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Abstract

We develop a quantitative covariance formulation of the Riemann hypothesis through
arithmetic Weil positivity. In the original odd weighted realization, RH is equivalent to
liminf oo VM (yar — 1)+ = 0, where vy is the complete covariance norm at ridge 1/M after
any sequence of finite genuine-null restrictions. We prove that the complete covariance norm
differs from one by Ob,s(M71/2+6) for every € > 0 at each prescribed ridge M =", b > 0 fixed,
uniformly over all finite genuine-null restrictions. The estimate includes every negative-source
frequency and all mixed terms. Its proof combines a complete arithmetic source majorant,
theta-tail bounds, the Vinogradov—Korobov prime-number error and a uniform actual-inverse
construction. Genuine derivative nulls then provide complete source coordinates and regu-
larized signed certificates. An explicit factorial bound in the original norm controls their
growing physical lift cost, while small-set inverse estimates retain the full frequency exterior.
The critical covariance excess o(M -1 2) yields vanishing original-norm allowances and hence
RH; the quantitative theorem and the constructive certificates identify the precise refinement
required at that scale.
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1 RH through arithmetic Weil positivity

The WEeil criterion expresses the Riemann hypothesis as positivity of a complete quadratic form.
We study that criterion in a fixed odd reciprocal-theta realization, retaining its original norm and
minimal closed form domain. The purpose is to make the approach to positivity quantitative:
a complete signed lower bound with an allowance tending to zero establishes RH, and genuine
operator-null projections preserve this implication exactly.

The paper connects this endpoint to the complete arithmetic covariance. Positive averaging of
the prime cutoff gives

H = Py — Ny + Wy, Ny = EnEyy, Wil < dara,

where Py is the actual positive receiver and Fj; contains the entire negative observation. For a
finite genuine-null subspace K and ridge « > 0, write

(K3 &) = || Eyy e (Paric + 61) 7 Eag k|-

The subscript denotes same-form restriction to K and exact projection of the source. Section 2
specifies the original realization; Section 4 fixes the source metric.



The RH condition and the quantitative theorem. For any sequence of finite genuine-null
spaces Ky, the original positivity criterion takes the exact form

RH <= liminf VM (v (Kp; M1 — 1) = 0. (1)
—00

Corollary 6.2 proves this characterization using the original-domain Weil criterion. Our principal
unconditional estimate is

_ o /108 M exp(48/b1og 1)
< Nivi )
The supremum includes every finite genuine-null choice, including moving and growing ones. The-
orem 6.1 proves this complete-source bound. Equivalently, for each ¢ > 0 its right-hand side
is Op.(M~1/?2+2). Equation (2) controls the largest covariance norm at the intended ridge; (1)
identifies its sign-sensitive critical refinement.

The proof retains the actual arithmetic positive operator throughout. A complete hard-cutoff
source majorizes the possible negative sign of H. The classical Vinogradov—Korobov prime-number
error admits a growing comparison band, and an exact polar Green identity supplies a uniform
preimage estimate on its entire moving coefficient unit ball. Complete theta tails and the ridge
subtraction pay the return to the original form. No finite frequency sampling substitutes for the
full covariance.

sup [y (K M) — 1 b>0fixed, M>M, (2

A constructive signed refinement. Genuine derivative nulls generate a dense system in the
complete negative source at each fixed M (Theorem 7.2). Their exact signed identity cancels the
artificial ridge charge before estimation. Theorems 7.3 and 8.1 turn this identity into full trace
and regularized approximation certificates, including every mixed block. The explicit factorial
norm bound in Proposition 8.2 controls the physical lift of growing null families. Uniform small-set
inverse estimates then allow collars around poorly conditioned frequencies while retaining the entire
exterior. These results specify quantitative constructions aimed at the critical condition (1).

The positive-majorant and raw-exterior obstructions in Section 10 explain why the signed struc-
ture matters. They delimit particular sufficient estimates, rather than assert a negative value of
the Weil form. The finite-coordinate implementations and calibrated examples are retained in the
appendices so that the principal argument remains the passage from arithmetic covariance to Weil
positivity.

Relation to earlier work. The original weighted realization, null compression and certified lower
bounds are developed in [1, 2, 3]; the complete hard-cutoff source estimates also enter [24]. The
present whole-source rate strengthens the origin estimate and complementary criterion by placing an
unconditional bound on the full covariance. Mellin smoothing, inverse preimages, Schur elimination
and regularization are classical tools [20, 18, 12, 19]. Related exact-form constructions use truncated
preimages and theta-tail payments [22, Section 7], and collective exact-Gram covariance with pole
compensation [23, Sections 6-7]. Here their quantitative use retains one original domain, true
source metrics and simultaneous control of finite genuine-null restrictions. The classical explicit
formula and Weil criterion remain the number-theoretic foundations [5, 16, 6].

Organization. Sections 2-3 establish the original form and arithmetic realization. Sections 4-
6 prove the actual inverse estimates and complete covariance theorem. Sections 7-9 construct
the signed null-source certificates and exterior controls. Section 10 treats their feasibility. The
appendices give the odd Weil equivalence, reference calibrations, complete hard-cutoff and finite-
source reductions, conditioning and reproducible numerical applications.



2 The positivity endpoint and the finite reduction

The Riemann hypothesis has a positivity endpoint in a fixed odd Weil realization. We retain this

realization throughout the complete covariance estimates and the constructive signed certificates.

We first specify the original norm and domain; the later reductions return to precisely these objects.
Use f(£) = Jg f(u)e™® du and Plancherel measure d¢/(27). For u > 0 define

P(u) = eu/? 2(47‘,21 —6ry)e” "™, 1, = mnle?, s> =1/ cosh(u/2), (3)

n>1
with the even continuation given by theta inversion. Let K be the odd subspace of L?(R) satisfying
(h, ssinh(u/2)) =
Write ¥ =I"/T" and
a(€) = RU(1/4 +i€/2) — U(1/4) >0,  mo=U(1/4) — log.
The domain V is the completion of the smooth compact odd polar-free core for

d
B = 1013+ [ a©lsh(©)P 5 ()

The complete form on this domain is the closure of
— 5 d
4l :/R(mo—i-a)]sh\zg

n>2

Sh (Stogn + S—10gn)sh), Spf(u) = f(u+0).

Inner products are conjugate-linear first. For f = sh the original physical norm is

I8 = [ 1P au

These are the conventions of the weighted-Weil and complementary-receiver predecessors [1, 2, 3.

Lemma 2.1 (Complete elementary envelopes). For r = me?lul,

2|ul|

2r?e™" < s(u)? < 169¢*lul=me (6)

The arithmetic sum in (5) converges in original operator norm. Moreover 0 < a(§) < 17£2.

Proof. Each theta atom is positive. The first atom, 41 — 6r > 2r2, and el“l/2/ cosh(u/2) > 1 give
the lower bound. For the upper, e/*/2/cosh(u/2) < 2 and D1 T e~(*=1r < 92: the consecutive

ratios are bounded by 16e*" < 1/2. Hence s> < 16r%e™" < 169e4lul=" . For b = logn, put
x = |u| + |u+ b] > b. The upper envelope gives

s(u)s(u +b) < 169e2* ™" < 169n2e ™.
Thus the norm of the full omitted arithmetic sum is bounded by

o = 338 Z n®?logne ™ — 0. (7)
n>M



This sums all integers and therefore every omitted prime power. In particular, for every integer
M > 2,

Sar < 451(M 4 1)2e "M+, (8)
Indeed logn < \/n, and the consecutive ratios of n?e~™ are at most 4e~™ < 1/4. Summing

the resulting geometric majorant gives the coefficient 1352/3 < 451. Boundedness of s and this
convergence make (4) the original semibounded form topology. Finally the digamma series is

) (€2
a(é) = ngo (n+ 1/4)((n + L/42 + (£/2)8)°

The n = 0 coefficient is at most 1662, and the others total at most £2 7,5 n™?/4 < 3¢?/8. O

Theorem 2.2 (Cofinal complete certificates). For each j let I1; be a finite orthogonal projection
onto genuine null vectors of the complete associated operator H, and put P; = I —11;. Suppose a
complete signed certificate on the original domain gives

au Pl = —¢|Phl3 (heV),  0<e—0 (9)

along an unbounded sequence of indices. Then qg > 0 on V, and the Riemann hypothesis holds.
Fach 11; may use its own finite genuine-null space.

Proof. For a genuine associated-operator null vector z € Dom H, qg|[z,h] = 0 for every h € V.
Consequently finite null projections preserve V', qu[Pjh] = qu[h] and || P;h|l2 < ||h||2. For each

fixed h, (9) gives qu[h] > —¢;||h||3; taking the limit proves positivity. Lemma A.1 supplies the
endpoint implication. O

The following arithmetic realization and covariance estimates return to precisely this norm
and domain. The finite-coordinate constructions in the appendices provide alternative implemen-
tations of the same endpoint. Related compact-window reductions retain a Fourier envelope and
leading—tail coupling [7], or source-exact positive directions in a block—Schur certificate [8]. Our
main estimates act on the complete odd weighted realization; the compact-window and whole-line
recipients are distinct.

3 Positive arithmetic smoothing and a cofinal schedule

Write M for multiplication by the complete theta weight s in (3). All identities in this section
begin on the original polar compact core and extend through its minimal closure V. Put

mp(&) =mo+a(€) —2 Y An)n~?cos(€logn), pr=(mr)+, ng=(—mg)+.
n<R

The cutofl is real, with Wr = W|g,|. For integers M > 2, k > 1, average R = Me" with density
vF~1e=?/(k —1)!. The survival weights are

1, n < M,
= ¢ M X log(n/M) 10
wtn) = 4 M gty (10)
n o= 4!

Let masr = mo+a—2RS i, where Sy (&) =, A(n)n‘1/2+i5wM7k(n), and take pas i = (Mark)+,
nak = (—mak)+ after averaging. The series is absolutely convergent at fixed M, k.



Theorem 3.1 (Exact smoothed realization and complete remainder). On the same original domain,
and after any finite genuine-null projection,

451(M + 1)e~™(M+1)

H =Py, — N W W <dpmyg = . 11
M.,k M,k+ M.,k || MJﬁH > UMK Mkfl(l_efﬂ)k ( )

The bound holds for every integer M > 2, k > 1. Moreover
INargll < Bar := 9[6 + 8(log 2)v/ M 2%]. (12)

The separately averaged positive and negative receivers have an exact common positive term Jyyp
such that
Py =EPg — Ja ks Ny = ENR — Iy

Proof. Integration of the cutoff indicator gives (10). The elementary estimate Y., .p A(n)/v/n <
4(log 2)V/R is proved in Appendix L. Since Ee?/? = 2% absolute Fubini applies and gives (12), using
|mo| < 6, a >0, ||s||lec < 3. Every arithmetic perturbation is bounded at fixed M, k; its positive
symbol differs from a by a bounded multiplier. The original minimal form domain is therefore
unchanged.

Set g =€~ " and j = M + [. The probability of the floor-cutoff cell is

[+ /Mt M
T (k-1 GG+

Indeed v < log((j+1)/M) < (I+1)/M in that cell. Multiply by the complete bound 451(j+1)2¢/*1
from (8). As M(j+1)/5 < M+1and (I+1)k! < (k— 1)!(”,;5711), summing the binomial generating
series proves (11). The remainder is an average of bounded original-Hilbert operators. This extends
the core identity through the paired original closure.

Pointwise put A = Epgr, B = Eng. Then A — B =mp;y and j = min(A, B) = A — (muye)+ =
B — (—mum )+ > 0. The bounded operator Jy, = QMj(D)MsQ gives both identities. The
positive average is interpreted on V; its difference from the bounded negative average is the original

signed expression. O

Corollary 3.2 (Fixed-seed certificate criterion). Fiz an integer M > 2, ki > 0 and g, 7, > 0. On
the original finite genuine-null complement suppose

0 = Narg — Nify = 7l Nite = (14 ne) (Pars + ki)
Then on all original V,

T + M Bk 1A

hl > —|d + K +
qulh] > M+ Kk 5o

(13)

In particular the complete inequalities with ki, = 7, = 2% and n = 47% imply RH.

Proof. Rearrange N < (14n)(P+kI)+7I using the bounded N: P—N = —[s+(7+n||N||)/(1+n)]I.
Add the complete remainder and use genuine-null transport as in Theorem 2.2. The displayed
schedule tends to zero by (11)—(12). O



3.1 An exact full-symbol evaluator

For F(s) = —('(s)/¢(s) and Fspr(s) = F(s) =3, <p A(n)n™*, absolute differentiation of the Euler
series gives

Sus(©) = 3 Ampn-v/2Hie 4 a3 (0 108 MY Fo(s)

]
n<M =0 J: 5=3/2—i¢

(14)

Thus the full arithmetic symbol is evaluable from a finite head and k derivatives in the abso-
lutely convergent half-plane. A Taylor expansion F. /(s + ) = >, a;z! makes its jth summand
?_o(=D'a;(—log M)7=t/(j — I)!. The paired operator remainder and the scalar evaluation er-
ror are separate quantities; both have explicit roles in (13). For example djg; < 5.122 - 10720,
di2 < 3.346 - 10721 and di616 < 8.618 - 10738,
For fixed k the prime continuum has amplitude

61'5 log M

(1/2+i€)(1/2 — i&)*’

whose negative phase mean is 227 ~1(1 +4§2)*(k+1)/ 2. This fixed-k continuum motivates the local
reference for k = 1 below. The all-k remainder (11) and the fixed-k mean have their stated, distinct
parameter regimes.

4 Complete sources and the actual inverse construction

The arithmetic realization of Section 3 is now fixed at averaging order one. We retain the complete
negative source and construct preimages for its actual positive receiver. Throughout the main
covariance arguments the original odd polar space is denoted by X = K, with minimal form
domain V.

H = Py — Ny + Wy, Ny = ExEyy, Wil < 0n = dura,
Ruy(r) = (Py + 6171, Gu(r) = Ei Ry (k) Eyy.

Here Py = Pyp and Ny = Njy,p in the main argument; the appendices explicitly identify their
separate hard-cutoff notation. The source space is YVpr = L?(Sar, dé/m), Sy = {€ > 0 : npr1(€) >

0}, with
Elh() = y/naa(€) /[R s(u)h(u) sin(&u) du.

For a finite genuine-null subspace K, Py i is the same-form restriction to K + and E\ i its exactly
projected source. All such inverses use the original norm. We write vas(K; k) = || By i (Pu i +
HI)_lEMJ(H.

An equivalent weighted-source convention is convenient for profiles: for I C [0,00) and ¢ €

L2([, TLM71 d§/7r),

go(u) = /InM,1(§)¢(f) Sin(f“)%, Er¢ = Q(sgy), Dy = /InM,1(€)|¢(f)|QCff~

Multiplication by ,/ma71 identifies this convention isometrically with the unweighted source on its
positive support. Thus neither notation changes a covariance cap or omits mixed source terms.



Set Lo =1 — 492, B(D) = 8L, and

8 _
CQ = ;QMSLO lMsQa Hf

L= [P+l P,

The inverse-form interpretation and explicit numerical reference bounds are proved in Appen-
dices B—-C. The following exact polar cancellation is the ingredient needed for the actual arithmetic
inverse.

Lemma 4.1 (Exact polar Green cancellation). On the original odd polar space let B(D) = 8(1 +
4D*)~1 and K, = MyB(D) cos(aD)My. For every a > 0,

|QpKaQolls < 126231, (15)

Consequently, for either sign of the cosine and any further original orthogonal constraint projection
Q inside the polar space,

|QM,[B(D)(% cos(UD))+]M:Q — Collyg < 12M2e ™M1, (16)

Proof. The full kernel of K, is s(u)s(v)[e~14~v=al/2 4 ¢~lu=v+al/2] SQubtract the bounded rank-two
kernel 2e~%2s(u)s(v) cosh((u — v)/2) on the whole plane. Its even component vanishes on the odd
space; its odd component is —2e~%2|b)(b| and is killed by Q,. The exact remainder is

—2s(u)s(v) sinh((Ju — v — @) /2)1jy—y|>q-

Put A = e On its support 7, + 7, > 2 A by AM-GM. Its square is at most A~ 's(u)?s(v)2el v,
Split e~ (rutm) < e=2m(A=1)g=(rutru)/A  After enlarging the remaining integration to the whole
plane, each factor is bounded by

16
16r2e~ /Al gy, < =2 A3/2D(5/2) = 124572,
/R N /%)

Taking square roots proves (15), including every atom and both infinite arms. The nonconstant
real cosine coefficients of cosy have absolute sum 1/2 4 1/7 < 1. The right side of (15) decreases
with A > 1; apply it to each harmonic a = nU. The constant coefficient is 1/7, giving (16). Further
original projections contract the bound. O

5 An actual inverse estimate

The exact polar phase cancellation also pays a positive lower of the actual averaged arithmetic
receiver. This gives a whole-profile receiving theorem in the operator used by the signed criterion.
Write Py = Pyra, iy = nan, U =log M. For 0 < Q <1, let Eg be the complete source map of
Section 4 on [0, 2], with the same true profile metric.

Theorem 5.1 (Uniform actual-positive origin bound). There are constants C > 0, My such that
for every integer M > My, every 0 < Q < 1 and every finite exact constraint space inside the
original odd polar space,

E5(Pug+ M) Eq < CQ*(1 + loglog M)?1. (17)

Here ﬁM,Q is the closed-form restriction of the same actual positive operator and the source
uses its exact orthogonal projection. In particular, for Q = 1/log M, the entire origin cap is
O((loglog M /log M)3) and tends to zero. Ewvery schedule Q = o(1/loglog M) gives a vanishing
actual cap. For any fixed a > 0 the same conclusion holds at ridge M~%, with constants depending
on a.



Proof. First use only the original polar constraint ;. Normalize one arbitrary complex profile by
Dy =1, and put Ag = 16v/MQ3/(37). Common-profile Cauchy-Schwarz gives

Wl < VAgll, 199w < VAT (5= 1). (18)

All constants below are independent of this profile and €.

A phase-safe actual positive lower. For E(t) = W, (t) — t define the complete Abel error

E(t yt—3/2dt+\ﬁ/ |Ex(2)[t°72dLt.

EN = % — / |
Split the weighted prime integral at M and integrate by parts; the common boundary cancels
because min(1, M/t) is continuous. The derivative moduli are at most (1/2 + F)t=3/2 and (3/2 +
F)M t=5/2. Together with the lower endpoint this gives

Sma() V¢
VM 1/4+ &2

The unconditional quantitative PNT [25, Theorem 1.1] implies |Ey(t)] < Cnt/(logt)Y for every
fixed N. Splitting the first integral at /M gives €y = On(U~V); the second normalized integral
has mass2. Take F' = U® and N = 20. With B(§) = 8/(1 + 4£2),

mari(€) 3(1 +4F?) N (1+4F?)(2+F)
VMB(€) 4/M 4

We used a > 0 and my > —6. Eventually e;; < 1/2. The scalar positive-part inequality therefore
gives the closed-form order Pj; = Ap, where

Ap = VMQyM,B(D)w(UD)1pj<pMsQp, w(t) = (—cost —1/2);.

sup < (24 Fley

|€I<F

ey — 0.

> —cos(U&) —epn, enm=

This is a bounded positive operator. Its phase mean is u = (v/3 — 7/3)/(27) > 0.

A compact smooth preimage. Choose a fixed Gevrey-2 step x, equal to one to the left of0
and zero to the right ofl, with |x)| < CoC](j!)2. Such a step is obtained from n(t) = e~/* for
t > 0 and0 otherwise, by x(t) = n(1 —t)/(n(t) + n(1 —t)). Cauchy’s estimate on a disk of radius
ct bounds derivatives of by j!(C/t)7e=¢/t; maximization in t gives C7(j!)2. The denominator is
bounded below near each endpoint, and the reciprocal Leibniz recurrence preserves this bound; on
the remaining compact middle use a uniform analytic disk.

Put R = $log(2U/x) and f(u) = x(|u| — R)g(u). For large U, R > 1, the cutoff is constant
near zero and is smooth and even. Its transition has fixed physical width. Leibniz and (18), with
0 <1, give ‘

IF174 < CAa(R+1)%, |fD]2 < OVAa(R +1)*2C{ (1) (19)

Indeed the undifferentiated g is bounded by /Aq(R + 1), each differentiated g by v/Aq, and the
factorial ratios in the Leibniz sum are absorbed by one fixed exponential constant. Define
__Lof
8uvM s

It is compact smooth odd and exactly polar legal: [sinh(u/2)Lof = 0 by two integrations by parts.
On its support r < 2¢2U; the original lower theta bound gives

1Y |]2 < CM2° 1 Ag(R + 1)3. (20)



Complete residual and energy. Let A, omit the frequency truncation in Ag. The cosine coef-
ficients of w are absolutely summable, because its first derivative has bounded variation. Lemma 4.1
then gives

Aso = pVMQUMB(D)M,Qy + Har, [ Hall < ha = CM>/ 27V,
Since B(D)Ly = 8 and QY =Y, its mean acts on Y as Q(sf), and the exact truncation action is
(Aoo - AF)Y = M_lQszw(UD)1|D|>Ff-

Thus the complete residual e — ApY is the sum of Qy[s(g — f)], —HumY and this Fourier exterior.
All mixed terms are paid by the squared triangle bound with factor3. The full two-arm theta
estimate gives

1Qu[s(g — H)]II? < CAq /2U re " (logr)?dr < CAqUe™ Y (log U)>?.

For j = [U], (19) gives
I rfll < FfD) < CVAg(R 4 1) eV 10sU+O0),

Consequently M|le — ApY||? is Q3 times a negligible term; the polynomial trial cost (20) is domi-
nated by hys. Also Ap < Ay, gives

L
(Y,ArY) < (Lot f) + hy ||V < CQ*(R + 1)% 4 smaller terms.

Suv M

For complex f, integration by parts gives (Lo f, f) = ||f||%4
For any bounded positive A and & > 0, least squares gives

(e,(A+r)te) < (Y, AY) + r|e — AY || (21)

One obtains this by choosing A/2Y as the coefficient in the regularized preimage formula. It is
valid when A has a kernel. Apply it to Ap, x = M, and use inverse order from Ap =< Pj;.
Equations above prove (17) uniformly on the entire profile unit ball.

For any additional finite constraint space Z, the variational supremum for the restricted inverse
is taken over V' N Z1, a subset of the original trial space. For the exactly projected source its
value is therefore at most the original inverse energy. This gives the same constant for every such
constraint space. The closed restriction is densely defined: approximate in the dense form domain
and correct the finitely many row evaluations using fixed form-domain dual vectors. Finally, for
fixed ridge exponent a > 0, replace rg = 2U by cU, where ¢ > a + 1/2. The source residual costs
C’Q?’M‘IH/Q_CU(log U)2; the other errors stay negligible. This proves the last assertion. O

6 Complete covariance at prescribed polynomial ridges

The complete source admits an unconditional norm estimate at the ridge M ~! used in the signed
return. More generally, the following holds at every fixed polynomial ridge. Its proof combines
the original hard-cutoff realization [24] with the actual arithmetic preimage and the Vinogradov—
Korobov prime-number error [25].

10



Theorem 6.1 (Complete covariance at polynomial ridges). For every fixred b > 0, there are Cy, M,
such that, for M > My,

Cy/log M exp(48+/blog M)
i .
The supremum is over all finite genuine operator-null spaces, including moving and growing choices,

with same-form restriction to K. The upper bound holds for every exact finite restriction with
dense restricted form domain. Every negative source frequency is included.

U | B s (Parsc + M D)™ Byl = 1] < (22)

Proof. Write U = logM and x = M~° Use a second arithmetic cutoff m, distinct from the
averaged-receiver parameter M. The original minimal realization has

640 1+ 1)2
H = Qus(a + b) (D)sQp + Vi [[Viall < o s= S22 FLT 0y 18 ym,

201
Here by, (§) = mo — 2> 0cp<m A(n)n~Y/2 cos(¢logn), while a > 0 is increasing on the positive half-
line and a(L) > £ log(2L) for L > 3. These are complete paired form identities; the raw remainder
is never separated into its edge pieces. Put

k::max{4, POg%(jO/H)—‘}, m=Fk—1, Dy=18/m, L =¢*°.
log 10
Since k? < 2%, d,, < k/4. The multiplier v,, = (—(a + b))+ lies in [0, Do] and is supported in
[~L, L]. On the unitary odd Fourier profile space put Ty, = v,,,(D)"/? and E = QysT},. Scalar sign
decomposition gives H = —EE* — d,;,I on the original form domain.
Let S = ||s|lec < 3, and choose an even Gevrey-2 cutoff xr equal to one on [—R, R| and zero
off [-R — 1, R + 1], with a fixed-width transition and bounds ||X%)||Oo < CoCY(j1)2. Set

1045 D
Xo = log ———2,
K

R = log(2Xo), Eo = QpsxrTm.

The complete theta envelope gives

K
sup s(u) < 26Xpe 3%0 < 13e=%0 = .
Jul>R () ° 85D,
Consequently ||[EE* — EyEj|| < /4 and
H = —EyE§ — (k/2)1. (23)

This constructs a source majorant of the negative sign of H without applying a non-monotone
negative-part operation to an operator inequality.

We next bound the actual inverse on the entire coefficient unit ball of Ey. Theorem 1.4 of [25]
gives |W(z) — x| < Cx(log ) 8" exp[—0.1853(log z)%/° / (log log ) /7] for & > 23. In the complete
Abel error, split M ~1/2 flM |W(t) —t|t=3/2 dt at v/M:; its lower part is O(M ~1/*), and its upper part
and M2 [2° |W(t) —t|t~>/2 dt obey the displayed stretched-exponential error. Thus, for every fixed
A >0,

emM = OA(G_A\/U).

Take T = exp[(50v/b 4 2)v/U]. The exact arithmetic phase debit
3(1+4T2)  (14+4T2)(T +2)_
+ eM
4V M 4

11

EM(T) =




tends to zero. Hence, for large M, the actual positive form dominates

8

Ar = VMQysB(D)w(UD)pj<rsQs,  B(§) = 1+ 462

w(t) = (—cost —1/2)4.

If u is the positive mean of w, its full-frequency continuation is A, = /L\/MQ{,SB(D)SQ(, + Jar,
with ||Jas]| < CMO/2e=m(M=1),

For ||¢]| <1 put g = Tino, f = xrg and e = Ey¢. Plancherel and product differentiation give,
uniformly over this entire ball,

134 <CDo(1+L?),  [[fD)2 < CVDo(L + C5%).

Here ||f]174 = ||l fII3 + 4]l f'[|3. Since m/U — b/log10, eventually Dy < 12v/bU and L < 24V0U
Choosing j = [U] yields

_173/2
Ippsrfllz < CV/Doe™ V™",

The compact smooth odd trial Y = (1 — 402)f/(8uuv/Ms) is exactly polar legal by integration by
parts against sinh(u/2). On its support the lower theta bound s(u)? > 2r2e~", r = me?l¥l| gives

IY[? < CM 10 Dy(1 + LY).

This pays division by s on the moving support. Since Xy = bU + Op(log U), this growth is harmless
against the full harmonic error. The exact mean action and residual are

/L\/MQ(,SB(D)SQ(,Y =e, e—ArY = —-JyY + /ubilQbS’w(UD)l‘Dbe.

Their complete squared residual, including the cross term, is smaller than every fixed inverse power
of M after multiplication by x~!. Also

(Y, ArY) < M7 f112 4 + [ IalIY )1
The kernel-safe trial inequality (21) therefore proves

Cy ﬁem\/w
VM

The proof is uniform over the full coefficient unit ball, with no finite-column or dimension factor.
Finally Nj; = Py + Wy — H and (23) give

1Eg Bar (1) Eol| < (24)

RYPNyRY? < I+ RyYPEyESRY? + (a — 1/2) Ry
The last term is nonpositive for large M. Equality of the source and physical operator norms gives
the required complete upper bound. For any exact same-form restriction its inverse, extended by
zero, is at most the base inverse. Restricting the form inequality thus proves the upper uniformly
without commuting projections with an inverse.

For the lower take one nonzero v € Dom HN(ker H)». Such a vector exists since the archimedean
form is unbounded above on compact high-frequency packets, whereas its arithmetic perturbation
is bounded. It belongs to every genuine-null complement. For completeness, the averaged quadratic
mean used here follows directly from the complete Abel formula. On each fixed frequency band,
nar1/VM — B(€)(cos(U€))+ — 0 uniformly. The phase mean of (cos); is 1/, and its absolutely
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convergent Fourier series gives weak convergence against every integrable test on that band. The
uniform complete bound ny71 < 16V M pays the exterior of |50|2 by Plancherel. Hence

Ny[v]/VM — (v,Co,v) =: ¢, > 0.

Strict positivity follows from s > 0 and B(£) > 0. This is the averaged order-two mean; the
hard-cutoff order-one mean in Appendix F is a separate result. Therefore

Na[v] >1-C,M12

|G, (R)]| > Ny[v] + qu[v] — (v, Warv) + &l|v||? —

uniformly in K and 0 < k < 1. This completes the proof. O

At k = M~! the complete largest covariance norm is therefore 1 + O(M~1/2to(1)) The signed
return requires the stronger excess o(M~1/2). The complete null/collar certificates in Sections 7-9
target this critical refinement while retaining exact null cancellation; the present theorem supplies
a proved whole-source quantitative baseline.

Corollary 6.2 (Critical covariance characterization). Let Kps be any sequence of finite genuine
operator-null spaces and put yv = || Eyy g, (Parcy, + M=) Ey k), |l Then

H»>0 <= liminfvM(yy—1)y=0.
M—o0

Thus the critical covariance condition is equivalent to the original Weil positivity criterion and hence
to RH in the realization of Theorem 2.2.

Proof. 1If H = 0, the signed identity gives R}V/[ZNMR}V/[Q < I+ (0p — M~YY Ry = I for all large M,

also after any same-form restriction. Conversely, if H is not nonnegative, choose a fixed nonzero
v € Dom H N (ker H)* with gg[v] < 0 by spectral projection onto a bounded negative interval.
This vector belongs to every K ]\j Its same-state quotient gives

—qu[v] + (v, Wyrv) — M~Hv|®
Pr[v] + M~Hol?

v —12> > c,M~V2,

The last inequality uses the fixed positive numerator for large M and Pys[v] = Nys[v] + qrlv] —
(v, Wprv) = Ou(v/M). This contradicts the stated liminf condition, which therefore establishes
H = 0 on the original domain. The original Weil equivalence in Lemma A.1 now applies. Hence,
under the stated critical covariance condition, the Riemann hypothesis holds. O

7 Genuine nulls and complete source certificates

Genuine null vectors provide coordinates adapted to the signed form. We first establish complete-
ness at each fixed arithmetic cutoff, then quantify the full covariance error of a finite null head.

Lemma 7.1 (Genuine derivative nulls). For every j > 0, z; = (&3 — 2+ /4) /s belongs to
Dom H and satisfies Hz; = 0. Every finite initial family is linearly independent.

Proof. The theta Mellin identity of Appendix A gives

M(szj)(2) = (22 = 1/4)(=2)7T1€(1/2 + 2).

13



It vanishes at both polar points and at every centered nontrivial zero. To verify the original domain,
use compact even cutoffs y g and the polar-preserving approximants (92 — 1/4)(x rWZHD) /s The
complete derivative tails, also quantified in Proposition 8.2, give convergence in L? after division
by s and convergence of the weighted physical derivative in L?. The bound a(£) < 17£2 proves
convergence in V. The same complete tails and integration by parts give arbitrary vertical inverse
powers for the Mellin transforms on |Rz| < 1/2. The zero-count bound therefore passes the po-
larized explicit formula through these approximants as in Appendix A. It yields gg[z;, h] = 0 first
on the compact core and then on all V. Form representation gives the asserted operator nullity.
Finally a vanishing finite combination would make a nonzero polynomial times (2% —1/4)£(1/2+ 2)
identically zero. Analyticity excludes this. O

Theorem 7.2 (Complete null-generated source). Let

(2i4+3) _ ,/,(2i+1)
2 = w w /47 1 Z 07
S

be the genuine operator nulls of the original realization. For every fired M with nonzero negative
source,

E} span{z; : i > 0} = V.

Moreover Ey is Hilbert-Schmidt. If 11, projects onto span{E%},zo,...,Ey;zr—1}, then, for each
fized M and k > 0,
H(I - HT)GM(H)(I - Hr)” — 0.

Proof. The complete averaged prime multiplier is bounded for fixed M, whereas the archimedean
multiplier tends to infinity. Hence Sj; lies in a bounded interval [0, Fis]. The derivative rule gives,
up to one fixed nonzero normalization factor,

Eyzi(€) = om(€)(-1)'€%,  on(€) = /nara(€) €€ + 1/4)9(€).

The nonzero entire function 1Z has discrete real zeros, so vy; # 0 almost everywhere on Sys. It
belongs to L?(Sys). If f € Vs is orthogonal to every displayed function, the finite complex measure
fuar dé/m annihilates every polynomial in €2. Such polynomials are uniformly dense in C([0, Fi]),
by polynomial approximation after the homeomorphism ¢ — £2. The measure is therefore zero,
and f = 0 almost everywhere.

The source kernel satisfies

1Bl = |

Thus G (k) is positive trace class. The proved density gives II, — I strongly, and compactness
gives the asserted norm limit. O

7WAMW$W&NW%<m.

M

The theorem concerns the source images of known nulls. It does not identify the full physical
kernel of H. Its density assertion is on the base polar recipient; imposing further physical constraints
can alter that assertion.

Theorem 7.3 (Signed remainder and complete trace certificate). Fiz M, k > 0 and finitely many
independent derivative-null columns Z. Define

K=2*NyZ, Vyz=ZK % J=EVy;, Q=1-JJ* (=|ViVy

14



Then K =0, J*J =1, and

TG = [14 (6 + 63, /K)0)T, (25)
7= |ExQ|}s = Tr Ny — Te(K 1 Z* N3, Z), (26)
1G]l < 1+ (6ar + 03, /K)E+ 7 /K. (27)

For an increasing initial derivative family, 7 — 0 at fited M. If Z has r columns, then
0> X\ (Npp) ™t > 7/ Tr Ny,
where the positive eigenvalues are arranged in decreasing order.

Proof. The nonvanishing common factor in Theorem 7.2 shows that every finite source polynomial
family is independent, hence K = 0. Suppress M and write A = P+kl, R=A"Y F = (W—xrI)Vy.
Genuine operator nullity gives NVz = AV + F, so exact expansion gives

GJ =J+ E*RF, J'GI=1+V;(W —rl)Vz; + F*RF.
Using R < x~'I only after combining these terms yields
Vi(W — kI)Vy + F*RF 2 VZ(-W + W?/k)Vy = (6 + 6% /k)V5 V.

This proves (25). In particular the ridge does not produce a separate k¢ charge.

Expanding @ and using cyclicity of the trace gives (26); all operators under the trace are trace
class or finite rank. Also [|QGQ| < 7| EQ|/}g = 7/k. For a positive two-block operator with
diagonal norms a, b, positive-form Cauchy-Schwarz bounds its quadratic form by (v/a||z||+v/b||y|)?,
and consequently its norm by a 4 b. This proves (27), including the mixed block. Hilbert—Schmidt
approximation and source density give 7 — 0. Finally V;NVz = I makes the Rayleigh quotient of
N on ran Vy at least 1/¢. Min—max and r\,(N) < Tr N prove the last two inequalities. O

Proposition 7.4 (Directional Schur alternative). With the same notation, put b = ||QGMQ,
rp = |F*RyF|| and & = (Spr + 03, /K)0. For A =1+1n > b, the condition

brp

<
T T

implies Gy = M.

Proof. The mixed block is QG J = QE3 Ry F and its squared norm is at most brp. Complete
the square in the @) coordinate of A\I — Gy, using A\l — QG Q = (A—b)I, and then apply (25). O
8 Regularized null certificates and physical lift budgets

The null-source construction can avoid an unregularized source-Gram inverse. The price becomes
an explicit approximation error and the physical norm of its constructed lift. In this section write
d = ||Wu| and D = d + d? /.

Theorem 8.1 (Regularized complete certificate). Let Z : C" — X be a physical isometry with
range in Dom H Nker H. Put A =E},Z, K = A*A, and, fort >0,

J=A(K +tI)~1A*, T=27(K+tl)~tA*

15



Then 0= J <1, J=E},T, and

D
IGMl <1+ + = 7 =Tr Ny — Tr(K +tI) ' K(K +tI)"'Z* N}, Z). (28)

4
If a Hilbert-Schmidt map X : X — C" satisfies |Ey; — AX||lus < € and || X ||us < Lo, then

2 2D
||GM||<1+i+\/ Lo. (29)

FEvery trace and approximation here uses the complete source metric.

Proof. The singular-value multipliers of T are o/(c% + t); hence ||T||> < 1/(4t). The exact signed-
null identity, applied to T'f, gives

(Jf,Gard f) < |TFIP + DITFIP < (1+D/(4t)If]*.

Use the positive partition Ny = EpJ2EL, + Ey (I — J?)E%,. After inverse congruence its first
term has norm ||JGyJ||, and its second is at most £~ Tr(Ey (I — J?)E},). Expanding J? and
using cyclicity proves (28). Completing the finite-dimensional square gives

Te(En (I — J)Eyy) = inf{|| By — AX [ + tl| X lfis }-

Since I —J? < 2(I —J), the excess in (28) is at most D/ (4t) +2(e?+tL3)/k. For D, Ly > 0 optimize
at t = \/Dr/(8L3); the zero cases follow by limits. O

For independent raw columns Zy, replace K + tI by Z§NyZo + tZ§Zy. In (29) the physical
lift norm is then Ly = ||ZoXo|lus. This preserves the original physical metric without requiring
explicit formation of its inverse square root.

The collar estimate of Theorem 9.1 also survives regularization. With P; denoting source
multiplication by I C [0, (log M)*], suppose

”(I - PI)ETW - AXHHS < €outs ||X||HS < Lout-

Completing the same square with (I — Pr)E}, and using the triangle inequality in inverse energy
gives

2
tL
(t‘/:ut)) . cr=C|I|(1+loglog M). (30)

e <1+D+ (\F+\/

No projection is commuted with J. The square includes the mixed term, and the exterior includes
every frequency outside 1.

Proposition 8.2 (Order-uniform original-norm null budget). For z; = (2743 — 21+ /4) /5,

| 2;]]2 < 10064%F3(25 +3)!, 5 >0.
Consequently the raw map Zo = (29, ..., 2r—1) Satisfies
1 Zo|l4g < B, := 100007 6417 2[(2r + 1)!]?, 1 ZoXo|lus < v Br|| Xo|lus. (31)
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Proof. Set p=1/64 and r, = we?l*l. The complete theta series is holomorphic in | Im z| < 7/4 and
even there. On |z — u| = p, reflect to the right half-plane if needed. Then Re(me?*) > 3r,/4 and
|Te?| < e2Pr,. Tts full series gives

[(2)] < 246'“‘/2rie_3ru/4 Z nte 3 —Dm/4 48e|“|/2r36_3’”“/4.
n>1

Indeed the n = 2 summand is below 1/4 and subsequent ratios are below 1/256. Cauchy’s estimate
yields [*) (u)| < 48k!64Felul/2p2¢=3m/4 Divide by the original lower envelope s > 2r2e~"+ and
integrate both arms using du = dr, /7, and elul = \/Tu/m. Thus
k) jop2 « 1192 0 ke [ 372 2 1k 2 21104k 2
1) /5|3 < 7 (k164%) 32672 dr < 3456v/2(k164)% < 807 (Kk164%)2.
™ T
The triangle inequality at k = 2j 4+ 3 and k — 2 proves the first bound. Summing its squares and
using the largest summand proves the second. O

Since log B, = O(rlog(r + 1)), this gives a useful cofinal lift window. At x = M~ the complete
averaged remainder has dy; < poly(M)e ™. If rj; = o(M/log M) and log(1+ || Xo s lus) = o(M),
then

VMD || Zovi Xon||us < e” ™M/,

Thus the lift part of (29) is paid at every fixed polynomial scale. A complete-source approximation
with €2, = o(M~%71),1/2 < a < 1, would then give the excess o(M ~?) and the vanishing-allowance
endpoint. The approximation norm must include the entire source exterior; a polynomial approxi-
mation on a bounded or polylogarithmic frequency interval alone does not establish that condition.

9 Uniform covariance on small sets in a growing band

The null-source representation can be poorly conditioned near zeros of 12 The actual positive
inverse controls small frequency sets there without division by that transform.

Theorem 9.1 (Growing-band observation bound). There are constants C, My such that for every
integer M > My and every measurable I C [0, (log M)*],

IE(Pa + M) 7UE;|| < C[I1(1 + loglog M).

The constant is independent of the number and locations of the components of I. The upper bound
survives additional finite exact constraints, with the same-form restricted receiver and exactly pro-
jected source.

Proof. Put U =log M, T = U® and ee = Qp[ssin(¢ -)]. We first prove, uniformly for 0 < ¢ < U4,
(e, (Py + M~ Y leg) < OM™Y2(1 + €2)(1 + log U). (32)

Use the actual positive lower A7 from the proof of Theorem 5.1, with phase w(t) = (—cost —1/2)4
and mean p > 0. Put Ry = 1log(2U/7), fe(u) = x(|u| — Ro)sin(£u), using the same fixed-width
Gevrey-2 cutoff, and set

(1—497) fe

Y, = L 2le
ST 8u/Ms
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It is compact smooth, odd and polar legal by integration by parts. Uniformly in the stated frequency
range,

[fellfa < COL+E)(A+10glU),  Is(sin(€:) — fe)||* < CUe™Y

The first inequality uses the fixed transition width and support length O(1 4 logU); the second
uses the complete two-arm theta envelope and |sin| < 1.
For j = [U], Leibniz and |X(l)| < CoCL(1M)? give

H2<C\/1+logU €+ 5%

Indeed ()2 < j% in the Leibniz sum. Division by 79 bounds the complete Fourier exterior by
Cv/T1+logU exp[—U log U +O(U)], uniformly for ¢ < U*. The lower theta envelope on the support
bounds [|Y¢||? by a fixed power of M times a fixed polynomial in U; the factor £* < U6 is harmless
here.

The exact residual identity from the actual-origin proof has three terms: the physical cut-
off error, the complete harmonic error, and the Fourier exterior. Its harmonic operator norm is
O(M®/2e=m(M=1)) " which absorbs the trial norm. A squared triangle estimate pays all three mixed
residual terms. At ridge M1, the physical error costs O(U/M), while the Fourier and harmonic
errors are smaller than every fixed inverse power of M. The kernel-safe least-squares estimate (21)
and inverse order Ar < Py therefore prove (32).

The same actual scalar admission used in Theorem 5.1 gives, throughout [0,U®] and for all

sufficiently large M,
12v M
< .
’I’LM,l(g) -1 +4£2

Consequently the Hilbert—Schmidt trace of R}V/ﬁE 7 is at most

[ 1@ lees Rare) = < I+ log 1),

This trace bounds the full operator norm, retaining every profile combination. Variational re-
striction gives the additional-constraint statement. Constants and the admission threshold are
independent of 1. O

Corollary 9.2 (Complete collar and null-source certificate). Use the null head of Theorem 7.3, set
k=M, and let P; be the source multiplication projection onto I C [0, (log M)*|. Define

Nows = Ep(I — Pr)Eyy, Tout = T Nows — Tr(V5 N2, V), cr = C|I|(1+ loglog M).
If
(631 + 837 /) + (\/E+ W)Q <, (33)
then Gpr(k) < (1 +mn)I, and on the entire original domain

B
an [h]>—[5M+K+” M1]| 12

1+n

In particular, a cofinal family satisfying (33) with n = o(M~/?) gives vanishing original-norm
allowances and RH.
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Proof. Let Q =1 — JJ* as above. Without commuting @) and Py, cyclicity gives
IEM(I — Pr)Qlls = Tr Nows — Tr (VNG Vz)-

Here V; uses the full Nj; normalization. The triangle inequality in actual inverse energy gives

2

1QGQI < (IRYEar Pl + RS BT = PQI)” < (VT + /)

Combine this with (25) and the positive-block estimate in Theorem 7.3. The original-domain lower
bound follows from Corollary 3.2, with complete negative source and no finite-source omission.
Since Byr1 = O(V M) and dpr — 0, the stated rate gives the endpoint. O

All frequencies outside I, including those above (log M)*, occur in 7oy. The mixed col-
lar /exterior cost is the cross term in the square in (33). Thus the displayed criterion specifies
a complete quantitative construction. Fixed-M source density provides neither its growing-rank
conditioning bound nor a cofinal rate for its complete trace remainder.

10 Feasibility and complete exterior control

The preceding certificates retain exact signed information. This section identifies the costs of
two simpler bounds and locates the earlier scalar complementary criterion within the complete
construction.

Proposition 10.1 (Cost of the positive majorant). For the explicit Ey in the proof above, with
m ~ blog M/ log 10,

_ Cp/ M
E:Ry(MNE|| > —Y—
[ Eg R (M™7) Eol| = Vi (logm)?

for all sufficiently large M. Thus this positive-majorant inverse cost is not o(Mfl/Q).

Proof. Choose compact smooth odd f with [ f(u)sinh(u/2)du = 0 but [wuf(u)du # 0. Two
odd bump pairs construct such an f, since u and sinh(u/2) are linearly independent on a positive
interval. Then y = f/s is legal, \f({)\ > c|¢| near zero, and for large M, Ejy = T,,f. On [¢] <
1/(21logm) every cos({logn) > 1/2 for n < m. The prime number theorem gives >, -, A(n)//n >
cy/m; boundedness of a near zero therefore yields v,,(€) > ¢y/m on this interval. Plancherel
gives || Egyl|? > c¢v/m/(logm)3. The full bound ||Nys|| < 144v/M and the signed identity imply
Puylyl + M~°||y||2 = Oy(vV'M). The inverse variational quotient proves the assertion. O

This concerns the particular positive majorant, not the signed covariance excess. It explains why
the next construction retains the exact null remainder rather than trying to sharpen this majorant
by constants alone.

Why a low-band raw trace does not pay the exterior. For every fixed p > 0, set F' =
(log M)P. The actual source satisfies

Tr(EMl[F,QF]E&) > cV M/F
for all sufficiently large M. Indeed the complete arithmetic formula gives, uniformly on this band,

) o108 M0)6)| < OLFog(2 + F)/VAT + Fiex} — 0,

VMB()
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The subset with cosine at least 1/2 has measure at least F'/4 for large M, and there nyy > VM B/4 >
VM /(12F?). For e = Qp(ssin(éu)), Riemann-Lebesgue applied to s* and bs gives

leell* = lIsll3/2 — %/82 cos(26u) du — |(ssin(€u), ) */|Ib]* — [|s[|3/2 > 0.

Integrating in the original measure d¢/m proves the trace lower bound. Thus a head supported
below F' leaves a raw trace fee at ridge M~ at least cM?3/2/(log M )P. This rules out that particular
exterior payment, not the actual inverse covariance. Global null-polynomial heads are not supported
below F'; their full exterior or an actual-inverse exterior estimate must remain in the construction.

10.1 The scalar mixed-band criterion

Proposition 10.2 (Complete mixed-band cap). For the same positive inverse Rp = (P + k)~ !,
split the exact observation source as E = [E,, E.|. If its two diagonal caps are EXRpE, < al and
EXRpE. 2 b, and the full mized block has norm at most (, then

|E*RpE| < ila+b+/(a—b)2+4¢% <a+b when ¢ < Vab.

Proof. Positive-form Cauchy—Schwarz pays the mixed block by vab. More generally bound each
two-vector quadratic form by the real matrix {Z ﬂ and compute its largest eigenvalue. All mixed

observation terms are retained. O

Corollary 10.3 (A complementary-band cofinal criterion for RH). Let aps be the bound in (17)
at Q = 1/log M, and use any finite genuine-null recipient. If, along an unbounded sequence, the
complete complementary observation for the same Py + M~'I has cap

by <1—apy +M71,

then on the original domain

hl > — |d — 2 h
qulh] > M,1+M+M+1 A%

and RH holds. A paid mized block can instead use the sharper condition in Proposition 10.2 at
target 1 +1/M.

Proof. The proposition gives the complete cap 1 4+ 1/M including all mixed terms. Apply the
bounded-negative absorption of Corollary 3.2 with k =1, 7 =0, n = k = 1/M. Here By =
O(V M), so the displayed allowance tends to zero; Theorem 2.2 applies. ]
10.2 Why bounded null rank does not fund the scalar criterion

The sufficient scalar comparison in Corollary 10.3 loses directional covariance information. The
following result gives its precise rank limitation at the displayed schedule.

Proposition 10.4 (Bounded-rank scalar obstruction). Put = 1/logM, k = M~ and split
the complete source into E, on [0,9Q] and its entire complement E.. For the same-form recipient
obtained by removing a genuine-null space K, put

a=[E;RuEll,  b=I[ERmE,  x=I[E;RmE|.
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For every fixed integer D > 0 there are positive constants cp,Cp and a finite threshold, uniform
over all K with dim K < D, such that

X2 > CDQ4D+3, b>1— CDQ4D+7 _ CDM73/2‘

Consequently the scalar matrix [; ﬂ is not bounded by (14+1/M)I for all sufficiently large M. Any

cofinal realization of that scalar target requires the null dimension to eventually exceed every fized

D.
Proof. Let Lp = span{zy,...,zp}, with the genuine nulls of Lemma 7.1. Dimension gives a unit
z = ZZD:O a;z; € Lp N K+, The derivative Fourier rule and 1(0) > 0 show, near zero,

D

> (D)fog®

1=0

52(6)| = <€

The complete Abel formula gives nys1 > ¢/ M on [0, Q] for large M, since cos((log M)&) > cos1 > 0.
The positive moment matrix Gp = (1/(2i + 2j + 3))o<i j<p gives

¢
| ¢
The fixed physical Gram of Lp bounds ||a| below. Therefore N,[z] > cpv MQ*P+3 uniformly in

the moving K. All constants here are for fixed D; no uniform conditioning in D is used.
Write A, = E;Ry E, and Coe = Ef Ry E.. The exact null identity gives

2
d€ > Amin (Gp)Q*P 32

D

> (-1ag

=0

CocErz= (I —Ap)Esz+ E Ry (War — KI)z.

Nz = (1= a)y/Nofz] = (dars + K)o/ .

The actual origin upper is a < CQ3(1 4+ loglog M)3. Dividing its error term by the lower bound for
VN, [7] gives at most Cp M ~3/4Q0~2P (1 4 loglog M)?/% 4 o(1), which tends to zero. The complete
bound N,[z] < 144y/M then proves the stated lower for x2. If N.[z] = 0, the displayed identity
already contradicts its positive right side for large M.

For the complementary lower choose a unit 2’ € span{zp1,...,2pr1} N K*. Tts transform
vanishes to order at least 2D + 3 at zero, so N,[2/] < CpVMOAP+T The averaged quadratic
mean proved in Theorem 6.1 is positive definite on this fixed finite-dimensional span. Polarization
makes its convergence uniform on that span’s unit sphere; hence Nj[2/] > CID\/M for every allowed
moving choice. The exact null quotient yields

/
b> _ Nl
~ Pyl + &

Since R?\/l < H_lRM,

>1— CDQ4D+7 _ CDM_3/2.

Finally put ¢t = 1+ 1/M. If b > t the scalar target fails immediately. Otherwise its necessary
determinant inequality would imply

Y2 < (t—a)(t—b) <2{M ' + CpQ*PHT 4 CpM 32} = o(QPF3),
contradicting the proved lower. O

The proposition concerns scalarization of the blocks. It neither rejects the operator-valued Schur
criterion nor establishes sufficiency of growing null rank. The regularized whole-source construction
retains the signed correlations that this scalar comparison discards.
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A The odd original-domain criterion

We give the needed realization-specific reduction to the classical Weil criterion [5, 6]. For F(z) =
J f(u)e*™ du, the complete explicit formula has zero-side form

Wif,gl=> Flp—1/2)G(1/2-p). (34)
p

The sum counts multiplicities. On odd real tests W([f] = =3, F(p — 1/2)%2. The physical form
in (5) equals W[f] + 2|F(1/2)|* on odd tests; the polar term vanishes on K.

Lemma A.1 (Odd original-domain criterion). Nonnegativity of gz on 'V is equivalent to RH.

Proof. The theta Mellin identity, in the normalization (3), is
M() = €(1/2+2),  My/(s) = —26(1/2+2),  My/(1/2) = —1/4.

Indeed, with ¢ = ** and A(t) = 3,5, e~ ™t one has ¢ = e“/2(412A” + 6tA’). Two integrations
by parts on 0 < t < 0o, initially for s > 1, give

Mib(s —1/2) = 8(“’2_1) /Ooo A2V dt = £(s).

Theta inversion gives the entire continuation. For any compact smooth real odd f, put g =
f+4F(1/2)y'. Its polar moment is zero and its transform agrees with F' at every nontrivial zero,
so Wlg] = WIf].

Here g/s belongs to the original minimal domain. To see this directly, take even smooth cutoffs
xr and a fixed compact real odd b with Mb(1/2) = 1. Set gr = xrg — M (xrg)(1/2)b. Then gr is
in the exact polar compact core. Complete theta derivative envelopes give

I(gr —9)/sl2 =0, ll(gr — 9)'ll2 = 0.

For example [¢)| < 40e™/273¢=" and the lower bound (6) give an integrable upper 800e/“/rte="
for |1 /s|?. The derivative atom polynomials are —8r® + 30r2 — 157 and 16r* — 11273 + 165r2 —
75r/2. Their absolute coefficient bounds for » > 7 > 3, and consecutive atom ratios, give 1| <
160e!/27%e=7 . These complete tails pay both limits. Bounded cutoff derivatives and the vanishing
compact moment correction preserve them. The bound a < 1762 now gives convergence in (4).

The same tails give exponential-weighted L' convergence of ggr — g and its first derivative.
Integration by parts therefore gives

sup (1 +|32])|M(gr — 9)(2)] — 0.
Re<1/2

The zero count implies p(l +1Sp]) 72 < o0, so the complete quadratic zero sum converges as well.
Passing the compact explicit formula to the limit yields qg[g/s] = Wg] = W[f]. Thus positivity
on V implies W[f] > 0 for every real odd compact smooth f.

Suppose an off-line centered zero og = & + 7y exists, with 4,y > 0 by symmetry. Nontrivial real
zeros are absent because the alternating eta series gives ((s) < 0 for real 0 < s < 1. Fix I' > v+ 1.
An even real polynomial P annihilates every zero orbit in |So| < I' except the quartet of og, and
P(09) # 0. Choose real a,b with iP(0g)(a + bog) = 1, possible because o # 0. Put

Fr(2) = iP(2)(a + b22) [T — TG+ 7 > 1,
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This entire function is odd and real type. It is the bilateral Laplace transform of a real odd Gaussian
multiplied by polynomial and trigonometric factors. At each fixed T', even compact cutoffs of that
physical function converge in exponential Schwartz seminorms. Repeated integration by parts gives
transform convergence with every polynomial vertical decay uniformly on |Rz| < 1/2. The zero
count N¢(Y') = O(Y log(Y + 2)) therefore permits dominated convergence in (34), so W([fr] > 0.
At ao,
o 18° Fr(og) =1 — ATV +4iToy 1

The target quartet, of multiplicity m, contributes —4mRFr(og)? ~ —4me®T* . All other zeros in

the finite window are annihilated. For exterior zeros put d, = ||So,| — | > 1. A fixed polynomial
envelope bounds their squared transform by

O+ |%O_p|)2D62T(1/4—d,23) < Ce—3T/2(1 + \%ap|)2De_(d§_1)-

The full remaining zero sum is O(e~37/2) by the same zero-count bound. The negative quartet
dominates, a contradiction. This proves RH. Conversely, RH makes (34) a sum of squared absolute

transforms on the polar core; original form closure extends positivity to V. O

B Local inverse covariance for the averaged reference

For k£ =1 the continuous prime integral is exactly

0 . Ml/z-‘rlf 1
=124 min(1, M/t) dt = — .
/1 ( /) 1/4+&  1/2+i¢
Its phase-mean negative receiver, divided by v M, is
Co=aQM,Ly*M,Q, a=8/m, Ly=1-—4d*/du*. (35)

Here @) is an original orthogonal projection on the odd space, with a finite constraint space Z =
ker Q. Write [|g[l3 4 = [(lg]* + 4lg'[*).

Theorem B.1 (Full inverse-form source covariance). For h € ran @,

lcg 2% = inf I(h +2) /5|3 4, (36)

T

8 2€Z: (h+z)/seH!

with value infinity when the set is empty. For any finite odd H' profile family g; and e; = Q(sg;)
this yields the simultaneous Gram inequality

0

[(Cq'einCq e = 5

[{gi95) + 4(gi, 97)]-

FEquality holds when Z is any finite span of the original polar row and canonical derivative-null
rows. All statements allow arbitrary finite source and row counts.

Proof. Factor Cg = aAA* with A = QMSL(;UQ. The actual-range identity ran(AA*)Y/2 = ran A
and polar decomposition identify the inverse form with the minimum squared preimage norm [18].

Writing g = Lal/za translates Aa = h to sg — h € Z, and ||a||* = ||g||3 ;. The chosen profiles give
the matrix upper on every common coefficient vector.
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More exactly, project the profiles orthogonally in H!, with this norm, off {g € H! : sg € Z}.
Their projected Gram gives equality in (36). This kernel is zero for the canonical rows. Indeed
b/s = sinh(u/2), and for z9j 1 = (PZI+3) —p(2i+1) /4) /5,

Zj41(w) N (—277)2j+3e(4j+13/2)u (
s(u) 2

u — +00).

To obtain this, the first theta atom derivative polynomial has leading coefficient 4(—2)" at order
m, by the recurrence P11 = (1/2 — 2r) Py, + 2rP),. At fixed order the higher atoms contribute a
polynomial times e 3" relative to the first. The exponents of these rows and b/s are distinct, so a
nonzero finite combination is not in L?. This proves the stated equality. O

If the full profile Gram is bounded by KD and the full profile-error Gram by 72D in this
same H' metric, the resulting inverse-form Grams differ in either order by at most (7/8)(2vKn +
n?)D. Expand each common coefficient combination and apply Cauchy—Schwarz before passing to
coordinates. The exact profile projection in the proof is a contraction, so the same error transport
applies to every finite constraint space.

Lemma B.2 (Regularized preimage identity). For a,x > 0 and e = Q(sg), g € Hly,,

7184, QIs(o - f>1ll2}.

ac K

(e, (aCq + kI)"te) = inf { (37)

i
feH 44

Proof. For B = \/aaQMsLal/Q, minimize ||z||* + k7Ye — Bz||?. Its value is (e, (BB* + xI) le).
Substitute f = y/aaly /2, This is the classical approximate-preimage regularization identity in
the present weighted and projected space [19]. O

C Explicit reference origin bounds
Let U =log M, Q = L/U, and use the actual smoothed negative symbol ns1. On the entire profile

space Yy, = L*([0,Q, nag1(€) d€/m) put

Q . d¢§ 2
9o (u) =/0 nar1(€)(€) sin(€u) =, Bp = Q(sgs), Do = [|9llyers, -

M,L
The reference Cq is exactly (35).

Theorem C.1 (Uniform ridged origin cap). For every L > 0, every integer M > 64 and every
finite original constraint space,

E*(VMCq+M™'I)T'E < K(M, L)Iyos | (38)

where, with R = %log(2 log M),

160 R \? 409672
K(M,L) = ==L (k)gM) + T”L?’MB/Z*?’T.

In particular K(M,L) = Or((loglog M/log M)3), and K(M,1) < 1/10 for every integer M > 22V.
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Proof. The elementary prime bound and Ee?/2 = 2 give ny1 < 6+ 16(log2)v M < 16V M. Thus,

for Anr = J§' nara (§)€%dé/,

16vVML3
3nU3 7

These common-profile estimates are Cauchy—Schwarz and |sin(§u)| < [{u|. The finite frequency
band puts g in H'. Choose even xg equal to one on [—R, R], zero outside [-2R,2R], and linear
on each intervening interval. Then x| < 1/R, and direct integration gives

Ay < 196(w) > < DypApu?,  |gh(uw)|* < DA

IXrgollT4 < 80D AMR?,  |1Qls(96 — xr9)II? < DyAnTR, Tr = /u|>R s(u)*u?du.
Indeed ﬁgR u?du = 16R3/3 and the derivative square is at most (56/3) DAy R; multiplication by
four gives the constant80 for R > 1.

The complete theta estimate s < 16r2e~
give

r 2|u|

, v = me”" and the two-arm Jacobian du = dr/r

o0
Tr < 16/ r3e"dr < 327“%6_7"5‘, rR = re2lt > 6.
TR

The last integral has logarithmic slope at most —1/2. Use the trial f = xrgg in (37), with a = VM,
k= M"!and rgr = 2rU. The two costs are exactly bounded by the two terms of K (M, L)Dy. This
proves the inequality on every profile, hence as a full observation operator and for every common
finite source combination. Projection contraction makes it uniform in all finite original constraints.
Both terms decrease on M > 64. Directed scalar evaluation gives K(22°,1) < 0.091767 < 1/10,
completing the explicit threshold. O

Corollary C.2 (Complete positive continuum-model cap). Define the positive continuum receiver

8V M

Pcont: M
W= QM T

(—cos(UD))4 | M;Q.

For the same actual origin observation E,
EX(PE™ 4+ M) 'E < 2K(M, L)I.
For L =1 this cap is below 1/5 for every M > 220,

Proof. Lemma 4.1 gives error ey, = 12M°%/2e="(M=1) < 1/(2M) on M > 64. The gate holds at64
using 7 > 3, e > 2, and the majorant decreases thereafter. Hence P§o™ + M -7 - %(\/ MCq +
M~I). Inverse order and Theorem C.1 finish the proof. O]

D Source-aware positive receiving

The polynomial construction controls complete positive complements in well-conditioned coordi-
nates. A second, compatible finite reduction retains the actual positive and negative parts of the
signed symbol. It prices the error on its finite source rather than on the whole inverse.

Fix M > 2, put ppr = (mar)+ and npyy = (—mar)4, and let X be the odd Hilbert space with
the polar row and any specified finite exact rows imposed. On this same recipient define the closed
positive form

2 d¢

™

3

™

Ply] = /0 " pa(©)[55(6)| Ny = /0 RG]
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Thus Hy; = P— N as forms. In this section P denotes this positive operator, rather than the range
projection of Section G. Every inverse and observation below uses the original Hilbert norm and
the same exact-row recipient.

Theorem D.1 (Complete inverse exhaustion and finite-source convergence). Let k > 0, R =
(P+rI)™Y, and let Pr restrict the complete positive observation to [0, F|. Then Ry = (Pp+xI)™!
converges strongly to R, while

IRF — R| =&~

for every finite F'. The same norm equality holds for every finite-rank positive lower Py X P. For
each fized finite column map E, however,

|E*(Rr — R)E|| — 0.

Proof. The original graph closure is {v : sv € Hog}, with the exact rows imposed, where Hjo, has
Fourier weight 14+log(2+|¢]). Indeed the digamma series makes 14a comparable to this weight, and
par — a is bounded. The square root of the weight is submultiplicative up to a constant. Weighted
Young’s inequality therefore bounds multiplication by a smooth cutoff by its weighted Fourier L'
norm. Dilated even cutoffs have uniformly bounded such norms. Schwartz density, followed by
cutoff convergence in H', proves cutoff convergence in Hypg. On each compact interval division by
the smooth positive s, then even mollification, supplies odd smooth compact graph approximants.
Multiplication back by s is bounded in H),g because s and its derivatives decrease rapidly. Correct
the finitely many row moments by fixed compact odd dual functions; their coefficients tend to zero
in the graph norm. This proves the asserted minimal-domain identification. Increasing closed-form
convergence now gives strong resolvent convergence [14].

For the norm assertion first use the ambient odd space. Choose a nonzero even smooth com-
pactly supported x and unit odd packets hy = x sin(ku)/|x sin(k-)||2. These are weakly zero. The
finite-band observation is Hilbert-Schmidt, since its squared norm is bounded by ||s||3 fOF pa d€/m;
hence P is compact. Consequently Rphy — x 'hy — 0. The digamma asymptotic [15] gives
pav (&) = log €] + Onr(1). Translating a Schwartz Fourier transform and using the integrable loga-
rithmic majorant shows, for each smooth compact g,

|(log k) ~*par (D) (ge™™) — ge'||2 — 0.

Apply this to both sine arms of v, = (logk) 's72h;. These compact smooth functions lie in the

operator domain and satisfy vy — 0 and (P + k)vg — hy — 0. Thus Rhy — 0. Inverse order gives

0 < Rp — R < kI, establishing equality. A finite-rank P has the same compactness argument.
For independent exact rows Zj, the constrained inverse extended by zero is

Rx = Ry — Ry Zo(Z: Ry Zy) "' Z; Ry..

Its correction is finite rank. Projecting the weakly zero packets onto X changes them by o(1),
so the norm argument survives. Redundant rows are first removed. Finally strong convergence is
uniform on the unit sphere of a fixed finite-dimensional source range, proving the last assertion. [

D.1 A full mixed observation residual

Let Py = P be a bounded finite positive lower, Ry = (Py + k)7l and V = Ry E. Its actual trial
columns are assumed in the original positive form domain. The variational principle gives the full
matrix estimate

0= E*RyE — E*RE < V*(P — Py)V. (39)
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To prove the upper, evaluate the complete variational formula for (Ez, REz) at Vz; its value is
(Ez,RfEz) — (P — Pf)[Vz]. This proves the matrix order on every coefficient vector.
Here is a computable price including all cross terms. Write P = T*T, where Tv(§) =

par(€)50(€) in L2((0, 00), d€/7). Suppose
Py =T*Z(D + pI)"' Z*T, D=27*Z p>0,
and Z is supported in [0, Fy]. For F' > max(Fp, 1), a trial coefficient matrix B, and r > 1, define

'
Ay — /O (TV — ZB)*(TV — ZB)S, D, = [(D"(sv1), D" (s0,))],

s

and Cpr =4 +23, .3y A(n)/y/n. Then

Chy +1og(3F)

V(P — Pf)V 2 Ain + pB*B + &%

D,. (40)
Ridge-square completion gives the first two terms and the full exterior [2°(TV)*TV d{/m. The
digamma series, compared with its integral, gives a(§) < 4 + %log(l +4£2), hence ppr(€) < Cup +
log(3¢) for € > 1. The quotient by £2" decreases there. Parseval proves the exterior bound with the
displayed complete derivative Gram. Actual finite-band columns and row corrections have finite
D,: their weighted profiles are s? times bounded-band integrals, complete theta derivatives, and
52 sinh(u/2).
The finite inverse is explicit. For Py = WD, YW, with its actual metric D, = 0, set L =
W*W + kD,p. Then
V=xkYE-WL'W*E}. (41)

On an exactly constrained recipient use the finite inverse-row correction in the proof of Theorem D.1.
This retains the row/source, row/positive and all mixed covariances.

Theorem D.2 (Paid source-aware cofinal reduction). For each j let k; > 0 tend to zero and let
75,05 > 0. Take the recipient to be the original polar-free space with a finite span of genuine operator
nulls removed, and on this recipient let

N.j= EjD;j.E;, 0=<N;—N.; =71, D, ; = 0.

Suppose Py ; = Pj is a finite positive lower and, for 0 < v; < 1/2,
Ej(Pj+ #;) 7' Bj 2 (1= 29j) Dy, Vj"(Pj = Ppj)Vj %93 Dnj.

The second inequality may be certified by (40). If the complete raw arithmetic error is 6; and
Tj +0; = 0, then
qulh] = —(k;j +7; +8;) | 1]l

on the corresponding genuine-null complement. These certificates, with genuine operator nulls
restored, imply RH.

Proof. Equation (39) gives E;(Pﬁj—l—lfj)_lEj = (1=94)Dn,j = Dy ;. The positive Schur complement
is equivalent to N ; = Py + x;1. Add the negative approximation and complete raw errors. The
original closed-form domain and exact null transport in Theorem 2.2 prove the conclusion. O
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Corollary D.3 (Polynomial excess above one). On the same original polar-free recipient with
finitely many genuine operator nulls removed, suppose instead that nas, Tar,0n > 0, Kar > 0,
0 X Prar = Py, and the full finite-source cap satisfies

Ei(Prar+ kD) Eng < (14 n0a1) Do, 0= Ny — ExD, 3 Exp <l

Let By be an upper bound for ||s||2 (Imo| +232,<ps A(n)//n) and let 6y pay the complete raw
tail. Then, on the entire original domain,

™ + v By
anlh) 2 = {o + mpg + PLEDOM (42)
L+ nn
In particular complete caps on a cofinal sequence with Ky = ny = T = 1/M  give original

allowances O(M~/?) tending to zero, and hence RH.

Proof. The cap is equivalent to N, < (1+n)(Pr+~I), hence N = (14+n)P+tI, where t = (1+n)x+7.
The exact symbol gives 0 < N < BI. Writing g =P — N+ W, W = —éI, the following identity of
forms proves the absorption without bounding the unbounded P:

t+nB

(1+n)(g+el)=[(1+n)P+tl — N|+n[BI — N]+ (1 +n)[W +6I], =5+ Tin

Fach summand is nonnegative. Genuine-null transport returns the bound to the whole original
domain. The elementary prime-power estimate (78) and ||s|lcc < 3 permit the choice By =
IRy = O(V'M), with Ry from (46). Substitution yields (42) and its stated rate. All finite-source,
ridge and continuous errors are included in the cap or in 7. O

The cap in this alternative may lie above one; its excess is paid by the complete bounded
negative part. It uses a different regularization/cutoff schedule from Theorem H.3. The source-
residual enclosure (39) can fund the finite positive receiver against either target.

D.2 Complete strip price and integration collar

For f; = sv; put A, = [(fi(- — in), f;(- — in))], with n = 1/8. For actual finite observation and
genuine-row columns these analytic weighted profiles give

/F (TV)*TV% < 2[Cy + log(3F))e t/%4,,  F>4. (43)

Contour shifting gives f (/—\zn) = e f, full Plancherel and the positive-half measure pay the factor
two. The scalar multiplier [Cs 4 log(3€)]e~¢/* decreases for &€ > 4, proving the full matrix order.
For completeness, usable whole-source constants are

I1s2(-£i/8)||l2 < 20, [[™ (- £i/8)|]2 < 3216™ml, ||s(- £ i/8) sinh((- £ i/8)/2)||> < 32.

Here is a direct complete-tail proof. Put z = |Rz|, r = me?*. On |Sz| < 1/4, the theta atom
series and reflection give [¢)(2)| < Te®/2r2e~7/8: each atom is at most 6e%/2(£2r)2e~77/8 and
successive ratios are below 1/8. On the 1/8 line, the sharper cosine bound 31/32 gives |s?(z)| <
28r2¢=317/32 . The squared two-arm integral is at most 4704(16/31)* < 400. Cauchy’s circle of
radius 1/16 bounds the derivative by 14 16™Mmle®/2r2e=3"/4; its squared two-arm integral is at most
196 [° r4e=3/2 dr < 1024. The polar bound follows from |sinh(z/2)| < €*/? and the same integral
comparison.
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An observation feature e = s fOB a(§&) sin(§u) d¢/m therefore has weighted strip norm at most
20eB/8 fOB la| d¢/m. A genuine derivative-null feature has weighted profile ¢(2+3) — ¢(2i+1) /4 50
the displayed derivative bounds apply. If sV = gA uses b such features and their strip norms are
bounded by kg, then

A, < bA* diag(k7)A.
This finite matrix includes the actual inverse metrics and row coefficients. Under the explicit
hypothesis A, = eBi/A+L; D,, ;, the exterior is at most
2[6’]\47 + 10g<3F‘j>]6_(Fj_Bj)/4+Lan,j.

For v; = cn?, 0 < p < 1, it suffices that

F; — B;

4

If L; = O(Uj), log Bj = O(Uj), B; > 1 and log Cpy; = O(log Uj), with U; = log(1/;), a sufficiently
large fixed C permits F; = B; + CU;. This is an integration collar for the chosen receiver. The
interior residual in (40) and the complete cap in Theorem D.2 retain their stated hypotheses.

8|Cnm; + log(3F}
> Lj+ plog(1/k;) + log (C, Cog( ])]

D.3 Null leakage in the same positive metric

Let T now be an isometry onto finitely many genuine operator nulls inside a base recipient X,
before their removal; write Qpr =1 —TT*, C = P+ kI, S =T*CT. This use of T is distinct from
the observation map above. Suppose N, = ED'E*, 0 < N — N, =< 71, and the raw tail has norm
at most § < k. Put

Ay =D,;'E*T, B, =QrEAy, s50=r—06+ Aun(T*N.T) > 0.
For a finite positive lower Py = WD, LW* < P on the base recipient, define
Jg = BB, — Bf\W(W*W + kD,) 'W*B, = 0.

Then, for every t > 0,

k|T*C7IT — S7Y| < 50_2||(1 +t)Jp + (1 + 1/t)(r + 6)?1|. (44)
Indeed the exact null identity HT = 0 gives PT = NT — Wy.yT. Thus B = QpPT differs from B,
by at most 7 + §, and S > sgl. The exact trial-residual identity is

T*Cc'T - S '=5"'B*C™'BS.

Inverse order, quadratic Young’s inequality and (41) give kB*C~'B < J, where J = (I+t)Jp +
(14 1/t)(r 4 6)2I. This proves (44). More sharply the matrix-relative target .J < 152 yields debit
at most 7 by congruence with S~!; no commutation is assumed. The finite lower must be certified
before removing T', so all its mixed row covariances remain present.

These null-source tests are compatible with the full-source cap but have distinct recipients. For
example P = diag(1,1), N = diag(1,2), T = e; gives HT = 0 and zero null debit for every &,
while the second direction has negative signed form. The complete cap in Theorem D.2 keeps that
direction in its test.

Finally a trial inverse from a different positive reference has a paid exact bridge. For A > 0,
bounded self-adjoint K = P — A, V4 = (A+ k)"'Z and G4 = Z*V}4, square completion gives

Z*P+K)'Z <Gy - ViKVy+kWIK?Vy.

The identity uses residual (P + x)V4 — Z = KVy, followed by (P + k)™! < k~1I. It preserves the
full covariance of the changed reference.
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D.4 A complete 547-source inverse-action example

The source-aware viewpoint also gives a quantitative action certificate for a fixed finite positive
reference. We use the cutoff-thirteen head tuple comprising its first 46 negative observations of
the signed-frequency companion [4]: 547 negative columns E, 1680 positive columns W, and the
original polar row with eleven genuine complete-operator null rows. Every column is projected
through the full original twelve-row Gram. Let D,,D, = 0 be the actual midpoint frequency
metrics plus their rational ridges and put

k=5-10"" B=rl+WD,'W* C=FEW, L=W'W+kD,.

The full frequency quadrature uncertainty is funded within half each ridge, so B < kI + P;3 in the
original metric. Use the exact 1680-by-547 dyadic proposal F' in the included head data and set

R=C*"-LF, Y=xYE-WF), Qp=+r YE'E—~CF — F*C* + F*W*WF + kF*D,F).

Proposition D.4 (Full finite-reference covariance and action errors). For this complete tuple there
is a saved full mized covariance upper Hp > R*D;IR satisfying Hr < 9.36-107%°D,,. In the same
coefficient metric the following strict bounds hold:

0=Qr—FE*B™'E < 3.745-107%°D,,,
(Y =B 'E)*B(Y — B™'E) <3.745-107%"D,,
(BY — E)*(BY — E) < 1.685-107°"D,,

(Y =B 'E)(Y —B7'E) <7.490-1074D,,.
The reference is the stated bounded finite B; inverse order gives E*(Pi3 +k)"'E < E*B~'E.
Proof. Woodbury square completion, with the actual rectangular F', gives
Qr —E'B'E=x"'R'L"'R=x*R*'D,'R, BY —E=r"WD,'R.
Moreover W*B~1W < D,. Thus, fore=Y — B7'E,
¢*Be 3k ’R'D,'R,  ¢'e=r °R'D,'R.

The complete positive-frame trace bounds || D, Y *W*W D, Y ?| < 44.991, which pays the action
residual separately.

Here is the complete numerical error contract. Reconstruct all 2227 ambient sources and all
2227-by-12 original row crosses, then short by the actual enclosed 12-by-12 row Gram. The source
construction in [4] gives a joint error § < 4.129 - 10~°® in metric diag(D,,, D), including both sine

images and the complete kernel, root, reflected and local errors. Let Ry be the modeled residual

and Ho = RyD,, 'Ry. Applying that joint error to the full coefficient map [I; —F) proves

Hp =2Hy +26°(Dy + F*DpF) = R*D,'R.

All mixed entries are formed before taking the positive normalized trace. The public saved matrix
and actual D, blocks give, by directed arithmetic,

Tr(D, ' Hg) < 9.36 - 107,

Since Hgr = 0, this proves its full relative upper. The preceding identities, the frame trace and the
exact powers of k prove the table.
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The source reconstruction used 768-bit directed arithmetic; its separate sufficient head-cap con-
gruence used 2048 bits. The new source reconstruction and residual assembly took approximately
448 seconds. The reader’s saved-array verification reparses all 598418 entries of the two stored
547-square matrices, verifies finite symmetric enclosures and recomputes the actual D,,-normalized
residual trace; it is a saved-array replay, rather than another source reconstruction. Its slightly
widened durable decimal bounds are those stated above. The public supplement contains the full
arrays, true frequency-metric blocks, portable readback and exact algebra controls. Full source re-
generation uses the included scientific input subset, analytic source/error supplement and portable
producer. ]

The distinction between the finite reference and the complete positive observation is retained
throughout. A two-sided complete-positive inverse comparison uses the additional source-
observation residual of (39); the finite-reference action estimates above supply their own bounded
application of the method.

D.5 A necessary full-cap margin

The full cap also has a quantitative necessary test independent of null-source conditioning. Let £
be a (D + 1)-dimensional genuine operator-null space, and let the exact recipient have codimension
at most D in the polar space. Suppose N[v] > bp||v||? on £, with bp > 0. If

N, 2 (1 =) (P+k&l), 0<N-—N, =71,
on that recipient, and the complete raw tail has norm at most ¢, then necessarily

k+T+0
T b trto

Indeed dimension gives a unit v € £ in the recipient. The exact null identity gives P[v] < N[v] + 4.
Together with N, = N — 71, the cap gives

(45)

Nlv] —7 < (1 =) (N[v] + 8 + &),

which proves (45). The lower observation floors developed for genuine derivative nulls in [1] can be
inserted without changing this argument. The estimate concerns the entire signed cap, whereas (44)
prices the inverse error on its specified null source.

E Complete observation under moving arithmetic cutoffs

The finite-source criteria above admit a complementary reduction on the entire negative observation
space. Its cutoff is an operator energy, rather than a Fourier window or a finite-rank projection.
The useful new input is a complete-positive source estimate uniform in the arithmetic cutoff, the
number of source profiles and the number of genuine null rows.

Let Xjs be the original odd polar space with any finite subspace Kj; of ker H removed. All
projections and norms in this section are original Hilbert ones. Let P = Py k,, and N = Ny ,,
be the restrictions of the complete positive and negative forms to this recipient. Put

RM=6—|—8(10g2)\/M, By = 9Ryy,

27 2 (46)
Ju = 3(84Ry +310+22), OS¢ = Ry J3,.

Here ||s]|lec < 3, 0 < npr < Rpr and ||N|| < Bjps. Appendix L proves these constants from the
complete theta series and an elementary prime-power bound.
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Theorem E.1 (Uniform complete-positive source moment). Let ¢1, ..., ¢, be any finite family in

Y = L2({€ > 0 :nar(€) > 0}, (€) d¢/m),

and let D > 0 dominate their true joint Gram matriz in this space. Writing Qas for the original
orthogonal projection onto Xyr, define

gl = [T @@ sin(en) B = Quilsw)

Then every E; belongs to Dom P, and

E*E <X By D, (PE)*(PE) = C3FD. (47)
The constants are independent of r and dim Ky;. In particular, for k, A > 0,
CSrC
0= E*1 PYP+r)'E< M __p 48
< By (PP + ) E 2 gt (48)
Proof. Appendix L proves, for an odd F-bandlimited g,
1Qum(s9)ll < 3llgll,  1PQu(s9)|l < 3[51Rar + 33log(2 + F) + 210 + 2°7 + d ]|

The complete negative support lies in [—Qy7, Qas], with Q= e 1. For every common coefficient
vector z, Plancherel gives ||g.||? < Ry2* Dz and log(2+ Q) < Ra+3. Since dyy < 1, the displayed
graph constant is below Jjs. This proves both full matrix inequalities, including all mixed terms.
The spectral theorem gives

Ixsa A2

Ak = A2(A+k)’

which proves (48). The second moment uses E; € Dom P and does not require F; € Dom P2. [J

Define the complete observation Ths : Xpr — Vs by
(Tarh)(€) = /R s(u)h(u) sin(€u) du.
Thus T3¢ = Qum(sge) and N =Ty, Tar. Let
k=M Ay = (AMCYOY?, Lap = Taliop, (P)(P + kiar) T3y (49)

Theorem E.2 (Complete-observation energy criterion). For every M > 2 and every such finite
genuine-null choice,

A 1
0 =X Tar1(pyy00)(P)(P + riar) ' Ty < meM- (50)
If on an unbounded sequence of integers M the complete low-energy cap
3
holds, then on the entire original domain
> — — ) 2
anlh) = = [+ 5+ 52| InIB (52)

Conversely, H = 0 implies (51) for every M > 2 and every finite genuwine-null choice. The cofinal
energy criterion is therefore equivalent to positivity of this original H and, by Theorem 2.2, to RH.
Its original allowance is O(M~Y2), and Ayr = O(M>/9).
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Proof. Theorem E.1 applies to every finite tuple of profiles. On a dense profile core it bounds both
Ty,¢ and PTy;¢ by fixed multiples of ||¢||y,,. For a convergent profile sequence, both images are
Cauchy. Closedness of P gives graph-norm completion to every ¢ € Vs, with the same bounds.
Thus (48) extends to the entire observation space. The choice of Ay gives (50); its high and low
pieces are the exact functional-calculus decomposition of the same resolvent.

Adding (51) gives T (P + rar) 1T = eI, ear = 1+ 1/M. The equivalent form inequality is
N < ey (P + kyl). Rearrange using the bounded N, rather than introducing an adverse multiple
of unbounded P:

1 By }

P—N¥»—ryl—1—c;} )N = —|—
=~ = (1= e)N = {MJ“MH
Add the complete original-norm raw tail. Exact genuine-null transport from Theorem 2.2 proves (52)
on all original V. Its allowance tends to zero.

For the converse, H = P— N +Wj; = 0 gives N < P+dpI. The bound (8) satisfies 6y < 1/M
for all M > 2. A rational admission at M = 2 is

2-451-9(10/27)°(10/13) < 1,

using 7 > 31/10, e > 27/10 and €%19 > 13/10. The consecutive majorant ratio is at most
(8/3)e™™ < (8/3)(3/8)% < 1. Hence the complete observation cap is at most I, and so is its
low-energy summand. O

The spectral space 1( 4,,1(P) X may be infinite dimensional. Theorem E.2 specifies a complete
operator comparison; the finite-source Schur criterion and source-residual enclosures of Section D
supply separate constructive interfaces. The energy scale does not replace the Fourier support
or the rank of a chosen positive receiving frame.

Corollary E.3 (A finite cutoff interval from the M16 certificate). If a complete original-domain
certificate gives H = —al with a = 5.289-107'°, as in the signed-frequency companion [4], then for
every integer 2 < M < 10'® and every finite genuine-null choice,

Ty(P+MD)7t1y, <1, Ly = I

Proof. At every arithmetic cutoff the same original bound gives Ny; < Py + (a+ dp7) 1. Tt suffices
that M(a+dp) < 1. For 2 < M < 15, the decreasing majorant used above gives Mdy, < 819/1000,
while Ma < 1/1000. For M > 16,

Méy < 451-16-17%(3/8)% < 1/4,  Ma < 5289/10000 (M < 10'8).

These rational bounds prove the assertion. The bridge is the complete original-domain inequality,
rather than an identification of the M16 finite matrices with matrices at another cutoff. [

This finite-interval consequence and the unbounded-sequence hypothesis in Theorem E.2 have
different quantifiers. The former follows from one fixed global allowance; the latter is the complete
low-energy comparison that would make the allowance vanish.

E.1 True observation compression and a paid omitted trace

The complete energy criterion has a finite observation-space interface. It retains the true source
columns in its finite head and pays the entire remaining covariance, including mixed blocks, by
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positivity. Keep Var, Tar, P,k = M~! and Q = e+t from Section E, and write E = Ty and
v=mnp(§)d¢/m on [0,9]. Put

W = RyQ/m, a.,=31/32, t(L)=28¢"“"t(rp/a,+a;?), rp=mne’L.

The complete two-arm bound in Appendix L gives

v([0,Q) <W,  [|s]3 < 28/a% < 32, / s(u)® du < ¢(L).
|u|>L

The last integral follows by substituting r = me2l in s2 < 28r2¢~%"; both arms together have
Jacobian dr/r.

Theorem E.4 (True finite head and complete observation return). Choose L > 1 with Wt(L) <
1/(8M?) and an integer J > 1 such that

N;y=2J+1>2QL, Ny >logy(16MVW). (53)

Let TI be the true orthogonal projection in Yy onto span{&,&3,..., €277}, and let U : C7 — Yy
be an isometry onto that span. Then
|B( - )3 < — (54)
HS =42
For Ry = 1[07AM](P)(P + k)~ define the true finite matriz Gy = (EU)*Riow(EU). The finite-
head condition

1
~ =
Gy =< <1+2M> I (55)

implies the complete low-energy cap (51). Its validity along an unbounded sequence of admitted cut-
offs and finite genuine-null complements is equivalent to original H positivity, with allowance (52).
Sufficient choices have J = O(Qlog M) = exp(O(VM)).

Proof. The ambient sine-source kernel is Hilbert—Schmidt, with square at most W||s||3. Applying
the original physical orthogonal projections preserves this property. Replace its sine on |u| < L
by ps(u) = Z‘j]:_()l(—l)j (€u)?71 /(25 + 1)! and set the approximant to zero outside. The resulting
source map F; has rank at most J and

1B~ Esllfis <W

2
t(L) +32{(Q§35V } ] : (56)

Indeed py is also the sine Taylor polynomial through degree 2.J, so its real remainder is bounded
by |€u[N7/N;!. Orthogonal polar and genuine-null projections contract the whole error. The
observation dependence of E; lies in ranll; thus E;(I — II) = 0. The elementary bound N! >
(N/e)™ and (53) make the remainder at most 2~V < 1/(16M+/W). Equation (56) is then at most
1/(4M?), proving (54).

For any positive 0 < R < kI, the operator £L = E*RE is positive trace class. Positivity
bounds its mixed quadratic term between x € ranlIl and y € kerIl by the geometric mean of its
diagonal terms. Scalar Cauchy—Schwarz consequently gives

I£]] < ITLTI| + te((1 — L — 1)) < [[TLH]| + £~ E( = T1)][fs. (57)
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This pays all mixed blocks without declaring them zero. Use R = Rjow: the omitted trace is at
most 1/(4M), and (55) gives ||£]| <1+ 3/(4M). Theorem E.2 now returns the original allowance.
Conversely H = 0 gives complete observation cap at most I, so every such true compression satisfies
(55).

The choices terminate because t(L) — 0. Since logW = O(v/M), a polynomially growing rr
suffices, giving L = O(log M); the two requirements on N; then give the asserted sufficient rank.
The monomial Gram is positive definite because mj;(0) < 0 and hence v is positive on an interval
near zero. This proves existence of U; numerical evaluation must certify its actual observation
metric. O

The finite matrix uses FU, not the Taylor-surrogate F;U. This true compression is what
permits a quadratic omitted-error payment. The rank bound concerns the observation compression
and makes no rank assertion about 1[07AJVIJ(P)' For upper certification one may instead bound
the larger full-resolvent head V*(P + k)~'V, V. = EU. If trial columns Y lie in Dom P and
A=V — (P + k)Y is their complete action residual, then

V(P + /)7 = Herm(V*Y) || < w7V [A].

This follows from (P + k)~'V —Y = (P + x)"'1A. It supplies a paid upper in the true source
coordinates. A residual V — BY for a different finite reference still leaves (P + x — B)Y to be
enclosed; all sources, norms and operators in the complete head estimate must match.

F The hard-cutoff mean and intrinsic receiver rank

The original hard-cutoff receivers have a useful independent description. On the polar space set
4
Co= —QuMB(D)M,Qy, B(§) = (1+46%)712, R = (ker H)*.

The two references Cy and Cg have Fourier orders one and two, respectively. The next estimates
concern the hard cutoff. For the right-continuous prime-power sum Wy (z) = 3>, ., A(n) write
Ep(x) = Uyp(x) — 2 and

| EA(M)) 1 /M _3/2
=] —|—\/M . |EA(z) |z 2d.

Theorem F.1 (Complete common mean and one-sided rate). The operators Nys/v/ M converge
strongly to Co. On Dom H, Pyrh//M — Coh, and the selfadjoint positive operators have the same
strong-resolvent limit. For F >1,0<n<1/2 and M" > \/(1+2n)/(1 — 27),

Ny

—— = Co — pul, o8
Novie 0~ PM (58)

ea(M)

9(12+log(3F)) | 36 30M"
VM 1+4F2  1-2n°

The same one-sided estimate compresses to every finite row complement. Classical PNT permits
F — oo with ppr — 0.

pv = 18(1 + F)ep (M) +

Proof. Put z =1/2+i§, U =log M. Abel summation, with its lower endpoint retained, gives

1 ) eV 51 < EA(M)
— Ayn~1 /246 = 2 4 2 - 4 U
\/Mng/l ( ) z A M M
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. /M Ep(z)z 3/ g,
VM J1

As |z — 1| = |2/, the difference from ¢%V/z on €| < F is at most M~Y/2 4 (1 + F)ex(M). The

positive-part map is 1-Lipschitz. Using |mg| < 6 and a(§) < 4 + log(3F'), the normalized negative

symbol differs on this interval by at most d = 2(1 + F)ep (M) + (12 + log(3F))/v M from

ua1(€) = 48() (cos(€U — arctan(2€)))-+-

The absolutely convergent Fourier series of cos; has constant coefficient 1/7 and nonconstant com-
plex coefficient sum 1/2+1/7. Riemann—Lebesgue gives the local weak multiplier mean 43 /7. The
normalized symbols are uniformly bounded by (46); their local weak means therefore extend against
every L' frequency test. For fixed input, truncate its Fourier profile sh to [—F, F]. Multiplication
by s after a finite frequency projection is Hilbert—Schmidt, so it converts the weak convergence on
that band to strong convergence. The input exterior tends to zero uniformly in M. This proves
the negative strong limit.

For a quantitative continuum bound, the positive {th harmonic continues analytically on |Jz| <
1/2 as

eilUZ(l - 2iz)(l71)/2(1 + 2iz)f(l+1)/2'

Shift to Sz = 7 on compact smooth physical tests. The multiplier bound is (1 — 45?)~1/2¢},
q=M""/(1+2n)/(1—2n) < 1. The two physical factors acquire opposite exponential weights
and [|€7"s]|so|le7""s]|0o < 9. Indeed the complete envelope bounds their squares by 169z%F7e~™ <
169¢ ™ < 9, 2 = e2*l > 1. Vertical contour ends vanish by smooth compact integration by parts;
density extends the resulting bounded operators to all inputs. Summing the harmonics costs at
most 30M ~"/(1 — 2n). Discard the actual positive negative-symbol exterior beyond F' and pay the
omitted continuum by 36/v/1+ 4F2. The retained symbol error costs 9d. This proves (58).
Finally Pyy = Nps + H — Wiy on Dom H gives the positive limit there. The resolvent identity
at (Cp + i)h and the uniform resolvent norm bound extend it by density to strong resolvents.
PNT makes ey(M) — 0 by splitting its integral at a fixed large threshold; for example take
F = min(MY4 ex(M)~1/?). O

Theorem F.2 (Intrinsic hard-cutoff receiver rank). There is ¢, > 0 such that
Aj(PrColr) = /i, G =1

Consequently, if a rank-J positive receiver Byy on the complement of any finite genuine-null space
Ky satisfies Nyg,, = By + kvl , then

C

J+1> —
pm + Em/VM

(59)

With a classical PNT remainder one may choose pyy = O(e~ V18 M) Along kyr — 0, the required
receiver rank is therefore at least 12V M for sufficiently large M.

Proof. The operator Cy is compact: its finite-frequency sandwiches are Hilbert—Schmidt, and the
omitted multiplier has norm at most (36/m) supj¢|~p B(§) — 0. Appendix M proves the eigenvalue
floor using the original-domain critical-zero representers and complete Schwartz-weight Gram es-
timates. On its (J + 1)-dimensional protected span choose a unit vector in ker Bys. It belongs
to every genuine-null complement. Combining the floor with (58) gives (59). The classical error
|Ex(z)] < Aze=VI98T gives ep (M) = O(e~ VI M) by splitting at /M. Choose F = ecoviogM/2
and fixed n = 1/4. O
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For arbitrary finite, possibly nongenuine row spaces of dimension d, an elementary version is
also useful. If o = miny,<gs® and ag = 4og/[r\/1+ 47%/R?], then \;(Co) > ar/(j + 1) and
J4+d+2>ag/(py + kar/V'M). Take the first j + 1 odd Dirichlet sine modes f on [~ R, R], set
h = f/s and impose the single polar moment. Fourier Jensen gives

(1 4+4DY)12f) > [
(4D 2 e S

and [|f']| < w(j + D)||f|l/R. Minmax and codimension interlacing give the displayed assertions.
These are representation costs for the hard-cutoff split; the smoothed reference of Section B has its
own source geometry.

G The full residual covariance and the signed return

The finite receiving gate must retain the source covariance between the phase space, the exact
rows and the complementary carriers. The following exact Schur identity gives the interface. It is
classical finite-rank elimination specialized to the original constrained recipient [12, 13].

Theorem G.1 (Residual-covariance signed gate). Let Z : C* — H have finite-dimensional range
containing the exact row map R. Let P be its range projection and Q = I — P. For a finite carrier
map U, define

G=27"7, F=U"Z, J=U"QU.

Let C = C* and a > ||J||. Then
al — ZCZ*—UU* =0 on kerR* (60)

if and only if
aG — GCOG —aF*(al —J)'F =0 on{c:R*Zc=0}. (61)

The columns of Z may be dependent. If J < J < al, substitution of J gives a sufficient gate. For
any finite matriz 'V of trial coefficients,

J=(U=2V)"(U-2V). (62)
Proof. The @ block of (60) is a@ — QUU*Q > 0. Its exact elimination adds
PUU*P + PUU*Q(aQ — QUU*Q) " 'QUU*P = aPU(al — U*QU)"*U*P

to the adverse finite block. Every x € PH has the form Zc¢; evaluation gives (61). Since ran R C
ran Z, the entire () space satisfies the exact rows, so this elimination holds on the stated kernel.
Inverse operator monotonicity proves the upper-covariance substitution. Finally Q(U —ZV) = QU,
and the orthogonal P, @ split of the trial residual proves (62). ]

For injective Z, J = U*U — FG~'F*. Formula (62) supplies a complete positive upper without
subtracting nearly equal numerical matrices or assuming a projected row Gram floor. It keeps the
full residual covariance rather than replacing it by unrelated diagonal carrier bounds.
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G.1 Paid common-source errors

Theorem J.1 supplies the joint source enclosure, its exact-row shorting and the full congruence
payment. The numerical application in Section K retains every phase/row/carrier block.

A positive padded covariance I' > ¢ diag(Dp, D) has shorted phase block at least § D,: minimize
its quadratic form over the row coefficients. This supplies a lower bound for the padded elimination
without requiring a lower bound on the angle between unpadded phase and row spans. The padding
is charged in the signed inequality. An original full-row Gram floor applies to its stated receiving
map; a complementary projection requires its own analysis or this paid residual construction.

G.2 Return to the original form

For a finite arithmetic head and = \/a + s2/5 h, the exact identity is

a1+ a3 = ol — [ (1/5 — mar(@)lii(©) Pt (63)

The original polar row becomes t,, sinh(u/2) in this variable. To separate the favorable unbounded
part, fix a finite A and write dy; = 1/5 — mys as

dy = dpet +0—9g,  diet = Lig<ndnr, b= Ligaaldm)+, 9= Ligsal—du)+ > 0.

The original graph domain pays each integral. Dropping the favorable —g gives a form upper bound;
only d,.t and b receive bounded-operator approximations. Suppose these supply the complete upper
domination

M, (1/5 —mp)(D)My, < ZCZ* +UU* +nl, n <1,

as forms on the transformed original core. For example, a finite signed source approximation, a
positive defect approximation and complete norm errors supply this domination after retaining the
favorable exterior by its sign. Set a = 1 — 7 and apply Theorem G.1 on the exact transformed rows.
A successful gate gives

Gy [h) = —allhl3,  amlh] = —(a+ ou)llR]3,

where (7) supplies a full raw arithmetic payment. Finite genuine-null deflation is returned as in
Theorem 2.2. All identities begin on the exact polar core and extend through the original closure;
bounded retained perturbations preserve its domain.

Thus, for a; = 277 and any cofinal M; — oo, complete signed gates returning (63) yield
the vanishing allowances required by Theorem 2.2. Theorem H.1 supplies finite receiving spaces,
complete positive complements and certified continuous coordinates for every such index. The exact
residual gate specifies the signed comparison to be certified in those coordinates.

The coordinated schedule of Theorem H.3 supplies the explicit original allowance (14-2737)277.
The direct return adds the raw norm error to «;; any stronger inverse-normalized error requirement
used to establish a chosen finite gate is paid within that gate.

H A complete conditioned construction

The receiving space will approximate every frequency source at once. Put
. s )
Oéj:2], tjzi, ]216.
aj + 82/5
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Let v; be a positive finite measure supported in [0, §2;], with mass A;, and define the positive
operator on H = L2,(R) by

05 == [ It sin(€ )}t sin(e ) v €). (69

For an even nonnegative multiplier b, take dv = b(§)d¢ on the positive half-line. The identity
cos(x — y) — cos(x + y) = 2sinzsiny gives exactly (64) in the Fourier convention of Section 2.
Positive atoms are also allowed.

Theorem H.1 (Conditioned complete complements). Choose a computable integer B; >
max(1, A;) and put

Lj=j+log(1+ Bj),
T; = jlog2 +log(1 + Bj) + 4log L; + 20, R; = $log(Tj/),
Ej = 1QQJ’R]’ + 2log(1 + Bj) + 4long + 40.

Choose an even integer N; with E; < N;j < E;j+4. Let V; be t; times the odd polynomials of degree
less than Nj, restricted to [—Rj, R;|, and let Q; project onto its entire odd orthogonal complement.
Then

1
HQjOijH < m, dim V; < 6Q;R; + log(1 + Bj) + 2log L; + 22. (65)

For computable supplied parameters, a terminating certified construction gives a dyadic basis trans-
formation whose actual continuous receiving Gram lies between 31 /5 and 51 /3. Its condition number
is at most 25/9 < 3.

Proof. The elementary inequalities
L/2 < T < 3L, 0<R<3logL

hold for L > 16. For the upper bound use jlog2+log(1+ B) < L and 4log L +20 < 2L; the latter
ratio decreases from its strict endpoint value at 16. For 0 < & < €, real Taylor approximation
supplies an odd polynomial p¢ of degree less than N with

Q N
OB oy

| sin(§u) — pe(u)] < (lul < R),

since N > 12QR and e < 3. Thus the squared interior error after multiplication by ¢, where 2 < 5,
is at most 10R16~". The complete theta upper bound (6), with x = e2lul gives the full exterior
estimate

[e.°]

/ 2 du < 169 Zj/ ze " dx
|lu|>R T/m

169¢720 T +1
= i (66)
(1+B)L* =«

Orthogonal projection is at least as accurate as this explicit approximation. Integrating the squared
error against the whole positive source gives

(67)

m2(1+ B)LA
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This trace includes every covariance combination and both infinite spatial tails. Because N >
2log(1 + B) + 4log L + 40 and log 16 > 2, 16~ < ¢780(1 + B)=*L~8. Multiplying the first term
in (67) by log L bounds it by (5/3)e 8°(log L)?L~8 < 1/4. The second term times log L is at most
(676/27)e=2°L=2 < 1/4, using A/(1+ B) <1, T +1 < 4L and 7 > 3. This proves (65). Upward
rounding an outward enclosure of E of width less than one to the next even integer gives the
required N without a transcendental equality decision.

For conditioning, the first theta atom and the decrease of r2e~" for r > 2 give, throughout
[7Ra R]a

s2 9T2¢—20 20
— > =, s < < L.
aj 7 (1+B)LA 201+ B)L2 ~ 7
Consequently
. —20 2—32
2> 9 c S — (68)

> > b5 .
7= 1+¢/5 7 401+ B)L2~ 7 (1+ B)L?

The final comparison follows from 30log2 > 20. In an ordinary L?([—R, R])-orthonormal odd
Legendre basis the true receiving Gram satisfies £;1 < G; = 51.

Choose a positive rational f} < /; by outward evaluation. Compute a symmetric rational
moment enclosure G; with [|G; — G| < ;/4; entrywise error £}/(4dimV;) suffices. On this
compact interval the complete theta series has effective uniform derivative tails and its denominator
is positive. Certified partitions and increasing precision therefore terminate. The moments here
are physical receiving moments, determined by s,t;, R;; computability of v; is needed only when
evaluating the source operator or its mass rather than using its supplied bounds.

Since G = 35;[ /4, increasingly accurate inverse-Cholesky proposals give a dyadic invertible W
passing the finite check N

SI=W;GW; = 2L

The error bound and G = ¢;1 imply (3/4)G; =< éj = (5/4)G;. Hence
3 5
Only the basis changes; the space, its entire complement and the trace bound are unchanged. [

The condition estimate concerns the polynomial phase Gram on V;. Adjoined exact rows enter
the joint signed gate with their actual mixed Gram, as specified in Section G.

For fixed A,(, a fixed B yields dimV; = O(logj) and a complementary norm tending to
zero. The next section proves necessity of this order for a nonzero fixed density. Polynomial
approximation, finite-band concentration and whitening are classical mechanisms [9, 10, 11]; the
explicit theta-dependent wall, whole-tail payment, funded Gram floor and original signed interface
specify their use here.

H.1 Moving arithmetic heads

The construction also applies when the complete arithmetic head grows. Put

my(§) = RU(1/4+i&/2) —logm —2 > A

<n)cos logn byy=(1/5—m .
N \/’71 (5 g )7 M (/ M)+

Every prime power is included. The following elementary bounds, also used in the signed-frequency
companion [4], give concrete inputs.
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Lemma H.2. For M > 2, the positive-half support and mass of by; are bounded by
QM = €7+8(10g2)m’ AM S QM[7+8(10g2>VM]

The coordinated choice below turns these inputs into explicit original-domain tail and receiving-space
budgets.

Proof. Write 9.(N) = -, <y A(n). Prime-power valuation of binomial coefficients gives
Px(2m) < i (m) + 2mlog2, P(2m 4+ 1) < Fu(m+ 1) + 2mlog2.

For the odd step, the two equal central binomial entries each have size at most 22™. Induction
gives U, (N) < 2N log2. Abel summation now gives

A
Sy = Z Aln) < 4(log2)V M — 2log 2.
n<M \/ﬁ
The digamma series and comparison with its decreasing positive summand’s integral imply

RU(1/4+ i£/2) —logm > U(1/4) — log 7 + §log(1 + 4€?) > —6 + log(2[¢]).

Here U(1/4) = —y—m/2—3log2 and ¥(1/4)—logm > —6. Thus outside Qys, mp; > 1+log2 > 1/5.
Everywhere the defect is bounded by 7 + 2S5y, < 7 + 8(log 2)v/ M. The asserted mass follows. [

Theorem H.3 (Coordinated arithmetic and receiving budgets). For j > 16, put k; = 277 and
choose an integer M; with

~ jlog2+3log(j +2) + 40

Ej < Mj < Ej + 2, E]‘ (69)
T
Then the complete original arithmetic remainder satisfies
Snr, <27k (70)

For the moving positive source by, Theorem H.1 gives condition number at most 25/9 and

[log 2
log dim V; < 8log2 gﬂ—i—O(log]’). (71)
s

The leading coefficient is 2.60467320417428 . ... If complete signed head gates return Ay, [h] >

—rj||h||3 on the original recipient, then
qulh] = —(1+27%1)277||n|)3. (72)
Consequently such a cofinal family satisfies Theorem 2.2.

Proof. An outward enclosure of F; of width less than one, followed by upward integer rounding,

supplies the stated integer. For j > 16, log(j + 2) < j/2, log2 < 1 and 7 > 3 imply

5J +98
6

M;+1<E;+3< <3(j +2).
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Insert this into (8) and use M; > Ej:

—40 40
4059 9 < 4059 (3) 93 < 93797

Sar, < (2
Mp= "9 =18 \8

Here e > 8/3; the last comparison is rational. Moreover M; = (log2/7)j + O(logj). Choose
B; by upward enclosure of the mass bound in Lemma H.2. Then log(1 + B;) = 8(log2)/M; +
O(log M;), Lj = j+ O(V/Jj), and R; = O(logj). Substitution into (65) proves (71). Finally the
bounded raw remainder costs at most daz,[|h/|3, proving (72). Finite genuine-null deflations return
by Theorem 2.2. O

The constructed rank in (71) prices the positive receiving space at the final original-norm scale.
With €; = (1 +2737)277, the same estimate reads

. 8log2
logdim V; < 7\/log(1/6j) + O(loglog(1/e;)).

The arithmetic and positive-complement estimates hold at every index. The signed hypothesis in
Theorem H.3 is the finite gate of Section G, including its complete approximation and residual-
covariance payments.

I The necessary fixed-source dimension

This lower bound counts the whole retained odd span, including any adjoined receiving directions.

Theorem 1.1 (Sharp dimension order). Let b > 0 be a nonzero bounded density on positive fre-
quencies supported in a fived [a, Q] with a > 0, extended evenly as a Fourier multiplier. Fix one
integer B > max(1, A) and use the corresponding R; of Theorem H.1. Let O;j = My;b(D)M;, on

the odd space. Set
A= [0 B [T8 Ba= e
0 0

For any finite spaces W; with ||Qw,;0;Qw;, | < 75 — 0,

. ' B
lim inf dim W; > 2

0.
'R, 17 aBL

Together with Theorem H.1, the optimal dimension order for obtaining a complementary norm
tending to zero is ©(logj); the constructed rate is the one in (65).

Proof. Take L = R; — 1. On |u| < L, the first-atom lower bound gives
s%Ja; > 2m% exp(jlog 2 — Tj/e*) — oo.

Thus t? > 4 there for all sufficiently large j. Compare the full source covariance with the source
covariance obtained by replacing ¢; by 1j_r r). The former is at least four times the latter in
frequency-source space. By equality of the nonzero spectra of U*U and UU*, and min—max,

M(05) > 4M(Tr),  Tp =11 (D)1 1) (73)

on odd functions. This comparison is made in the common source space.
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Put Cf(w) = 2sin(Lw)/w, continuously defined at zero. The complete sine-carrier formulas
give

B, = o [T ORL - CuLe)de,

w1t = [T [T HOmICLE - m) - Cule )P dan,

Consequently Tr Ty, /L — A/w. The measures Cf,(w)? dw/(47 L) are a positive approximate identity
of mass one. Applied to the continuous autocorrelation of the zero-extended b, this gives the
difference-term limit By/7 in TrT?/L. Since £ +n > 2a, its square term is O(1) and the mixed
term is O(v/L) by Cauchy-Schwarz. Therefore

TrT?/L — Bo/, |TL]] < Beo-
If Nj = dim W}, min-max and (73) give Ay, +1(71) < 7;/4. Hence
Tr T < N;B% + (7;/4) Tr Ty,.
Divide by L and take the lower limit. Finally R; ~ %log j for fixed B. O

The first-two-trace argument belongs to classical time—frequency concentration. Its present
use matches the explicit complete-theta upper construction, including arbitrary competing odd
receiving spans. Compression by the fixed polar row changes a dimension count by at most one;
additional growing constraint dimensions are counted with their actual span.

J Complete joint sources and stable row elimination

The phase construction controls a positive complement. To evaluate its signed recipient, collect the
actual phase, exact-row and carrier profiles in one source map. Put ¢ = s, w, = q/(a+q/5) = t2.
On a finite interval I, write

Ye=\/wa ) cafa, I =Y"Y.
a

Supported phase profiles are polynomials on their support cells, the polar profile is sinh(u/2), and
a derivative-row profile is

fro = @*D —® /1) /g (k odd).

Literal carriers have profile /v, /7 sin({,u). An exact column transformation is applied to the entire
derivative polynomial before evaluation. The original preimages determine genuine-null status; the
transformed rows are receiving coordinates.

Theorem J.1 (Common-weight full covariance). Let the finitely many measurable profiles belong
to L*(I,wy), and let a real positive function p satisfy |p—we| < nwe on I, where 0 < n < 1. Define
Iy = [; f(w) f(u)p(u)du. Then

1-—mI =T, (1+nT. (74)

For a partition into retained and row coefficients, define the shorted form S[z] = inf.(z, 2)*T'(z, 2),
and similarly S,. Then
(1 =n)§ =5 2 (1+n)S.
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These assertions allow dependent columns and redundant rows.
Let Y}, approximate Y, = \/p f and let D = 0 be a specified coefficient metric. If

I(Y, = %)D7 2 <e,  |T,D7V3| < M,
then, with § = 2Me + €2,
L Y*Y, + 6D
—6D<T,-Y*Y,<6D, I =<2 " (75)
p p P 1— n

Shorting this entire upper gives an upper for S.

Proof. Integrate the pointwise weight inequalities against | 3" ¢, f4|?. Taking the infimum over the
same row coefficients proves the shorted inequalities. For the profile change put £ =Y, — Y, and
expand YY) The two cross terms have total D-normalized norm at most 2Me, and E*E at most
e2. Combining with the left inequality of (74) proves (75). Quadratic-form order is preserved by

the defining infimum. O

This is a source-specific use of classical positive integration and variational Schur order [12, 11].
In particular, the relative-weight step preserves the exact kernel. A profile approximation is priced
separately by (75). No lower angle between the phase and row spans enters these bounds. For any
exact coefficient map W, an additive enclosure —6D < T"— r =< 6D becomes the enclosure SW*DW
after congruence. This is the payment used for enrichment or row changes.

J.1 Positive polynomial integration

Here is a fully specified realization of the weight step. Suppose w, is analytic on each closed disk
of radius d centered in [—R, R], with |w,| < H, and w, > wo > 0 on the real interval. These are
checkable source hypotheses. Split the interval into cells of half-width A < d/8, also splitting at
every supported-profile endpoint. On a cell centered at ¢, let L >m > 1 and {, = e2mil/L ge

o — <2h> Zwa e+ (d/2)¢)¢ ", ple+ha) = apat.

k<m

Exact conjugate-paired sampling makes p real. Cauchy’s coefficient bound and root-of-unity aliasing
give
H(h/d)™ H27 L

lwa =Pl < 72007 ¥ T2 D@ = /a)
Indeed the discrete coeflicient at index k& < L contains only Taylor indices k 4+ vL; summing their
bounds proves the second term. Literal sample and real dyadic coefficient errors add their full
uniform payment. Choosing their sum with (76) below nwg supplies the positive approximant in
Theorem J.1.

For polynomial profile approximants of f degree below N, a positive Gauss—Legendre rule of order
at least N +m on each cell integrates p f * f exactly: every entry has degree below 2N +m. Certified
node, weight and evaluation errors are included when the rule is represented by literal numbers.
Thus its matrix is a single positive common-factor sum. The rule uses

(76)

O((R/d+ 1)(N + m))

points on a uniform grid, plus the support-boundary subdivisions. This argument establishes a
constructive rule under its stated strip and profile hypotheses.
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J.2 Complete growing-row tails

A full-line covariance also needs physical tails. Write a premixed row profile on u > 0 as

fa(u) = Cq Sinh(u/2) + Qa(u)/Q(u)7 Qa(u) = eu/2 Z Pa(ﬂn262u)6_7m26

n>1

2u

Use odd reflection on the other arm. Let D > 2 bound all polynomial degrees, K, bound each
polynomial’s absolute coefficient sum, and Fy = 1+ 3, (|ca|? + K2).

Proposition J.2 (Premixed complete row tails). For o =277 and T = ne*f* > max(r,4D),
> / We| fal? du < 676 29 FyT?Pe T, (77)
2 JIu/>R

For 0 < e < 1, a sufficient wall for this trace to be below € is
T > 4D, T > 4{jlog2 + 1log(676Fy) + 2D 1og(8D) + 2log(1/e) + 10}.

Proof. Put r = me2*. For r > 4D, comparison of successive terms gives |, Pa(rn?)e ™| <
2K,rPe". For example n*P e~r(n*=1) g decreasing with a geometrically bounded ratio, using
logn < (n?—1)/2. The first positive theta atom gives ¢ > 2r?e~", while (6) gives ¢ < 169¢*~" and
we < 27q. Apply |z +y|? < 2|z|2 +2|y|?, sinh?(u/2) < e¥, du = dr/(2r) and both arms. Enlarging
powers to 2P and constants bounds the trace by 338 27 Fy I r2Pe"dr. Since T > 4D, integration
by parts or a geometric series gives an upper 212Pe~T. Finally 2DlogT < T/4+42D log(8D) proves
the sufficient wall. O

In particular D = O(j/log(j + 2)), log Fy = O(j) and log(1/e) = O(j) permit T = O(j)
and R = O(logj). If a common strip has d=! = O(j), logarithmic profile bounds O(j), and
log(wgy 1Y = O(j), the construction above reaches exponential accuracy with O(j) scaled coefficient
precision. For the raw identity metric this also requires logarithmic column count O(j); a different
metric additionally pays its inverse norm. High-frequency sine profiles use degree O(|¢|h+j) on each
cell. These statements specify source precision and node counts under the displayed hypotheses.

Complete mixed tails follow from the full source factor: if the row and carrier tail traces are
E,, E,., their joint tail trace is E, + E. and the cross block has norm at most /E,E.. Supported
phase tails vanish outside their support. The full covariance therefore remains a single error-
controlled input to Theorem G.1.

K A complete 4473-column source certificate

We give a whole-line application of the common-source construction at o = 3/10'2. The supplied
data specify exact dyadic row coordinates and literal frequency carriers. The polynomial-weight
construction of Section J is one general realization; this application uses a directly enclosed positive
Gaussian rule for the actual theta sources.

Theorem K.1 (Full mixed physical Gram). Let Y have the 4080 supported phase columns, 41
complete receiving rows and 352 literal carriers specified below and in the scientific data. Let I' be
the exact 27199 dyadic block-arrow matriz in data/joint_centers.npz. Then

[Y*Y —T'|| < 1.384607318 - 10720 < 2795,

The norm is the raw FEuclidean coefficient operator norm. All phase/row, phase/carrier and
row/carrier terms, the entire global block, quadrature errors and both infinite physical tails are
included. In particular, putting § = 275,

YV =T +6I, T +28I =61
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K.1 Exact columns and a portable construction

The negative half-line is split into 100 cells of half-width » = 1/80, centered at ¢; = (—199 + 27) /80,
0 < i < 100. Odd reflection supplies the positive half-line. On the last 68 negative cells (32 < i <
100), take the 60 local columns

2k +1
2r

to(u) Pr((u—¢)/r), 0 <k <60,
where Py, is the Legendre polynomial; outside the paired cell supports they vanish. Their unweighted
odd Gram is 214989. Disjoint cell interiors give exact zero off-cell blocks.

The 41 global rows are an exact dyadic triangular mixture of the polar profile and the profiles
with odd derivative indices 1, 3,...,79. The file row_coordinates. json gives the literal coefficients
and polynomial normalizations. To reconstruct them, start with

Py(x) = 4a* — 6, Pryq(x) = (1/2 = 22) Py(x) + 22 P)(x).

Then ¢ (u) = e¥2y, Py(rn2e*)e~™*¢*" on u > 0. Normalize Pyio — P,/4 by its stated
largest absolute coefficient and premix the exact polynomials before evaluation. The file
literal_rule.json gives 352 rational frequencies 2400 < &, < 6000 and positive dyadic
weights v, with >, v, < 2. Their columns are exactly to\/ve/msin(&qu).

The script generate_rows.py evaluates all 80,000 negative-arm Gaussian nodes at 512-bit
ball precision using 16 theta atoms and a complete polynomial-dependent remainder. It produces
double-double source arrays and certified point errors. The global assembly uses those source arrays,
computes carrier phases by directed ball arithmetic, and pays all point and fixed-point errors jointly.
The exact row coordinates are mathematical inputs; no numerical QR is part of the certificate.

K.2 Whole quadrature and tail payments

The following explicit bounds specify the analytic contract implemented by row_budget.py and
joint_gram.py. They also permit reproduction without a sampled Gram hypothesis. On each
Gaussian cell use the Bernstein ellipse p = 7/5. Its imaginary height is

r

2

h==(p—pt) < 1/200.

The actual theta denominator is bounded in this strip by first-atom comparison on |[Ru| < 7/5
and by regularization outside. For v = me?? the first scaled atom satisfies |Py(v)| > 2[v|?. The
other atoms have relative sum at most 33,5, nte= (-0 o 1/10 for Rv > 2.99, giving the
lower denominator modulus 9X?2 /5 below. Inner-strip phase comparison gives Rty > 0; the outer
envelope and Rcosh(z/2) > .99 give receiving denominator real part above /2. The complete
strip envelope for 1 is below 100, which also funds the displayed bound 4 - 10'” for ¢2. The finite
checks are

13/400 + we*/5/100 < 1, 12053/10-me!*/ cos(1/100) ¢ /4

Use even reflection z — —z for a negative-real portion of the first positive-arm ellipse; the weight is
even and the receiving rows are odd. For a positive-arm cell let z_ = max(0,c—r(p+p~!)/2) and
ry = c+r(p+p~1)/2 be its extreme real coordinates on that ellipse, X1 = me?™*, and ¢;, = cos(2h).
A valid majorant is

to = min{4 - 10'°, (240/a)e?+/2=X=cn}y g5t =5/(9X2).
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For a premixed derivative polynomial P,, let A, be its absolute-coefficient polynomial. Its complete
atom numerator is bounded by

16
By =Y Ag(n?X ) DXch 94, (280X, )e 28X -en,
n=1

The script verifies that the remaining atom ratio is below 1/2. The corresponding row bound is
V2 €5+/2(|Spa| +dg ' By). The local Legendre factor is bounded by 70p% and the carrier sine factor
by €890 Positive Gaussian integration of an analytic scalar product has error at most
167”p_1600
1—pt
Trace bounds for row blocks and Frobenius bounds for mixed blocks give a complete summed

quadrature error below 5.6 - 107185,
For the whole physical tail put Z = we®, and define

x (its ellipse supremum).

o0
Ip=e?, Iy =kl + ZFe % = / zFe ™ dz.
z

If Ay(x)? =3 by x2®, the complete row-tail trace is bounded by

4 240
E =33 = buplis + —|Soal*Io { < 1.384607235 - 10,
a | @ k>2 a

The full exterior atom sum is bounded by twice its first absolute-polynomial term; the explicit ratio
tests at Z in the script verify this for every included degree. The carrier tail has bound

2 Ve 240
T«

E, (e°/3 +1/9)e 3.

The row/carrier mixed tail is at most v/ E, E.. Supported phase columns vanish outside their own
wall. Adding F, + E. + 2/ E,E, is therefore a conservative full-block tail payment.

Proof of Theorem K.1. Use the common 800-point positive Gauss—Legendre rule on each of the 100
cells. Complete theta source intervals pay the point uncertainty. Directed 256-bit ball products
compute the sampled matrix; an alternative supplied route quantizes the common factors to 2712°
and uses exact integer products. Directed products retain the double-double uncertainties in their
full matrix intervals. In the fixed-point alternative, the common-factor inequality (75) pays source
uncertainty and factor quantization together. For this factor payment let the phase/global errors
be ey, €4, and let the represented global trace be T;. The phase factor norm is at most v/10 before
perturbation, since t2 < 5. Thus

e=(2+ )2 M <{(VI0+e)? + T, 12, Ep < 2Me + €2
Center the exact products at 27190, The block-arrow center-rounding error is at most
Eetr < max(Ep, Ey) + Epg,

where E,, E, are maximal directed row sums of the phase/global center radii and E, is the Frobe-
nius norm of all mixed radii. This uses the block-diagonal phase norm, the global block norm,
and the complete rectangular cross-block Frobenius norm; disjoint-support zeros remain exact. For
exact fixed-point products the simpler bound {max(60,393) + /4080 -393}27 1% suffices. The
portable assembly verifies En; + Eeir < 8.3 - 10728, Add the whole quadrature and tail bounds
above to obtain the stated radius. The final two inequalities follow from positive semidefiniteness
of Y*Y and its two-sided enclosure. O
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All uncertainty in this theorem concerns the stated literal carriers. A continuous frequency
measure is supplied to the original signed return with its own operator-approximation debit. The
raw covariance error transports through an enrichment W as dW*W. The scientific supplement
contains the exact columns, complete source arrays, centers and portable generators, together with
a short verification command and controls that reject underfunded error caps.

L Complete source bounds with uniform null cost

This appendix proves the actual-source estimates used in Section E. The Fourier convention, theta
weight, original polar row and minimal realization are those of Section 2. No auxiliary positive
reference replaces Py k.

L.1 Elementary arithmetic and logarithmic symbol bounds

Write ¥o(N) = loglem(1, ..., N). The quotient for J¢(2m) — d¢c(m) divides (2;?): a prime power
in (m,2m] supplies a positive binomial valuation, and there is at most one such new power per
prime. Similarly the quotient for 9¢(2m+1) —dc(m+1) divides (2"72“1). The two equal odd central
binomials together are at most 227 *1, so either is at most 22™. Induction, starting at N = 1, gives

290(N) < 2N10g 2.

Partial summation, with the bound extended to real arguments by flooring, therefore gives
Sui= > Aln) < 4(log 2)V'M — 2log 2. (78)
2<n<M Vn
This estimate needs no prime number theorem.

The identity mo = —y—m/2—3log2—log 7 gives —6 < my < 0 and mo+4+1log2 < 0. Here are
elementary admissions for these strict constants. The bounds v < 1, 7 < 22/7, log2 < 7/10 and
logm < 7/6 give my > —6; the logarithmic bounds follow from positive exponential Taylor sums.
Also v > Hg —log9 > Hg — 11/5 = 29/56 > 1/2, since the first six Taylor terms give e''/10 > 3,
Together with m > 3, log2 > 2/3 and log 7 > 1, this gives mo + 4 + log2 < —1/3.

For t = [£]/2, the summand f;(q) = t?/[q(¢* + t?)] is nonnegative and decreasing for ¢ > 0.
Integral comparison with the digamma series gives

710g(1 +4€%) < a(€) < 4+ 3 log(1 +4¢%). (79)
Using the negative mg, (78) and %log(l +4£?) <log?2 + log(2 + [€]) yields
0<ny <Ry, [pm—al <Ry, pu(§) < Ry +log(2+[E)). (80)

The middle bound also holds where mj; < 0, since there a < |mg| + 2Sys. For |¢] > Qp = efm+1
the lower bound a(§) > log(2|¢]) proves mps(§) > 0. Thus the full negative support is bounded
without importing a sampled sign pattern at another cutoff. The raw tail satisfies dpy < 1 for
M > 2, since its decreasing majorant at M = 2 is below 4059(3/8)? < 1.

L.2 Complete theta constants and convolution

We first record the complete strip estimates

|s2(- £ i/8)|2 < 20, |s%(- & i/8) sinh((- +4/8)/2)2 < 32. (81)
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For z = z+iy, z > 0, |y| < 1/8 and r = me?*, cos(2y) > 31/32 and 472 + 67, < 6r7. The consecutive
ratios of the majorized theta atoms are below 16e=3(31/32)7 < 1/8. Summing all atoms gives

l(z)] < 76x/2r267317"/32’ \32(,2)] < 982 =31r/32,

The second estimate uses |cosh(z/2)| > cos(1/16) cosh(xz/2) > cosh(z/2)/2. Evenness covers the
other real arm. The squared two-arm integral for the first norm in (81) is at most 4704(16/31)* <
400. For the second use |sinh((z + i/8)/2)]> < el*l < r/7; the squared norm is at most (784 -
24/7)(16/31)> < 1024. On the real line the stronger atom-ratio bound gives s? < 16r2e™"; its
maximum for r > 7 > 3 is less than 144e73 < 9, 50 [|5]|c0 < 3.

Put w = s?. Analyticity and complete double-exponential decay justify shifting the two Fourier
contours, including the vertical end pieces. Plancherel and (81) give

/ ek1/415(6) 298 < g00.
R 2
Weighted Cauchy—Schwarz implies
de de
— log(2 — < 210. 2
Loy <3, [ log2+ jghialg; <210 (82)

Indeed the reciprocal-weight integrals are 4/7 and at most 164 /7, using log(2 + z) < 1 + x; then
3200/3 < 33% and 131200/3 < 210? suffice. For an odd g with Fourier support in [—F, F], the
inequality 2 4 [£] < (24 |£ — {|)(2 + |¢|) and weighted Young’s inequality now prove

1P (D)(wg)|l2 < [33(Ras +10g(2 + F)) + 210]||g]2- (83)

The logarithmic multiplier is used only on these paid sources, rather than asserted bounded on all
L2,

L.3 Original polar return and count-independent null return

On the ambient odd space let Py = Mgpy(D)Ms and hg = sg. Bandlimited L? functions have
every derivative in L?; complete theta multiplication and smooth compact cutoffs put hg in the
minimal form domain. Equation (83) and form representation then put it in the ambient operator
domain and give

IParholl < 3133(Rar + log(2 + F)) + 210]|g]. (84)

For example the compact approximants converge in L? and their weighted physical derivatives
converge in L?; a < 17£2 pays convergence in the specified minimal form norm.

The original odd polar row is b = ssinh(u/2). Put f, = sb = s?sinh(u/2). From (81), its
exponentially weighted Fourier norm is at most 32v/2. Since sup,~ e /8 = 256/e% < 36,

If7 <1728,  ||Ab|| < 88128.

On each interval 1/4 < |u| < 1/2, the first complete theta atom gives s> > 18-3710 and sinh?(u/2) >

1/64. Consequently
A
> 2 20, HH;‘)“ < 227, (85)

Here r = me?l¥l < e < 10, » > 3 and e < 3 suffice for the lower bound. The same compact form
approximation and representation justify b’s operator membership. From (80), Py; — A is bounded
by Bjys. Writing Q) for the polar projection and x = Qphg, therefore,

Ib]* >

64 - 310

1Parz|| < |[Parhol| + (2°7 + Bas) | hol -
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The constrained action is Pyrx = Qp P yra; preservation of the polar condition by the ambient action
is not assumed.

Now let T be an original Hilbert isometry onto any finite-dimensional K C ker H. Bounded
perturbation in the same minimal realization gives Dom H = Dom P,; and

PyT = NyT — Wy T, ||PMT” < Bpy + 6.

For e = Qgw, the operator on the further constrained form domain acts as Py xe = QrPue,
whence
| Parcell < [|[Puv|l + (Ba + 0 || 2|

Combining the last displays, ||z|| < ||ho|| < 3||g|| and (84) proves the promised count-independent
bound

1Pr,x Qe Qu(s9)|| < J(M,F)|gll, J(M,F)=3[51Ry + 33log(2+ F) + 210 + 2°7 + d)]. (86)

This argument uses actual operator-nullity. An arbitrary additional row requires its own graph cost.
Independence of dim K is an analytic norm estimate and does not assert that numerical projection
is free.

For arbitrary negative profiles and a common complex coefficient vector,

2 o 2 2 5
lg2 = [ ndilon PS5 < Rz Dz

Their support is bounded by Q, and J(M, Q) < Jyr. Equation (86) proves the complete joint
moment in Theorem E.1. Applying the same inequalities to profile differences and using closedness
of Py i proves the full observation-space graph completion used in Theorem E.2.

The same graph estimate also pays finite inverse-action trials. If Ey, Wy are actual negative and
positive source families, the latter supported below Fp, and D,,, D,, dominate their true frequency
metrics, put V = ktQn(Eg — WoF,) and Fy = max(Qyy, Fp). Before multiplication by s, the two
profiles have disjoint Fourier sign supports. Thus

(PV)*(PV) = &~ 2J(M, Fy)*[Rar Dy + (Ras + log (2 + F)) Fy Dy F).

This supports complete source-action residual accounting. Physical mixed covariance after multi-
plication by s remains present; disjoint raw frequency sign supports do not make the receiving cross
block vanish.

M Protected critical representers and their spectral floor

We supply the original-domain and uniform Gram arguments used in Theorem F.2. The complete
polarized formula is

fi(hn, hy) = Zmz (she)(2) M (sh1)(—2), Mf(z):/f(u)ezuczu.

All centered nontrivial zeros occur with multiplicity.

Lemma M.1 (Critical evaluation vectors in the operator range). For every positive critical ordinate
v, vy = Qp(ssin(yu)) belongs to ran H.
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Proof. Put ¢ = iy of exact multiplicity m and Py = d?/du® — 1/4. For a function whose first r
transform jets vanish at o, define

00 (t _ u)r—l

Ry ) = [ e

Its canceled lower-tail expression is (—1)" [ (u — )" Le?t=%) f(t)dt/(r — 1)!. The vanishing jets
prove equality, and direct integration gives M(R[ f)(z) = Mf(2)/(z — o)". With n = RJ*), the
detector h, = Pyn/s therefore has transform (22 —1/4)€(1/2 + 2)/(z — o)™. It evaluates only at o,
where its value A is nonzero.

Here is its original minimal-domain return. Each fixed-order theta derivative is bounded on
either arm by a polynomial in r = mwe2lul times el*//2-7; the first atom gives the matching positive
lower for s2. In the upper primitive use ¢t = u + v and €2V > 1+ 2v; its complete tail is bounded by
a polynomial times e*/2~"e¢~"¢y™~1 heyond a fixed onset. Use the canceled lower primitive on the
other arm. Differentiation gives the corresponding fixed-order estimates. For compact even cutoffs,
Po(xrn) has both pole moments zero exactly, converges after division by s in L2, and its derivative
converges in ordinary L?. The bound a < 17£2 gives convergence in V. Weighted integration
by parts gives arbitrary vertical inverse powers, so the O(T logT) zero count passes the full zero
formula to the limit, as in Appendix A.

Oddify by hy(u) = hy(u) — hy(—u). Its only evaluations are A and —A at +ivy. The polarized
formula gives, in the conjugate-linear-first convention, gz (ho, h) = Qmifl(vw h). This is a bounded
Hilbert functional; form representation puts h, € Dom H and Hh, = —2miAv,. In particular
vy L ker H. O

—Trv

Classical positive critical-line proportion [17] and the local total zero bound N(T'+1) - N(T) =
O(log(T + 3)) give a sequence of distinct critical ordinates with any fixed large separation G and
v < Dj. To see this, greedily retain a point and discard the following interval of length G. Each
discarded cluster has total multiplicity O¢(logT") below height 7', whereas the critical-line count is
at least cI'logT. Thus the number retained below 7' is at least cgT', even when multiplicities are
charged to clusters. Discard any fixed initial interval and enlarge D if necessary.

For an even positive Schwartz weight F, its sine Gram is

%[ﬁ(% =) - F(v + %)

Fourier decay bounds the off-diagonal difference row sums by Cn 324 (1 + G|I)~Y; the sum-
frequency row sums tend to zero with the first retained height. Schur’s test therefore gives uniform
upper and lower Riesz bounds, simultaneously for F = s and s*. The polar coefficients cj =
(b, ssin(yju))/||b]|? have an arbitrarily small whole 2 norm after increasing that height. Hence for
h =3 i<;aivy, and f = sh,

llal® < 167 < upllal®, IFI7 = rlal.

Differentiating f = 3 a;s%sin(y;u) — sb3 a;c; and applying the upper cosine/sine Gram bounds
with weights s* and |(s?)'|* gives | f'||* < C~7||a]|* uniformly in j. Fourier Jensen, as displayed
after Theorem F.2, now gives (Coh, h) > c./j||h||?> on this j-dimensional span. Lemma M.1 puts
it in R. Compact minmax proves the required floor. Complete theta decay supplies all Schwartz
seminorms used here; no constant depends on the number of subsequently removed genuine nulls.
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N Origin compression and fixed-window separation

This appendix records an additional constraint on the original hard-cutoff origin layer. Put U =
logM, 0 < L < 7/2 and fix B < oo, C > 0. On the original polar-only space let N]C\}rg use the

negative window [0, L/U], and let P][\f ] use the actual positive window [0, B/U].

Proposition N.1 (A bounded scaled positive window). There are compact smooth original polar
tests hpy and constants ¢, > 0, with an integer k fized before M, such that eventually

(N — CPIEYhy] > VMU, ||ha]f? < U2,

Thus this fixed positive-window budget has an adverse Rayleigh depth at least a constant times

\/M/ U4k+3 .

Proof. PNT and Abel summation give uniformly on every fixed scaled interval mps(t/U)/v/M —
—4cost, with positive/negative parts converging to 4(—cost); and 4(cost)y. Choose b >
max(B, L,7/2) and p(t) = t(1 — t?/b*)*. The positive integral on [0, B] is exponentially small in
k, since its support starts at w/2. The negative integral on [0, L] is at least a positive multiple of
k=3 by restricting to [0,1/(2k)]. Fix k so the negative integral exceeds C times the positive one by
a strict amount.

On a fixed compact interval the odd functions u,u?,..., u?**! sinh(u/2) are independent. A
positive even bump and their Gram inverse supply compact smooth odd moment duals. Writing
pr(t) = X j<p at™*1, choose fyr with exact polar moment zero and [ fu®™' = (=1)7(2j +
1)!U%+1q;. Then hy = far/s is in the original compact polar core, ||hy|| = O(U?**1), and its
sine transform at t/U is pg(t) + O(U~2) uniformly on the two retained intervals. Substitute in the
actual observations and use their scaled limits. The fixed strict polynomial gap gives the asserted
inequalities. O

There is also a positive finite-frequency compression for any original projection Q. With Th(§) =
(Q(ssin(&u)), h) in the true origin measure, its monomial projection Iy gives 0 < T*II;T < T*T.
This is a true source projection and keeps its full monomial Gram. A sine Taylor approximation
and the complete theta moments give the bound used in the portable controls:

[Qlog(4m)/2]*™
CHE

For completeness put r,, = log(4m)/2. For x = |u| < rp, 2™ < r
monotonicity of ze™?* gives

Q
|IT*T — T*TILT|| < 648 m=2d+1, = / -
0

2m
m -

For z > r, > log2,

2mlog(z/rm) < 2me” 2 me* = e < T,

Thus 22" < T%lmer/ 2 everywhere, and both real arms give

o0
|su™||? < 167“,2717”/ re " 2dr = 16(21 + 4)e ™/ 2r2™ < 64727
s

The real Taylor remainder is [€u|™/m!; the squared observation-map error integrates to the dis-
played bound. The exact projection has no larger error. At Q = L/log M, for any fixed ¢ >
(p+ 1/2)/8, taking d = [clog M/loglog M| pays M P eventually, by Stirling. This is a compres-
sion estimate in the true observation metric, complementary to the complete ridged comparison of
Theorem C.1.
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