into its edge pieces. Put

k:max{zx,[bg%m/“)”, m=k—1, Dy=18/m, L =¢*o.
log 10

Since k? < 2%, d,, < x/4. The multiplier v,, = (—(a + by,))+ lies in [0, Do] and is supported in
[~L, L]. On the unitary odd Fourier profile space put T}, = v,,(D)'/? and E = QysT},. Scalar sign
decomposition gives H = —EE* — d,;,I on the original form domain.

Let S = ||s|looc < 3, and choose an even Gevrey-2 cutoff yr equal to one on [—R, R] and zero

off [-R — 1, R + 1], with a fixed-width transition and bounds ng)Hw < CoCl(j)2. Set

1045 D
Xo = log - 2 R = 310g(2Xy), Eo = QpsxrTm.

The complete theta envelope gives

K
sup s(u) < 26X e 3%o < 13e X0 =
>R () 0 85Dy
Consequently ||EE* — EoEj|| < k/4 and
H = —BoE; — (#/2)1. (30)

This constructs a source majorant of the negative sign of H without applying a non-monotone
negative-part operation to an operator inequality.

We next bound the actual inverse on the entire coefficient unit ball of Ey. Theorem 1.4 of [17]
gives |¥(z) — x| < Cx(log ) 8 exp[—0.1853(log z)3/° / (log log ) /5] for & > 23. In the complete
Abel error, split M ~1/2 flM |W(t) —t|t—3/2 dt at v/M:; its lower part is O(M ~'/*), and its upper part
and M2 [ |W(t) —t|t~>/2 dt obey the displayed stretched-exponential error. Thus, for every fixed
A >0,

ey = Oale= V),

Take T = exp[(50v/b 4 2)v/U]. The exact arithmetic phase debit

3(14+4T2) (1 +4T%)(T +2)_
A/ M 4 M

tends to zero. Hence, for large M, the actual positive form dominates

epm(T) =

8

Ap = VMQysB(D)w(UD)1 pj<rsQs, B(§) = 1+ 4€2

w(t) = (—cost —1/2),.

If p is the positive mean of w, its full-frequency continuation is Ao = puvVMQysB(D)sQp + Jir,
with ||Jas]| < CMP/2e=m(M=1),

14



For ||¢|| <1 put g = Tino, f = xrg and e = Ey¢. Plancherel and product differentiation give,
uniformly over this entire ball,

If174 < CDo(1+L%),  [[fD]2 < CVDo(L + Cj%).
Here ||f]17 4 = || fII3 + 4l f'[|3. Since m/U — b/log 10, eventually Dy < 12v/bU and L < 24V0U
Choosing j = [U] yields
o U3/
Ippsrfllz < CV/Doe™ V",

The compact smooth odd trial Y = (1 — 402)f/(8uv/Ms) is exactly polar legal by integration by
parts against sinh(u/2). On its support the lower theta bound s(u)? > 2r2e™", r = w2l gives

|V < CM Yo Do(1 + LY.

This pays division by s on the moving support. Since X = bU + Op(log U), this growth is harmless
against the full harmonic error. The exact mean action and residual are

V' MQysB(D)sQyY = e, e—ArY = —JyY + ' Qusw(UD)1 ps7 f-

Their complete squared residual, including the cross term, is smaller than every fixed inverse power
of M after multiplication by x~1. Also

(Y, ArY) < CMV2(IfIR 4 + 1 Ta Y112
The kernel-safe trial inequality (28) therefore proves

Cy ﬁ€48\/ﬁ
VM

The proof is uniform over the full coefficient unit ball, with no finite-column or dimension factor.
Finally Nj; = Py + Wy — H and (30) give

1 Eg R (k) Eol| < (31)

RYANyRY? < I+ RYPE ESRY? + (30 — /2) Ry
The last term is nonpositive for large M. Equality of the source and physical operator norms gives
the required complete upper bound. For any exact same-form restriction its inverse, extended by
zero, is at most the base inverse. Restricting the form inequality thus proves the upper uniformly
without commuting projections with an inverse.

For the lower take one nonzero v € Dom HN(ker H)*. Such a vector exists since the archimedean
form is unbounded above on compact high-frequency packets, whereas its arithmetic perturbation
is bounded. It belongs to every genuine-null complement. For completeness, the averaged quadratic
mean used here follows directly from the complete Abel formula. On each fixed frequency band,
nar1/VM — B(€)(cos(U€)) 4 — 0 uniformly. The phase mean of (cos), is 1/, and its absolutely
convergent Fourier series gives weak convergence against every integrable test on that band. The
uniform complete bound ny71 < 16+/M pays the exterior of |50|? by Plancherel. Hence

Nuy[v]/VM — (v,Co,v) =: ¢, > 0.

Strict positivity follows from s > 0 and B(§) > 0. This is the averaged order-two mean. The
separate hard-cutoff order-one mean is proved in the technical supplement and is not used here.
Therefore

Ny [v] —1/2

Gur(r)| > >1—C,M Y

1GxOI 2 R T+ g lo] = (o, Wago) + o2 =~ &

uniformly in K and 0 < x < 1. This completes the proof. O
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At k = M~ Theorem 7.1 establishes the complete covariance estimate
,_YM — 1 + 0(1\471/24’0(1))7
uniformly over finite genuine-null restrictions. Corollary 7.2 characterizes RH through
liminf VM (yp — 1)+ = 0.
M—o0

Sections 8-10 develop complete signed certificates, exact null cancellation and physical lift estimates
within this formulation. Corollary 8.5 proves that a fixed complete complementary gap together
with the stated lift bound yields vanishing original-norm allowances and hence the Riemann hy-
pothesis.

Corollary 7.2 (Critical covariance characterization). Let Ky be any sequence of finite genuine
operator-null spaces and put yar = ||Esy g, (Par ey, + M) " Eny ey || Then

H>0 <= lji\?linva('yM—l)+ =0.
—00

Thus the critical covariance condition is equivalent to the original Weil positivity criterion and hence
to RH in the realization of Theorem 2.2.

Proof. If H = 0, the signed identity gives ]%]1\42]\7]\4]:3}\42 < I+ 0y — M~Y Ry = I for all large M,
also after any same-form restriction. Conversely, if H is not nonnegative, choose a fixed nonzero
v € Dom H N (ker H)* with gg[v] < 0 by spectral projection onto a bounded negative interval.
This vector belongs to every K ]\L/[ Its same-state quotient gives

—qu[v] + (v, Wyrv) — M~Hv|?
Pr[v] + M=Hol?

v — 12> chM_l/Q.

The last inequality uses the fixed positive numerator for large M and Pys[v] = Nas[v] + qu[v] —
(v, Wprv) = Ou(v/M). This contradicts the stated liminf condition, which therefore establishes
H > 0 on the original domain. The original Weil equivalence in Lemma A.1 now applies. Hence,
under the stated critical covariance condition, the Riemann hypothesis holds. 0

8 Genuine nulls and complete source certificates

Genuine null vectors provide coordinates adapted to the signed form. We first establish complete-
ness at each fixed arithmetic cutoff, then quantify the full covariance error of a finite null head.

Lemma 8.1 (Genuine derivative nulls). For every j > 0, z; = (3 — 2+ /4) /s belongs to
Dom H and satisfies Hz; = 0. Every finite initial family is linearly independent.

Proof. The theta Mellin identity of Appendix A gives
M(szj)(2) = (z* = 1/4) (=) *1E(1/2 + 2).

It vanishes at both polar points and at every centered nontrivial zero. To verify the original domain,
use compact even cutoffs yg and the polar-preserving approximants (92 — 1/4)(xzgyp®*1)/s. The
complete derivative tails, also quantified in Proposition 9.2, give convergence in L? after division
by s and convergence of the weighted physical derivative in L2. The bound a(¢) < 17¢2 proves
convergence in V. The same complete tails and integration by parts give arbitrary vertical inverse
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powers for the Mellin transforms on |Rz| < 1/2. The zero-count bound therefore passes the po-
larized explicit formula through these approximants as in Appendix A. It yields gr[2;, h] = 0 first
on the compact core and then on all V. Form representation gives the asserted operator nullity.
Finally a vanishing finite combination would make a nonzero polynomial times (2% —1/4)£(1/2+ z)
identically zero. Analyticity excludes this. O

Theorem 8.2 (Complete null-generated source). Let

(2i+3) _ ,(2i+1)
zZi = w ;p /47 12> 07

be the genuine operator nulls of the original realization. For every fixed M with nonzero negative
source,

Ei span{z; 11 > 0} = Y.

Moreover Ey is Hilbert-Schmidt. If 11, projects onto span{E},zo,...,Ey;zr—1}, then, for each
fixed M and k > 0,
(I = 1L)Gun (k) — 1) || — 0.

Proof. The complete averaged prime multiplier is bounded for fixed M, whereas the archimedean
multiplier tends to infinity. Hence Sy lies in a bounded interval [0, Fjs]. The derivative rule gives,
up to one fixed nonzero normalization factor,

Eyzi(6) = vm(©)(—1)€%,  wun(€) = /nar,1(6) (€% + 1/4)9(6).

The nonzero entire function 12 has discrete real zeros, so vy; # 0 almost everywhere on Sys. It
belongs to L?(Sys). If f € Vs is orthogonal to every displayed function, the finite complex measure
fuar d€/m annihilates every polynomial in €2. Such polynomials are uniformly dense in C([0, Fiy]),
by polynomial approximation after the homeomorphism ¢ — £2. The measure is therefore zero,
and f = 0 almost everywhere.

The source kernel satisfies

d
1B [Ifis :/s ﬂM,l(f)l!Qb[Ssin(é-)]H?f < 0.

M

Thus Gps(k) is positive trace class. The proved density gives II, — I strongly, and compactness
gives the asserted norm limit. O

The theorem concerns the source images of known nulls. It does not identify the full physical
kernel of H. Its density assertion is on the base polar recipient; imposing further physical constraints
can alter that assertion.

Theorem 8.3 (Signed remainder and complete trace certificate). Fiz M, k > 0 and finitely many
independent derivative-null columns Z. Define

K=2*NyZ, Vyz=ZK % J=EVy;, Q=1-JJ* (=|ViVy.

Then K =0, J*J =1, and

J*Gud = [+ (6a + 634 /k) 1, (32)
7= ||EpQl}s = Tr Ny — Te(K 1 Z* N, Z), (33)
|G| < 14 (6ar + 63 /K)E + T /K. (34)
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For an increasing initial derivative family, T — 0 at fivred M. If Z has r columns, then
0> X\ (Npp) "t > 7/ Tr Ny,
where the positive eigenvalues are arranged in decreasing order.

Proof. The nonvanishing common factor in Theorem 8.2 shows that every finite source polynomial
family is independent, hence K = 0. Suppress M and write A = P+kl, R=A"Y F = (W —xrI)Vy.
Genuine operator nullity gives NVz = AV + F, so exact expansion gives

GJ =J+ E*RF, JGI=1+V;(W —krl)Vy;+ F*RF.
Using R < x~'I only after combining these terms yields
V(W — kI)Vy + F*RF X V(=W + W2/Kk)Vy < (6 + 6% /K)V V5.

This proves (32). In particular the ridge does not produce a separate k¢ charge.

Expanding @ and using cyclicity of the trace gives (33); all operators under the trace are trace
class or finite rank. Also [|QGQ| < 7| EQ|/}g = 7/k. For a positive two-block operator with
diagonal norms a, b, positive-form Cauchy-Schwarz bounds its quadratic form by (v/a||z|+v/b||y|)?,
and consequently its norm by a + b. This proves (34), including the mixed block. Hilbert—Schmidt
approximation and source density give 7 — 0. Finally V;NVz = I makes the Rayleigh quotient of
N on ran Vy at least 1/¢. Min—max and r\,(NN) < Tr N prove the last two inequalities. O

Proposition 8.4 (Directional Schur alternative). With the same notation, put b = ||QGMQ,
rr = |F*RyF|| and € = (Spr + 03, /K)0. For A\ =1+1n > b, the condition

brp
<
A—b !

€+

implies Gy =< M.

Proof. The mixed block is QG yJ = QE3 Ry F and its squared norm is at most brp. Complete
the square in the @ coordinate of A\I — Gy, using A\I — QG @ = (A—0b)I, and then apply (32). O

Corollary 8.5 (A fixed complementary gap sufficient for RH). At x = M, suppose that along
an unbounded sequence of M, finite genuine-null heads in Proposition 8.4 satisfy

b = |QuGuQull < g <1,  ly = |[ViiVul = o(vVM),

where q is fired and the complement contains every remaining source frequency. Then the original
Weil form is nonnegative and RH holds.

Proof. The actual remainder d;; decreases exponentially. Since Ry; = kM and Fy = (W —
kI)Vr,
(k4 6um)°

reym < ——————4y.
K

Put ens = (Sar + 03, /K6)en and nay = enr + qrear/(1 — ). The two assumed resources imply
= O(Mfl/Q). With A\y; = 1 + na, one has Ayy — byy > 1 — ¢; hence Proposition 8.4 gives
Gy < (14 nar)!, including the mixed block. The original-domain absorption bound is

Ny B
=1 ||n|]*.

h > — |6y + M+
qulh] > M Ty

Since Bys,1 = O(V M), its allowance tends to zero. Theorem 2.2 applies: under the stated complete
complementary-gap and lift hypotheses, the Riemann hypothesis holds. O
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The corollary uses a fixed gap below one, with both resources evaluated on the same head.
The matrix-valued signed Schur comparison can retain additional cancellation lost in these scalar
sufficient bounds.

9 Regularized null certificates and physical lift budgets

The null-source construction can avoid an unregularized source-Gram inverse. The price becomes
an explicit approximation error and the physical norm of its constructed lift. In this section write
d=||Wy| and D = d + d?/k.

Theorem 9.1 (Regularized complete certificate). Let Z : C" — X be a physical isometry with
range in Dom H Nker H. Put A =E},7Z, K = A*A, and, fort >0,

J=A(K +tI)"t A%, T =Z(K +tI) 1 A*.
Then 0 = J =<1, J=E3,T, and

D Tt
Gull <1+ —+—
Gull <14+,

If a Hilbert-Schmidt map X : X — C" satisfies ||Er; — AX||us < € and || X||us < Lo, then

2¢2 2D
[Gumll < 1+%+\/7Lo. (36)

FEvery trace and approximation here uses the complete source metric.

7 =Tr Ny — Tr((K +tI) 'K (K +tI) "' Z*N3, 2). (35)

Proof. The singular-value multipliers of T are o/(c% + t); hence ||T||> < 1/(4t). The exact signed-
null identity, applied to T'f, gives

(J£.Gud f) < |JFIP +DITFIP < (1+D/(4t)lIf]1*.

Use the positive partition Ny = EyJ2ES, + Ey (I — J?)E%,. After inverse congruence its first
term has norm ||JGpJ||, and its second is at most k1 Tr(Ey (I — J?)E},). Expanding J? and
using cyclicity proves (35). Completing the finite-dimensional square gives

Te(En (I = J)Eyy) = inf{|| By — AX [ + ]| X lfis }-

Since I —J? < 2(I—J), the excess in (35) is at most D/(4t) +2(e2 +tL2)/k. For D, Ly > 0 optimize
at t = /Dr/(8L3); the zero cases follow by limits. O

For independent raw columns Zy, replace K + tI by ZiNyZo + tZ§Zy. In (36) the physical
lift norm is then Lo = ||ZpXo||lgs. This preserves the original physical metric without requiring
explicit formation of its inverse square root.

The collar estimate of Theorem 10.1 also survives regularization. With P; denoting source
multiplication by I C [0, e4VI°8M] for a fixed A > 0, suppose

(I — Pr)Ey — AX||lus < €out, | X |lzs < Lout-

Completing the same square with (I — Pr)E}, and using the triangle inequality in inverse energy
gives

2
D 2(e2, +tL2
||GM”§1+4t+(\/a+\/(€outout)) , ¢ = Cy|I|(1+loglog M). (37)

K
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No projection is commuted with J. The square includes the mixed term, and the exterior includes
every frequency outside 1.

Proposition 9.2 (Order-uniform original-norm null budget). For z; = (2743 — 21+ /4) /5,

|2]l2 < 10064%%3(25 + 3)!, j>0.
Consequently the raw map Zy = (29, ...,2r—1) Satisfies
| Zo||is < By := 100007 6447 2[(2r 4+ 1)1]?, 1 Z0Xollus < V/Br|| Xo|lus- (38)

Proof. Set p=1/64 and r,, = we?l*l. The complete theta series is holomorphic in | Im z| < 7/4 and
even there. On |z — u| = p, reflect to the right half-plane if needed. Then Re(we?*) > 3r, /4 and
|me??| < e2Pr,. Tts full series gives

[(z)] < 246'“‘/2TZ€_3T"/4 Z nie=3*=r/4 486'“”27“56_3”/4.
n>1

Indeed the n = 2 summand is below 1/4 and subsequent ratios are below 1/256. Cauchy’s estimate
yields [p*) (u)| < 48k!64Felul/2p2¢=3m/4 Divide by the original lower envelope s > 2r2e~"* and
integrate both arms using du = dr, /r, and elul = \/Tu/m. Thus

1152 o

[p™*) /s]|2 < \F(k!64k)2/ r3/2e77/2 dr < 3456V/2(k164F)% < 80%(k164%)2.
™ T

The triangle inequality at £ = 25 + 3 and k — 2 proves the first bound. Summing its squares and

using the largest summand proves the second. O

Since log B, = O(rlog(r +1)), this gives a useful cofinal lift window. At x = M ! the complete
averaged remainder has dy; < poly(M)e ™. If rj; = o(M/log M) and log(1+ || Xo s lus) = o(M),
then

VMDy || Zopr Xoa|lus < e ™M/ZHo),

Thus the lift part of (36) is paid at every fixed polynomial scale. A complete-source approximation
with €3, = o(M~%71), 1/2 < a < 1, would then give the excess o( M ~%) and the vanishing-allowance
endpoint. The approximation norm includes the entire source exterior as part of its complete-source
error budget.

10 Uniform covariance on small sets in a growing band

The null-source representation can be poorly conditioned near zeros of 12 The actual positive
inverse controls small frequency sets there without division by that transform. An exact Fourier
shift extends this control beyond every fixed power of log M.

Theorem 10.1 (Growing-band observation bound). Put U =log M, and let Ly — oo satisfy

NG»
?M — 00,  Lien — 0, (39)

where ey is the complete Abel error of Theorem 6.1. For all sufficiently large M and every mea-
surable I C [0, L],

|E5(Par + M~ 1)~ By | < CI1|(1 + loglog M). (40)
The constant and onset may depend on the admitted schedule, but not on the number or locations
of the components of I. The upper bound survives additional eract finite constraints, with the
same-form restricted receiver, dense restricted form domain and exactly projected source.
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Proof. Take T' = 2Lp;. The complete arithmetic phase debit is

3(1+47?) (1+4T*)(T+2)_
4\/M + 1 eM -

Since ey > 3/v/ M, both terms tend to zero by (39). The scalar inequalities in the actual-origin
proof consequently give, for all sufficiently large M,

EM(T) =

12v M

Py = Ar = \/MQbSB(D)w(UD)HD\gTSQb, na(§) < [T

0<€£<T),

where B(§) = 8/(1 + 4£2), w(t) = (—cost — 1/2)4 and pu > 0 is its mean. These are inequalities
for the actual arithmetic receiver and observation, before theta sandwiching,.

Put e = Qp[ssin(¢-)] and Ry = 1 log(2U/n). Let xg, be the even fixed-width Gevrey-2 cutoff
equal to one on [—Ry, Ry] and zero outside [—-Ry — 1, Ry + 1]. Define

_ 82
Je(u) = xR, (u) sin(§u), Ye = (18M4\/Mu)sf£

This trial is compact smooth, odd and exactly polar legal: integration by parts transfers 1 — 492 to
sinh(u/2) and annihilates it. Uniformly for 0 < & < Ly, product differentiation and the complete
two-arm theta envelopes give

Ifellf s < CA+ €21+ 1ogU),
Is(sin(¢ ) — fe)|* < CUe2Y,
IYel? < CM? 11+ €2)2(1 + log U).

The first bound uses a support of length O(1 + logU) and a fixed transition width. For the last
bound the support satisfies r = me2l“l < 22U, so the original lower envelope s2 > 2r2e™" controls
division by s.

Every positive-order derivative of x g, is supported on two fixed-width translated intervals. Thus
I X%())Hl < COC{ (412 for j > 1, independently of Ry. Integration by parts with j proportional to
Vwl gives |Xg, (w)| < Ce=eVIl for large |w], uniformly in Ry. The exact shift identity

fﬁ(w) _ X\Ro(w — f) ;L-X\RO(M +§)

therefore proves the complete exterior bound
ppsrfells < CemVEM, 0 <& < Ly

Indeed both shifted frequencies have modulus at least Ljs there; the polynomial factor arising on
integration is absorbed by reducing c.
The full-frequency continuation satisfies

Ao = WMQypsB(D)sQy + Jyr,  ||Jul| < CMO/2em ™MD,
The polar Green identity gives its exact mean action Qp(sf¢). Consequently

ec — ArYe = Quls(sin(& ) — fo)] — JuYe + p~ ' Qusw(UD)1 ps fe.
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A squared triangle bound pays all three terms and their mixed products. At ridge M ~! the physical
error costs O(U/M); the Fourier error costs O(Me=2¢VIM) smaller than every fixed inverse power
of M by (39). Also that admission and &y, > 3/v/M imply Ly = o(M'/%), so the displayed trial
norm is polynomial in M and is absorbed by the harmonic error. Finally

(Ye, ArYe) < OM 72| fel|f 4 + (| Tnr || Vel
The kernel-safe least-squares estimate (28) and Ap < Py; now prove, uniformly on the whole band,
(e, (Por + MY tee) < CM™Y2(1+ €2)(1 + log U). (41)

The negligible errors are absorbed uniformly; at & = 0 the source is zero. Integrating in the exact
source metric gives

1/2

d
IRV Erls = [ mara(@)(ees Raree) = < ClII(1+ log ).

This trace bounds the full operator norm, retaining every profile combination. Variational restric-
tion gives the last assertion. O

Corollary 10.2 (Unconditional expanded bands). For every fized A > 0, estimate (40) holds for
all measurable I C [0,eAV1°8M] and all sufficiently large M. Constants and onset may depend on
A; no uniformity for a growing A is asserted.

Proof. The complete Abel estimate proved in Theorem 7.1, using the classical Vinogradov—Korobov
prime-number error [17], gives ey = OB(e_B‘m) for every fixed B > 0. For Ly = eAVTU choose
B > 3A. Then L3,é); = Og(eB=3VU) 5 0 and LIy /U = eVU/2)U — 0o. Theorem 10.1
applies in the original norm and domain. ]

Corollary 10.3 (Complete collar and null-source certificate). Use the null head of Theorem 8.3,
set kK = M~ and let Py be the source multiplication projection onto I C [0, Lys] for a schedule
admitted by Theorem 10.1 (in particular Ly = V18 M for fivred A > 0). Define

Now = Ex(I = Pr)Ey;,  Tout = Tr Now — Te(VZNZVz),  er = C|I|(1 + loglog M).
If 2
(6ar + 6%, /R)L + <\/E + m) <1, (42)

then Gpr(k) < (1 +mn)I, and on the entire original domain

nBaa 2
h] > — |dn + —|—’] h|*.
alh) > = oy + e+ L )

In particular, a cofinal family satisfying (42) with n = o(M~Y?) gives vanishing original-norm
allowances and RH.

Proof. Let Q =1 — JJ* as above. Without commuting @) and P;, cyclicity gives
IEx(I — Pr)Qllfs = Tr Nows — Tr(V; Noy Vz)-
Here V; uses the full N normalization. The triangle inequality in actual inverse energy gives
9 2
QG QI < (IRYEar Pl + RSB (T = PQI)” < (VT + /)

Combine this with (32) and the positive-block estimate in Theorem 8.3. The original-domain lower
bound follows from Corollary 4.2, with complete negative source and no finite-source omission.
Since Byr1 = O(V M) and dpr — 0, the stated rate gives the endpoint. O
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All frequencies outside I, including those above Ljs, occur in 7ou. The mixed collar/exterior
cost is the cross term in the square in (42). Thus the displayed criterion specifies a complete quan-
titative construction, with growing-rank conditioning and the complete trace remainder evaluated
in the same source metric.

11 Feasibility and complete exterior control

The preceding certificates retain exact signed information. This section identifies the costs of
two simpler bounds and locates the earlier scalar complementary criterion within the complete
construction.

Proposition 11.1 (Cost of the positive majorant). For the explicit Ey in the proof above, with
m ~ blog M/ log 10,

E*Ru(M-E >M
H 0 M( ) OH_\/M(logm)?’

for all sufficiently large M. Thus this positive-majorant inverse cost is not O(M_I/Q).

Proof. Choose compact smooth odd f with [ f(u)sinh(u/2)du = 0 but [uf(u)du # 0. Two
odd bump pairs construct such an f, since u and sinh(u/2) are linearly independent on a positive

<

interval. Then y = f/s is legal, |f(§)| > c|¢| near zero, and for large M, Ejy = T,,f. On [{| <
1/(21logm) every cos(§logn) > 1/2 for n < m. The prime number theorem gives >, .., A(n)//n >
cy/m; boundedness of a near zero therefore yields v,,(¢) > cy/m on this interval. Plancherel
gives || Egyl|?> > cy/m/(logm)3. The full bound ||Ny/| < 144v/M and the signed identity imply
Puly] + M~°||y||2 = Oy (v/'M). The inverse variational quotient proves the assertion. O

This concerns the particular positive majorant, not the signed covariance excess. It explains why
the next construction retains the exact null remainder rather than trying to sharpen this majorant
by constants alone.

The technical supplement’s arithmetic-gain section supplies a sharper compact arithmetic price,
a complete residual optimizer, and matrix tests for whether the resulting improvement covers a
signed certificate deficit. These retain the same receiving core and every mixed term.

11.1 The complete exterior in the actual inverse metric

The next estimate identifies source directions that a constructive null head must capture globally.
Put Ry = (P + /ﬂ')*1 and Gyr = Ej; Ry Ey on the base original polar recipient.

Proposition 11.2 (Actual exterior payments). Let F' = Fy; — 0o satisfy
FYVM —0,  F3ey — 0,

and let I be source multiplication by lipap). Uniformly for 0 < k <1, for all sufficiently large
M,

Tr(EypE}y;) > cVM/F, (43)
Tr(IlpGuyIlE) > ¢/F, TGy IIE| > ¢/F2. (44)

These conclusions hold, in particular, for F' = exp(Ay/log M) with any fired A > 0.
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Proof. Write U = log M, B(£) = 8/(1 + 4¢%) and e = Qp[ssin(¢-)]. The complete Abel formula
and a(¢) < 17€2 give on [F, 2F]

ma(§)

4 > —
VB < C(FYVM + F3ey) = o(1).

sup + cos(U€)

Thus ny < CvV/M/F? there, and ny; > ¢/ M /F? on its subset where cos(U¢) > 1/2. That subset
occupies at least a quarter of each fixed-length interval for large M, and at least F'/4 of [F,2F].
The exact projected source Gram is

(eerec) = L /52 cos((€ — O)u) du — %/52 cos((€ + O)u) du

(ssin(§-),b)(b, ssin(¢-))
161 '

Riemann-Lebesgue therefore gives [leg]|? — |[|s||3/2 > 0. Differentiating ses shows ||(seg)[|? <
C(1 + €2%). The fixed hard-cutoff decomposition of the original form is H = A + By with By
bounded and A[h] = [ a(&)|sh(€)|?d¢/(2n). Consequently these sources belong to the original form
domain and gplee] < C(1 + ¢2). Since Py = Ny + H — Wy and || Ny || < 144V/M,

leg]*
Pyrlee] + klle ||2§C'\/M, (e¢, Ryree) > >c/VM.
¢ ¢ &M= Purlee] + kleel?

Here F? < /M eventually. Integrating these estimates against nys(£)dé/m proves the raw and
inverse-weighted trace bounds.

The norm bound requires a separate coherent source. Choose fixed / > 0 so small that
[ s?cos(tu)du > 3|s||?/4 for |t| < £. The other two Gram terms tend uniformly to zero on
[F,F + ()2, so {eg,ec) > co > 0 there for large M. Let Z = [F,F + £] N {cos(UE) > 1/2}, with
w(Z) = [, d¢/m, and use the unit source f = 1z/1/pu(Z). Its coefficients are nonnegative and p(2)
is bounded above and below by positive constants. For v = Fj; f, the full Gram and differentiated
Bochner integral give

VM/F? <|v|> <CVM/F?,  |(sv)| < CMY4,

In particular v belongs to the original form domain and gg[v] < Cv M. The complete positive
energy satisfies

Py [v] + &||v|)? < 144V M||v|)? + CVM + (61 + &) ||v||> < CM/F2.

The inverse variational test now yields (f,Garf) > ||v]|*/(Py[v] + &|[v]|?) > ¢/F?. No trace-to-
norm inference is used. Finally Theorem 7.1 proves éy; = Op(e™" ﬁ) for every fixed D > 0. For
fixed A, choose D > 3A to admit F = eAﬁ; F*/v/M — 0 is immediate. O

If a source head is supported below F, its orthogonal complement acts identically on [F,2F],
so its complete inverse remainder has norm at least ¢/F? and trace at least ¢/F. The same
holds for the remainder of a positive-contraction head supported there. In the displayed stretched-
exponential range these bounds exceed M~1/2 asymptotically. Thus a low-band head cannot pay
its entire positive remainder as o(M ~'/2), even in the actual inverse metric. Global null-polynomial
heads and the directional Schur criterion remain available: these are lower bounds on a positive
complement, not on |G|l — 1.
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11.2 The scalar mixed-band criterion

Proposition 11.3 (Complete mixed-band cap). For the same positive inverse Rp = (P + xkI)~!,
split the exact observation source as E = [E,, E.|. If its two diagonal caps are EXRpE, < al and
E*RpE. 2 bI, and the full mized block has norm at most (, then

|E*RpE| < ila+b+/(a—b)2+4¢} <a+b when ¢ < Vab.

Proof. Positive-form Cauchy—Schwarz pays the mixed block by vab. More generally bound each
two-vector quadratic form by the real matrix {Z i} and compute its largest eigenvalue. All mixed

observation terms are retained. O

Corollary 11.4 (A complementary-band cofinal criterion for RH). Let aps be the bound in (24)
at Q = 1/log M, and use any finite genuine-null recipient. If, along an unbounded sequence, the
complete complementary observation for the same Py + M ™11 has cap

by <1—apy + M1,

then on the original domain

1 B
B> —|d — ’
anlh} = = \dva+ 37+ 375

1A,
and RH holds. A paid mized block can instead use the sharper condition in Proposition 11.3 at
target 1 +1/M.

Proof. The proposition gives the complete cap 1 + 1/M including all mixed terms. Apply the
bounded-negative absorption of Corollary 4.2 with k =1, 7 =0, n = k = 1/M. Here By =
O(V M), so the displayed allowance tends to zero; Theorem 2.2 applies. O

11.3 Why bounded null rank does not fund the scalar criterion

The sufficient scalar comparison in Corollary 11.4 loses directional covariance information. The
following result gives its precise rank limitation at the displayed schedule.

Proposition 11.5 (Bounded-rank scalar obstruction). Put Q = 1/logM, k = M~ and split
the complete source into E, on [0,9Q] and its entire complement E.. For the same-form recipient
obtained by removing a genuine-null space K, put

a=[E;RuEoll,  b=I[ERmE,  x=I[E;RuEe|-

For every fized integer D > 0 there are positive constants cp,Cp and a finite threshold, uniform
over all K with dim K < D, such that

X2 > CDQ4D+3, b>1— CDQ4D+7 _ CDM_3/2.

Consequently the scalar matrix [; ﬂ is not bounded by (14+1/M)I for all sufficiently large M. Any

cofinal realization of that scalar target requires the null dimension to eventually exceed every fized
D.
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Proof. Let Lp = span{zy,...,zp}, with the genuine nulls of Lemma 8.1. Dimension gives a unit
z= ZZDZO a;2; € Lp N K+, The derivative Fourier rule and v(0) > 0 show, near zero,

52(6)| = <€

=0

The complete Abel formula gives nps1 > ¢v M on [0, Q] for large M, since cos((log M)&) > cos1 > 0.
The positive moment matrix Gp = (1/(2i + 2j + 3))o<i j<p gives

fe

The fixed physical Gram of Lp bounds ||a|| below. Therefore N,[z] > cpv MQ*P+3 uniformly in
the moving K. All constants here are for fixed D; no uniform conditioning in D is used.
Write A, = E;RyE, and Cor = Ef Ry E.. The exact null identity gives

2
€ > Amin(Gp)Q*P+3|a||.

D

Z(_l)iazf%

1=0

CocEfz = (I — A)Erz + EX Ry (Wi — k1),

XY/ Nele] = (1= a)y/Nolz] = (dar + k)y/a/x.

The actual origin upper is a < C’Q3(1 +loglog M)3. Dividing its error term by the lower bound for

N,[z] gives at most CpM~3/*Q2P(1 + loglog M)3/? + 0(1), which tends to zero. The complete
bound N.[z] < 144v/M then proves the stated lower for x2. If N,[z] = 0, the displayed identity
already contradicts its positive right side for large M.

For the complementary lower choose a unit 2’ € span{zp1,...,2p11} N K+. Tts transform
vanishes to order at least 2D + 3 at zero, so N,[2'] < CpvVMQ*P+7. The averaged quadratic
mean proved in Theorem 7.1 is positive definite on this fixed finite-dimensional span. Polarization
makes its convergence uniform on that span’s unit sphere; hence Ny,[2'] > C’D\/M for every allowed
moving choice. The exact null quotient yields

/
b> _Nel=]
~ Pyl +k

Since R?M < k" 'Ry,

>1-— CDQ4D+7 _ CDM_3/2.

Finally put ¢t = 1+ 1/M. If b > t the scalar target fails immediately. Otherwise its necessary
determinant inequality would imply

X2 < (t—a)(t—b) <2{M~ + CpQ*P*HT 4 OpM—3/2} = o(Q*PF3),
contradicting the proved lower. -

The proposition concerns scalarization of the blocks. It neither rejects the operator-valued Schur
criterion nor establishes sufficiency of growing null rank. The regularized whole-source construction
retains the signed correlations that this scalar comparison discards.

11.4 Spectral tests for a growing genuine-null head

The directional construction has an actual compressed-spectrum test that retains the physical lift
cost. It does not replace that spectrum by the unrestricted mean operator.
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Proposition 11.6 (Null-compressed spectral and lift tests). Let K be the closed physical span of
the genuine nulls and Nx the compression of Ny to K. For a rank-r null-valued map V with
V*NyV =1, put

J=EyV, Q=I1-JJ", (=[VV], be=[QGuQl, g=IGCul

If b, < q < 1, then
q(k+ )

A1 (Ni) <
+1(Nk) < ¢

(45)

For every eigenvalue A > 0 of Ny,

be = [\/(1= (r+03)/), - \/N]i (46)

Proof. Closedness of H implies K C Dom H and H|x = 0. For z € K with E},;z L ranJ, the
inverse variational test at z gives

Ni[z]?
Ey 2, Gy Eyz) = (Nyz, Ry Nyz) > ——————.
< M M > < > PM[Z]‘i‘HHZHQ
Genuine nullity gives Py[z] = Na[z] — (2, Wp2). Putting t = Nyy[2]/||2]|?, we obtain b. >
t/(t+ k4 dpr) whenever ¢ > 0. There are at most r source-orthogonality conditions on z. Compact
min-max on N proves (45), with eigenvalue multiplicities retained.

For the second bound choose a unit compressed eigenvector h at A and put f = Ejh, so
IfII> = A. Since V is K-valued, the compressed eigenidentity gives V*Nyrh = AV*h, without
assuming invariance of X under Njp;. Hence

)\2

[JT*fII* < X%, (faGMf>Zm2)\—(H+5M)-

The triangle inequality in the positive Gjs seminorm yields

(f,Garf) < G+ Vb

Division by v/A and positive parts prove (46). O

At Kk = M, a fixed complementary gap requires the head to capture every null-compressed
eigenvalue above a constant multiple of M ~!. If actual eigenvalues satisfy (x + &a7)/Aar — 0 and
Avlyr — 0, then Theorem 7.1 and (46) give liminfbd. > 1. In particular, an actual eigenvalue
comparable to M2 would exclude a fixed gap with £y = o(\/ﬂ ). The spectral and lift tests are
evaluated jointly with the signed complement estimate in the complete source metric.

12 A cofinal finite-response criterion for RH

The complete covariance criterion admits a second, explicit supported-form reduction. It keeps
the original polar condition and physical norm while replacing the infinite family of positive Green
responses by logarithmically many features. The receiving complement remains infinite and has a
proved floor; its exact inverse occurs in the finite Schur matrix below.

Use the odd-half unitary identification with L2(0, L) and put

p(x) = sinh(x/2), Fr=p", eq(x) =1/2/Lsin(kgx), kq=(q+1/2)n/L.
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Let Drey = a(kq)eq. The complete supported archimedean form is Dy, + Ry, where

R e—Ci(L—z) _ o—c;(L+x) ) L

= T @1, ri(z) = , G =2]+ 5.

L ;) J J ]( ) \/W J J 2

The Green identity, its original-domain closure, and the estimates used here are proved in Ap-
pendix B. Write Ry ; for the first J responses and Vi, = my — C¢" for the complete bounded
arithmetic operator on the supported interval, including every active prime power. Thus ||V | <
Br, := 6 + 8(log 2)e” by (10). Restrictions of these forms to Fr, are understood throughout. Pre-
cisely, if I = (—L, L) and Uy, is the odd-half unitary map,

C¥ =U Z \/» Slogn"‘S logn)ll z’{L

2<1’L<62L

This transport retains the reflected channel as well as same-side shifts; the endpoint overlap has
measure zero. Consequently the complete supported profile form Dy + Ry +Vy +M~1s72 is exactly
the original H + M ' under f = sh and this unitary map.

Theorem 12.1 (Cofinal finite-response criterion). For integers M > 3 define

Ly = 3log(10log M/m) + 2, kar = MY
B = 6 + 8(log 2)el™ Jur = [Llog M1,

Ny = [Lye®Bv/x).

Let Ups be a profile isometry onto P]:L span(eg, . ..,en,—1), and let Qs be its orthogonal comple-
ment in Fr,,,. Form the complete ﬁmte response operator

S()’M = DLM + RLM7J]\/[ + VLM + M~1s72,
Set T()7M = SO,M’QM and
Ko,m = UppSo,mUnt — (QnrSo,mUni) "y, 1 (QarSo.Unr). (47)

Then Ton > %AQM > 0, where Ag,, is the form restriction of Dr,, + B3 + M~ 1s™2. The
Riemann hypothesis is equivalent to Ko = 0 along some unbounded sequence of integers M.
Under RH these matrices are strictly positive for every integer M > 220 Moreover Ny = M°M

and Jy = O(log M).

Proof. Orthogonality to the projected modes implies orthogonality to the original first Ny; DN
modes. Since a(k) > logk for k£ > 1, the diagonal form on this complement is at least 2B%}.
The 81gned arithmetic is bounded below by —B%; and Ry, s,, = 0. Comparing coefficients gives
Tonm > AQ > With every receiving direction retamed. The complete form Schur identity therefore
makes KojM >~ 0 equivalent to So s = 0.

The omitted responses are positive, so this matrix inequality implies gz [h] + M ~t||h]|3 > 0 for
every original polar-free test supported in (— Ly, Las). Since Ly; — 0o, every smooth compact test
is admitted eventually. Taking the unbounded sequence and then the original form closure proves
Weil positivity and hence RH by the odd converse.

Conversely, the complete relative-response estimate in Appendix B gives 0 < Ry, — Rr,,,7,, <
M~%(Dy,, + B& + M~1s72). Its full physical form sandwich, with ||s]s < 3, yields under RH

1—-M~* 18B§;
M M?

sSo.mSs > l I>0
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For an explicit admission, B, < 6 + 120y/log M by log2 < 1, e* < 64 and 7 > 3. This upper
divided by M decreases for M > e. At M = 2% it is below 606/2%°, and 2740 4 10908/22° < 1/2.
The displayed lower is consequently at least 1/(2M) for every M > 229 proving strict positivity
of the Schur matrix. Finally By, = O(y/log M), so log Ny = O(y/log M) and the stated resource
bounds follow. O

The matrix in (47) retains the ezact inverse of the full receiving operator; it is not a prin-
cipal compression. Theorem 12.1 isolates its sign as the remaining condition in this route. Ap-
pendix B also bounds the complete core-mixed-receiving change caused by the response reduc-
tion by M~2t°(1) in physical core coordinates, and preserves original-norm o(M -3/ 2) allowances
directly at the full-form level. The core coordinates do not make the transported receiving com-
plement physically orthogonal; quantitative allowance tests shift the complete physical form before
taking its Schur complement. The finite-sine alternative in Proposition B.6 retains the same cofi-
nal RH equivalence, uses only finite DN combinations, and has raw profile Gram condition below
4Ly = O(loglog M). For that core the joint Schur error is O(y/log M /M?) in physical core coor-
dinates.

A The odd original-domain criterion

We give the needed realization-specific reduction to the classical Weil criterion [12, 14]. For F(z) =
J f(u)e*™ du, the complete explicit formula has zero-side form

ZF —1/2)G(1/2 - p). (48)

The sum counts multiplicities. On odd real tests W[f] = =3, F(p —1/2)?. The physical form
n (5) equals W[f] + 2|F(1/2)|? on odd tests; the polar term Vanlshes on K.

Lemma A.1 (Odd original-domain criterion). Nonnegativity of gz on 'V is equivalent to RH.

Proof. The theta Mellin identity, in the normalization (3), is
My(s) = €(1/2+2),  M/(s) = —6(1/2+2),  My/(1/2) = —1/4

Indeed, with ¢ = e** and A(t) = 3,5, e~ ™t one has ¢ = e“/2(4t2A” + 6tA’). Two integrations
by parts on 0 < t < oo, initially for s > 1, give

s(s

Mip(s —1/2) = T_l) /OOO A2 dt = £(s).

Theta inversion gives the entire continuation. For any compact smooth real odd f, put g =
f+4F(1/2)y'. Tts polar moment is zero and its transform agrees with F' at every nontrivial zero,
so Wlg] = WIf].

Here g/s belongs to the original minimal domain. To see this directly, take even smooth cutoffs
Xr and a fixed compact real odd b with Mb(1/2) = 1. Set ggr = xrg — M (xrg)(1/2)b. Then g is
in the exact polar compact core. Complete theta derivative envelopes give

I(gr —9)/sll2—=0,  ll(gr—9)'[l2 = 0.

-

For example [¢)| < 40e™/273¢=" and the lower bound (6) give an integrable upper 800e/“/re
for |4/’ /s|?. The derivative atom polynomials are —8r% + 30r? — 157 and 16r* — 11273 + 16512 —

29



757 /2. Their absolute coefficient bounds for » > 7 > 3, and consecutive atom ratios, give |¢"| <
160e!/274¢=" These complete tails pay both limits. Bounded cutoff derivatives and the vanishing
compact moment correction preserve them. The bound a < 17¢2 now gives convergence in (4).

The same tails give exponential-weighted L' convergence of gr — ¢ and its first derivative.
Integration by parts therefore gives

sup (1 +|32])|M(gr — 9)(2)] — 0.
Re1<1/2

The zero count implies }° (1 + |Sp|) 2 < 00, so the complete quadratic zero sum converges as well.
Passing the compact explicit formula to the limit yields gr[g/s] = W(g] = W|[f]. Thus positivity
on V implies W[f] > 0 for every real odd compact smooth f.

Suppose an off-line centered zero o9 = & + 7y exists, with 4,y > 0 by symmetry. Nontrivial real
zeros are absent because the alternating eta series gives ((s) < 0 for real 0 < s < 1. Fix I' > v+ 1.
An even real polynomial P annihilates every zero orbit in |So| < T' except the quartet of og, and
P(09) # 0. Choose real a,b with iP(0¢)(a + bo3) = 1, possible because o # 0. Put

Fr(z) = iP(2)(a + b22) [T — TG+ 7 >,

This entire function is odd and real type. It is the bilateral Laplace transform of a real odd Gaussian
multiplied by polynomial and trigonometric factors. At each fixed T, even compact cutoffs of that
physical function converge in exponential Schwartz seminorms. Repeated integration by parts gives
transform convergence with every polynomial vertical decay uniformly on |Rz| < 1/2. The zero
count N¢(Y') = O(Y log(Y + 2)) therefore permits dominated convergence in (48), so W{[fr] > 0.
At oy,
o T8° Fr(og) =1— ATV +4iToy 1

The target quartet, of multiplicity m, contributes —4mRFr(og)? ~ —4me2T% | All other zeros in
the finite window are annihilated. For exterior zeros put d, = ||So,| —~| > 1. A fixed polynomial
envelope bounds their squared transform by

C(1+ |%O_p|)2D62T(1/4—d,2)) < Ce—3T/2(1 + ‘%0p|)2De—(d3—1)‘
The full remaining zero sum is 0(6_3T/ 2) by the same zero-count bound. The negative quartet
dominates, a contradiction. This proves RH. Conversely, RH makes (48) a sum of squared absolute
transforms on the polar core; original form closure extends positivity to V. 0

B Complete Green reduction and cofinal Schur control

This section proves the supported-form reduction used by the cofinal RH criterion in the main paper.
The positive exponential Green construction is inherited from Li [1]; the contribution here is its
complete physical-ridge relative error, joint Schur budget, and cofinal application. All arithmetic
sums below include every active prime power. Optional critical carriers are empty, and the original
polar restriction is retained.

B.1 Exact realization and domain

On the odd-half unitary space L%(0, L) put
¢ =2j+ %7 kg =(q+ %)W/Lv eq(x) = 1/2/Lsin(kgx), Dreq = a(kq)eq.
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Lemma B.1 (Complete Green realization). The minimal zero-extended supported archimedean
form equals Dy, + Ry, where

2sinh(c;z)
R :§ ri 1), ri(z) = ===, 49
L = J J .7( ) 62CjL+1 ( )
0= Ry, HRLH < (p, ::L—|—7r/2. (50)

The associated operator domain is Dom Dy, ; finite DN spans are an operator graph core.

Proof. The positive digamma difference expansion is

2 QC]'

0-%(5-7e)

Jj=0
For the Dirichlet half-line and Dirichlet-Neumann interval Green functions,

e—clr—yl _ p—claty)

2¢ ’
sinh(cmin(z,y)) cosh(¢(L — max(z,y)))
ccosh(cL) ’

GOO,C(:Ua y) =

Gone(T,y) =

direct subtraction gives 2¢(Gpn,c — Goo,e) = re ® 1e. For z = 2L —x —y > 0, the sum kernel is

bounded by
—z/2

e 1
—aro © T oy
gje 1—e22 — +22

The constant kernel has norm L; the Carleman kernel [2(u + v)]™!, 4 = L — z, has Schur bound
/2 with weight w12 All positive partial sums therefore converge strongly to the bounded Ry, in
(50).

The identity first holds on smooth compact odd tests. To identify its closure, extend a finite
DN combination oddly across zero and evenly across L, with period 4L. Cut it off in endpoint
layers of width ¢ and mollify preserving parity. The reflected error has H® norm O(El/ 2=t) for
every fixed 0 < t < 1/2: rescale each bounded smooth boundary bump in the fractional Sobolev
norm. The bound a(k) < C¢(1 + k?)!, from the logarithmic symbol estimate, shows convergence in
the diagonal form norm. Conversely smooth compact tests have rapidly decreasing DN coefficients.
Finite sequence truncation is a form core of Dy ; hence the original minimal closure is precisely
Dy, + Rp. Boundedness of R; then gives its operator domain and graph core. This argument
retains the supported realization, rather than silently imposing a different endpoint domain. ]

At fixed L, the original positive smooth s has positive minimum. Thus s*' are bounded on

this interval. The original physical congruence is exactly S, = sSfs, with physical norm |[/Al|2.
The polar condition becomes f L p, p(x) = sinh(z/2), in profile coordinates. Restrict the closed
forms to this subspace, retaining their minimal supported closure; one can enforce the constraint
on the smooth approximants by subtracting a fixed compact test with nonzero polar pairing. Finite
bounded arithmetic and ridge terms preserve these domain statements. No condition number is
assumed uniform as L grows.
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B.2 A whole relative-response bound

Let Ry j =3 ;. 7 ®@rj and By = Ry, — Ry y. First on ambient L?(0,L), for B> 1, k > 0 define
the closed positive reference form
A=Dp+B+ks 2

Proposition B.2 (Complete relative tail). For 0 <n < L, let 07 = esssupy_, ., 5(x)>. Then

0 < Ej <€A, where
2

e—2cy
€= [q/CLU%/ﬁ+\/2BCJ(1 _776_477)] . (51)

The inequality includes every omitted response and survives restriction to the original polar-free
subspace.

Proof. Write P, = 1(1,_, 1y and P; = I — P,. Inverse order gives AV < (B+ks2)71 s0
IEY?P.AV?|? < Cp|P.LAT'P.|| < Cro /.

For d = L — x > 1, the exact feature obeys 0 < rj(x) < e~%%, Tonelli and positivity give

—2c¢4m 6720‘777

e
T(REIP) <3 2¢; = 2c7(1 — e~y

j=zJ

Using ||A~'/2|| < B~'/2 bounds the interior factor. Add E}/2P6A_1/2 and E}/ZPiA_l/2 and square
their norm bound. This proves (51) as a form inequality. The discontinuous spatial multipliers are
used only as bounded L? operators on inverse square roots; they are not assumed to preserve the
form domain. Apply the positive-series arguments first to partial sums and pass monotonically. No
unweighted whole-tail norm convergence is used. O

Corollary B.3 (Explicit logarithmic response schedule). Let U =log M, M > e, and
L=1log(10U/m)+2, k=M"" J=max(1,[U/2]).
Then 0 < E; < M~2A for every B > 1.

Proof. Use = 1 and the main paper’s theta envelope s(u)? < 169¢u=me™  The envelope decreases
on u > 0; since L > 1, ,
o} <169(10e?/m)2U? M 10",

For U > 1, Cp <5U, €2 < 8, e? > 7 and © > 3. The square of the first term in (51), divided by
M2, is therefore at most

845(80/3)?U%e %" < 845(80/3)%e 97 < 2747 < L.

Here U3e 67U decreases for U > 1, its constant is below 220, and e > 2. For the second squared

term use 4J > 2U, ¢y > 5/2 and
B(l—e <.

Both squared contributions are below M ~2/4; their square-root sum is below M ~!. All constants
are elementary admissions, not sampled floating inequalities. ]
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B.3 Preserving the original-norm allowance
On the original polar-free supported space write
Sg=Dp+ Ry, +Vy+rs 2 |VL|<B, S;;=5;—Ey.
Since A < Sy + 2BI, the complete relative bound implies
(1—¢€)Sy—2eBI =S¢5 =< 5;. (52)
Congruence by the same s, with ||s||o < 3, gives
(1 —€)Sy, —18eBI = Sp ; = Sp. (53)

At the displayed growing window the elementary arithmetic budget is
By = 6+ 8(log 2)4/(10e* /7) log M = O(/log M).

Thus 18ByM~2 = o(M~3/?). Equation (53) proves that existence of original physical allowances
Sy, = —0m1I, 6y = o(M3/?), is equivalent to existence of such allowances for Sh,g: take 0}, =
(1 — M~2)8p + 18ByM~2 in one direction and use Sj, = Sp,s in the other. This uses the full
form, not merely a core matrix. Nonvanishing extra finite corrections require a complete two-sided
budget; the same power-two deduction then needs that total budget to be o(m ).

B.4 An explicit paid core and its energy

Let Pr be the projection onto p and take
N = [LeP+P /], ranU = Prspan(eg,...,en—_1), UU =1,

where 8 > 0. A vector in the complementary subspace is orthogonal to each original e;, ¢ < N.
Since a is increasing and a(k) > logk for k > 1, its diagonal energy is at least B + 8. Put
Q=1-UU"on F, and let Ag denote the form restriction of A to Q. For both the complete and
partial-response receiving forms,

B
- B+2B°

T > cAg, Ty = cAq, c (54)

Indeed (1 —¢)Dy + Ry j+ (1 — ¢)ks™2 + Vi, — ¢B is bounded below by (1 —¢)3 — 2¢B = 0. Every

response and receiving direction is accounted for.

Lemma B.4 (Projected-polar core control). For L > 1, the preceding core has dimension N and
Deore := |U*DLU|| < AL(17K3, + 68)(1/4 + k%)>. (55)

Its projected-column Gram has condition number at most 2L(1/4 + k3)?.

Proof. Direct integration gives

lCOS
i e M S S R AT
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Consequently p € Dom Dy,. With p = p/||p|| and éx5 = ||(I — Py)p|?,
On = [(B,en)* > [2L(1/4 + k3)*) "

The raw projected-column Gram is I — vv*, v = Pyp in DN coordinates; its eigenvalues are
1 and 6y > 0. This proves the dimension and Gram assertions and gives an exact rank-one
orthonormalization formula if desired.

The positive digamma series yields a(k) < 2k? Ecj_?) < 17k?: its first coefficient is 16 and the

rest is at most %2]21 4§73 < 3/8. The DN Laplacian form identity gives

1p]? sinhL + L
IpIZ = 2 L - L)

Dy.[p] <17 <68 (L>1).

The last quotient is below 4 because L/sinh L decreases and sinh1 > 7/6. For w € ran Py,
v = Prw satisfies
ol > dwllwll*,  Dp[v] < 2017k + 68)[|wl|*.

Combining proves (55). In particular the projected columns are legal operator-domain vectors.
This is the projected DN core, not the smaller intersection of an unprojected finite prefix with
pt. ]
B.5 Joint core, mixed, and receiving error

Let S = Sy + E, where Sy retains the first J responses, and 0 < E < €¢A. All operators here act on
the same polar-free profile space. Their form domains equal Dom AY2. Put d = 1 4 Cp, /B. The
bounds —A < Sy < dA and (54) hold without a smallness assumption on e. Let

Hy=U*SoU, Co=QSoU, Zy=Ty'Co, Ko=Hy— CiTy Co,

and define K analogously for S. Inverse pairings are form-dual pairings when needed; Aél is the
inverse of the restricted form, not QA~1Q.

Proposition B.5 (Complete joint Schur budget). With the preceding objects,
0= K — Ko =e(l+d/c)*U*AU. (56)
If W = U*s2U s the complete physical core Gram, then
W2k =Ko)W= < (1 + d/)*19(Deore + B) + . (57)

On the growing window, B = wB with fitedw > 0 gives ¢ = w/(w+2), N = M°D) and Deore = MW,
Hence with the explicit response schedule the right side is M2t = o(M—3/2).

Proof. The relative form norm of Sy is at most d. Thus C’(’;Aél(}’o =< d?U*AU. Coercivity of T and
form Cauchy—Schwarz applied to TpZo = Cy give Z3AgZo =< (d/c)?U*AU. The triangle inequality
in the A energy norm, in every coefficient direction, therefore gives

(U — Zo)*A(U — Zy) = (1 +d/c)*U* AU.

Variational minimization over the entire tail yields K > K. Testing S at the exact Sy minimizer
—Zy gives K = Ko+ (U — Zy)*E(U — Zp), proving (56). The square retains all core-response,
mixed, and receiving terms together.
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Since W > 1/9,
WY2U* AUW Y2 < [9(Deore + B) + k)1

The ridge becomes exactly xI here, with no factor maxs=2. At the declared window B =
O(y1og M), ky = exp(O(y/log M)) and L = O(loglog M). Lemma B.4 proves the asserted growth,
completing the quantitative comparison. O

The Gram W normalizes physical images of the core columns only. The profile-orthogonal re-
ceiving complement generally transports to a nonorthogonal physical complement. Thus (57) is a
finite-coordinate shorted-matrix bound, not a whole-physical-operator norm bound. For a quantita-
tive global allowance, shift the complete physical form first, or pay the corresponding lift /projection
stability. Exact nonnegativity transfers by the form Schur identity; the global allowance comparison
(53) does not require a core-to-tail lift inference.

B.6 A finite-sine alternative with a sharper joint budget

The following alternative combines the same relative-tail estimate with a finite pole-free intersection
core. It avoids a pole-profile input action and improves the joint energy bound.

Proposition B.6 (Stable finite-sine core). Suppose L > 3, B = 6 + 8(log 2)e”, and take
N’ = [Le?BTn], ran U’ = span(eg, . .., enr—1) N pr, U’ =1.

In this proposition Q, K, Ky, W and all receiving and mized blocks are rebuilt from U’; no block
from the preceding projected core is reused. Both full and finite-response receiving forms on this
complement satisfy T, Ty = Ag/3. A finite DN generating list has Gram condition number below
4L, and Deore < 2B + 7. On the growing support, for every integer M > 220 the joint bound (57)
therefore improves to

-1
W2 Ry < 49127B + 63 + M 1] :O<\/logM>‘

e e (58)

The cofinal RH criterion also holds with this (N — 1)-dimensional core.

Proof. Let 6, = ||(I — P,)p||?>. The exact pole coefficients and cosh(L/2)?/(sinh L — L) < 2 for
L > 3 give

dp < 217

"= ori(n4+1/2)3

For the ratio bound use sinh L — L > e’/4 and cosh(L/2)? < e%/2; the former holds at3 and its
difference increases. For the series bound, the decreasing summands are bounded by their first
term plus their integral. A vector f L ranU’ in p- has Py f proportional to Py/p. The exact pole
constraint and Cauchy—Schwarz imply || Py f||? < dn/||f||*. Hence

n > 1.

Di[f] = {a(kn)(1 = dn) + alko)dn 1| F1I°.

Put X = 2B +1 > 2. Then X < ky» < eX 4 2, while the main logarithmic symbol bounds give
X <alky) < X +6. Also 6y < (2/m)e3%, so its diagonal leakage is below

2(X +6)e 3 <16/(3¢°) < 1/12 < 1.

It follows that D |g > 2B and therefore T, Ty > Ag/3. On the core itself Deore < a(kns) < 2B +17.
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Let vg = (eq, p), with vg > 0, and use the finite list w; = voe; — vjep, 1 < j < N’. Its Gram is
V3T + Vtaivf,y; thus its condition number is at most

2
@ < 2L(1/4 + 7%/ (4L%))? < 4L,
v,

0

These columns require only finite primitive DN input actions. The complete output polar projection
and physical Gram are still retained. Finally C;, < B for this elementary budget, so d < 2 and
(1 +d/c)? < 49. Insert Deore < 2B + 7 in (57). The specified onset ensures Ly; > 3. The RH
equivalence follows by the same exact Schur and full-form argument, with this paid complement. [

B.7 A finite-feature residual test with all mixed terms

For completeness, a trial Z into the full receiving form domain gives an alternative sufficient cer-
tificate. Let T = S|Q = cAg, H =U*SU, C = QSU, and set

L;=C"2+72"C—-2"TZ, Lo=CyZ+2"Co— Z*ToZ,
o = Co — ToZ, KT = T’SAE;TQ,
G=(U-2)AU - 2).

For every 7 > 0,
H-C*T7'C = Hy— Ly — ¢ 1+ 1K, + (1+ 7 HEG). (59)

Indeed the full residual is r = 79 + QE(U — Z). Relative positivity of E gives the joint Ag-dual
Gram of the second term at most €2G. Weighted Young and inverse order bound r*T~!r by the
displayed error. The exact residual identity and

(H—Lz)— (Ho—Lo)=U-2)E(U~-Z2) =0

then prove (59). This is a joint matrix inequality, not a collection of diagonal tests. A numerical
use must enclose the complete K., G, constraints and reference inverse; its cofinal budget includes
the actual growth of G/c. The theorem does not assert that this finite-feature signed test has
succeeded, nor that the full receiving inverse has become a finite principal compression.

C Local inverse covariance for the averaged reference

For k£ =1 the continuous prime integral is exactly

00 ) M1/2+i§ 1
Y24 min(1, M/t) dt = - .
/1 ( /) 1/4+&  1/2+i¢
Its phase-mean negative receiver, divided by v M, is
Co=aQM,Ly*M,Q, a=8/m, Ly=1-—4d*/du®. (60)

Here @) is an original orthogonal projection on the odd space, with a finite constraint space Z =
ker Q. Write [|g[[3 4 = [(lg]* + 4lg'[*).
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Theorem C.1 (Full inverse-form source covariance). For h € ran @,

1(h+ 2)/511 4 (61)

™

Co'PhP=%Z  inf
” Q ” 8 ZGZ:(hTZ)/SEHI

with value infinity when the set is empty. For any finite odd H' profile family g; and e; = Q(sg;)
this yields the simultaneous Gram inequality

— — s
[(€g"%einCq"%ei)] = Zllai5) +4(dh. ).

FEquality holds when Z is any finite span of the original polar row and canonical derivative-null
rows. All statements allow arbitrary finite source and row counts.

Proof. Factor Co = aAA* with A = QML /2 The actual-range identity ran(AA*)Y/2 = ran A
and polar decomposition identify the inverse form with the minimum squared preimage norm [7].
Writing g = Lal/Qa translates Aa = h to sg — h € Z, and ||a|? = HgH%A. The chosen profiles give
the matrix upper on every common coefficient vector.

More exactly, project the profiles orthogonally in H!, with this norm, off {g € H' : sg € Z}.

Their projected Gram gives equality in (61). This kernel is zero for the canonical rows. Indeed
b/s = sinh(u/2), and for z9j1 = (PZ+3) — i+ /4) /5,

z2j+1(u) (—277)2j+3e(4j+13/2)u
s(u) 2

(u — 400).

To obtain this, the first theta atom derivative polynomial has leading coefficient 4(—2)™ at order
m, by the recurrence P11 = (1/2 — 2r) P, + 2rP),. At fixed order the higher atoms contribute a
polynomial times e~3" relative to the first. The exponents of these rows and b/s are distinct, so a
nonzero finite combination is not in L2. This proves the stated equality. ]

If the full profile Gram is bounded by KD and the full profile-error Gram by 72D in this
same H' metric, the resulting inverse-form Grams differ in either order by at most (7/8)(2vKn +
n?)D. Expand each common coefficient combination and apply Cauchy-Schwarz before passing to
coordinates. The exact profile projection in the proof is a contraction, so the same error transport
applies to every finite constraint space.

Lemma C.2 (Regularized preimage identity). For a,x > 0 and e = Q(sg), g € Hlyy,
Uy , 1abis =P}

ac K

(e, (aCq + kI)"te) = inf { (62)

1
feH 44

Proof. For B = \/aaQMSLO_lﬂ, minimize ||z||? + k71|le — Bz||?. Its value is (e, (BB* + xI)te).
Substitute f = aal, /2, This is the classical approximate-preimage regularization identity in
the present weighted and projected space [9]. O

D Explicit reference origin bounds

Let U =log M, Q = L/U, and use the actual smoothed negative symbol nys1. On the entire profile
space Yy = L*([0,9Q],nar1(€) d€ /) put

@ . d§ 2
gow) = | nana(©H(©sin(€) . o= Qsge), Do = 6

The reference Cq is exactly (60).
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Theorem D.1 (Uniform ridged origin cap). For every L > 0, every integer M > 64 and every
finite original constraint space,

E*(VMCq+M 'I)"'E X K(M,L)Iyes (63)

where, with R = % log(2log M),

160 R \3 409672
K(M,L) = ==L <logM) + T”L?’M?’/?*?”.

In particular K(M,L) = Or((loglog M/log M)3), and K(M,1) < 1/10 for every integer M > 22V.

Proof. The elementary prime bound and Ee?/2 = 2 give ny1 < 6+ 16(log2)v M < 16V M. Thus,
for Ay = Jo' nar (§)€2d¢ /.

16/ ML?
AM [

< o 9o < Dodare®, |gy(u)? < DoAnr.

These common-profile estimates are Cauchy—Schwarz and |sin(§u)| < [{u|. The finite frequency
band puts g4 in H'. Choose even xg equal to one on [—R, R], zero outside [-2R, 2R], and linear
on each intervening interval. Then |x;| < 1/R, and direct integration gives

IxRrIsllT4 < 80Dy ANMR®,  ||Q[s(9s — xr9)II* < DgAMTr, Tk = / n s(u)*u’du.
u

Indeed ﬁgR u?du = 16 R3/3 and the derivative square is at most (56/3) DA R; multiplication by
four gives the constant80 for R > 1.

The complete theta estimate s < 16r2e~
give

" r = me2lUl and the two-arm Jacobian du = dr/r

oo
Tr < 16/ rie dr < 327"%6_”3, rp = me?ft > 6.
TR

The last integral has logarithmic slope at most —1/2. Use the trial f = xrgs in (62), with a = VM,
k= M~!and rg = 2wU. The two costs are exactly bounded by the two terms of K (M, L)D. This
proves the inequality on every profile, hence as a full observation operator and for every common
finite source combination. Projection contraction makes it uniform in all finite original constraints.
Both terms decrease on M > 64. Directed scalar evaluation gives K(22°,1) < 0.091767 < 1/10,
completing the explicit threshold. O

Corollary D.2 (Complete positive continuum-model cap). Define the positive continuum receiver

8V M

Pcont: M
ar = QM 1+ 4D?

(—cos(UD))4 | MsQ.

For the same actual origin observation E,
EX(P™ + M—'I)"'E < 2K (M, L)I.
For L =1 this cap is below 1/5 for every M > 220,

Proof. Lemma 5.1 gives error ey = 12M°/2e="(M=1) < 1/(2M) on M > 64. The gate holds at64
using 7 > 3, e > 2, and the majorant decreases thereafter. Hence P{™ + M~1T > %(\/ MCq +
M~1I). Inverse order and Theorem D.1 finish the proof. O
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