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Abstract

We give quantitative complete signed certificates and describe exact null corrections for
a weighted realization of Weil’s form. For every fixed € > 0, the specified inverse-receiving
construction has a sufficient trial cutoff my; < M'T¢ for all sufficiently large M, retaining the
polar constraint, all arithmetic shifts and the complete mixed return. In its guarded input
format, construction and verification have polynomial bit cost in the numeric cutoff M. Under
RH, the admitted fixed instances have recognizable strict certificates. We also identify the closed
canonical derivative carrier with the entire full-multiplicity Mellin zero-jet class in the original
reciprocal-theta norm. An equivalent continuous-area norm and uniform estimates on zero-
free exterior arms prove strong inward synthesis. Contour moments then give a computable
orthogonal projection and optimal exact lifts of any fixed controllable finite head. At exact
unit row moment and profile tolerance 7, the logarithm of the least genuine-null physical norm
has order n~%(8+13) for a fixed row of highest index j; simultaneous lifts admit linear-order
exponential budgets and prescribed orders J = o(loglog M). A complete evaluated certificate
and paid localization give the whole-domain lower bound —3x 1078 in the original physical norm.
The covariance estimates and critical signed criteria connect these constructive and geometric
results to arithmetic Weil positivity.
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1 Complete certificates and canonical null synthesis

Weil positivity turns a zero-location problem into a signed inequality on an infinite-dimensional
space. Two difficulties remain when that inequality is approached through finite calculations: a
finite matrix must control every omitted direction, and a null correction must remain legal in the
original weighted norm. This paper gives quantitative receiving resources for the first difficulty and
a complete description of the canonical full-jet carrier for the second. Their consequences include
computable null projection, sharp interpolation costs and a whole-domain lower bound from an
evaluated certificate.

1.1 The original object and the finite verification problem

Let s2 = 1)/ cosh(u/2) be the even theta weight defined in Section 2. A physical vector h has profile
f = sh. The original Hilbert space K consists of odd L?(R) vectors with (h, ssinh(u/2)) = 0; V
is the minimal form domain and H its associated weighted Weil operator. Every norm, constraint
and finite-to-infinite return below refers to this realization. The odd Weil criterion is proved in
Appendix A.

A positive compression alone controls its finite trial space. Our supported construction instead
retains a positive receiving complement and bounds the entire off-diagonal return. Its trial func-
tions approximate a specified inverse in energy norm, and a directed finite-matrix test pays that
approximation before giving a lower bound for every supported polar vector. Section 3 states this
complete criterion; Section 6 proves its foundations and quantitative approximation theorem.

The principal resource improvement is the following fixed-exponent law: for every fixed € > 0,
the specified receiving construction has

ma S Ml-‘r&

for all sufficiently large M. Its constants and onset may depend on €. The core dimension and the
receiving trial cutoff count different parts of the certificate. The guarded construction result also
specifies outward acquisition, inverse margins and finite acceptance; its polynomial bit bound is in
the numeric parameter M. These statements retain the same polar constraint, complete arithmetic
shifts and mixed receiving terms as the signed criterion.



Under RH, each fixed admitted instance has a recognizable strict certificate. Conversely, ac-
cepted complete certificates along the specified unbounded support schedule return positivity to
the original domain by Theorem 2.2. The constructive resource law and the arithmetic acceptance
condition have distinct roles in this implication. The evaluated M25 instance, together with the
localization proved below, gives

gulh] > =3 x 107%(|nll3  (heV).

The proof uses the original physical norm and pays the nonlocal arithmetic boundary terms and
polar repair.

1.2 The actual weighted carrier and its constructive consequence

Put go = (02 — 1/4)¢ and ¢; = q(()QjH). The physical canonical rows are z; = ¢;j/s. Let X =
L?*(R, s 2du) and let N be the X-closed canonical carrier. With

AR) = =22 = 112 +2), M) = [ fwedu,

let J consist of the legal odd polar profiles for which Mf = AFE with E entire and even. This is
the full-multiplicity zero-jet condition. We prove N = J in the original X topology.

The essential step is strong inward synthesis: M f,(z) = A(z)E(pz) converges to Mf in the
transform norm corresponding to X. An explicit continuous gamma weight gives an equivalent area
norm. Uniform estimates on zero-free exterior arms control dilation, while odd tilted Plancherel
norms return the central strip to those arms. Tight tails pay the passage from local entire con-
vergence to the actual weighted norm. This supplies the metric control needed in addition to
exponential type and strict inward carrier membership.

Write Ny = {f/s : f € N} in physical coordinates. The orthogonal projector Py onto Np
is computable on computable physical L? vectors. Certified contour moments detect all principal
parts of M f/A, including repeated zeros, without requiring a supplied zero or multiplicity list.
The canonical vectors and the Riesz vectors of those constraints give two orthogonal effectively
generated dense sides. A residual search then computes the orthogonal decomposition. For a
computable finite isometry U whose carrier observation U*|y, is onto, put F' = U*PyU. The
optimal carrier lift is

Vopt = PNUF™', V2 Vo = F1

Finite canonical exact lifts approach this optimum with certified whole-map error. The full-jet
condition in this statement fixes the multiplicity scope of the projector.

The canonical family has prior same-weight ancestry. Van Hemert’s repaired family h; =
w@j“) — 477y satisfies ¢ = hy,1 — hi/4 and has the same finite spans after the stated weighted
identification [13]. The contribution here is exhaustion of the compatible full-jet class in the actual
norm and its constructive projection. Laplace—area representations, gamma-integral asymptotics
and least-norm lift algebra are used in their classical roles.

1.3 Sharp costs and covariance transfers

The projection result and the interpolation estimates answer different quantitative questions. For
a fixed nonzero canonical row combination z = Y7_; a;z;, o # 0, let CH (€) be the least physical
norm of an operator-null vector k with (z, k) = 1 and ||sk||2 < e. Corollary 10.2 proves

log CH () = ©, (¢~ ¥/ (®I+13)), (1)



The upper construction lies in the admitted genuine-null carrier; the lower estimate applies on the
original physical space. The simultaneous lift has squared-norm budget exp(D je?") with D; <
exp(C(J + 1)) and onset at most C(J + 1) for each fixed set of auxiliary tolerances. This admits
every prescribed J = o(loglog M) in the corresponding cost-paid covariance transfer. The exact
polar leading-cost refinement has its own specified comparison class; it is distinguished from the
sharp logarithmic order.

For the complete averaged negative source Ej -, positive form Py and original-norm ridge
K, write

(K3 k) = | Eip i (Paric + 51) " Enr el

All source directions are retained. The unconditional covariance theorem has, for fixed b, e > 0, the
estimate

sup [yar (K; M%) —1| < Cp . M™%\ /log M exp[(8/+/7 + €)v/blog M], (2)
K

uniformly over finite genuine-null restrictions, including moving ones. This estimate and the critical
signed criteria have separate proof chains. On the original polar recipient,

RH <= liminf VM (v ({0}; M) = 1), < o0 (3)
M—o0
On arbitrary finite genuine-null recipients Kjs, the corresponding criterion is
RH <<= liminf VM (ya(Ky; MY — 1), =0. (4)
M—o0

For restrictions in one fixed canonical span, the bounded version also holds by the independent
qualitative interpolation proof in Appendix C. That argument takes the arithmetic limit for each
fixed test before taking the small-profile limit, and does not require the quantitative lift.

An eventual all-integer bound vM(yy — 1)y < C(log M)A, A > 0, at a fixed polynomial
ridge gives Rp < 1/2 + A on the specified cost-admitted recipients. This is a conditional zero-
location transfer. For comparison, the merged all-moduli Dirichlet endpoint in the Quasi-Riemann
tracker is 87338196661320751993/10%° [36]; applying the transfer below that boundary requires the
correspondingly smaller arithmetic exponent, together with any stated moving-recipient cost.

1.4 Increment and organization

The public predecessor of this paper, edition 10, establishes complete coefficient-ball covariance
control, the original critical criteria and complete supported signed tests. Its prescribed receiv-
ing bounds are exponential in a positive power of M. The present fixed-exponent receiving law
strengthens that constructive resource, while weighted carrier exhaustion and projection add a dis-
tinct geometric capability. Sharp null cost, linear-order lift dependence and the evaluated global
floor describe further consequences in this same realization. The existing strip/divisor closure in
Polynomial cores, inertia and Carleman moment bounds, edition 3, and Polynomial synthesis for
zero ideals of the Riemann xi function, edition 2, concerns fixed-strip graph and divisor topolo-
gies [25, 31]. Those estimates do not by themselves pay the infinite factorial-line or continuous-area
tails required by actual X; that return is proved here before using carrier closure.

The main text places the complete receiving theorem and its proof before carrier classification
and sharp interpolation costs. The technical supplement gives the complete covariance proofs and
groups alternative receivers, worked data and auxiliary source interfaces by verification role. Shared
Green, polar and domain arguments are stated once and cited where used.



2 The original form, norm and domain

The Riemann hypothesis has a positivity endpoint in a fixed odd Weil realization. We retain this

realization throughout the complete covariance estimates and the constructive signed certificates.

We first specify the original norm and domain; the later reductions return to precisely these objects.
Use f(£) = Jg f(u)e™® du and Plancherel measure d¢/(27). For u > 0 define

P(u) = eu/? 2(47“721 —6rp)e ™, T, = e, s? = ¥/ cosh(u/2), (5)

n>1
with the even continuation given by theta inversion. Let K be the odd subspace of L?(R) satisfying
(h, ssinh(u/2)) =
Write ¥ =I"/T" and
a(§) =RV (1/4+1£/2) —V(1/4) > 0, mo = V(1/4) — logm.
The domain V is the completion of the smooth compact odd polar-free core for

d€
B = 1013 + [ a@)lsh() 5

The complete form on this domain is the closure of

alt) = | <mo+a>|§1|2g

—Z

n>2

Sh (Stogn + S—10gn)sh), Spf(u) = f(u+0).

Inner products are conjugate-linear first. For f = sh the original physical norm is

10l = [ 1P

These are the conventions of the weighted-Weil and complementary-receiver predecessors [28, 26,
24].

Notation and proof dependencies. The ambient Hilbert norm is always ||hll2, and f = sh
is its physical profile. @ removes the polar row; a further projection removes only a specified
finite genuine-null space. The symbols pyr k., nar refer to arithmetic averaging, while the explicitly
declared symbols in Section S2 and the technical supplement refer to hard cutoffs. After averaging
order one is fixed, Pys, Nas, Ep and Ry (k) denote its positive form, negative form, complete source,
and actual positive inverse. Scalar hard-cutoff budgets have only their local declared meaning. The
unrestricted averaged forms use the original minimal domain V'; finite genuine-null constraints use
its same-form restriction V' N K+. The arguments required here are included; predecessor citations
identify the development of the constructions.

Lemma 2.1 (Complete elementary envelopes). For r = me2lul

2[u|

2r?e™" < s(u)? < 169¢4/ul—me

The arithmetic sum in (7) converges in original operator norm. Moreover 0 < a(§) < 17£2.



Proof. Each theta atom is positive. The first atom, 41> — 67 > 2r2, and el“l/2/ cosh(u/2) > 1 give
the lower bound. For the upper, el“/2/cosh(u/2) < 2 and don>1 nte~(*=Dr < 2: the consecutive

ratios are bounded by 16e™" < 1/2. Hence s> < 16r%e™" < 169¢*=" . For b = logn, put
x = |u| + |u+ b| > b. The upper envelope gives
s(u)s(u 4 b) < 169e2*~™" < 169n%e™ ™.
Thus the norm of the full omitted arithmetic sum is bounded by
dnr = 338 Z n®/?logne ™ — 0. 9)
n>M

This sums all integers and therefore every omitted prime power. In particular, for every integer
M > 2,
Sar < 451(M 4 1)2e ™M+, (10)

Indeed logn < /n, and the consecutive ratios of n2e™™ are at most 4e™™ < 1/4. Summing
the resulting geometric majorant gives the coefficient 1352/3 < 451. Boundedness of s and this
convergence make (6) the original semibounded form topology. Finally the digamma series is

) /2
a(é) = %‘6 (n+1/4)((n + 1/42 + (£/2)8)°

The n = 0 coefficient is at most 16£2, and the others total at most &2 don>1 n=3/4 < 3¢2/8. O

Theorem 2.2 (Cofinal complete certificates). For each j let I1; be a finite orthogonal projection
onto genuine null vectors of the complete associated operator H, and put P; = I —11;. Suppose a
complete signed certificate on the original domain gives

qu|Pjh) > —¢j|Ppl3 (heV),  0<e —0 (11)

along an unbounded sequence of indices. Then qg > 0 on V, and the Riemann hypothesis holds.
Each 11; may use its own finite genuine-null space.

Proof. For a genuine associated-operator null vector z € Dom H, qg|[z,h] = 0 for every h € V.
Consequently finite null projections preserve V', qu[Pjh] = qu[h] and || P;h|j2 < ||h||2. For each
fixed h, (11) gives qu[h] > —¢;||h||3; taking the limit proves positivity. Lemma A.1 supplies the
endpoint implication. O

The following arithmetic realization and covariance estimates return to precisely this norm and
domain. The finite-coordinate constructions in the technical supplement provide alternative imple-
mentations of the same endpoint. Related compact-window reductions retain a Fourier envelope
and leading-tail coupling [39], or source-exact positive directions in a block—Schur certificate [16].
Our main estimates act on the complete odd weighted realization; the compact-window and whole-
line recipients are distinct.

3 Finite-verifiable certificates for the Riemann hypothesis

We first give an explicit certificate criterion for original arithmetic Weil positivity. Every candidate
uses finitely many specified functions and finite matrices, with a proved price for the whole receiving
complement. The specified energy-return producer is Theorem 3.3; Corollary 3.4 pays its guarded
finite verification cost. The complete-residual criterion below remains an independently paid alter-
native, rather than a residual interpretation of an energy error. The original odd Weil equivalence
is proved in Appendix A; the complete construction and supporting proofs are in Section 6.



Original and profile coordinates. The original odd test is h, with ambient norm ||A||2, and its
logarithmic profile is f = sh. Here s> = ¢/ cosh(u/2), where, for u > 0,

P(u) = ev/? 2(47’2 —6rp)e ™, ry = mnle??,

n>1

with even continuation. Thus [|h||3 = [ |f(w)|*s(u)"? du. The odd-half unitary sends f to g =
V2fl0,0)s 80 llgllz = [[fll2- In profile coordinates the original ridge is the multiplier M~'W,
W = s72; in the original h coordinates it is M ~!I. The supported polar condition is g L sinh(x/2).
Section 2 gives the full form and minimal-domain definition; the supported realization used here is
proved in Section 5.

On the odd-half unitary profile space L?(0, L), put

p(x) = sinh(z/2), Fr=p", eq(x)=1/2/Lsin(kex), kq=(q+ $)m/L.
The original supported form has the exact realization
Hy=Dp+R,+Vy,  Dreg=alk)e,,  W=s"

Here a(k) = RU(1/4 + ik/2) — ¥(1/4), mo = ¥(1/4) —logm, and R, = 3";5o7j @ rj = 0 is the
complete Green response, with ¢; = 2j + % and

o—ci(L—2) _ g—c;(L+a)

— €
W= e

The support-uniform norm bound is proved in Lemma 3.1. The bounded Vi, = mo — C%" contains

[RL|| < /2.

every active prime power:

Car:uL 1(—L,L) Z SlognJFS logn) (=L,L) U}i.

2<n<e?L

Thus both shift orientations and the reflected channel are retained. The exact physical coordinate
is f = sh, with the odd-half unitary map understood; the ridge M ~'W corresponds to M ~'I in
the original physical norm.

Lemma 3.1 (A support-uniform Green norm). For every L > 0 and every finite Green prefiz,
0=Rpy=3l  03R =L

The bounds use the complete reflected response normalization of Section 3.

Proof. Set ¢j = 2j 4+ 1/2 and change to the boundary coordinate s = L — . The exact response
profile satisfies
e—CiS — —¢i(2L—s)
ri(L—s)= N 0<rj(L—s)<e 9, 0<s<L.
The finite feature Gram G;; = (r4,7;) therefore has nonnegative entries and obeys the entrywise
bound

L 1
G~</ “lete)s s < — = H,j.
=y TS Vo) B



Put w; = 473 (2]] ). Its generating function and Tonelli’s theorem give, for every i > 0,

1/t
> Hyjw; = —/ 121 — )72 at
>0 2 Jo
/2 )
:/ sin 0d = ~w;.
0 2

The last identity follows from integration by parts, starting with ¢ = 0. For a finite complex

coefficient vector z, use symmetry and
w; w;
2|zl 2] < |zil* =L + |7*—.
w; wj

It follows that

zi|? T
"Gz < Z Hijlzil| 2] < Z | l|' Z Hijw; < §HzH2

ij<J i<y Wi j<J
It Tyz = X ;<5 275, then G =T5T; and Ry, j =TT have the same operator norm. This proves
the finite-prefix bound. The positive prefixes increase to the original complete response; their
uniform bound gives a strong monotone limit and the same inequality for Ry . 0

The explicit lower form. For every integer M > 220 set

Uy =logM, Ay =logUyy, pr = Unr + 8\,
UM:)\X/[I, LM:%log(,oM/Tr)+77M, I €Ny pyd /A< Ty < puAm/4+2. (12)
Write Ry, j =357 ®7;. An exactly specified positive dyadic step multiplier Wiey is constructed

below so that
W < Wigy <W.

Throughout this section every block is built from the same lower form
Sm = Dry + Riyay + Vi + MﬁlVVlOW on Fr,,. (13)

An elementary full arithmetic budget is Bys = 6 4 8(log2)e’™. Fix 8 = 1, and choose a certified
integer Nj; with
LMeBMJrﬁJrl/Tr < NM < LMCBMJrﬁJrl/ﬂ'-i- 2.

Such an outward choice is computable by interval refinement. Let Ujs be an exact profile isometry
onto
1% :Span(eo,...,eNM_l)ﬂpL, dim Vy; = Ny — 1.

Define Fir = [p/||pll,Unm], Qn = I — FyFyy, and

dM = ﬁ + M71W10W7
Zn = dy — dyf Far(Figdy Far) "' Figdy) (14)

Only a finite constraint Gram is inverted in this formula.



Theorem 3.2 (Finite-verifiable RH criterion). The complete receiving compression Ty =
QrmSmQnm, with domain Dom Dy, Nran Qs in ran Qpy, satisfies

T = (dv)qu = BL, Tnf = 2Zu. 1 Zull <871
where Zyr is extended by zero on ran Fyy. For any legal finite-DN trial map Y, QupY =Y, put
Ay = Sy(Uy - Y),
Tar(Y) = (Uns — Y)* Sy (Ups — Y) — A Zas Ay (15)

Here Sy is the full ambient expression in (13); all oulput functions are retained. Any certified
Hermitian lower enclosure L p;(Y) 2 Tar(Y) with Ty (Y) = 0 proves

anlh] > =M A3

for every original polar-free test supported in (—Lnr, Lar).

The Riemann hypothesis is equivalent to the existence of such strictly positive finite certificates
along an unbounded sequence of integers M > 220, The trial family can be fized computably: take
dyadic finite-DN proposals w and apply, columnwise,

w — (I — UpU%)) <w—60<<;’:;‘;>>). (16)

Under RH, every admitted M has a strict certificate from this family. Still under RH, ifry = Qu Ay

and 5
2
<
Il < oo
then Iy (Y) = 1/(72M). A two-sided enclosure IT =Tap (V)| < e, e <1/(288M), therefore gives
the strict lower certificate I' — el »= I/(144M).

Proof. Section 6 proves the original-domain realization, step floor, receiving bound, and full residual
identity
0= Ky —Ty(Y) =032y — Ty )ry =< B rry,

where K is the exact Schur matrix of Sj;. Thus a passing lower enclosure proves Sp; = 0.
Complete positive order gives Sy <X Hy + M ~1W, yielding the asserted physical bound. Since
Ly — 00, an unbounded sequence admits every compact original polar-free test. Taking the limit
and the original minimal closure gives Weil positivity and hence RH.

Conversely, under RH the complete physical Green-tail bound proved below and the step floor
give Syrp = I/(4M), or Syr = W/(4M) = 1/(36M). Its exact Schur matrix has the same profile
scalar lower bound. The legal computable trial family is graph-dense, so its complete residuals tend
to zero at each fixed M. The residual inequality gives the stated I/(72M) margin. Every entry
of (15) is computable by finitely many explicit panel integrals and a finite matrix inverse. Finite
directed refinement therefore supplies a strict outward certificate. For the printed radius guard,

~

I' —el =Ty (Y) — 2el, which proves the final bound. O

3.1 A fixed-exponent receiving construction

Fix 0 < 0 < 7 < n < 1/2 before varying M, and put § = o/7. Use the actual nonnegative cell
potential V.= M~ Wy, = 3% | vixi, the complete bounded part K = Rr.j+mg — C¥, and the
explicit € bounding K on both L? and X7 in (30). Thus Sy; = D + V + K. Define

Umax :m?‘xvia b =€+ vnax, a:a(kzNM), Ry = ||p”2/|<pa€0>|27 P, :OéRo+b(1+R0)



The constructive bound H in (35) uses these same cells, heights and full polar/core constraints.
Set
G = max{e, 144MH?*(6 + P, + o)}, Z = (Glog G)Y/(29), (17)

Choose an outward integer mjs; within two above max(Nys, LysZ/m). All intermediate integer
choices in the definition of H use the same outward guard; dependent budgets are recomputed at
the chosen integers, not at smaller ideal thresholds. For m > Ny, let V,,, be an exact isometry
onto
_ 1L L
W = span(eq, ...,em—1) Np— N Vi

Define the finite matrices

H.=USyUn, T = VS0 Vi, Bm = VS8 Uny,
X = BT By, €% = H2(6 + Py +10g(km)) (k) 2, Laggm = He — X — €721

At an empty trial space the inverse term is zero.

Theorem 3.3 (Specified finite-matrix criterion). For (k) > exp(1/(20)), these matrices satisfy
ﬁM,mjKMch_XTm Tm>__/BI

RH is equivalent to the existence, along an unbounded sequence of admitted M, of strictly positive
finite outward lower enclosures of the specified matrices Lyrm,,. Under RH, every admitted M
satisfies Larm,, = 1/(48M), and a two-sided operator center-radius guard 1/(288M), followed
by subtraction of that radius, gives a lower enclosure at least 1/(72M). The trial dimension is
mpyr — NM, with

logmps = log M + o(log M).

20

Consequently, for every fized e > 0, choosing fired 1/(2 4+ 2¢) < 0 <17 <n < 1/2 gives my; <
Mt for all sufficiently large admitted M. Precisely, for each such fized choice and € there is
My = My(e, 0, 7,1, chosen bounds) such that the last inequality holds for every admitted M > Mj.
No numerical common onset is claimed. This is a sufficient count, not a minimum, a uniform
variable-exponent Mol prescription, or a runtime estimate.

Proof. The complete constrained energy-approximation proof in Section 6.9 gives, for X =
C*Ty C,
0= X — X, <y,

The prescribed m s makes this scalar at most 1/(144M). Under RH, Ky = I/(36M ), proving the
asserted strict margin. Conversely any passing lower matrix proves the whole Sj; = 0; the original
order and exhaustion in Theorem 3.2 apply. Section 6.9 proves the actual inverse range, the
complete 20 energy return, and the selected growth law. Section 4 pays the finite computation. [

The matrices Ly, use an energy-return error payment; I'y/(Y) uses the complete step-priced
L? residual. These are two independently paid finite certificates for the same complete Schur
matrix.

Corollary 3.4 (Guarded polynomial-numeric-M verification). Fizx rational 0 < o <7 <n <1/2
and effective outward Hardy, reflection, Green and commutator constants as constructed below. For
the constructed floor and exact symbolic coordinates specified in Section 4, a deterministic producer

10



and verifier form a rational Hermitian center and a certified operator-norm radius at most 1/(288M)

for
I

144M°

They terminate in at most M bit operations and use at most M output bits, for a finite constant
C depending on the fized exponents and constructive constants. A passing strictly positive lower
matriz is sound without RH; RH guarantees PASS at every admitted index. Otherwise the algorithm
may return NOT _CERTIFIED, which is not a certified negative direction. The cost concerns this
prescribed format and is not independent of the length of arbitrary external input. An already frozen
floor or basis retains its identity and requires its own paid validity/evaluation certificate; description
length alone does not establish the same bound for arbitrary permitted inputs.

H.— B: T, 'B,, —

Proof. The complete scalar, coordinate, inverse and matrix-error construction is given in Section 4.
Its fixed subtraction is legal because (17) pays the entire return by 1/(144M). Receiving inversion
uses the unconditional floor one; only the positive acceptance margin uses RH. The exponent C
is not asserted to be 1 + . Polynomial in numeric M is generally exponential in its binary input
length [log, M. O

Proposition 3.5 (Whole physical response and representation bounds). For (12), the entire omit-
ted Green response obeys

1024 log log M 1

_ < — M > 2%, 1
M(log Mo " 4 = (18)

HS(RLM - RL]\/I»JM)SH <
The number of retained Green responses and the sufficient number of dyadic potential cells are
O(log Mloglog M); Ny = M°Y) . The generating finite-DN intersection list has profile Gram
condition below 37Lyr. For any genuine profile isometry E, the physical Gram G = E*WE has
cond G < M1+o(1),

The proof is given in Section 6. These counts describe the core, response and potential represen-
tations. The finite trial map and directed precision are additional parts of each accepted certificate.
The complete covariance estimate in Corollary S6.2 supplies a complementary quantitative descrip-
tion of the same arithmetic Weil positivity endpoint.

4 Quantitative approximation and verification resources

Theorem 3.3 pays the whole receiving return by one fixed-exponent construction. Corollary 3.4
pays a guarded producer and verifier for its specified finite format. These are sufficient counts,
not minimum dimensions. Constants and onsets depend on the fixed exponent triple; no uniform
M) gchedule is asserted. Polynomial in numeric M is generally exponential in binary input
length. Since e?M ~ log M /7, the sufficient count has logmy; = (7/(20) + o(1))e?™ on the
support scale. Neither count nor cost theorem establishes practical execution, an arithmetic sign
estimate, or a passing cofinal family.

Effective inputs and guards. Fix rational exponents and compute Hardy /reflection/Fourier
constants at the actual 7,7 in Section 6.9. The Fourier difference integral has effective small-
argument quadratic and large-argument integrable power bounds, with directed quadrature on the
remaining compact interval. Absorbing denominators are explicit. Form (), A, G, ¢, Ve, Mo, 7+, Co

11



Table 1: Distinct sufficient resources for the guarded construction.

Resource Guarantee

Core and representations Ny = MM, Green-prefix length and potential cell count are
O(log M loglog M).

Receiving dimension Fixed 0 < 0 < 7 <1 < 1/2 gives logmus = log M/(20)+o(log M);
dimension my; — Nys. Each fixed € > 0 admits my < M*e
eventually.

Acceptance precision Whole receiving fee 1/(144M) and two-sided operator radius at
most 1/(288M).

Constructed-format cost MFC bit operations and output bits for fixed rational exponents
and effective fixed constants; C' is not the receiving exponent.

Arithmetic-only alternative The separate first-moment test in Theorem B.6 has log N = O(eX+

log L); it is not the inverse producer.

from those bounds, not from an unchecked numerical constant for another exponent. They may be
large near 1/2 but are fixed before M varies.

For every threshold use a rational enclosure of width below 1/4 and the ceiling of its rational
upper endpoint, selecting an integer between the threshold and two above it without deciding
integrality. Apply this in dependency order to J, N,n, h, m. After selecting the actual auxiliary h,
recompute by, H, G, Z before selecting m. The auxiliary h need not be materialized as an additional
trial matrix. Consistent fixed-factor outward bounds retain H, P, = M o(1) and m = M1/ (2o)+o(1),

The potential uses the indexed cells and coarsest dyadic rounding in Section 6. Its strict-
slack receipts certify W/2 < Wi, < W on each ENTIRE cell. Elementary theta brackets give
height /denominator lengths O(log M) with harmless guard bits. The heights d;/M are rational,
not necessarily dyadic for arbitrary M. This specifies one allowed construction. A frozen floor or
basis retains its identity and needs its own effective validity/evaluation certificate with paid com-
plexity. Short descriptions alone do not provide polynomial tests of arbitrary weak transcendental
inequalities. The cost is for this bounded format, not independent of the length of arbitrarily
padded external input.

Exact coordinates and conditioning. Let v, = (e4,p). Integration gives
g cosh(L/2) '
2(1/4 +k2)
Core columns e; — (vj/vg)eg, 1 < j < N, have Gram I + uu* with condition at most Ry < 16L. In
the receiver put py = Pyp, sy = ||pn]|? and use

vg = 1/2/L(—-1)

9q = €q — (Vq/SN)DN, N <g<m.
Their high coordinates are independent; they impose the EXACT original p row and all core
constraints. Their Gram is I +tt*/sy, t = (vn, ..., Um—1), with condition < 1/(1 —dx) < 2 by the

polar leakage bound. Both have the continuous inverse-square-root formula

*

uu
VI+ P+ T+ Tul?)

It needs no division by |lu? or rank oracle. It defines exact symbolic isometries Uys, V;,; numerical
acquisitions have separate error bounds. The non-DN column in F' remains the FULL polar profile,
not py. The residual alternative also has (1 + vmax) I < F*(1+V)~'F < I. The primary energy
producer does not invert that step Gram.

(I +uu) V2 =1 -
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Complete entries without activation decisions. First-m form entries consist of the diagonal
a(kq), exact finite Green coefficient products, potential sine-product integrals, mg, and every killed
prime-power pairing. The normalized Green coefficients are given in Section 6.9. Enumerate
integers up to an outward bound K > e?!, K = O(log M), and determine prime powers by a sieve
or trial division. Extra channels have zero killed overlap; equality with e?” need not be decided.
For a = logn and clip(t) = min(L, max(0,t)), forward, backward and reflected intervals are

[0,clip(L — a)], |[clip(a),L], [clip(a — L),clip(a)].

The reflected integrand retains its minus sign and argument a—z. These formulas include a = L, 2L
and vanish for @ > 2L. Min/max have Lipschitz interval extensions. An uncertain endpoint sliver
of width w costs at most 2w/L for normalized sine products, or 4w/L for two endpoints. Phase
derivatives cost at most the actual frequencies. Summing all channels with their true weights has
polynomial sensitivity in m, L and the feature/height budgets. Each term is integrated on its own
clipped panel: no transcendental sorting or endpoint-separation assumption is needed.

The elementary directed scalar algorithms can be chosen as follows.

1. Use a(k) = 3,50 2]{72/[6]'(6? + k2)] with tail 2k%(c3® + cp?/4) after j > R. An outward
R > 4(1+k|)/v/d 41 suffices for error 0 < § < 1. Tts length is polynomial in M for k = O(m)
and inverse-polynomial §. For mg use ¥(1/4) = —y — 7/2 — 3log2 and H,, —logn —1/n <
v < H, —logn, taking n > 2/6 and directed logarithms. No fast special-function oracle is
required.

2. Logarithms use binary scaling and the atanh series with geometric tail; square roots use
rational bisection, and 7 uses alternating Machin arctangent series. Taylor evaluation after
power-of-two argument reduction, with repeated squaring/doubling, supplies exponentials
and trigonometric functions. Oscillatory factors have modulus one, not /%, Real exponential
logarithmic magnitudes and required guard lengths are bounded by a fixed power of log M.

3. Use the ENTIRE panel primitive, including z = 0,
e“Tdr = e**A , .
/a 2 (7+1)!

Jj=0

Subdivide into at least max (1, 2|z|A) symbolic pieces. Each local argument is at most 1/2, and
its tail after ¢ terms is at most 2(1/2)"/(¢t+1)! times the explicit prefactor. Here |3z| = O(m),
|Rz| = O(J + 1); the piece count is polynomial in M. Directed summation includes endpoint
uncertainties.

These recipes use inverse-polynomial-in-M TRUNCATION tolerances. Additional (log M)°™)
rounding guard bits do not demand 2~(ogM )* truncation from the slow symbol or Euler series.
This distinction keeps their term counts polynomial in M. Rounding individual terms to a suffi-
cient dyadic grid prevents unnecessary denominator growth.

A whole-matrix inverse and rounding budget. Letr = N—1,d = m— N, and take a rational
bound A > max(1,6 + log(kn,) + b). It bounds the actual first-m form blocks and full action and
is M°1) on the schedule. Empty receivers use zero return. Otherwise T}, = I unconditionally by
(25), not by RH.

Compute Hy, By, Ty with complete operator errors at most d, including basis acquisition, and
explicitly symmetrize Hermitian blocks with paid errors. Frobenius estimates suffice: a square
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size-m matrix needs entry radius d/m, not a dimension-free radius; rectangular blocks use the
square root of their entry count. The rank-one basis formulas have polynomial sensitivity bounds,
so inverse-polynomial scalar tolerances suffice. For § < 1/4, Ty > 31/4.

Choose an outward ag within two above 2(A 4 1). Then Jy = I — Tp/ag is positive and
|Jol| < 1—3/(4ap). The inverse tail of ag* > j<s Jo s at most (4/3) exp[—3s/(4ag)]. Select s to pay
half the requested inverse error and the other half for directed matrix rounding. Contractivity gives
polynomial s, m, ag amplification of rounding errors; s = M°™1) log M suffices. The resolvent identity
gives | Tt — Ty t|| < 20. The verifier may instead check the COMPLETE residual ||I — T, W],
which bounds ||T},,} — W|| because Ty, = I.

For total inverse error 7y, the common center satisfies

|H. — BX T, B,y — (Ho — BEW Bo)|| < 6 + (244 6)3 4 (A + 6)*Diny.

Set e = 1/(288M) and require, for example, § < e/[64(A + 1)?] and niny < €/[16(A + 1)2]. This
contribution is below e/4. Separate e/4 budgets for product rounding and symmetrization leave
room for every scalar/fee error. Subtract the EXACT rational fee 1/(144M) after certifying the
analytic cutoff, avoiding numerical tail evaluation. All radii are two-sided OPERATOR bounds;
every mixed matrix term is included.

Test the rational Hermitian lower center L — el by exact rational LDL or leading principal
minors. Strictly positive pivots give PASS; zero/nonpositive pivots give NOT__CERTIFIED. The
rational test terminates without a spectral separation assumption at zero and does not identify
failure with an original negative direction. Fraction-free elimination has polynomial bit cost: after
clearing dyadic denominators, determinant bit lengths are O(r(p + logr + log(A + 1))) at entry
precision p, and polynomially many integer operations compute the required minors.

Cost and conditional success. For fixed rational exponents, m = M/(29)+o()  other norm
budgets are M°M), and all scalar loop counts, dimensions, operation counts and bit lengths above
are bounded by M for some fixed finite C. The effective recipes also handle finitely many smaller
admitted indices, absorbed by enlarging C'. Certificates may store or regenerate the exact symbolic
coordinates, integer/floor guards, scalar truncation bounds, block centers/radii, inverse residual, fee,
final center and rational LDL witness. They need not store every summand or iteration. Guards
are inequalities with explicit remainders, not unverified flags. This proves Corollary 3.4 for the
stated format.

RH supplies the inherited exact Schur floor 1/(36M); the return fee leaves 1/(48M) and the
two-sided guard followed by radius subtraction leaves 1/(72M). Hence RH guarantees PASS at
each admitted index. Evaluation, termination, receiving inversion and soundness do not use RH.
The energy cutoff alone does not certify the unbounded-action residual of I';;(Y'); that alternative
retains its separately paid complete-residual criterion.

The arithmetic-only test has different elementary budgets: at L = 2 its printed conditions
alone give a sufficient N > 10671
finite examples in Appendix D retain their original schedules and receipts and are not executions
of this asymptotic producer.

, not a performance estimate for the present receiver. Worked

5 The supported Green realization

The supported Green realization used in Theorem 3.2 follows the positive exponential construction
of Li [15]. Its domain identification is included here. The complete physical-tail estimate and finite
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certificate construction are proved in Appendix 6. All arithmetic sums below include every active
prime power. Optional critical carriers are empty, and the original polar restriction is retained.

5.1 Exact realization and domain

On the odd-half unitary space L?(0, L) put

¢;=2j+%, kg=(q+3m/L, eq(x) =1/2/Lsin(ksx), Dregs=alky)e,.

Lemma 5.1 (Complete Green realization). The minimal zero-extended supported archimedean form
equals Dy, + Ry, where

2sinh(c;z)
R :E r; @1y, rj(r) = ==, 19
L = J J ]( ) eQCjL+1 ( )
0= Ry, |RL|| < Cp:=L+m/2. (20)

The associated operator domain is Dom Dy, ; finite DN spans are an operator graph core.
Proof. The positive digamma difference expansion is
2 2¢;
a(f)—z<—2]2>-
S\G G + £
For the Dirichlet half-line and Dirichlet—-Neumann interval Green functions,

e—cle—yl _ g—cla+y)
2¢ 7
sinh(cmin(z,y)) cosh(¢(L — max(z,y)))
ccosh(cL) ’

Goo,c(xa y) =

Gonel(z,y) =

direct subtraction gives 2¢(GpN,ec — Gooe) = Te @ 7e. For z = 2L — 2 —y > 0, the sum kernel is

bounded by
—z/2

ez € 1
LT T m sty
The constant kernel has norm L; the Carleman kernel [2(u + v)]™!, w = L — z, has Schur bound
/2 with weight u~1/2. All positive partial sums therefore converge strongly to the bounded Ry, in
(20).

The identity first holds on smooth compact odd tests. To identify its closure, extend a finite
DN combination oddly across zero and evenly across L, with period 4L. Cut it off in endpoint
layers of width e and mollify preserving parity. The reflected error has H* norm O(e'/?~t) for
every fixed 0 < t < 1/2: rescale each bounded smooth boundary bump in the fractional Sobolev
norm. The bound a(k) < Cy(1 + k2), from the logarithmic symbol estimate, shows convergence in
the diagonal form norm. Conversely smooth compact tests have rapidly decreasing DN coefficients.
Finite sequence truncation is a form core of Dy; hence the original minimal closure is precisely
Dy, + Ry. Boundedness of Rj then gives its operator domain and graph core. This argument
retains the supported realization, rather than silently imposing a different endpoint domain. O
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At fixed L, the original positive smooth s has positive minimum. Thus s*! are bounded on

this interval. The original physical congruence is exactly S, = sSfs, with physical norm |[/h|2.
The polar condition becomes f L p, p(x) = sinh(z/2), in profile coordinates. Restrict the closed
forms to this subspace, retaining their minimal supported closure; one can enforce the constraint
on the smooth approximants by subtracting a fixed compact test with nonzero polar pairing. Finite
bounded arithmetic and ridge terms preserve these domain statements. No condition number is
assumed uniform as L grows.

6 Proofs for the finite-verifiable criterion

All forms use the original supported minimal closure and its exact polar restriction. Lemma 5.1
proves Hy = Dy + Ry, + Vr,, the domain Dom Dy, and the finite-DN graph core. The arithmetic
bound follows from the complete weighted Chebyshev estimate in Section S2. The construction
below combines that realization with positive form order, constrained inversion, and a complete
residual identity.

6.1 Uniform theta brackets and the dyadic floor
For z > 0, put r = me?*, ¢t = (1 + €7%)/2, and
O(z) = 2(47"2714 - 6rn2)6_m2, W =t/0.
n>1

Every summand is positive. Write q; = (4r% — 6r)e™" and

(I+e )"
Wi=t/qg = ———.
S GT—
Lemma 6.1 (Whole-theta brackets and variation). On xz > 0,
g1 <O <(129/128)¢, (128/129)W; < W < Wh, |(log W)'| < 217e?®. (21)

Proof. Since r > 3, q1 > 2re™". For n = 2, 4log2 < 3; for n > 3, 4logn < 4(n — 1) < n? — 1.
Thus

a2y 2¢~6 5971968 1

a1 4 _—r(n?-1)
<2 2 128°
<23 nle <2) e ST e 10 S 1073682775 © 128

Q1 n>2 n>2

The penultimate inequality uses e > 8/3. This proves the first two bounds for the entire series.
Termwise differentiation, justified by uniform Gaussian tails on finite intervals, gives

O'(x) = Z(—8y3 + 28y — 12y)e ™Y, y = rn’.
n>1

For y > 3 the absolute polynomial is at most 20y3. Also > on>1 nbe=r(*=1) < 2. for n > 2,
6logn < 2n?, and the remaining tail is bounded by
3— 2 671
et <7 — < 16/31 < 1.

n>2 o

Consequently |©'/0| < 20r. Finally |t'/t| < 1/2, proving the logarithmic derivative bound. O
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Let K = 21me?l. Choose an outward integer n within two above 2K, L/ log(4/3), and use the
exact symbolic nodes x; = jL/n. The width h = L/n is at most log(4/3)/(2K1). At each left node
use directed evaluation 0 < a < W; <b, b/a < 17/16. The complete-theta node enclosure

aj = (128/129)a < W < b=b;,  b;/a; < 2193/2048 < 4/3

then needs only the elementary expression Wj. For a definite computational choice put E; =
aje KLk obtain rational bounds 0 < F_ < E; < Ey with E_/E; > 99/100, and choose the
COARSEST power-of-two mesh s; < E_/200. Round (19/20)E_ down to that mesh to obtain an
exactly represented positive dyadic d;. This gives

(9/10)aje K1t < d; < a;eKeh,

because E_/400 < s; < E_/200, d; > .945E_ > .93555E; > 9Ej;, and d; < 95E_ < E;. Put
Wiow = d; on that cell. These mesh comparisons are rational; the strict-slack enclosures avoid
transcendental equality decisions. An unspecified arbitrarily fine mesh would not provide the
claimed denominator-length bound. Logarithmic variation gives

dj < W(z), Wd(jx) > (9/10)(a;/bj)e” 21" > 81/160 > 1/2.

Thus W/2 < Wy < W as multiplication operators. The guarded cell count is at most
2K L/log(4/3) + 2. At each fixed L, both potentials are bounded. Their jumps change the
operator by a bounded multiplier and preserve the supported form and operator domains.

6.2 The whole physical Green response

Lemma 6.2 (Complete physical sandwich). For Ey = Ry, — Rpj, 0 < n < L, and ag =

eSSSUD/_ <y, s(x)?,

e—2¢yn 2
OjSEJSj \/(L+7T/2)O'72]+3 m I. (22)

Proof. Use the ambient L? edge and interior projections P, = Y1), Pi=1— P.. Since 0 =

E; = Ryp,
IEY?P.s|| < \/L +7/2 0.

On the interior 0 < rj(x) < e~ (=) whence Tonelli and the complete positive feature sum give

6—20j77 6_20‘]77
< .
2¢; 2¢(1 —e4m)

Tr(PE;P;) < Z
Jj=J

Use [|s]lc0c < 3 for the interior factor, and apply the operator triangle inequality before squar-

ing ||E}/ 2s||2 = ||sEys||. All cross terms are included. Positive partial sums pass monotonically
to the bounded response. The characteristic functions act only in L?, so no multiplication of a
form-domain vector by a discontinuous cutoff is required. Restriction then preserves every polar
constraint. O
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All response indices are chosen outward as in (12); finite interval refinement supplies such
an integer without deciding an exact-ceiling equality. Here are the explicit admissions. Write
U=1logM, X\ =1logU, p=U-+8\. For M > 2% 13 < U, 2 < A, and logU < U/4. The last
inequality follows at 13 from log 13 < 3 < 13/4, and then by differentiation. Thus p < 3U, n < 1/2,
and

Co=L+m/2<3 43 <2
The width satisfies L > 1. Indeed its derivative has the sign of U(A? — 2) + 8A\(A —2) > 0. At
Up =20log?2, p/m > (40/3+16)/4 = 22/3 > 4, Ao < 3, and hence L(Up) > log2+1/3 > 1.

At the edge start me2(E~) = p. The complete theta envelope s(z)? < 16964:""*”@21, decreasing

for > 0, therefore gives

169 338X\
2 2 — 2
o, < 169(p/m)%e™" < ik Cro;, < VTS
Moreover 4Jn > p, 2cy > p/n, and 1 —e~t > t/(1 +t) imply
_ 4p 4 e~2eam 3
2c;(1— e 1) > > U = < :
=210 >3 v a oy S e

Applying (a + b)? < 2a? + 2b% in (22) proves

676N 27 1024) 1024 1024 1
A7 < < MA; < —_—
IS 08 T oaroe S Mus 7S

— < < -.
Us 135 4
These elementary inequalities prove (18) for every admitted integer, not just asymptotically.
The complete lower form satisfies Sy = Hy + M ~1W. Under original Weil positivity, its exact
physical congruence is

1
Sain = Hy — sEgs + M~ sWigys = <2M - AJ> = I/(4M).

Equivalently Sy = W/(4M) = I/(36M). The bounded response and potential changes preserve
the same original minimal supported closure. Compact polar-free exhaustion uses the exact physical
row s(x)sinh(z/2), as in the proof of the odd criterion.

6.3 The small-support intersection core and receiving floor

The scalar symbol bounds needed below follow directly from

2k?
R )

7>0

For k > 1, comparison with the decreasing integral gives a(k) > logk; separating j = 0 and
bounding the remaining sum by its integral gives

a(k) <5+ log(l+ k), k> 0. (23)

For the lower bound, the integral over ¢ € [1/2, 00), divided by the spacing 2, is % log(1+4k?) > log k.
For the upper, the first summand is at most 4; the remaining integral is at most %log(l +4k?) <
log 2 + log(1 + k).
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Let p = p/||p|l, P, be the first n DN projection, and &, = ||(I — P,)p||?>. Integration by parts
gives the exact coefficients
(5, e cosh(L/2)?
eq)|” = .
Pl = T(sinh L — L)(1/4+ k2)?2

(24)

For L > 1, the ratio cosh(L/2)?/(sinh L — L) decreases: its derivative is —L sinh L/[2(sinh L — L)?].
Its value at 1 is below 9, since cosh 1 < 2 and sinh 1—1 > 1/6. The first-term-plus-integral estimate
of the remaining fourth-power series therefore yields, for n > 1,

9L3 9

5, < S
~rt(n+1/2)3 wkd

If f L Vy and f L p, its low-frequency component is proportional to Py,,p. The exact polar row
and Cauchy—Schwarz give || Py,, f||?> < én,, || f||?, hence

Dr[f] = {a(kw,,) = ny[alkn,,) — alko) }IFII*.

Put X = By + 8+ 1 > 2. Since ky,, > e, the decreasing function [5 + log(1 + k)]/k® and (23)
give
9
Snysla(kny,) — alko)] < =(X +6)e 3% < 3(X +6)e ¥ < 24e7¢ < 3/8.
T
The deliberately generous X + 6 bound follows from log(1 + eX) < X 4+ 1. Thus Dy, on the whole

receiving complement exceeds Bys + 8 + 5/8. Dropping only the positive retained responses and
using Vi, = —BjsI proves

T = BT+ M~ QuWiow Q- (25)
This proof is safe for every larger outward Nj;.
For completeness write v, = (eq,p), vo > 0. The finite generating list w; = wvoe; — vjeo,

1 < j < N, has Gram 03] + vgaivf,. By (24) and cosh(L/2)?/(sinh L — L) > 1/2,

2
cond Gy, < @ <2L(1/4 +7%/(4L*)* < 37L, L>1.
(¥

0

Its inverse square root defines a computable exact profile isometry. All inputs remain finite DN
combinations.

6.4 Constrained step inversion and the full residual

Let F' = Fy, Q = Qur, d = dyy, and Gy = F*d~'F. Since F*F = I and d is a finite positive step
multiplier,
d*l

max

I<Gg=<dl1I.

min
Thus the finite inverse is both well-defined and susceptible to directed verification with an explicit
lower bound. For g € ran @, the function

z=dtg—d 'FG;'F*d g

satisfies /"2 = 0 and QQdz = g. It is the solution for the restricted multiplier form dg. The same
formula annihilates F, so it defines Z = (dg)~! extended by zero. From (25), inverse form order
gives

0=Ty' 22, |Z]<p7".
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Write H, = U3,SyUn, C = Q§MUM, and K = H, — C*TAZ,lC. For a legal operator-domain Y,
QY =Y the complete residual identity is

K= Uy —Y) Sy (Up —Y) = (C =Ty Y)* Ty (C = TasY).

This follows by expanding both squares and cancelling all linear and quadratic Y terms. As
ry =C —TyY =QSy(Uy —Y) and ZF = 0, replacing T]\}l by Z yields exactly

K-Ty(Y)=r3(Z -Ty)ry, O0=K-Ty(Y) =<3 r{ry.

The positive receiving block makes this Schur identity valid even when the core block is indefi-
nite. Acceptance retains the complete ambient action covariance, not a square of a finite output
compression.

6.5 Computable trials, complete entries, and strict acceptance

Finite DN sums form a graph core for Dy,. Formula (24) also shows p € Dom Dy, because a(kq) =
O(log(2 + q)) and the coefficient squares are O(¢~*). Restriction to p*, and then to the finite-DN
core complement, has the expected operator domain: the off-diagonal rows against these finitely
many domain vectors are bounded. More explicitly, (p, Dr.f) = (Drp, f), and the same identity
holds for the finite core columns. Thus their removed row components are bounded in || f||2, making
the ambient and restricted graph norms equivalent on the constrained domain. All other terms in
§M — Dy, are bounded at fixed M.

For a true receiving-domain f, DN truncation converges in this graph norm. Exact pole correc-
tion using e, followed by projection off the finite core, preserves graph convergence and finite-DN
structure. The corrections in (16) are graph-continuous and act identically on true receiving vectors.
Dyadic finite-DN proposals therefore give a computable graph-dense trial family. Each column of
T A}lc belongs to the receiving operator domain. Approximating these finitely many columns by
that family makes |C — Ty Y| — 0.

We spell out finite evaluability. The function d~! is a finite step function. For finite-DN
inputs, diagonal actions are finite sine sums; each retained response is an explicit exponential; each
killed prime translation is a finite sine expression on its overlap panels. The odd-half identification
supplies the reflected pieces as well. The potential action is another finite piecewise sine sum. Hence
every entry in A;d_lAy, F*d~'Ay, G4, and the form matrix uses finitely many sine, cosine and
exponential integrals over a common finite partition. For example, the entire expression

b 2(b— )™
/a ezxdw:eza(b_a) Z [ (b )]

0 (m+1)!

has an explicit exponential-series remainder and includes z = 0. It avoids an equality decision at
a vanishing denominator. Outward panel endpoints and continuous zero-overlap limits similarly
handle coincident shift endpoints.

All scalar coefficients are computable with directed errors. The displayed positive series for a(k)
has tail at 7 > R at most 2k2[c§3 + cl_f /4], by its first term and integral. Logarithms, exponentials,
trigonometric functions and square roots have their usual convergent rational enclosures. The Euler
constant entering mg may be enclosed between H,, —logn—1/n and H,, —logn. Finite-dimensional
positive square roots and inverses can be enclosed using the explicit Gram lower bounds. The
outward arithmetic index may be chosen within two of e*/; any additional killed shift has zero
overlap on the actual support. Consequently a finite certificate contains directed bounds for every
scalar, node, height, action, constraint inverse, and final matrix.
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Under RH the complete lower form is at least I/(36M/) in profile norm. Minimization over
the entire receiving space with fixed core coefficient therefore gives K = I/(36M). The residual
tolerance |ry > < B/(72M) proves I'p;(Y) = I/(72M). The computable graph core attains this
tolerance at each fixed M. Directed refinement of the finitely many entries can attain any positive
error radius. With ||[T' — T (Y)|| < e < 1/(288M), the lower matrix obeys I' — el = I/(144M).
This proves conditional fixed-instance completeness and finite recognition by a strict positive matrix
test. Conversely, every accepted certificate gives a complete original-norm allowance M ~!; cofinal
exhaustion proves Theorem 3.2.

6.6 The constrained energy identity and legal first-m repair

Write Sy = Dy, + B, where B =V + K and ||B|| < b = vmax + &. The sharper X7 estimate for the
actual Green prefix is derived in Section 6.9; no order inference from a positive response bound is
required.

For the normalized polar row, cosine Parseval gives

/112 inh L+ L
k2 D, e 2 _ v 2’ 2|l _ Sl'n
Z Mol =1%o = S E - D)

<4, L>1.

The ratio decreases, and the inequality follows at one from sinh 1 > 7/6 > 17/15. Thus ||Jp| < V17.
The symbol bound also gives a(k) < 4 + 3log(1 + 4k*) < 4 + 2k, hence a(k)?* < 32 + 8k® and
|Drp| < 8. For F = [p, U], on the whole coefficient space,

IDLF|| < V64 + a2,

The constrained graph argument above identifies Dom Tj; = Dom Dy, Nran @ y; it does not turn
Q@ into a suffix projection.

Let P, be the first-m DN projection, m > Ny, and put zo = (I — UpUj,)eo. Then zg lies in
the first Nj; modes, has norm at most one, Dy [z] < «, and (p, z9) = (p,ep) # 0. For y = TA}ICU,

define
(p, Pmy)

(p, €o)
Truncation preserves core orthogonality because the core is first-IN;s; the displayed repair imposes
the EXACT original polar row. Writing ¢ = (p, Pny)/(p,e0) = —(p,9)/(p, €0), we have y — w,,, =
g+ 20C. Only these high/low pieces are orthogonal in L? and Dy ; the bounded perturbation is paid
on their SUM:

Wy, = Py — 20 € Wh, g=I—Pp)y.

ly = wal® < (1 + Ro)llgl?,  Drly — ww] < Drlg] + aRollgl®, Ty — wm] < Drlg] + Pillg]*.

This retains every potential/Green/arithmetic mixed energy. The pole formula yields

2
L(sinhL — L) {1 2
R — Lsin ) <+ il ) < 16L :

cosh(L/2)? \4 4L?

the hyperbolic ratio is below two and 2(1/4 4+ 10/4)? < 16. For Y = T;,'C and Y, = V;, T, Bon,
the positive receiving form gives the exact Galerkin identity and best-energy approximation [5]:

0=X —Xp = =Y Tu(Y =Yy),  Tul(Y = Yiu)v] < Tar[Yv — wyl.

It prices the WHOLE receiving complement on each common complex core vector. No compressed
action square replaces a complete Gram. The remaining fixed-exponent proof supplies its explicit
energy tail.
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6.7 Actual arithmetic commutators and the sharper return bound

We establish the support-domain and arithmetic-commutator foundations used by the receiving
construction. The guarded cost proof is in Section 4. On the full line let A = a(D) and use the
bounded nonnegative partial multipliers

A, = an(D), 2{2/0] 2¢;/( c + &4}

j<n
Their off-diagonal kernel is — K, (| — y|), with
o—d/2 ;
< —d/2
0 Kn(d)_1_€_2d_e + 54

Across a half-line cut, write the distances as u,v > 0. The exponential cross kernel has rank one
and norm 1; the Carleman kernel 1/[2(u + v)] has norm at most 7/2. The commutator consists of
a cross block and its negative adjoint, so its norm is at most 1 4+ 7/2. For the interval projection
P =1(_r 1), subtraction of the two half-line projections gives uniformly in n, L

I[An, P]|| < s :=2+. (26)

The diagonal constants cancel before this estimate.
For f € Dom A, A,f — Af, and (26) bounds ||A,,Pf| uniformly. Monotone convergence of
an(€)? |Pf( ¢)|? proves Pf € Dom A. Strong limits then give the bounded commutator [A, P]. The
off diagonal blocks PA(I — P) and (I — P)AP are bounded by c,. Removing their self-adjoint sum
from A yields a self-adjoint block-diagonal operator on Dom A. Its interval part A; has domain
Dom A Nran P, and represents the restricted full-line closed form.

This is the original minimal supported realization. Indeed the block argument also bounds every
interval projection uniformly in the norm || f||?+ || A'/2f||?. Interior interval cutoffs converge in that
norm: prove it first on the global Schwartz core, where a boundary strip of width ¢ has H! norm
O(e'/?71), 0 < t < 1/2, and then use the uniform projection bound and density. The logarithmic
multiplier is bounded by every positive Sobolev power. An interior-supported vector can then be
mollified, with convergence by Fourier dominated convergence and with support retained. Even
mollifiers preserve odd parity. Thus compact smooth odd tests are a form core of the odd restricted
form. Lemma 5.1 identifies this same closure with Dy + Ry,.

Let 7, be full-line translation and T,, = P1,P the actual killed translation on ran P. Both P and
T, preserve Dom A; translation commutes with A. On the compressed domain the exact identity is

[Ar,T,) = —PA(I — P)1,P + Pr,(I — P)AP.

It proves ||[Ar,Ta]|| < 2c,. for every real a. Only the pair T, + T_, is restricted to the odd
sector. It has norm at most 2, preserves the odd supported domain, and the half-unitary identity
D, = Atloaa — Ry, gives

I[DL, (Ta + T-a)lodd]|| < 4(2+ 7) + 4CL. (27)

There is no shift-size singularity. Triangle inequality in this commutator estimate retains every
active prime power, while the arithmetic operator in the form keeps its actual signed coefficients.
We also pay the other components. For a step b on (0, L), each jump at ¢ has

DL 1, plll <2CL,  [[Dr, bll| < 2CL TV(b).
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To prove the first estimate, use the finite digamma identity D,, = A1 y|odd — RL,n. In half-interval
coordinates the opposite-side kernel of Ay, is bounded by 1+1/[2(u+v)], giving norm at most C',.
The Ry, commutator costs at most Cr. Uniformity in n, followed by the same diagonal monotone
convergence argument, proves both preservation of Dom Dy, and the stated bound. Sum the jumps
to obtain the variation estimate.

For the finite Green terms,

Irill* < (2¢;) 7, 175117 < 2¢;, |Dpr;||* < 16/c; + 16¢;.

These follow from the explicit exponential profiles and the same DN cosine Parseval estimate
used for p. Hence || Dpr;|l||r;] < ,/8/0? + 8 < 7. The rank-one commutator identity then gives

I[Dr, Rr, ]|l < 14J, with domain preservation. If neey is the potential cell count, an explicit bound
for the whole perturbation B is therefore

A
Ky =14J + [4(2+7) +4CL] Y Aln)
2<n<e?L \/ﬁ (28)
+ 4CLM71ncellHI/Vlow||oo Z || [DL7 B] H
Here TV(Wiow) < 2ncell||Wiow||co; monotonicity of the heights is unnecessary. Every component
preserves Dom Dy,.

6.8 Representation growth
For (12),
et = pe? Jr = (1/7 + 0(1))log M, J = O(log Mloglog M), L = O(loglog M).

The elementary arithmetic budget gives B = O(y/log M), so log N = O(y/log M) and N = M),
Also K1, = 21me*! = O(log M), proving the cell count in Proposition 3.5. The first theta term gives
s(z)? = ©/t > 2r2e™"; this last function decreases for r > 7. With ry, = me?! = (1 + o(1)) log M,
any profile isometry E therefore has

e'r 9e"L 1to(1
I/9=XE*WE = I,  cond(E*WE) < —— = M'*oW,
2ry 2ry

These are representation and metric bounds for the stated core and profile isometries. The explicit
residual tolerance governs trial enrichment and finite precision in each certificate.

For the quantitative energy-return construction, the exact height bound gives log(1 + vpax) =
O(log M /loglog M), while « = O(Bys + 1) and Ry = O(Lys). These are the actual height/core
inputs to the fixed-exponent argument below. Its selected receiving cutoff replaces the graph
prescriptions; entry acquisition, inverse and complete rounding costs are proved in Section 4.

6.9 Fixed-exponent regularity of the complete receiving inverse

We prove Theorem 3.3 for fixed 0 < 0 <7 <1< 1/2,0 =0/7. Throughout D = Dy, F = [p, U],
Q=1—-FF* and X° is the DN scale

Teq = (kqg)eq, X?=DomJ* (s>0),

with completion for negative exponents. The auxiliary scale does not replace the original supported
domain. The following Hardy argument is used at any fixed 0 < s < 1/2, not only one numerical
exponent.
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Fractional Hardy and cut estimates. For an interval I, use the double-integral convention

[v]il _ /I i |U($) — U(y)‘2 dy dr.

o =yt

328 — 2% 1—cq
= < ]_’ =
Cs 2s © 2¢,

1—
, di=1—-(1+4e)c, = G

s

o=t )2
5 0 i

For smooth compactly supported v on the closed positive half-line, average
[o(@)]* < (L+e)|o()]* + (1 + e Ho(z) - v(y)?

over 2x < y < 3z with measure dy/x, then integrate with weight x=2%. Fubini evaluates the first
averaged integral as

> 1-2 5 2 > 2 2
[ e [ )P dyde = e, [y o) .

Since |z — y| < 22 on this wedge, the difference integral is at most 2172[v]?

5,(0,00)" Absorption gives

(o]
| e @ de < hafol? o
On (0, L), apply the averaging only for x < L/3; its first term is at most (1 + e)c, times the entire

weighted integral. The remainder at = > L/3 is bounded by (3/L)?*||v||?. Consequently

L_ 3/L)?
[ e @ e < bl o + S ol (29

Reflection gives the same bound at L. Smooth-up-to-boundary density follows from even reflection
and mollification: the reflected difference kernel is bounded by the original one. Fatou then extends
(29) to the intrinsic fractional space. Thus this argument does not presuppose the zero-extension
estimate it will prove.

Zero extension from (0, L) to the line adds exactly

1k —2s —2s
R e U (NI

to the seminorm. On the line, a half-line cut is bounded by the half-line Hardy inequality applied
on the retained side; two such cuts bound multiplication by any interval indicator, independently
of its width. Translations are isometries and restriction decreases the intrinsic norm.

For completeness, the DN scale is the same fractional space at this exponent. Extend oddly
across 0 and evenly across L, with period 4L. At even joins the difference kernel is directly bounded
by the original kernel. At odd joins the extra sums are bounded by the two Hardy integrals in
(29). Remote period interactions cost at most a fixed multiple of L=2%||v||2. For the periodic kernel
Snez |T —y + 4Ln| 71728 Fourier expansion gives the multiplier

2/(1 —cos 2)|z| 1% dz |k
R

The integral is finite and positive. The odd/even symmetries select exactly k; = (¢ + 1/2)7/L.
Restriction gives the reverse norm estimate, and comparison of 1 + |k|?* with (1 + k?)® proves
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equivalence with || J*v||. For L > 1 these constants may be uniform, or enlarged polynomially in
14 L. No endpoint trace is imposed below exponent 1/2. The Fourier and reflection arguments
have the classical background in [20]; the estimates needed here have been derived explicitly.

Choose As > 1 to dominate the resulting norm constants for interval multiplication and the
complete extension, translation, restriction and parity compositions just described. This means
products of their factor norms, not just the largest separate factor norm. The number of factors in
each composition is fixed. The constants are computable from the displayed Hardy constants, the
convergent Fourier integral and the reflection estimates, with at most polynomial slack in 1 + L;
they are independent of cut positions and minimum cell width. In particular, for a shift a > 0, the
actual killed pair on the odd half-profile is

v(@+a)lppacr +v(x —a)lysq —v(a — 2)lycq, g—2<L-

Odd zero extension, both translations and restriction give norm at most 2A5. This retains the
reflected arm as well as both shift orientations.

Fixed scale constants and the complete Green prefix. Choose fixed effective constants
C; = 1 comparing X" and the intrinsic inhomogeneous Gagliardo norm in both directions. For
L > 1 the Hardy remainder L~2* is at most one, so the reflection argument gives constants uniform
in L. Let A > 1 bound interval cuts on every |s| < n and the fixed-length odd-extension, paired-
translation and restriction compositions at 7. Obtain the endpoint constants from the preceding
formulas, use duality at negative exponents and interpolate between endpoints. Products of factor
norms, rather than their maximum, are included in A.
The actual Green profiles have the exact DN coefficients

o T

(eq:m5) = /2/L(=1) W-

For z,y > 0, f(c) = ¢*/[(c* + 2?)(c* + y?)] is unimodal, has supremum (z +y) 2, and [;° f(c)dc =
7/[2(x +y)], including the continuous x = y limit. Splitting the spacing-two sum at its mode gives
> flej) < %flo/OQ f(e)de+2sup f. For x +y > 1 this is at most (7/4+2)/(z +y); for x +y < 1,
use Y. cj_2 < 5<5/(x+y). Thus, for every actual prefix,

20 7

Ry Der| < < .
I L’J>q‘—L(kq+kr) “g+r+1

This is an absolute coefficient estimate, not an inference of Sobolev order from 0 <X Ry ; = Rp.
Writing © = ¢ + 1/2,y = r + 1/2, use ((kg)/(k-))™ < 1+ (2/y)7. Schur weights z~/2 and the
decreasing-integrand comparison

>y

STty T sin(7v)

v

0<v<l,

give both row and column bounds at ¥ = 1/2,1/2 + 7. The integral part is m/sin(7v); the first
term is at most two. Hence set

G; =T{4+ 7+ m/cos(nr)}, t = |mo| + max(G,,m/2) + 24 Z M (30)
2<n<e2l \/ﬁ
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It bounds IC on X°, X7 hence on X°. Each finite rj is in the DN X ! form domain; the bounded con-
jugate matrix therefore extends that same actual finite-rank map. There is no Neumann derivative
trace at this form-domain endpoint. The arithmetic composition used here is exactly

v(ac + a)1x+a<L + 7)(1' - a)1z>a - U(CL - x)1x<a, a—x<L>

so both orientations and the reflected arm are retained. The complete weighted-prime bound gives
t = O(e!) = O(v/Iog M), independently of the Green-prefix length. Replacing this by the rough
2J bound would not support the full exponent range proved below.

A logarithmic commutator row. Let Ay (u;) = Y, xiwi and Beyu = (xiu);, with the exact
direct-sum DN scales. Disjoint cells give norm one for both maps at zero. For v; = x;u;, the
Gagliardo cross-cell inequality |v;(z) — v;(y)|*> < 2|v;(z)|* + 2|v;(y)|? proves

2
| 2w, <23 Il
% n i

Within-cell differences and L? parts are accounted for by the same component norms. Therefore,
putting

I'. = max(1, \/ngA), Yo =T/ d=1+log(n+2),

we have
HAcutHn <T., HBcutHn < A\/ﬁ; HAcutHs < Fz/n (0 <s< 77)-

Duality gives ||Acus||—s < (Ay/n)*/". Interpolation of the exact spectral scales also yields

HAcutHU S 7097 ”BcutHJ S A9n0/2-

Here is the analytic-family and domain justification. Between finite spectral test vectors, form
F(z) = T*AcutTeee- Its paired coefficients are finite entire exponential sums. Finite spectral
compressions have locally uniform operator bounds on —n < Rz < 7, from the preceding scale
estimates and unitary imaginary powers. The coefficients stabilize; density extends them to all
vectors, with the same local bounds. Scalar Cauchy integrals define bounded operator derivatives,
and the second-order Cauchy remainder proves norm holomorphy, rather than formal unbounded
conjugation. The bounds are

|Fz+it)| <TM (2>0), || Flz+it)]| < (Av/n)™" (z<0).

On the circle of radius 7/(2d) at zero these norms are at most My = max(T., Ae/4); at T use
rr = min(7,n — 7)/2, whose circle lies entirely in the positive strip. Thus

IFO) < 2Mod/n, | F(r)l| <Te/r-.

On finite spectral input the derivative is (log J)Acut — Acut 10g Jvec. Finite inputs have cut outputs
in X"; log J : X7 — X7 is bounded because n > 7. Spectral graph approximation and closedness of
the diagonal logarithm then prove actual graph-domain preservation and the commutator identity
at zero and at 7. The two bounded extensions agree on their common core. Since D = log J + By,
| Ba|| < 6, its row remainder costs 12 at zero and 12, at 7, without summing n individual norms.

For the compatible row Crow = DAcut — AcutDvec, take
Co= max(l, 2M0/77 + 12, FC/TT + 1276)7 ||Crow||0 < Cod, HCrOWHT < (. (31)

In particular each cell preserves Dom D. All constants here are effective at the chosen fixed expo-
nents and independent of the partition size, widths, heights and L > 1.
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The same parametrix error before inversion. With the actual unchanged heights define

0 =1+4Cold+ A% n??], 1y = (D4vi+0)7", R = Ay diag(ri)Beut, E = Crow diag(rs) Beut.

(32)
The diagonal resolvents have norm at most 1/¢ on every scale. The proved cut-domain identity
makes R domain-valued on L2, and Vx; = v;X; gives

(D+V+OR=I+E,  |Ello<Cod/t, [E|; < CoAvn/L.
Interpolate this SAME error, at this SAME ¢ and these SAME heights, before inversion:
|E|, < CoA’d* =002 /0 < 1/4.

The separate d term also makes ||E|lg < 1/4. Thus Wg = (I + E)~! has compatible norms at
most two on zero and o. No inverse on X7 is asserted. The positive self-adjoint reference has
floor ¢; its domain-valued right inverse RWp is its actual L? inverse. Writing f,, = (%A)Gne/ 2 its

positive-scale bound is
|IRWE|o < 1o =2fn/¢.

Choose an outward integer h within two above
max(1, Lexp(Q +1)/7), Q= max(1,8f,(£+¢)).

Let Py, be the first-h DN projection and split RWg = Rjo+ Ry; by placing Py, [ — P, IMMEDIATELY
after each 7, before B.,Wg. Then a(kq) > Q for ¢ > h, and

IRuillo < 2/(2+0),  |[Ruille < 2fa/(Q2+6), [ Riolloso < blo = 2¢(kn)7 /¢.

Consequently Ryi(¢ — K) contracts by at most 1/4 on both spaces. The right factor Wg is not
moved through a cell, and is used only on L? for the low smoothing bound. The remaining n?/?
factor in € is essential.

Full constraints and actual inverse range. For F' = [p, U], define the whole-map bounds

wy = (kn, )"y Po=V1TH+wn, do= V644 a2+ vmax + L. (33)

The polar Parseval estimate proved above gives || Tp| < V17, |DF| < v64 + a2. Since Uy is
a first-N)s isometry, || J7F| < p, without a /Njs sum over columns. Cuts and all arithmetic
channels give

be =+ AUy, ¢ = (1+po)(a+bs)uy > [|T7C|, C=QSuUn. (34)
Here || 7°QJ 7| <1+ py; no commutation with @ is used.

Lemma 6.3 (Fixed-exponent receiving inverse range). On the original receiving domain,
|T7To Ol < H,  H =264 [bio(£+8)/8 + o (1 + podo/B)]. (35)

The bound holds on the entire complex core coefficient ball.
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Proof. For f € QX NXP?, first use only the original L? receiving inverse: y = T ]\_41 feDomDNEX,
lyll < 87| f]l. Its exact ambient equation is

Suy=f+Fu, p=(DF)y+FV+Ky, |ul<ds ISl
All polar and core rows are retained. Applying the positive-reference inverse gives in L?
y=Rpi({ — K)y+ Rio(! — K)y + RWEg(f + Fu).
The last two terms belong to X7, with bound

bio (€ + &) FI| + 7o ([l fllxe + podoST"I£1)-

Solve using the common high-block contraction in X?. Its Neumann series also converges on L?,
with the same sum on the intersection; L? uniqueness identifies the constructed solution with the
original y. This proves range admission BEFORE applying an unbounded weight to y. Taking
f = Cuv proves the displayed whole-map bound. Heights remain paid in dy, c}. ]

The Hilbert-scale interpolation and Cauchy principles are classical; the fixed-exponent construc-
tion above is proved directly. The small-exponent extrapolation alternative is not needed here.

The full 20 energy tail. Use the actual legal repair and Galerkin identity proved above. For
Yy = TA}ICU, g = (I — P,,)y, high/low orthogonality is used only for L? and D; the entire V + K
norm pays the mixed energy:

Ty — wm] < Dlg] + Pillg*.

For x > exp(1/(20)), (6+ P.+log z)z 2 decreases, since its derivative has sign 1—20(6+ P, +log z).
Thus, retaining the COMPLETE return, not a finite output compression,

0=X — X =Y =Y T (Y — Vi) = H*(6 + Py +log )22 L, xpy = (k). (36)

The Loewner bound holds for every common complex coefficient vector.
At (17), T, > Z > exp(1/(20)). Since log G > 1 and loglog G < log G,

H?*(6+ P, +log 2)Z7* < H*(6+ P+ 0 1)/G < 1/(144M).

This also covers G = e and a dominating core cutoff. The log G factor pays the logarithmic symbol
and is not dropped. The unconditional receiving floor proves finite inversion. Under RH the
unchanged complete physical sandwich gives exact Schur floor 1/(36M ); subtracting the return fee
leaves 1/(48M). A two-sided operator radius at most 1/(288M), then subtraction of that radius,
leaves 1/(72M). A passing lower matrix implies positivity on the FULL supported polar-free
space. The original order Sy = Hy + M ~!W, the unitary half-profile map and f = sh return
qu[h] > —M~Y|h||% in the original minimal domain. The complete Green tail and original cofinal
exhaustion are unchanged.

Fixed-exponent growth and effective guards. Put Uy = log M, A = logUy. The selected
construction has

n,J =0Up)), L=0), logNy =0KTy), a,t=0KTpy), log(l+vmax)=O0Uy/N).
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In particular 7, = (Up + 8\)e?/?, so the last bound does not treat the actual theta height as fixed.
The high/low cutoff pays all three terms

Q= OUIPNHO2 L U+ UTO2N2Y = o(Uy).
Each power of Uy is strictly below one because § < 1. A guarded near-threshold h gives log(kp) <
Q4 O(1) = o(Up). The source/constraint budgets have logarithms O(Up/X + /Uy + log(n +2)) =
o(Uyp); therefore log(H + 2) = o(Up). For the selected growth equality also note £ < C(n + 2)%/2d,
re = 2fn/l > c/d, and ¢ > 1 eventually. Thus H > 2r,, so log H = o(Up) on both sides. It follows
that

log G = Uy + o(Uy), log Z = Uy/(20) + o(Up), logmar = Up/(20) + o(Up).

The actual dimension mj; — Njs has the same selected leading law. For fixed € > 0, the strict
gap 1/(20) < 1+ ¢ gives an exponent-dependent onset. Neither an endpoint choice o = 1/2 nor a
uniform variable-exponent schedule is asserted.

For every computable real threshold ¢, obtain a rational enclosure [a,b] of width less than 1/4
and choose j = [b]. Then t < j < t + 2, without deciding whether ¢ is integral. Apply this
to J, N,n,h,m in their forward dependency order, and recompute by, H, G, Z after choosing the
actual h. Fixed factor outward bounds suffice if used consistently. For fixed rational exponents every
constant above is obtained from the displayed Hardy/Fourier/Schur recipes at the chosen 7, 7; a
former numerical C; is not automatically a C,,. This completes the analytic proof of Theorem 3.3.

7 A whole-domain physical lower bound

A supported certificate can control every vector of the original form domain, including vectors
whose support extends beyond the certified window. We prove this by nonlocal localization and an
explicit repair of the polar moment. Applied to the moving-window instance M = 225, the result is

3
an[h] > —3&l0lE,  heV. (37)

The norm and minimal domain are exactly those of Section 2. This is a single whole-domain lower
bound; the vanishing-allowance hypothesis of Theorem 2.2 is a separate condition.

7.1 Ambient form, complete tails and a compact moment repair

Let O be odd physical L2(R), put b = ssinh(u/2), and let V be the minimal completion of all
smooth compact odd functions for the norm (6), without imposing the polar moment. Write
Alf] = [a(€)|f(€)2d¢/(2n). The same arithmetic expression (7) defines a closed semibounded
auxiliary form ¢ on V: the nonnegative form A[sh] is closable, and its remaining terms are bounded
physical operators by Lemma 2.1. Indeed a!/ 2(D)M; is a closed operator on its maximal domain,
S0 its restriction to the compact core is closable. Only its minimal closure is used here. A fixed
smooth compact odd p with (b, p) =1 gives

V=Vnb g = qlv. (38)

To prove the nontrivial inclusion, approximate h € Vbt by ambient core vectors h;. The corrected
vectors hj — (b, h;)p converge in the same form norm and belong to the original core. The converse
follows from continuity of the physical polar functional. Thus the auxiliary form does not change
the realization of H.
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For R > 0 and rr = me?, define

Br=13¢*Re /2 tp = Byt TRI2 g = 4B1(K 4 1)2e KD, (39)
The elementary envelopes imply
[sloc <3, ‘SF%S(U) < Br,  [Nuzmrblz < tr (40)
ul>

For the first assertion, et Jecreases for u > 0 and 169e~™ < 9. For the last, both arms and
sinh(u/2)? < el*l/4 give

169 [ - 169 372 _ 3/2 _
||1{|u|2R}bH% < 47r5/2/ 2?2e dz < 2715/2TR/ e "’ <5TR/ e "R,
TR

Here the logarithmic derivative of 23/2e~*, and rg > 7 > 3, bound the integral by 7’%/26_’“3/(1 —

3/(2rg)). By (10), the complete physical prime operator omitted after the integer K > 2 has norm
at most dx. That estimate includes both orientations of every omitted prime power and uses no
polar cancellation, so it applies to q.

An explicit repair will also control the mixed form term. Set

do(u) = u(l — 4u*)? 1{jy<1/2, m = /R%(U) sinh(u/2) du, ¢=¢o/m, g=9/s.

The zero extension of ¢g belongs to H2(R), since its value and first derivative vanish at the endpoints.
Exact integration and sinh(u/2) > u/2 for u > 0 give

1/2 )
mZ/ u?(1 — 4u?)? du = ——,
0 315
256 2048
2 _ e _
ol = oo Il = 2%,

Consequently [|¢||2 < 12 and ||¢”||2 < 813. On the repair support, 7 < r < e < 9 and the lower
theta envelope gives s? > 162¢~Y > 1/64. For example, 7 < 22/7, e < 11/4 prove both strict scalar
comparisons. Thus

b,g) =1, g2 <Go=96,  |Hgll2 <Gy = 43000. (41)

Here H is the operator associated with the ambient form. To verify the last assertion, first ap-
proximate the compact H? profile ¢ smoothly. The inequality a(£) < 17€2 then represents its form
action by

Hg = 8&(D)¢+m05¢— Py,

where P,; is the complete paired physical prime operator. This proves g € Dom H. The digamma
value at 1/4 gives
|mo| =+ 7/2+ 3log2 + log m < 6.

For instance v < 1, 7/2 < 11/7, 3log2 < 21/10, and log 7 < 6/5 suffice. Moreover

1352/400

P..|| < 338 2e7mn o TE
(| Par|| < > n’e <1—9B0<

n>2
The first term uses €3 > 20, and successive ratios are at most (3/2)2e™™ < 9/80. Therefore
[Hglla < 3-17-8134+6-3-12 +4-96 = 42063 < 43000,  |dlg]| < GoGh.

The repair is intentionally nonpolar; all its uses are in the ambient form.
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7.2 Localization with all nonlocal mixed terms

The digamma series in Lemma 2.1, with ¢; = 2j + 1/2, has the positive representation

2 2
a(§) =2 Wigg) = /R(l — cos(&t))v(t) dt,
" |t|/2] (42)
v(t) = 1 =21 =3 / OISef — f1I5 dt.

Indeed integration of each e~ gives its displayed summand; positivity permits summation. This
representation retains the nonlocal nature of the archimedean form.
Choose R>1/2,0 <w <1, L = R+ w, and the even Lipschitz functions

O(u) = gmin{l, max{0, (|u| — R)/w}}, X =cosf, n=siné.
Then x2+n*=1, x =1 on [-R, R], and x = 0 outside [~L, L]. Put

Au,v) = (x(u) = x(0))* + (n(w) = (v))* < min{r*ju —v|*/w?, 4}.

If A # 0, at least one endpoint is outside [—R, R|; hence s(u)s(v) < 3Bgr. Expanding (42) gives
the exact identity

Alxfl + Alnf] — Alf]

(43)
/ /Auu—l—t (Fl@) f(u+ 1)) dudt.
For f = sh, its modulus is at most (3Br/2)J(w)| |3, where
T(w) = / v (t) min{722 /w?, 4} df < 18 + 10 log(2/w). (44)
R

For 0 < t < 1, concavity of 1 —e~% gives v(t) < 5/(4t); for t > 1, v(t) < (5/4)e*/2. Split the even
integral at 2w/7 < 1 and at 1. The three bounds are 5, 10log(7/(2w)), and 20e~/? < 13, proving
(44).

Set Sk = > o<n<i A(n)/+/n, or replace it by a certified upper bound. A finite paired prime
term is —2a, R [ f(u)f(u + logn) du, where a,, = A(n)/\/n. Its localization difference is exactly

an /R A(u,u +logn)R(f(u) f(u + logn)) du.

Thus its modulus is at most 12a,, Bg||h||3. This computation includes both shift orientations and,
on odd functions, the reflected channel. The omitted physical operator costs 2dg: the map h +—
(xh,nh) is an isometry, so its diagonal compression has norm at most dg, and subtracting the
unlocalized tail costs one more dg. The multiplication term mgs? localizes exactly. We have
proved

(dlxh) + dlnk] — alh)| < {Br[27 +15log(2/w) + 125k + 2dxc } |3 (45)

No local differential commutator formula is used.
The exterior satisfies a second complete bound:

qlnh] = —{(6 + 28k) BE, + dx Y| hlf3. (46)

Discard the nonnegative archimedean energy. The potential costs 6B12%; each surviving finite prime
pair has both n-weighted endpoints outside R, costing 2anBIQ%. The omitted tail costs di. No polar
condition on nh is needed. For a compact smooth h, all localized profiles are compact H'; the
bound a(¢) < 17€? justifies their form membership and the identities by smooth approximation.
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7.3 The supported-to-global theorem

Theorem 7.1 (Explicit physical global return). Let Vi be the original minimal closure of the
compact odd polar-free core supported in (—L, L). Suppose a complete supported certificate proves

qrlv] > —5HUH§, veVy, &>0.
For any R,w, K as above with R+ w = L,

qulh] > —F(&; R,w, K)|]3 (heV), (47)
where every fee is explicit:

F = e(1+ 96tR)? + 86000t z(1 + 96t ) + 4128000t%
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+ Br[27 + 151og(2/w) + 12Sk] + (6 + 25k ) B% + 3d . (48)

Proof. First let h belong to the original compact polar-free core and put £ = (b, xh). Since (b, h) = 0,
(40) gives
€] = [(b, (1 = x)h)| < trl|All2-

The repaired vector v = yh —{g is odd, polar-free, supported in [—L, L], and |[v||2 < (14+96tRr)||h|2-
It lies in the precise supported minimal domain V7: its profile sv = xsh — £¢ belongs to H}(—L, L).
Approximate it by smooth odd profiles compactly supported in the open interval and remove their
residual polar moments with a fixed smooth interior unit-moment correction. These corrections
tend to zero; positivity and smoothness of s on this interval pay division by s, while a < 17¢2 pays
convergence in the supported form norm. This also verifies the endpoint condition of the supported
certificate.
Since yh = v + £g and ¢ € Dom H, the exact form expansion and (41) imply

dlxh] > —{e(1 + 96tR)? + 86000t g(1 4 96t ) + 4128000t% } || |)3.

Here the cross term is bounded by 2|¢|||v]j2||[Hg|l2, and the last term uses |g[g]] < 96 - 43000.
Combine this with (45) and (46); the omitted-tail charges are 2dx + dx = 3dg. This proves
the bound for every compact polar h, irrespective of its support radius. Finally an original core
sequence converges in the norm (6); continuity of the closed form and physical norm extends the
same uniform inequality to every h € V. O

7.4 The complete M = 2% supported instance

We now specify the numerical premise of Theorem 7.1. Use the common supported construction of
Section S13, (S51), and the exact realization in Section 5, with

M=2% k=2"% L=1}log(dlogM/m)+ 3, J =091, N =1046. (49)
Here 26 < €2l < 27, so the complete active prime powers are
2,4,8,16,3,9,5,25,7,11,13,17,19, 23,

with weights A(n)/4/n and both killed shift orientations. Larger supported overlaps vanish. The
full lower form is

S =Dy + Rpo1 +mo — CF + kWi, on pt, p(x) = sinh(z/2).
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Its complete theta-floor and reference construction is the one in Section S45: 8152 radial cells and
all arithmetic split points give 8166 common cells and 8167 nodes. In particular W/2 < Wiy, < W,
and

3
774(]\?5_1/2)3{‘1(]{N) —a(ko)} + mo.

One-sided arithmetic row prices on every cell and the positive Green remainder give, on the entire
receiving complement,

a<alky)—

T=S0=dg, d=rWiew+a—regp>0, T 001001751 = I/100. (50)
All N = 1046 columns of F' = [p, C] are retained, where

C = (ej — (pj/Po)en)1<j<n, Q = Projyer v G=F*d'F.

The exact upper-triangular dyadic conditioner R, with denominator 22°6 and positive diagonal,
satisfies the full 1046-dimensional directed check
Ro R}
|IREGRe — I)| < 955141077 <1079 < 5:= 107, g 1= 2C¢5%C (51)

T 1+46°
The last inequality follows by inverting R, GRg = (1 4+ 6)I; its direction is important because the
constraint inverse is subtracted from the response.

Put E =28 —d. All complete mixed output moments are kept:
H;ct Re RE Hict
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The ridge cancels symbolically in E. The data include the full pole/action row, all sine/cosine
products and all Green response cross terms; the endpoint primitives are those in Section S45.
This is a zero-receiving-trial case with 1046 primitive inputs and the entire 1045-dimensional pole-
free core, not a selected finite compression.

For clarity, the constrained multiplication inverse is

Z=d'-d'FG'F*at, T <2

Bp =C*EC, Kg=(EC)"d'EC, H,w=F*C+F*d'EC, A= —Bp—Kg.

The complete Schur comparison (S51), proved in Section 6, therefore bounds the actual core Schur
matrix below by A. Positivity of A is the remaining finite sign condition.
Let v; = pj/po, Go = I +vv*, and let Ry, be the core block of Rg. The analytic conditioner

¥

1+v*

is invertible. The primary interval block elimination returned NOT_CERTIFIED; it is not the sign
certificate. A separate complete verifier reconstructs this analytic P and all 10452 = 1,092,025
entries of the lower matrix. It uses an upper-triangular proposal R,, whose stored float64 entries are
interpreted as their exact dyadic rational values, with positive diagonal. For this exact invertible
R, the full directed residual proves

IRy (PEAPC) Ry — Ioe < 2.57511077 < 1. (52)

Po=Gg'R,:,  Ggl=1-

For the underlying Hermitian matrix the absolute-row-sum norm bounds the spectral norm. Thus
the whitened matrix is strictly positive, and invertibility of both conditioners gives A = 0. The
midpoint proposal itself is not an acceptance test, and no claim of 1045 positive interval elimination
pivots is needed. Completion of squares against the whole positive receiver proves S = 0. Finally
Ry —Rpo1 = 0, W — Wy > 0, and sWs = I return to the physical norm and yield

qulh] > =272|l3,  he VL (53)
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Identifiable numerical inputs. The case identifier is SD_M2pow25_N8_beta0.01; the N8 com-
ponent is a seed label, whereas the complete reference and constraint dimension are N = 1046.
The scientific input basenames are JointreceiverSD_M2pow25_N8_betal.0lstepreferen
ce.json, Moving-windowweightedconstraintconditionerSD_M2pow25_N8_beta0.01.j
son, MovingmixedSD25_bOp01N1046. json, MovingsignedSD25_bOp01N1046. json, and
M25independentexactdyadicconditioner.npy. The weighted and signed check records are
respectively Moving-windowM25weightedreferenceindependentverification. json and
Moving-windowM25signedprocessorindependentverification. json. The latter records
PASS_INDEPENDENT_COMPLETE_SIGNED_LOWER separately from the producer’s unresolved block test.
The mixed and signed input SHA-256 identities are, respectively,

776dffad9818110e4423b838665£617d30908d8a4b2253bbb593502¢37d3b701
c£964c4d1b94c9c1da711b2a22ab30£71£136d7c9e30436£d95075e£8£f03dca.

The programs verify-M25-weighted-reference.py, verify-M25-signed-output.py and
exact_congruence.py specify the checks. The mixed acquisition uses 768-bit interval arithmetic,
the signed assembly 1536 bits, the separate signed congruence 2048 bits, and the weighted check
4096 bits, with Python/python-flint (Arb) for the directed computations; the dyadic proposal uses
NumPy. Checking the saved full matrices and regenerating their elementary mixed moments are
distinct reproducibility operations.

7.5 Exact scalar specialization and the global bound

For the exact support (49), set
rp =4(logM)e'®,  w=r;%  R=L-w, K=32, Sg<2V32log32. (54)

The last estimate follows from A(n) < log K and -5 ,n=1/2 < 2/K. Hererg = rre 2%, 0 < w < 1
and rg > me, so the localization hypotheses hold. Rational outward evaluation gives

84.63756753435591 < rr < 84.63756753435592, Bpr < 1.464005107%6, ¢z < 2.608214107 1.

The complete scalar calculation, including all terms of (48), gives the exact upper bound

4 48298320362134 2234 1 2
F2 5 R, w,32) < 5675507482983203621349800992234756010779083267

= 1532495540865888858358347027 15030 183618739122183602176. 55
3
=108

Its value is approximately 2.9804659305681034 10~%; the strict comparison uses the exact fraction,
not this decimal. For scale, the four outward component bounds are

repair, including the supported allowance | 2.980456546 108

archimedean localization 2.496961 10~
arithmetic localization, including 2ds» 6.888491 10~
exterior, including dso 1.809396 1020,

These rounded component bounds illustrate the sizes; the fraction in (55) comes from the unrounded
complete evaluation.

The scalar specification is check_M25_global_fee.py with M25conditionalexactglobalf
ee.json. It uses exact rational intervals rounded outward on the 27'80 grid. Machin’s identity
uses 160 alternating arctangent terms with the next term as remainder. Logarithms are reduced
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tol <z <2anduse z = (z—1)/(z+ 1) with the 160-term positive atanh expansion and tail
22321 /[321(1 — 22)]. For 0 < x < 200, the exponential sum through z°'2/512! has remainder at

most

117513 1

51311 — 2 /514’

negative arguments are inverted. Integer square roots of the rational endpoints, rounded down and
one grid unit up, enclose all roots. These formulas give complete, rationally bounded remainders for
every elementary operation used in (55). The scalar record retains its conditional name: it evaluates
the return fee, while (53) supplies the supported premise. Combining them in Theorem 7.1 proves
(37) on the whole original V.

8 Genuine nulls and canonical row geometry

We first construct the genuine null vectors used for interpolation and compute the distinct expo-
nential tails of their canonical rows. These two facts identify both the legal correction space and
the finite-row detector needed for the quantitative theorem.

Retain K, V, s, H from Section 2, and set

Q= (2-1/4y, z=¢7/s (j>0), Ky=span{z,...,zs}, J<oo.

Lemma 8.1 (Genuine derivative nulls). For every j > 0, zj = (%3 — 2+ /4) /s belongs to
Dom H and satisfies Hz; = 0. Every finite initial family is linearly independent.

Proof. The theta Mellin identity of Appendix A gives
M(szj)(2) = (z* = 1/4) (=) +1E(1/2 + 2).

It vanishes at both polar points and at every centered nontrivial zero. To verify the original domain,
use compact even cutoffs yg and the polar-preserving approximants (92 — 1/4)(xg)(**1)/s. The
complete derivative tails, also quantified in Proposition S18.2, give convergence in L? after division
by s and convergence of the weighted physical derivative in L2. The bound a(¢) < 17£2 proves
convergence in V. The same complete tails and integration by parts give arbitrary vertical inverse
powers for the Mellin transforms on |Rz| < 1/2. The zero-count bound therefore passes the po-
larized explicit formula through these approximants as in Appendix A. It yields gr[2;, h] = 0 first
on the compact core and then on all V. Form representation gives the asserted operator nullity.
Finally a vanishing finite combination would make a nonzero polynomial times (2% —1/4)£(1/2+ z)
identically zero. Analyticity excludes this. O

These are the genuine operator nulls just constructed. All orthogonal complements below are
taken in the original physical Hilbert space . Profile norms are unweighted L?(R) norms of sh.
Define 1q(u) = q(u — t) and fix

0<a< 3log2, re=1(nqo — 71q0), |t| <a, D, = spanc{r; : [t| < a}. (56)
The span consists of finite sums.

Lemma 8.2 (Small translates in the original domain). For every r € D,, r/s € Dom H and
H(r/s) = 0. Moreover D, is dense in odd unweighted L*(R).
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Proof. The Mellin convention is M f(z) = [p f(u)e*™ du. The theta identity in Appendix A gives
Maqo(z) = (2% — 1/4)6(1/2 + 2), Mr(z) = sinh(tz) M qo(2). (57)

Thus both polar moments vanish. Lemma B.1 supplies strong mixed nullity for the complete raw
form Q. We first verify admission to the weighted minimal domain.
At each fixed derivative order the theta series gives, for real ¢,

lgo(u =+ 1)| + |gh(u £ t)| < CreCtll exp[—me2(ul=Ith],

Indeed differentiation introduces only polynomial factors in 7n?e?* on the positive tail, and evenness

supplies the negative tail. Dividing the square by the lower envelope in (8) yields
Ire(u)/s(u)|? < Crel™l exp[—m(2e 21 — 1)e2¥], (58)

The coefficient 2e =2t — 1 is strictly positive for the translations in (56). Hence h; = r;/s € L?, and
r; € H'. The vanished moments put h; in K.

Take smooth even cutoffs xr, equal to one on [—R, R], with uniformly bounded first deriva-
tives and support in [-R — 1,R 4+ 1]. Choose a fixed compact smooth odd profile p with
J p(u) sinh(u/2) du = 1. Set

cr= [ xn(wri(wsinh(u/2)du,  fn = xari = cnp.

Full theta tails and the zero moment give cg — 0. Each fr/s is in the compact odd polar-free core.
The same tails give
1fr/s = hell2 =0, |[fr = rellgr — 0.

By a(¢) < 17€2, these imply convergence in the exact norm (6); thus h; € V. They also give
S1(fr — ) — 0. For a compact core vector v, mixed continuity in Lemma B.1 and raw mixed
nullity give

qrlhe,v] = lilr%n Q(fr,sv) = Q(ry, sv) = 0.

Continuity of the closed form in V extends this identity to every v € V. The associated-operator
representation theorem gives hy € Dom H, Hhy; = 0. Finite sums retain this property.

For density, we need the analyticity of the translated kernel. The theta series and each fixed
derivative converge normally in

S ={ueC:|Imu| < n/4},

since Ree?® > 0 there. The evenness identity on the real line extends throughout this strip. On
every smaller closed strip, the positive-tail series bounds, followed by evenness, give uniform double-
exponential decay at both real tails. Consequently, for odd g € L2,

Fy(0) = [ salao(u =) du

is holomorphic for | Im ¢| < /4. Locally uniform L? bounds on the kernel and its derivatives justify
differentiation. For real t, parity gives Fy(—t) = —F,(t), so (g,rt) = F4(t). If g annihilates D, the
identity theorem therefore gives Fy(t) = 0 for every real t. The correlation is the Fourier transform
of an L' product of two L? Fourier transforms. Fourier uniqueness gives g gy = 0 almost everywhere.
By (57),
Go(€) = (=€ — 1/4)¢(1/2 — i€)

is nonzero almost everywhere: the xi function is nontrivial entire and its real-frequency zeros are
isolated. Thus g = 0, proving density. O
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Lemma 8.3 (Every canonical row combination is profile-unbounded). If0 # z € Ky, the functional
T.(r)=(z,1/s) (r € Dy)
is unbounded for the unweighted norm ||r||2.

Proof. We compute both the row growth and its convolution coefficient. For the first theta atom
write its mth derivative as e“/2P,,(r)e™", where r = me®*. Then

Po(r) =4r* —6r,  Pmya(r) = (1/2 = 2r)Pp(r) + 2r P}, (r).
Thus P, has degree m + 2 and leading coefficient 4(—2)™. The positive-tail weight satisfies s> ~

8r2e~". At m = 2j + 3 the derivative of order m — 2 in q(()2j U cannot change its leading term. It
follows that 2i43
. —97r)2J
() (2207 Aj =45 +13/2 (u— +00). (59)

s(u) 2
At any fixed order the higher theta atoms are smaller by a polynomial factor times e™>", and
all lower polynomial powers give smaller exponents. These facts justify the asymptotic and the
corresponding exponential upper bound. For a nonzero finite row combination, choose the largest
index with nonzero coefficient. Distinct exponents give

wu) = z(u)/s(u) ~ce™, c¢£0,  |wu)| < e, (60)

where A = ); for that index. Oddness supplies the negative tail and smooth positivity of s pays
compact intervals.

For clarity, the Mellin normalization can be checked directly. Put A = (2 4+ 1/2)/2. For real
z > 1/2, substitution » = mn2e?" in a single atom gives

S(mn?)"AAD(A +2) — 6T (A + 1))

3r

The sum of absolute atom integrals is finite because 24 > 1. Summation gives
M(2) = 4(22 = 1/4)m AT(A)C(24) = £(1/2 + 2).
Both sides extend entirely; integration by parts twice gives (57). In particular
Mao(hj) = (A} — 1/4)6(45 +7) > 0, (61)

since every factor in the defining xi product is positive at the real argument 45 + 7 > 1.
Using w only on the real axis, define

Fi(t) = /R w(w)go(u — £) du.

This is holomorphic on |Im¢| < 7/4: on each compact parameter set the double-exponential kernel
estimates from Lemma 8.2 dominate the exponential bound in (60), also after differentiation. Only
the kernel is continued to complex arguments. Changing variables u = t+v, dominated convergence
gives
e ME,(t) — eMqy(\) #0 (t = +00). (62)

Indeed for t > 0, e M|w(t + v)| < CeM?l, and this majorant times |go(v)] is integrable.

Suppose |T%(r)| < B||r||2 on D,. Hahn-Banach and Riesz provide odd g € L? with T, (r) = (g, r)
there. Since w is odd and ¢y even, [wr; = Fy,(t), the factor 1/2 being cancelled by F,(—t) =
—Fy(t). Thus F,,(t) = Fy(t) for [t| < a. Strip analyticity extends equality to every real t. But

[Fy@)] < llgll2llqoll (¢ € R),

contradicting (62). The large real parameters in this contradiction occur only in the auxiliary
convolutions; the physical nulls remain the small translates in (56). O
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9 Full-jet synthesis in the original theta norm

We determine the closed space generated by the canonical nulls in the physical norm. The answer
is the entire-divisibility class with all polar and xi multiplicities retained. A continuous Mellin-area
representation makes the missing norm estimate accessible: two zero-free arms control the whole
norm of an odd profile, and the exact gamma factor gives a uniform dilation estimate on those
arms. We then use the classification to compute the carrier projection and the optimal null lift for
an admitted finite head.

Retain s,, qo, z;, K, V, H from Section 8. Work also in the odd ambient physical space H, =
L2 4(R, du), with conjugate-linear first inner product. Put

X = L*R, s 2du), / fu)e*™ du,
Q(2) = (2 = 1/4)E(1/2 + 2) = Mqo(=), 2) = =2Q(2) = M(q5)(2), (63)
Ny =spanc{z; : j > O}HO, N =sNyg = Span(c{q(()zﬁl) 1y > O}X. (64)

Multiplication by s is an isometry from physical L? to X. Every fixed Mellin derivative evaluation
is X-continuous, since u™s(u)e®™ € L? for every fixed m,z. Define

J ={feX:fodd, Mf/A entire}, Ju=A{f/s:fe 7} (65)

This is a closed subspace. The zero at 0 is automatic for odd input; the simple polar zeros +1/2 and
every centered nontrivial xi zero are imposed with their full multiplicities. Equivalently, M f = AF
with E entire and even. These are divisibility conditions, rather than merely values at the distinct
Xi zeros.

The canonical family and its predecessors. The finite derivative family already occurs, in
the same theta weight, in van Hemert’s parity construction [13]. In the present notation set

hy =@ _q7iy G210 by =0, =g

Then exactly
j—1
ck = hyyy — Shy, hy =Y 47071 ke, (66)

The weighted realization agrees as well: with dv = 2 cosh(u/2)9(u) du, Hh;/¢||%2(y) = 2||h;|]?x
Thus these are identical finite algebraic spans and identical closed weighted carriers after the indi-
cated change of realization. The theorem below identifies that carrier with the whole compatible
class (65) and proves approximation in its original norm. Mellin-Laplace area representations are
classical [12]; factorial line norms have close half-plane counterparts [23], and the continuous gamma
integral used below belongs to Volterra—Ramanujan theory [10]. Full-divisor synthesis through en-
tire division and safe lines also has co-Poisson antecedents [4, §§6.24-6.28]. Here the decisive
estimate is for the reciprocal-theta norm in (65).

Theorem 9.1 (Weighted carrier synthesis). The spaces in (64)—(65) satisfy
N =7, Ny = Jg € Dom H Nker H.
For f e #, write Mf = AE. For every 0 < p <1 there is a unique D,f € A such that
M(D,f)(2) = A(2)E(p2). (67)
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FEach fized D, : ¢ — X is bounded, and

sup [|Dy|l yx <oo,  Um|Dyf — fllx =0 (f€ 7). (68)
3/4<p<1 pTl

Consequently A(2)p(2?), with p polynomial, is dense in the Mellin image of F in the transported
physical norm.

We prove the strict inward assertion before estimating its boundary limit. This keeps existence
of the approximants separate from their uniform norm control.

9.1 Strict inward synthesis in the physical space

Set
Q={a+ib:|b| <m/4, 2|a|]—logcos(2b) < log2}, K=Q. (69)

The central-strip qualifier is part of this definition. The set is bounded, convex, symmetric about
both axes, and contains 0 in its interior. For a compact set of parameters in {2, the translated
complete theta series and every fixed derivative have an integrable X majorant. Indeed, on the two
physical tails their squared numerators divided by s* are bounded by a fixed power of r = me2lul,
times a fixed exponential in |u|, times

exp{—[2¢%* cos(2b) — 1]r}, exp{—[2e™2% cos(2b) — 1]r},

respectively. Both bracketed coefficients have a strictly positive minimum on the compact parameter
set. Higher theta atoms are absorbed by the normally convergent sums of a fixed power of n
times exp[—c(n? — 1)r]. Thus dominated difference quotients and Cauchy integrals prove X-valued
holomorphy of the translated kernels.

In particular the odd, even-in-t family

T(t)(u) = lgo(u —t) + qo(u + )], t e, MT(t)(z) = A(z) cosh(tz) (70)

is X-holomorphic. The transform identity follows by shifting the scalar contour within | Im u| < 7/4;
the complete double-exponential tails make its closing sides vanish for each fixed z. Near ¢t = 0 its

X-Taylor series is
%

T(t) = Z . q(()2j+1).

It therefore takes values in .4” near zero. The bounded quotient map X — X /.4 and the identity
theorem on the connected set Q give T'(t) € A throughout . The same argument for r, =
(go(- —t) — qo(- +t))/2, and real finite differences at zero, shows

NH:{r/s:rGDa}L2:Na (0 <a< $log2). (71)

This agrees with the physical space used in the quantitative interpolation theorem. Lemma 8.1 and
closedness of H give Ny C Dom H Nker H. Continuity of every divisor jet also gives 4 C _¢#.

The following envelope puts the quotient’s Borel singularities in exactly the closed admissible
lens.

Lemma 9.2 (Uniform quotient envelope). For f € #, Mf = AE, there is a fized C such that

1B()| < Ol flx(@+[z) " explhi(2),  hr(z) = sup Re(t2). (72)

In particular E has finite exponential type.
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Proof. The complete real theta bound s? < Cr2e™" gives, for z > 1,
|M f(z +iy)| < C||fl|lx7 /T (z +2)"/2. (73)

The substitution = re2“l pays both tails; the negative arm is bounded by the same enlarged right
side. The exact divisor is

A(z) = —12(2% = 1/4)?7n 27 VA0 (2 /2 + 1/4)¢ (2 + 1/2). (74)

For > 1 the inverse-zeta Dirichlet series is absolutely convergent and |1/{(z + 1/2)| < ((3/2).
Uniform sector Stirling [21, §5.11], with R = |z| > 2, § = arg z, gives

log|T'(2/241/4)| = (/2 — 1/4)log(R/2) — (y/2)0 — x/2 + O(1),
tlogl(z +2) = (z/2 4 3/4)logz — z/2 + O(1).

The degree-five prefactor in (74) leaves R~9R'/*z3/4 < R4, Hence
|E(2)| < C||fllx RO F(0) = LlcosOlog(2cos ) + Osinb], x> 1. (75)

To justify the intervening sector argument without presuming finite type, first normalize || f||x =
1. The theta moment estimate on disks gives log™ max,_g |[M f(z)| = O(Rlog(2 + R)). The fixed
entire function QQ = M ¢y has the same upper; its X norm is finite by the complete theta bounds.
Let Hy = M f/z after removal at zero. The quotient Hy/Q = —FE is entire and Q(0) # 0. For the
circle mean m(R, F) = (27)~! [log’ |F(Re™)| dt, Jensen’s formula yields

m(R,1/Q) <m(R,Q) +[log|Q(0)[l,  m(R, E) = O(Rlog(2+ R)).

Generic circles avoiding the discrete zeros suffice. The Poisson upper for log |E| on a disk of radius
2R then proves
[E(2)| < Ol fllx exp[C(1 + |2]) log(2 + |2])], (76)

after rescaling. This also supplies a uniform bound on each fixed disk. The nonvanishing Q(0)
follows from £(1/2) # 0; for example the alternating eta series is positive at 1/2, whereas 1—2171/2 <
0.

Put ¢ = 7/6. On the rays 6 = 7/3,27/3, (75) and evenness give |22E(2)e'*| < C||f|lx. In
their intervening sector Re 22 < —|z|?/2. Apply the maximum principle to z*FE (z)ei‘zzJ“E'Z2 on finite
sectors. Equation (76) makes the outer arcs vanish for each € > 0. Let the radius tend to infinity
and then € | 0. Thus on the upper sector |E(z)| < C||f||x|z[~*e“™* for |z| > 1; evenness gives the
lower sector. Remaining angles use (75) and its even reflection.

Finally the support function of K is, in 0 < 0 < /2,

F), 0<6<m/3,
csinf, w/3<6<m/2.

hi(Re?)/R = {

Indeed on its right arc a = 1 log(2 cos(2b)); maximizing acos@ + || sin @ gives [b| = 6/2 until the
corner |b| = w/6, and then that corner. Reflection supplies the other quadrants. The compact-disk
bound replaces |z|~* by (1 + |z|)~4, proving (72). O

Lemma 9.3 (Strict inward return). For each 0 < p < 1, equation (67) defines a bounded linear
map D,: 7 — N .
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Proof. For E of finite exponential type its Borel germ at infinity is Sr(t) = 3,5 EM ()1,
Equation (72) continues it outside K by

Bo(t) = € /0 Ereé®)e " dr,  Re(te?) > hi ().

These integrals converge normally and agree with the germ when the real projection of ¢ is suffi-
ciently large. On each nonempty overlap the two half-planes have a common unbounded cone where
both agree with that germ, so analytic uniqueness glues them. Opposite supporting half-planes
have empty overlap. Convex separation shows their union is C\ K. The integrable factor (1 +7)~*
also bounds each such integral by C|| f]|x.

The germ for E(pz) is p~1Br(t/p), holomorphic outside pK. Since 0 € 2 and K is convex, pK
is compactly contained in 2. Choose a rectifiable Jordan contour I', enclosing pK and contained
in Q\ pK, with its interior also in Q. Define the X-valued contour integral

fo=5m | BT € (77)

27
It exists by norm-continuity on the compact contour and is bounded by C,|| f||x. Borel inversion
follows first by coefficient integration on a large circle and then by contour deformation to I',. Since
E is even, replacing e* by cosh(tz) in that inversion still gives F(pz). Bounded Mellin evaluation
commutes with (77), so (70) gives M f, = AE(p-). Fourier uniqueness on the imaginary axis proves
uniqueness and identifies f, = D,f. O

9.2 Continuous-area calibration of the exact physical norm

Define the positive density and its bilateral Laplace transform by

|| —|=

T eXp(e /3) / 2zu da dy
= K =W d d = . 78
x) I(z|+3) w(u) ® (z)e Z, 1(2) o (78)
The correction in W makes ¢ = —log W convex also at the origin. Indeed, for ¢ > 0 put b(t) =

logT'(t + 3) — tlogm — e~ */3. Then
1 —t
V(0)=11/6 =7 —logm >0, V(1) =it +3) —e /3> % > 0.

Here ¢; = (I"/T") is the trigamma function and ~ is Euler’s constant. The last inequality follows
from 3e! > t+3, and the strict trigamma bound follows by integral comparison of its positive series.
Thus ¢(z + iy) = b(|z|) is subharmonic; its cusp contributes the positive measure 20'(0)d;—o dy.

Lemma 9.4 (Actual norm calibration). For every f € X, G = Mf,
LIGERW Re2) duz) = [ 1 @)K (w) du (79)
With r(u) = me?lv,
Kw(u) ~r(u) 2™, Ky(u)s(u)> — 8 (ju| = o). (80)

There are fized constants 0 < m < M < oo such that the area norm ||G||% on the left of (79)
satisfies
m|fI% < IMfIE < M fIk- (81)
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Proof. Every exponential tilt e®®f is in L' N L?. Plancherel on the vertical line gives

[i6@+uPsy = [P du (52)

Tonelli proves (79) with its exact normalization.
For completeness, the classical continuous gamma asymptotic needed for this calibration can
be proved with all tails retained. Put V(r) = [5°r*/T'(¢ + 1) d¢. Uniform real Stirling gives

’I“t

T(t+1)

Ont=r+ rov, [v| <rY2 H.(t) = r —v*/2 + O(r~'/*). The normalized integral over this
window tends to (27)71/2 [, e~"*/2dv = 1. On the rest of [r/2,2r], H.(t) < r— (t—r)2/(4r), giving
a vanishing Gaussian tail. On [2,7/2] the maximum is (1+4log2)r/2 < r and the interval has length
at most 7. On [2r,00), H,(t) < 2(1 —log2)r — (t — 2r)log 2. Both latter integrals are o(e"). Hence
V(r) ~e".

For u — 400, set r = me?" and t = x + 2. The positive arm of Ky is exactly

—o [ rt 2t
_ dt
" /2 L(t+1) exp(e”"/3)

The extra factor lies in [1,e'/3] and tends uniformly to one on the central saddle window; the
preceding tail bounds apply. The negative arm is at most [;° W (z) dz, so is negligible. Reflection
proves the first asymptotic in (80). The complete first-atom expansion is 52 = 8r2e~"(1+0(r~1/2)),
with higher atoms exponentially smaller, proving the second. Stirling also gives compact-u domi-
nation for Kyy. Its positive continuous product with s? therefore has a positive infimum and finite
supremum on R; these give m, M in (81). O

= (2mt) 2O L O@™Y)), Ho(t) = t[1 +log(r/t)], H!(t)=—1/t.

This is also an exact realization of the ambient Mellin image: every entire G of finite A norm
is M f for some f € X. To see the converse, W is bounded below on each compact z-interval, so
Fourier transformation in y is valid in local L%(Lz) If F,(u) is the inverse transform with factor
1/(2m), the Cauchy-Riemann equation gives 0, F, = uF), in distributions. On compact u-intervals
this is a bounded-multiplier Hilbert-space equation, so Fj(u) = e f(u). The solutions agree on
overlaps. Fubini and Plancherel give [ |f|?Ky < oo; hence f € X. Its entire Mellin transform
agrees almost everywhere with G, and therefore everywhere. This is the standard Laplace—area
mechanism [12, Theorem 2.1], here calibrated to the actual weight.

9.3 Safe-arm control and the strong boundary return

For odd f, the tilted norm in (82), denoted by L(x), is even and nondecreasing for = > 0, since

/ | f(u)|? cosh(2zu) du.
Let U = {z : |Rez| > 1} and put
f | W(z)dz
2f1 W(z)dz

The middle strip contributes at most Lg(1) J1, W, whereas 1 < |z| < 2 contributes at least
2L¢(1) ff W. Consequently

IMFI4y < IMFIA S CamlMFI5y  (f € X odd). (84)

Carm =1+ (83)
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Lemma 9.5 (Uniform divided weight on the safe arms). Fiz o = 3/4, and define w(z) =
|A(2)PW (Rez). For z=x+iy, > a, R=|z|, § = arg z, put
P(z) = zlog(2z/R) + yb.
There are constants 0 < cq < Cy < 00, uniform in x > « and every real y, such that
caRY2575/267P() < y(2) < CLRY/24=5/2¢ P, (85)

In particular, fort > 1,

w(tz) < Kot'w(z), |Rez| > a, Ko =Cqy/cq. (86)
Proof. On x > 3/4, the zeta factor in (74) satisfies

C(5/4)71 < [¢(z 4+ 1/2)] <((5/4).

Both estimates use absolute convergence in the zero-free half-plane. Also |z||z? — 1/4]* < R1°.
Uniform sector Stirling gives

IT(z/2+1/4) < (R/2)*Y2e %= D(x+3) =227,
The constants are uniform on the entire stated sector, including /R — 0; compact radii are filled
by continuity away from the polar zeros. Multiplying these formulas cancels the powers 7% and
7w~ and proves (85). The bounded correction exp(e™*/3) is absorbed in its constants.
For v = y/x,
P(z) = z{log 2 + varctanv —  log(1 + v?)} > zlog2 > 0.

The expression after log 2 is even, has derivative arctan v, and vanishes at zero. Since P(tz) = tP(z),
the ratio in (85) is at most Ko t'9/275/2¢=(t=DP() < K t7. Reflection, using A(—z) = —A(z), proves
the left-arm statement. O

Proof of Theorem 9.1. Strict inward membership was proved in Lemma 9.3. For a < p < 1, change
variables w = pz in the safe-arm norm and use (86):

IM(Dp )2z = 02 |E(w)Pw(w/p) dp(w)
[Rew|>p

< Kap™ Reuls |E(w)Pw(w) du(w) < Koo || M f|%. (87)
ew|>p

The moving band p < |Rew| < 1 is included: the comparison is valid down to «, not just on U.
Equations (81) and (84), applied to the already admitted odd D, f, give

||Dpf||g( < (M/m)carmKaa_QHfH%('

For strong convergence retain the tails in the same change of variables:
| B du() € Koo [ (Bw)Pw(w) dp(w). (58)
un{|z|>T} |w|>aT
The right side tends to zero uniformly in p € [a,1). On each compact subset, E(pz) — E(z)
uniformly. Using twice the individual squared tails for the squared difference proves ||A(E(p-) —
E)||lau — 0. The difference D,f — f is an odd X vector, so the odd strip inequality returns this
to the full area norm, and then to X. Closedness of .4 gives f € 4. The reverse inclusion was
already proved. Operator nullity follows from (71) and closedness of the original operator. O

The theorem identifies the closed canonical space of genuine operator-null vectors by the full
divisibility conditions in (65). Each zero multiplicity is part of that defining condition and is
retained in the synthesis and projection below.
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9.4 Computing the carrier without labeling the zeros

Use the standard computable L? representation: a vector is given by rational step approximants
with certified L? errors tending to zero. Uniform computability means one algorithm for the input
name, an index when present, and a positive rational requested tolerance. The contour construction
below makes this effective structure explicit for the actual functions, including all multiplicities.

Lemma 9.6 (Effective theta data). The vectors z; = q(()2j+1)/s are uniformly computable in j. The

odd evaluation vectors v,(u) = s(u)sinh(zu) are computable uniformly on compact parameter sets,
with effective norm moduli. The entire function A and its derivatives are computable uniformly on
compact disks.

Proof. For u > 0, r = me?*, differentiation of the complete theta series gives

q(()k) (u) — eu/2 Z Qk(nzT‘)e_nQT-

n>1
The exact polynomial recurrence is
Qo(r) = 16r" —112r° + 164r> — 36r,  Qp41 = (1/2 — 2r)Qr + 2r Q.

For each indexed k, the coefficients are obtained by exact polynomial operations. Finitely
many terms and an eventual geometric ratio less than 1/2 give an effective uniform bound for
S 2k H8e—(n*=1)r 1. > & The positive lower theta envelope then bounds |qék)/s\2 by Cjr2kt13/2¢=7
After du = dr/(2r) this has an effective integrable tail. On compact real intervals the series is
effectively convergent and s is positive with a computable positive lower bound. Rational step
approximation on the compact interval and these tails give the asserted L? names, uniformly in k
and the tolerance.

For contour evaluation put E,,(R) = |||u|™s(u)e®¥l||y. The same theta bounds give effective
finite uppers for every E,,(R); for example

Eo(R)? <16n BI'(R+2),  En(R)? < (2m)! Eo(R+1/2)* (R>0).

The second bound uses t?™ < (2m)!e!. These envelopes give norm-certified evaluation-vector
approximation and all needed parameter derivative bounds. Integrating g)e*" with the analogous
complete tails computes A and its derivatives. All estimates retain the two physical tails. ]

Theorem 9.7 (Computable physical carrier projection). The orthogonal projection Pn : Ho — N
is computable in the vectorwise norm-certified sense, uniformly from a computable odd input and a
positive rational tolerance. Its complement and the real-valued distance to Ny are computable as
well.

Proof. Certified contours and full principal parts. For each integer n > 1, search fairly over rational
radii R € (n + 1,n + 2), meshes and precision levels until a certificate

min |A(z)| > ar >0
|z|=R

is found. Effective compact bounds on A’ make a fine mesh of certified A values a certificate on the
entire circle. Zeros are discrete and only finitely many zero moduli meet this compact annulus, so
a valid rational radius exists and its positive lower bound is eventually certified. Fair interleaving
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avoids waiting forever at an invalid radius. The resulting circles I'r exhaust the plane. Compute
the integer
1 Al(z)

= — d
"R o rz A(z) ?

by contour quadrature with certified error less than 1/4 and integer rounding. This counts multi-
plicities without labeling roots. For 0 < k < ng define

1 PGy (2)
bri(h) = — —d G = M(sh). 89
walh) = g [ T as Gu=M(sh) (59)
When np = 0 the circle contributes no constraints. Exactly,
Ji = [ ker (g . (90)
R,k

One implication is Cauchy’s theorem. For the converse, the meromorphic quotient on a fixed circle
has principal parts at finitely many zeros of total possible pole order ng. Its residue pairing against
polynomials is determined by their jets at those zeros. Hermite interpolation of degree less than
np realizes every such jet list, so the first ngp moments detect every principal-part coefficient. If
they all vanish, there is no pole inside that circle. Exhaustion proves (90). Hermite interpolation
is used only to prove completeness of these constraints; the algorithm never needs root coordinates
or an individual multiplicity oracle.

Computable Riesz vectors. Set

1 2F sinh(zu)
nan) = 5 [ FEEER R wp() = s()Ha) (91)
Oddness permits replacing e** by sinh(zu) in Gj,. Norm-dominated Fubini and the conjugate-linear
first convention give (wg , h) = €g x(h), with the conjugation in (91) applying to the whole contour
integral. In particular

lwrllz < R* Eo(R)/ag. (92)

This is a computable Hilbert-valued contour integral. More explicitly, if M; > maxp,, |A’|, the
norm of the parameter derivative of its integrand on z = Re®, including 1/(27i), is bounded by

1 (kj—f— 1)Rk+1 Rk+2M1 Rk+2
%{[ | PR B R) (93)

Lemma 9.6, Riemann sums and this modulus therefore compute wg j, to any prescribed L? tolerance.
7L2
Let Cy = span{wpr} . Equation (90) says Cy = Jj;. Every z; is exactly orthogonal to every
WRk, since G, = A(2)2% makes every contour residue zero. Theorem 9.1 now gives

H, = Ny &+ Cy.

A terminating two-sided search. Enumerate all pairs (n,w) of finite rational-complex combinations
of z; and wgry. Given a name for h and rational n > 0, fairly refine candidate residual norms
until an outward upper proves ||h —n — wl|j2 < n/2. The strict inequality is semidecidable. The
two dense generating spans guarantee a pair with residual less than 1/4, so the search terminates.
Exact orthogonality gives

|Pxh=nllz <n/2, (1= Px)h—wlls < n/2.
Approximate the selected exact computable finite sum by rational steps with error less than 7/2 to

obtain the requested output name. Taking its norm also computes ||( — Py)h||2. O
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The algorithm supplies a strong computable projection with || Py|| < 1. Its stopping rule uses
both orthogonal sides rather than a prescribed rate for canonical prefixes. Distance is computed
as a real number with arbitrary error tolerance, which is distinct from deciding exact membership.
The construction takes place in H,: finite complementary sums need not be polar. On a polar
input the exact projected components are both polar, since Ny C K.

9.5 Optimal genuine-null lifts for a fixed finite head

Theorem 9.8 (Computable optimal carrier lift). Let r > 1 and let U : C" — K be a supplied
computable exact physical isometry satisfying the finite-head controllability condition

U*Ing : Nu — C" is onto. (94)
Then F' = U*PnU is computable and positive definite. The map
Vopt = PNUF ™ (95)
18 a computable genuine original-operator-null lift, and
UVopt = Ir, Vo Vopt = 7L (96)
For every other carrier lift V. with U™V = I,
VYV =F1'v2*Z - F}, Z =V = Vopt. (97)

Thus the minimum squared operator-norm amplification is Amin(F) ™. Finite canonical lifts with

exact head constraints can be computed within any positive tolerance of this optimum.

Proof. Put Xy = PyU. Then F = X3 Xy, so 0 <X F' < I,,; its kernel is trivial by (94). Theorem 9.7,
applied to its r columns with Euclidean aggregation of the error tolerances, computes F' in matrix
norm. Refining Hermitian eigenvalue enclosures eventually certifies a positive rational

0< fO é Amin(F)-

For example finite nets of the unit sphere give certified enclosures from the Rayleigh quotients and
|F'|| < 1. The positivity promise ensures termination; it need not provide a conditioning constant
in advance. Matrix inversion is effective once fj is certified.

Direct multiplication gives (96). Every column of Xy is in the closed original-operator kernel.
For another lift, U*Z = 0and PyZ = Z,s0 Vi Z = F~1U*PyxZ = 0. This proves the whole-matrix
equality (97), including every mixed coefficient term, and the norm optimum.

To obtain finite canonical lifts, the projection algorithm computes finite canonical maps X, with
certified || X, — Xy|| < e, — 0. Set By = U* Xy; it need not be Hermitian. For ¢, < f it is invertible

and
€

Jo(fo—er)

Define V, = X, B, ! Tts canonical range is finite and U*V, = I,. exactly. Moreover

1B < (fo—e)™,  IB;' —F 7Y <

€y _
IVe = Vopell < dii= == (14 fo7),

_ —-1/2
IVeve— F < 2fy 2 + doyde. (98)
Choose a sufficiently small rational ¢; for the requested Gram or amplification tolerance. These
are exact computable complex coefficients after inversion, with norm-certified numerical names;

rounding the coefficients alone is not the definition of the exact head constraint. The bounds
in (98) pay the common-map acquisition and inverse errors. O
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The controllability premise is satisfied by the actual normalized positive-width raw polynomial
heads. To verify this particular case, let Ryc be a compact odd polynomial profile on [—L, L], L > 0,
with independent columns, and normalize U = Q,M;RoC by its positive physical Gram, where C
is invertible. If Uc annihilates every admitted r;/s, its polar component drops out and

0= (QesRoCe,r¢/s) = (RoCe,re)  (|t] < a).

The unweighted profile density in Lemma 8.2 implies RoCc = 0, hence ¢ = 0. Finite-dimensional
duality proves (94). The Gram normalization is legitimate: a compact polynomial profile cannot
give a nonzero multiple of the full polar row outside its support. Its positive finite Gram and inverse
square root are computable. Other supplied heads use the explicit premise (94). The fixed-head
algorithm obtains a conditioning certificate by refinement; its theorem asserts termination and
certified tolerances rather than a uniform rank or running-time law for changing heads.

Corollary 9.9 (Optimal fixed-head signed return). Suppose the original form has a complete split
on 'V,
gu[h] = L [h] = |Y*R|* + (n,ER), £y >0, E=E*, |E|<e

where e > 0 is a supplied computable error bound, ranY C ranU, and U satisfies Theorem 9.8 with

columns in' V. Then .

Amin(U*PNU)

The scalar lift cost in this bound is computable at each admitted finite head, and finite canonical
lifts approach it with certified whole-Gram error.

qr[h] =2 — kI3 (heV). (99)

Proof. For any genuine carrier lift Vo with U*Vy = I, write Vo = U+ Z, U*Z =0, and h = Uc+ «x,
U*x = 0. The vector w = h—Vpc = x— Zcis in the original V and Y*w = 0. Exact operator-nullity
of the columns gives qr[h] = qi[w] > —e||w]|?; this cancels the mixed terms of the complete original
form before estimation. The remainder map (¢, z) + o — Ze has squared norm 1+ || Z||? = ||[Vol|*.
Apply (96)-(97) to obtain (99); finite canonical near-optimality follows from (98). O

The optimization is over carrier lifts for the specified head and complete split budget. It provides
a norm-certified fixed-head quantity for the signed criteria, while the behavior of that quantity along
a varying arithmetic family remains the hypothesis of the corresponding criterion.

10 Quantitative canonical null interpolation

We now impose exact canonical moments while controlling both the profile and physical norms.
The proof starts with a bounded regularized dual splitting; theta-strip continuation then gives an
anisotropic Gram lower bound before surjectivity or a constrained minimizer is used. The row list
is finite at each use; all order dependence is quantified uniformly below. The resulting endpoint cost
order also holds in the full kernel of the original physical operator, as shown in Corollary 10.2. The
classical exponential loss for continuation along a bounded half-strip is quantified by Trefethen [35,
Theorem 4.1]. Our self-contained proof combines this continuation mechanism with theta-specific
boundary bounds, anisotropic row detection and harmonic barriers uniform along the widening-strip
schedule.
Retain a, Dy, qo, zj from (56), and define the physical closed span

No=A{r/s:re DQ}LQ.
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Lemma 8.2 and closedness of H give N, C Dom H Nker H C V: if k; — k physically and Hk; = 0,
closedness applies to (k;, Hk;) — (k,0). Thus limits in this space remain genuine nulls on the
original polar recipient.

Fix J < oo and put K; = span{zo,...,2;}, Aj =45+ 13/2. On N, define bounded maps

Bk = sk, Tk = ({2, k))j:o-

The same formula defines the bounded physical moment map on C; when its argument is outside
N, T denotes that extension. For 7 > 0 set

A, =B*B+r7ly,, S,=TA'T*,  Dp=diag(el, ... V). (100)

Here Dy is a finite diagonal matrix, distinct from the supported archimedean operators used else-
where. Coercivity makes A, invertible and S, nonnegative. The anisotropic lower bound below will
prove its positive definiteness and surjectivity of 7.

Theorem 10.1 (Uniform endpoint quantitative canonical lift). Fiz 0 < a < %10g2 and put n =
J + 1. For every 6 > 0 there is Cy 9 > 1, independent of J > 0, such that one may choose

DJ = exp(Ca,gn), LJ = Caﬂn. (101)

Every smooth compact odd polar-free profile f supported in [—L,L], L > Ly, admits a correction
k € N, with

v=f/s—keVNKy, qulv] = Qlf], (102)

Isk|3 + exp[—D.se* ||k[[5 < 6% f]]5- (103)

For each J, L this correction is linear in f. There is also the fired-A Gram version: for each A > 0
there is Cq A > 1 such that, for every J > 0,

S,, = AD?, 71, = exp|—D ek, Dy =exp(Cypn), L >Cyan. (104)

The constants may depend on the indicated fixed tolerance or Gram threshold, but not on J, L or f;
no uniform assertion for parameters varying with J is made. Strict order means positive definite
difference. In particular each fived finite list has an endpoint budget exp(Dje*") for the physical
squared norm, without a factor log(2 + L) in its exponent.

Proof.

The bounded physical energy dual. Set a; = (—2m)%13/2, d; = aj()\jz- —1/4)¢(45 +7) # 0,
and A, = diag(d;)j<n. These scalars are real. Normalize the rows by T = AT and S, =
TAZ'T*. Thus S, = A,S;A,; normalization changes neither the physical energy nor the exact

target constraints. For any coefficient vector ¢, put p = A;lf*c, g = Bp and h = /7p. The
following exact dual splitting holds on N:

(e, Tk) = (9. BR) + VF(h k), llgll3 + IAl3 = ¢'Sre. (105)

Both functions are odd. This is a dual representation in the sum of the profile and physical energies;
its first term alone need not represent a profile-bounded canonical row.
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Explicit boundary growth of the theta kernel. Set h, = 7/4. The derivative-polynomial
recurrence used in (59) gives the exact analytic expansion

qo(u) = /23" (16rp — 11273 + 164r2 — 367, )e™, 1, = e (106)
n>1

Normal convergence on compact substrips justifies the differentiation. For x > 0, |y| < hy < h,

put p = cos(2hg) > 0 and R,, = 7mn?e**. The polynomial in (106) has modulus at most 328 R,

since R, > m > 1. Moreover

R4€—pR < 4096p_4€_pR/2, Z e—pRn/2 < 6—p7r62‘”/4 Z —prn2e3® /4 <p 1/26—a:€—p7r32“3/4.

n>1 n>1

The first inequality follows by maximizing t*e~*/2; the last compares a decreasing Gaussian sum
with its integral from zero to infinity. With A, = 328 - 4096, evenness therefore gives on both arms

lgo(z + iy)| < A*p_g/ge_mﬂe_p”m'/4. (107)

In particular, for A > 1/2 and o = (A — 1/2)/2,

sup [|go(- — iy)llz < V24,772, (108)
lyl<ho
sup / N |go(u — iy)| du < A, (4/7)°T (o) p~ M 2T/, (109)
[y|<ho /R

For the first bound drop the last exponential in (107) and integrate its square. For the second
integrate the bound over x > 0, multiply by two, substitute v = pme?* /4, and enlarge the incomplete
gamma integral to the complete one. These estimates track every dependence on strip width.

Relative complete-theta estimates and Mellin normalization. Putw; = z;/s = q(()QJ +1) /82
the real canonical profile row. Here C denotes an absolute constant that may increase; C, allows
only the fixed slit geometry. Put k = 2j+1, p; = A\; = 2k+9/2. The derivative polynomials satisfy

)

Qr+1=(1/2—-2r)Qr +2rQ}, Qo = 16r! — 1121 + 164r* — 36r.

Starting from a monomial g4r?, a path of k recurrence steps with [ diagonal steps has degree d+k—1
and total absolute coefficient at most ]qd|2k( )(k + 5)!. Each raising step costs 2; each diagonal
step costs at most 2k 4+ 17/2 < 2(k +5). The unique all-raising path from d = 4 gives 16(—2)Frk+4,
Summing the other paths bounds the relative polynomial error by

3
(1+ (k +5)/r)" 1+Z éqj’d 1+ (k +5)/m)".

Consequently, including the complete theta sum,

)

_ > 2
16(—2)Feu/Zritig—r 1 <Ck+1)?%/r,  r>Ck+1)% (110)

Indeed every higher atom has relative majorant Cf2k+86_@2_1)7‘; half its exponential absorbs the

power in this range and the remaining square gaps give a uniformly summable Ce™ tail. The
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positive real denominator obeys ¥ = 4e%/2r2¢~"(1+17), |n| < C/r, 1 +n > 1/2. Thus division and
the exact cosh factor give

w;(u)

.eP;u
CLJG J

—1<C{k+1)2e 24, u>log[C(k+1)]. (111)

The e™™ term is essential. This is a positive-arm asymptotic; oddness, rather than that model
exponential, controls the other arm.
Write M(p) = [ ePqo(v) dv = (p? — 1/4)¢(p+1/2) > 0 for p > 13/2. The exact normalization
is
|d;| = 28772 (p? — 1/4)°T(k + 5/2)¢(2k + 5) < 2"T'(k + 13/2).
The comparison follows from the four-step gamma ratio; all constants are absolute, and 1 < {(2k +
5) < ¢(7). In particular |d;|~! < e“*+1. Absolute kernel moments have the uniform comparison

Maps(p) = /ep\vuqo(v)y dv < CM(p),  p>13/2. (112)

To check it, bound the fixed polynomial Qq(x) by Cz* for z > =, substitute 2 = £27e?l’l in every
absolute atom, and enlarge the resulting positive integral to (0, 00). The upper is CW*p/2*1/4I‘(p/2+
17/4)¢(p + 1/2). In the exact positive M(p) the gamma is I'(p/2 + 1/4) and the prefactor is
(p?—1/4)?/2. Their degree-four ratio is bounded. This pays signed normalization without assuming
pointwise positivity of gg.

The same recurrence paths give the global atom bound

Z ’Qk(EQT)‘ef(ﬂfl)r < CkJrle(T +k+ 5)1er47 r>.
>1

For completeness, apply |Qr(y)| < C2F(y+k+5)* and (A+2)N < 2N ANe?/? with A = r+k+5 >
N =k +4, z = (£2 — 1)r; the remaining Gaussian sum is absolute. Divide by the positive theta
denominator and by d;, then split (r+ &+ 5)¥+4 into its two endpoint powers. Elementary Stirling
bounds absorb (k + 5)F4/T'(k 4 13/2) into e“**1). This yields the useful global estimate

epj|u‘

(/45 < 449 { iz < ok,

Tk +13/2)
In particular the normalized supported targets satisfy, uniformly for L > 0,
IDL'T(f/3)II* < Hall£II3,  Ha <"

Here Cauchy—Schwarz uses e 2piL LLL e2Pilul dy < 1 /pj, and then sums the n rows. There is no
uncontrolled factor L.

Both real convolution arms and the complex strip. Define
A( =d; /wj )qo(u — t) du /g wqo(u—t)du, F, = ZCJ
j<n

Only the kernel is continued to complex arguments. Subtract the full-line exponential convo-
lution before splitting at w = ¢/2. For ¢ > Cn the high part of e Pi'Fj(t) — 1 is at most

Ok +1)2e2Maps(pj) /M (p;). For the other part, the full kernel envelope |go(v)| < CeClolg—ce®!
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onv=u—t< —t/2 gives exp[C(k + 1) log(k + 2) — c’e]. The latter bound uses the rough absolute
moment of one half of the double-exponential kernel and the global normalized row bound; the
other half pays e~ It includes all negative u and is at most e~* at ¢t > Cn. Therefore

‘efpjtﬁj(t) o 1’ S eCneft/27 t 2 Cn, ] < n. (113)

For all ¢ > 0, the global two-term row estimate and (112) also give \e*pjtﬁj(t)] <efm,
The two-term bound retains the inverse gamma needed for complex correlations. From (107),
with p = cos(2y), substitution on both arms gives

/epj‘v||90(v —iy)|dv < CFHID (K + 2)p~ (k+13/2), /e‘”'ﬂ\qo(v —iy)|dv < Cp~ 194,

For the second estimate it suffices to use e/*l/2 < ell. The ratio I'(k + 2)/T'(k 4 13/2) is bounded.
Thus
|Fj( + iy)| < erebiltlp B2 1y (2 dy)| < Cp g2

These absolute bounds on slightly larger compact substrips justify holomorphy. Since p > 4(h, —
ly|)/m, one common boundary exponent is P = 2n + 11/2; all conversion constants cost only e“™.
No complex lower bound for the theta denominator is used.

Normalized growing damping and its complete anchor. Use the anchored convolution
primitive of the weighted-localization predecessor [30], with rate b = n and m = 2n + 6,

m t
b I / (t —v)" et B (y) do.
HJo

(RnF)(t) = m— 1)

Its holomorphic path is immaterial. Put G; = Rnﬁ'j, Gy = RnFy, G. = > ¢;Gj, G = G. — Gy.
The positive-real kernel has mass at most one, so |Gy(t)| < ||qoll2]|gl|2 for t > 0. The exponential
gain and exact anchored formula are

m m—1 v

J,m . |
b+ pj = !

Here pj/n < 13/2, m < 8n, hence e On < d;',n < 1. Exponential Markov for the shape-m, rate-
(b+p;) gamma tail bounds the anchor remainder by e~*[(b+p;)/(b+p;—1)]™ < Ce~*. For the error
integral split at v = t/2. Its late half uses (113); its early half is bounded by eC”d;»’ane_(bJ“pi)t/‘l.
Consequently

en<d, <1, e PGy(t) —d,| < et 1> Cn. (114)

In particular no late asymptotic is used on the early primitive segment.

The bent real-then-vertical contour removes the strip boundary blowup: m — P = 1/2. The
normalized horizontal multiplier is at most e”*; the vertical multiplier is at most b¥™h™ = /[(m —
D!(m — P)] < e“™. On a fixed negative real arm the additional multiplier is at most v (3 +
h )™ 1B/ (m — 1)! < %™, These inequalities follow by enlarging the horizontal gamma integral
and using (Y — v)™ Y(h, —v)~F < (hye — v)™ =1 vertically; Stirling’s factorial lower bound pays
b™. Thus throughout the open strip

|Gyl +iy)| < eTrehit, |Gy(x +iy)| < e€Tglz (@2 0), (115)

with e“a™ bounds on each fixed negative arm. Fix 0 < ag < a, for example ag = a/2. On the real
slit T = [—ayg, ag), anchoring costs at most €% (bag)™/m! < e®a™; the negative half is included.
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Compressed cardinal inversion with factorial separation. Take u; = i/n, z; = ebil™,
0 <i4,j <n, and Wy; = l‘; The jth inverse row consists of the coefficients of its cardinal
polynomial, so

1+ a2
|x_7 —

(n/4)" 12"t o

< Vi BT S

W=tz < \fmaXH
I#j

Indeed |z; — 27| > 4]j — l|/n retains the denominator jl(n — 1 — j)!; replacing all separations by
the minimum loses this factorial. The empty product covers n = 1. This is the classical cardinal-

coefficient inverse argument [11, Section 3|. Let Vj; = d; €% S0 omin (V) > e~C™. Writing

tr(c) = ||Drc|| and ar, = (cjePs L );, the samples factor exactly as
(Ge(L 4+ Co + ;)i = (V + E) diag(eP“)ay, |E||s < eCre(L+Co)/a,

For L > Cn this error is at most half the smallest singular value, uniformly for every Cy > 0. No
diagonal is commuted past F. Hence

max |Ge(L + Co + u;)| > e~ el (c). (116)

An exponential dual budget, before the fixed parameters. Fix ¢ > 0 and any prescribed
1 <@, < e?". Suppose a nonzero normalized-row direction satisfies

¢*Sre < Qutr(c)?. (117)

The exact dual gives |gll2,[|hll2 < v/Qntr(c). Choose Cq = Cf n large enough that the real
detector beats ||qo||2v/@ntr(c) by at least ¢1(c). Then some t; = L + Cp + u; satisfies

G (ti)| = tr(c). (118)

Fix 8 > ag, o > ag + 2h., and By = Cy + B,, with fixed B, > max{2, ¢+ 2h, +2}. On the outer
boundary of
Q= {—B < Ret<L—|—Bg,\Imt\ < ho}\]

all samples stay at right-edge distance greater than one, and
|G| < Batr(c), B, >e, log B, < Cygn®. (119)

The positive-arm normalization pays €50, the fixed negative arm is covered by the primitive
bound, and the nuisance pays e“"v/Q,. Thus the largest logarithmic loss is p,—1 By = anq(nQ),
with no log L loss. On I the dual applied to legal real r;/s and oddness give

|Fo(t) — Fp(t)] < Crv/TQutr(c), Cr = sup l|re/s]|2 < oo (120)
S

The strict common theta-tail majorant proves Cj < co0; no large or complex physical translate is
admitted. The slit primitive gives

IGt)| < Ap/Ttr(c), 1< A, <e“aa™ tel. (121)
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A fixed Dirichlet constant and a matched cosine barrier. Take 3h./4 < h; < hg < h, and
put v = w/(2h1), s0 2 < v < Vpax = 8/3. Let wp be harmonic measure of the slit banks in
with value one on the slit and zero on the outer boundary. Consider the fixed slit rectangle

D, = {-p < Ret < xo + 2h, | Imt| < h,/2} \ I
with slit harmonic measure w,. Its compact disk |t — x¢| < h,/4 lies in its interior; hence

ms = min  w,(t) > 0.
‘t7z0‘§h*/4
This is a single fixed Dirichlet-problem constant. For large L, D, C Qf and boundary comparison
gives wy, > wy on D,.
The disk |t — x| < hg avoids the slit and lies inside the uncut rectangle. On hy/4 < |t —xo| < ho,
compare wy, with

* 1 hO
0 .
log 4 & |t — o]

The inner boundary has wy, > m, and the outer boundary has wy > 0, so the maximum principle
applies. Tangency at the horizontal rectangle edges is handled by exhaustion. Using log(1/r) > 1—r
on the annulus and the inner-disk bound m.. gives for all |y| < hg

‘ M
wr(xg + iy) >

ho — .
= h*log4( 0 |y\)

For |y| < hy we have cos(vy) = sin(v(h1 — |y])) < Vmax(ho — |y|). Thus the fixed constant p =
M/ (hs l0g 4 viax ) satisfies wy (xo + iy) > pcos(rvy). Comparison on (xg, L + By) X (—h1, h1) with

sinh(v(L + By — z))

Hi(z,y) = p sinh(v(L + By — x9))

cos(vy)

is now valid on every edge. At the real samples their right-edge distance exceeds one. Since
2 <V < Vnmax,
wr(t;) > ce™E, ¢e = 2pusinh(2)e Vmax(Bo=z0) (122)

All constants are independent of hg, h1 in the stated range.

A single widening-strip schedule. For L > 0 choose

h. 16(1+ L)

dr, = ——2—— ho=hs—dp, hi=hs—2ds, - 123
L 16<1+L), 0 L 1 L vy, 7+8L ( )

These widths satisfy the preceding hypotheses, and

oL 1 4d; 1
! _ cos(2hg) = sin(2dy) > L - L
TS 1 Pr=eos(ho) =sin(dr) = =% = qer—s

(I/L — 2)L =

The sine inequality is its chord bound on [0,7/2]. Consequently (122) gives wr,(t;) > cpe 2" with
cn = cee” /4, and the outer bound for G' remains Bytr(c), independent of these widths. Since
By = Cy+ By = Og44(n), we may decrease ¢j, to a number ¢, < 1 with ¢, > ¢~ Caa” The fixed
Dirichlet minimum m, and p depend only on the fixed left-hand geometry, not on n.

For an analytic function bounded by B on the outer boundary and by ¢y < B on both slit banks,
the subharmonic maximum principle gives, applied here to G,

log |G (t;)| < log B — wr.(t;)log(B/ep). (124)
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Zeros cause no difficulty: use 3 log(|G|? + n?) and its harmonic boundary majorant, then let 7 | 0.
The domains are bounded and G is continuous across the slit before removal. Normalize ¢t (c) = 1
and use €9 = A,+\/7, B = B,. The detector and harmonic lower imply

cne 2k [% log(1/7) — log An} <log B,
whenever the bracket is nonnegative and ey < B,,. Set

~ 4(1 1 1 ~
D, = (og By + 10g.An + ), 7 = exp|—D,e*].
Cn

For L > 0, this makes the bracket positive, ensures the required slit/outer ordering, and makes the
left side strictly larger than log 3,,, a contradiction. The bounds above give D,, < Caam and onset
at most Cygn. Only log B, = O, 4(n?) enters this choice. Choose the fixed geometry, primitive
constants and perturbation onset first, then ¢, the detecting offset, outer/slit bounds and harmonic
prefactor, and finally one common C, 4. Decreasing 7 to exp[—eC@4a"e2L] increases the normalized
Gram in positive order. We have proved the exponential-budget statement

S, >~ QRD%, 1<Q, <™, 1= exp[—ec"’q”ey‘], L > Cyqgn.

This argument establishes a strict normalized lower before any surjectivity or minimizer is invoked.

The normalized lower and invertibility of A, make S;, positive definite. It also proves that
T is onto: a vector orthogonal to its range has T*c = 0, hence ¢*S;, ¢ = 0 and therefore ¢ = 0.
The range is a finite-dimensional linear subspace, hence all of C/*1. It follows that S, is positive
definite for every 7 > 0. No surjectivity was used before this point.

Exact constrained energy after the Gram lower. For d € C/*! the unique minimum-energy
vector with Tk = d is

he(d) = AZIT*S M, min {[|BE[)3 + 7|[k])5} = d"Sd. (125)

This is the constrained Hilbert energy minimization underlying regularization [34]. The displayed
vector has target d; for e € ker T, (e, Ak, (d)) = (Te,S;d) = 0. Expansion of the positive energy
around it proves the identity and uniqueness. For a fixed 6 > 0, choose @, = 1 + H,,/6%. Since
H, < e for fixed h, one has Q, < e?" for a fixed gp; enlarge h if needed. Apply the normalized
budget lower to the exact normalized target d = AT (f/s). Inverse positive order, without a
commutation assumption, yields

'S.1d < @ |Dp I < 6% 113

The original and normalized minimizers coincide because their target constraints are equivalent.
This proves every fixed-tolerance assertion; scaling a tolerance-one correction would not preserve
its target.

For a fixed A > 0, set R, = max;<, |dj|_2 < e and choose 0, = 1 + AR, < e?™ with fixed
ga- The normalized budget lower and the original congruence give

Sr. = QuADIA, = Q,A2D7 = AD3.

Only the explicitly diagonal matrices commute here; the Gram itself need not commute with the
normalization. This proves the ORIGINAL-Gram statement (104), with its own C, 5. For f =0
use zero. Finally Tk = T(f/s) and k € N, C Dom H Nker H give (102), including every mixed
form term. This proves the theorem. O
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Corollary 10.2 (Sharp logarithmic cost order in the full original physical kernel). Let z =
Zi:o a;z; with oy # 0 and A = 45 + 13/2. Distinguish the ambient original odd polar Hilbert
space K, the admitted physical closed null span Ny, and the full original operator kernel

Zy ={k € DomH : Hk = 0}, N, C Zg C K.
For X € {K, Zy,N,} define
CX(e) =inf{||kl2: k € X, (2,k) =1, ||sk|2 < e}

The ambient cost imposes no form-domain or nullity condition; the full-kernel cost uses precisely
the original physical operator. Write C, = C’jé\/“ for the cost in the constructed null span. These are
infima; no attainment under the two constraints is asserted. Every one of these costs is finite for
each € > 0, tends to infinity as € | 0, and satisfies

. loglogCX(s) 2 4
1 z - _-_- 126
20 log(1/e) X 8j+13 (126)

With a fized throughout, more precisely, uniformly across these three classes for small €, fixed
positive constants depending on a and the row give

ce7A = 0 (log(1/e)) < log CL(e),
log CX(e) < log CZ7 (e) < log C2(e), (127)
log CNe(e) < CFe 2/,

Thus log CX (¢) = ©.(c72/*) for each of these classes. Moreover, with a, = a;j(—2m)2+3/2, the
polar leading-constant lower in Proposition 10.8 gives

A+ 172\

Lo 2/ Xy > geol — T 21/A<
hrg%)nfa logC7 (e) > db 2()\/|az\ ) N—1/2

No null leading-constant equality or limit is asserted. In particular, the full original physical kernel
has the sharp interpolation-cost power 4/13 for the first canonical row.

Proof. The lower bound holds even for arbitrary physical vectors. From (60) take |z(u)/s(u)| <
CeMvl and put D, = C/ﬁ Splitting the moment at R gives, for every feasible k,

1 < eA:(R) + ||kl2B:(R), A:(R) = |Ly<rz/sl2 < D:e*, B(R) = ||Ljy>g2|l2.

For r = me?! the upper theta envelope gives, including both tails and the substitution du =
dar/ (2),
o
B.(R)? < 1690277_()‘+2)/ 2™ dg < 33802 M2 At
T
when r > 2(\ + 1). The last inequality follows by writing z = r + v and bounding (1 4 v/r)*! <

e"/2. For small ¢ choose R = A 'log(1/(2D.¢)). The interior contribution is at most 1/2, so
|lkll2 > 1/(2B.(R)). Taking logarithms gives

—op_AFL

s
log ||kl2 > E(QDZE) log(1/e) — C..

This uniform inequality passes to the ambient infimum and hence to the costs of both null classes.
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For the upper use the full list ending at j and prescribe d; = 0 fori < j, d; = 1/a;. Then Tk =d
implies (z,k) = 1 under the conjugate-linear-first convention. Fix A = 1 once. Equations (104)
and (125) give

Isk([3 + exp[—=De* ||k[|3 < |dj|*e™*M.

Take a fixed Cp > max{1,|d;|} and L = A~!log(Cp/e). For small € this exceeds the fixed onset,
and hence
Isklls <&, [lkll2 < cexp [2(Co/e)?/] .

The constants and target have not been varied with €. This proves the claimed upper. It also gives
nonemptiness for every positive tolerance by using a smaller tolerance if necessary. Set inclusion
gives CF < CZn < C’?fa. The universal lower and the upper constructed inside N, therefore
prove (127). Each cost exceeds one eventually, so its iterated logarithm is defined. For each class
the liminf ratio is at least 2/A and the limsup is at most 2/, by the two-sided constant-order
bounds just proved. This proves (126), without identifying A, with the full kernel. The sharper
lower dg"l follows by inclusion from the exact polar ambient coefficient in (129); that ambient upper
is not used as a null upper. The unrestricted odd coefficient remains exact only for the larger space
without the polar constraint.

The same logarithmic order also holds for the finite span F = {r/s: r € D,}, with cost defined
by the same infimum. Indeed T'(F) is dense in the onto finite-dimensional image T'(N,) and is
a linear subspace, hence is onto. Choose once a physical bounded right inverse R : C/*1 — F.
Construct k above at tolerance €/2 and approximate it physically by w; € F. Then u; + R(d — Tw;)
has the target exactly and converges physically to k. Boundedness of B gives profile convergence.
Eventually its profile norm is at most € and its physical norm at most 2||k||2. The fixed factor from
using €/2 changes only the upper constant. This proves an infimum bound, not attainment or a
uniform translate-count estimate. O

Fixed-row asymptotics. Constants and onsets depend on the full row coefficients and highest
index. For arbitrary combinations they are not uniform when a highest coefficient tends to zero.
The separate full-list theorem above does quantify growth in the canonical list length; it does not
make these normalized single-combination asymptotics uniform in its coefficients. For example,
20 + 021 has exponent 4/21 for each fixed & # 0, whereas zy has exponent 4/13. The leading
row tails balance when 472|§|e®" ~ 1; this is a tail comparison, not a certified tolerance threshold.
A tiny highest-row perturbation can change the eventual exponent while delaying its onset. The
fixed-row limit alone does not establish a joint increasing-index asymptotic for such degenerating
combinations.

10.1 Exact ambient and polar leading constants

The genuine-null upper can be compared with a sharp leading cost that already holds in the larger
odd physical space. This separates the weight-induced cost from the additional null constraint.
Here the ambient class is all of L2;,(R), without the polar constraint; it is larger than the polar
physical space K. The coeflicient below is exact for this ambient class. Imposing the original polar
constraint strictly increases it; that sharper coefficient gives a universal lower for genuine physical
operator nulls.

Proposition 10.3 (Ambient interpolation cost and a universal null lower). Let z be a fived nonzero
finite canonical row combination, with highest derivative index j. Put A = 45 + 13/2 and define
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a#0 by z(u)/s(u) ~ ae’ as u — +oo. For
O™ (e) = inf{|lkllz : k € L2a(R), (z,k) =1, [[skll2 < e},

one has

) o T A 1/
161%1 M og C™(¢) = d,, = 5 <W> . (128)

For the same infimum restricted to the odd polar Hilbert space KC, one has the exact coefficient

2/
“1/2) > d,. (129)

lim €2/ Kie) = qro! -— ( =
i e og C7 (€) = d¥ d. =1/

For genuine physical operator nulls or the physical small-translate closed span, the corresponding
liminf is at least d®°'. No exact leading coefficient for either null class is asserted.

Proof. Set
S(r) = / L 4 v Cleg()r), Ly = leg(V/m).
rs(u)?+7 ’ 2
The fixed-row asymptotic, oddness and the actual theta tail give

a 2
S(eV) ~ ’)\(V/ﬂ))‘ (V = o0). (130)

Here is the two-sided estimate needed for its leading constant. For each fixed 6 > 0, the theta lower
envelope implies eV /s(u)? — 0 uniformly on |u| < Ly — 4. Indeed its supremum is at most a fixed
constant times V2 exp[—V (1 — e~29)] for large V. Also

2
/ |z(u)/s(u)* du ~ ﬂ62)‘R.
lul<R A

This gives the required lower with factor e=2*°. For the upper, split at Ly 4 6, use s2/(s> +7) < 1
inside, and use s2/(s%> 4+ 7) < 5%/ outside. The global fixed-row bound |z/s| < Ce Ml and theta

upper imply
R

/ o ]z(u)|2 du < C<7T€2R)/\+1677r62

for large R. To see this, substitute » = me2/*l on both tails and bound the resulting incomplete
gamma integral by twice its first power-exponential term once r > 2(\ + 1). After multiplication
by €V, the exterior at Ly + d is O(VAHe_V(e%_l)) = o(V?). The inner contribution gives factor
e?M_ Let § | 0 to prove (130).

For every unit-moment physical vector, weighted Cauchy—Schwarz gives

1< S(r)(lIskl3 + TlIk3).

Put V, = 2d.e ?/*. For fixed 0 < n < 1 take V = (1 — n)V.. Equation (130) gives S(e~")e? —
(1-n)* <1, so
k]3> eqee”

for every admitted vector at small e. This yields a liminf at least (1 — n)d, in (128). It also proves
the same lower for every smaller correction class.
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For the ambient upper fix n > 0, set V = (1 +n)V,, 7 = ¢~V and take

This is an odd physical L? vector with exact unit moment and
sk 13 + 7llk- I3 = S(r) ™.

Now S(7)€? = (1+n)* > 1, making it admissible and giving ||k, ||z < ee"/2. The limsup is at most
(14 mn)d,. Let n | 0 in both bounds. The lower also shows that the costs tend to infinity, so the
logarithms are valid eventually.
To impose the original polar constraint put b = ssinh(u/2) and A; = M2 + 71 on odd physical
L?. Define
Sy = <b, A;1b>, Spr = <b, A;12>, Spol = S(T) — |sz\2/Sbb.

The two physical rows are independent: their profile tail exponents are 1/2 and A > 1/2. Their
positive energy Gram is therefore invertible. The exact constrained energy representer is

_ Shz
= ATI (Z B bSZb) ’ (byvr) =0, (z,vr)= Spol, Hsv7-||2 + THUTH2 = Spol-

The same transition estimate used in (130) pays the mixed entries as well. Indeed wy = 2/s ~ ae

and w; = b/s = sinh(u/2) ~ %e“/2 on the positive arm; both are odd on the full line. Put 1y = )\,
v1 =1/2, a0 = a, a; = 1/2, and x, = s?/(s? + 7). For each of the four entries,

J Xe-vWiw; du 2
aajevitvily vi+ v

For precision, inside [—Ly + d, Ly — ¢] the multiplier x tends uniformly to one. The normalized
integral of its complement up to Ly + ¢ is O(4), using the fixed exponential envelopes of the rows.
Beyond Ly + ¢ the bound y < e"s? makes the normalized absolute mixed integral exponentially
small, exactly as in the scalar tail estimate above. Compact intervals and the lower-order row terms
vanish after normalization. First let V' — oo, then § | 0. This proves entrywise complex Gram
convergence, retaining the phase of a; diagonal modulus bounds alone would not suffice.

With Ey = elv the limits give

Spy ~ LE Spe ~v —— g2 g ~a|2(A_1/2)2(V/7r)A
bb RV TNV Pl N NV 1/2 ‘

For a polar unit-moment vector, energy Cauchy—Schwarz now reads 1 < Spo1(||sk[|? + 7|/ k||?), since
its moment against b is zero. Repeat the two energy tests with V., = 2d1z)016_2/)‘ and V = (1Fn)V..
The lower test is uniform over the polar class; the upper uses kr = v,/Spo1, with the polar constraint
and unit target exact. Its energy is Sp_oll. The same norm-versus-squared-norm factor 1/2 as above
proves (129). Set inclusion then gives the sharper null liminf, without using this polar ambient
upper as a null upper. ]

For the first row, a = —473 and A\ = 13/2, so d,, = (7/2)[13/(327%)]?/13. The polar coefficient
is dggl = d,,(49/ 36)2/ 13 The ambient upper uses the explicitly defined k,; the genuine-null upper
is supplied separately by the canonical interpolation theorem.

58



10.2 The qualitative consequence of the quantitative estimate

The quantitative Gram bound also implies exact finite-sum interpolation with arbitrarily small
profile norm. The same conclusion has an independent proof in Lemma C.1, Appendix C, which is
sufficient for the fixed-span bounded criterion without the estimates of this section.

To see the quantitative deduction, extend the desired moments on any independent subset of
the canonical rows to one fixed full-list target d’ € C/*!. The minimizer (125), with A = 1 in (104),
satisfies

Tk =d,  ||Bkel3 < (d)S;'d <|D;'d|* — 0.

For finite sums, the physically dense subspace F = {r/s : r € D,} has onto moment image: T is
bounded and onto on N, so T'(F) is a dense linear subspace of a finite-dimensional space. Choose
a bounded physical right inverse R : C/*! — F. For u,, € F converging physically to a chosen kr,
the vectors u, + R(d’'—Tu,) have the moments exactly and converge physically to k7. Boundedness
of B gives profile convergence. Choose L first and n second to achieve any positive profile tolerance.
This supplies a second route to the interpolation conclusion; the independent appendix proof is the
route used in the bounded criterion.

11 Consequences of the complete constructions

The fixed-exponent receiving theorem quantifies the inverse approximation inside a complete signed
certificate. Its guarded arithmetic model specifies how a finite lower enclosure is formed and
accepted. The weighted carrier theorem supplies a different capability: full-jet compatibility is
equivalent to actual-norm canonical synthesis, and the resulting projector computes optimal lifts of
each admitted finite head. Sharp interpolation cost and its order-uniform budget pay the physical
norm when those corrections vary with the support.

These conclusions return to the same form and original constrained domain. The evaluated M25
lower bound uses full receiving and mixed matrices followed by the paid localization. The covari-
ance criteria retain their complete-source hypotheses and their recipient-dependent normalization.
Alternative arithmetic-only, augmented-source and high-frequency certificates in the technical sup-
plement provide additional specified ways to supply those hypotheses.

A The odd original-domain criterion

We give the needed realization-specific reduction to the classical Weil criterion [37, 1]. For F(z) =
| f(u)e*™ du, the complete explicit formula has zero-side form

Wif,gl=> F1/2-p)G(p—1/2). (131)
p

The sum counts multiplicities and is conjugate-linear in its first argument, consistently with the
physical inner product. On odd real tests W[f] = =3 F(p — 1/2)%2. The physical form in (7)
equals W[f] + 2|F(1/2)|? on odd tests; the polar term vanishes on K.

Lemma A.1 (Odd original-domain criterion). Nonnegativity of qg on V is equivalent to RH.

Proof. The theta Mellin identity, in the normalization (5), is

Miy(z) =€(1/2 4+ =), My (2) = —2£(1/2 + 2), My’ (1/2) = —1/4.
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Indeed, with ¢ = ** and A(t) = 3,5, e~ ™t one has ¢ = e“/2(412A” + 6tA’). Two integrations
by parts on 0 < t < oo, initially for s > 1, give

Mp(s —1/2) = 5(52_1) /OOO A1 dt = ¢(s).

Theta inversion gives the entire continuation. For any compact smooth real odd f, put g =
f+4F(1/2)y'. Tts polar moment is zero and its transform agrees with F' at every nontrivial zero,
so Wlg] = WIf].

Here g/s belongs to the original minimal domain. To see this directly, take even smooth cutoffs
xr and a fixed compact real odd b with Mb(1/2) = 1. Set ggr = xrg — M (xrg)(1/2)b. Then g is
in the exact polar compact core. Complete theta derivative envelopes give

I(gr —9)/sll2 =0, Il(gr —9)'ll2 = 0.

For example [¢/| < 40el“/2r3¢=" and the lower bound (8) give an integrable upper 800e/“/r*e="

for 4" /s|?. The derivative atom polynomials are —8r3 + 30r? — 157 and 16r* — 11213 + 16512 —
757 /2. Their absolute coefficient bounds for » > 7 > 3, and consecutive atom ratios, give |¢"| <
160el“/274e=" These complete tails pay both limits. Bounded cutoff derivatives and the vanishing
compact moment correction preserve them. The bound a < 1762 now gives convergence in (6).

The same tails give exponential-weighted L' convergence of ggr — g and its first derivative.
Integration by parts therefore gives

sup (1 +[92))|M(gr — 9)(2)| — 0.
|Rz|<1/2

The zero count implies 3° (1 + |Sp|) 2 < o0, so the complete quadratic zero sum converges as well.
Passing the compact explicit formula to the limit yields qg[g/s] = Wg] = W[f]. Thus positivity
on V implies W[f] > 0 for every real odd compact smooth f.

Suppose an off-line centered zero oy = § + i~y exists, with §,y > 0 by symmetry. Nontrivial real
zeros are absent because the alternating eta series gives ((s) < 0 forreal 0 < s < 1. Fix I' > v+ 1.
An even real polynomial P annihilates every zero orbit in |So| < I' except the quartet of og, and
P(09) # 0. Choose real a,b with iP(0g)(a + bod) = 1, possible because Jo3 # 0. Put

Fr(z) =1iP(z)(a + bzz)[eT(z_iA*)2 — eT(ZHV)Q], T>1.

This entire function is odd and real type. It is the bilateral Laplace transform of a real odd Gaussian
multiplied by polynomial and trigonometric factors. At each fixed T', even compact cutoffs of that
physical function converge in exponential Schwartz seminorms. Repeated integration by parts gives
transform convergence with every polynomial vertical decay uniformly on |Rz| < 1/2. The zero
count N¢(Y) = O(Y log(Y + 2)) therefore permits dominated convergence in (131), so W{fr] > 0.
At ao,
o 18° Fr(og) =1 — o~ AT+4iToy

The target quartet, of multiplicity m, contributes —4mRFr(og)? ~ —4me®T% . All other zeros in

the finite window are annihilated. For exterior zeros put d, = ||So,| — | > 1. A fixed polynomial
envelope bounds their squared transform by

(1 + |30_p|)2D62T(1/47d%) < Ce3T/2(1 + \%ap|)2De’(d§*1).

The full remaining zero sum is O(e_3T/ 2) by the same zero-count bound. The negative quartet
dominates, a contradiction. This proves RH. Conversely, RH makes (131) a sum of squared absolute
transforms on the polar core; original form closure extends positivity to V. O
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B A complementary constant-shift certificate criterion

The vanishing-allowance criterion of Theorem 3.2 and the criterion below retain the same original
arithmetic Weil form. They use different norms and different finite receiving constructions. In
particular, the fixed shift below is in the unweighted logarithmic profile norm, not in the theta-
congruent norm. Its use is justified by a uniform-semiboundedness argument, which we include in
full. Each criterion specifies its own operator, norm and finite verification test.

B.1 Uniform semiboundedness on the odd compact class

Let Q(f,g) be the original archimedean-minus-prime form on the logarithmic line, with Fourier
measure d§/(2m). Thus its archimedean multiplier is my + a(§) and its arithmetic term retains
both translations for every prime power. Put

S1(f) = sup el max{| f(w)], | f'(u)]}.

ueR
The argument below uses the compact and strong test classes throughout.

Lemma B.1 (Mixed continuity and compact null approximation). There is an explicit finite con-
stant Cy such that

log n(1 + logn)
n3/2

n>2

The complex span of the odd functions
re = 3(Teq0 — T—1q0), @ = (05 — 1), tER,

is dense in odd unweighted L*(R). Every r; is a strong two-moment-zero mizved null of Q, and
every finite linear combination can be approximated in Sy by smooth compact odd two-moment-zero
functions.

Proof. Since [e~2*ldu = 1, the L? norms of f and f’ are at most S1(f). The digamma series gives
a(§) < (£2/4) 3, 50(n+1/4)73 < 17€%: the sum is at most 64 + (5/4) 7 +1/{2(5/4)?} < 68. This
bound and Plancherel therefore bound the archimedean mixed term by (17 4 |mg|)S1(f)S1(g). For
t>0,

/ e ettt gy = (1 4 t)et.
R

Apply this to the two arithmetic translates at ¢ = logn, use A(n) < logn, and sum. The dis-
played series converges by the integral test. This proves continuity for the complete raw form,
without splitting a divergent bare prime diagonal. For completeness, each exponential moment
obeys |M f(£1/2)| < (8/3)Si(f), so adding both explicit-formula pole products costs at most

(128/9)S1(f)S1(9)-
The theta Mellin identity gives

Mqoy(z) = (z2 — %){(1/2 + 2).

Translation multiplies this transform by an exponential. It still vanishes at both poles and every
centered nontrivial zero. The complete polarized explicit formula on the strong test class thus proves
mixed nullity, with zero multiplicities retained. Strong theta derivative decay pays all Mellin and
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arithmetic limits. The Fourier transform of gg is nonzero almost everywhere, since its entire xi
factor has only isolated real-frequency zeros and its polynomial factor has none.

If an odd h € L? is orthogonal to all r;, parity makes its correlation with 7_;qq the negative of
its correlation with 7¢qy. Both correlations are therefore zero. Fourier uniqueness, applied to the
L' product of their two L? Fourier transforms, implies E(jio = 0 almost everywhere and hence h = 0.
This proves the asserted density, not continuity of the Weil form in the unweighted L? norm.

Choose even smooth compact cutoffs yr with uniformly bounded derivatives through order
three. Then qr = (82 — 1/4)(xgrY) is even, compact and has both exponential moments exactly
zero, by integration by parts. Complete theta derivative decay gives S1(qr — qo) — 0. Translations
satisfy Sy (m.f) < ellSi(f). For each fixed finite sum, replace its finitely many translates of go by
translates of qr, choosing R after the sum and the desired tolerance are fixed. Antisymmetrization
preserves oddness and the two zero moments, proving the compact approximation assertion. O

Proposition B.2 (A uniform unweighted floor). RH is equivalent to the existence of one finite
K > 0 such that

Qlf] > -K| 13

for every smooth compact odd two-moment-zero test f, across all supports.

Proof. Fix such an f. By Lemma B.1, choose finite odd mixed-null sums r,, with ||f — 7|2 < 1/n,
and compact odd two-moment-zero approximants g, satisfying

S1(gn —mn) < An[l +S1(f — "”n)]}_l'

Write e, = gn, — 1, and v, = f — g, Mixed nullity gives Q[f —r,| = Q[f], whereas mixed continuity
gives

Qlva] = QIfIl < 2C./n+ Cufn®,  vall2 < 2/n.

The same floor applies to every compact admissible v,,, even though their supports grow. It follows
that Q[f] > 0. The odd original-domain Weil criterion then gives RH. Conversely RH gives
positivity and the choice K = 0. This proof uses neither a support-dependent floor nor a global
L?-closed extension. O

B.2 The supported constant-shift operator

For g € L?(0, L) use the odd-half unitary identification f(z) = g(z)/v/2 for z > 0 and f(—x) =
—g(x)/+/2. Then, with p(z) = sinh(x/2),

M2 = V2 [P, M1/ = -MI/2)

The sum of the two explicit-formula pole products is therefore —4[(p,g)|?>. The complete raw
supported odd form is
By, :DL-i-RL-i-mo—Cir

on the full odd-half space, without a polar constraint. Its minimal supported closure and operator
domain are those in Lemma 5.1, with bounded arithmetic added.

Theorem B.3 (Complementary constant-shift RH criterion). Fiz 5 > 0 and any increasing support
sequence Lj — oo. The following are equivalent:

1. RH;
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2. By, + BI =0 for every L > 0;
3. Br, + BI = 0 for every member of the sequence.
Under RH the stronger floor By, + I = 81 holds.

Proof. Under RH the zero-side form is a sum of squared absolute Mellin transforms. The exact
pole calculation makes the raw odd form equal to that nonnegative sum plus 4|(p, g)|>. Positivity
passes from compact tests to the same minimal supported closure, so By, = 0. Conversely every
compact odd polar-free test lies in each sufficiently large support. The complete supported forms
agree on this test under zero extension. Assertion 3 therefore gives the one uniform unweighted
floor Q[f] > —B||f||3. Proposition B.2 proves RH. No nesting of finite Schur matrices or assumption
of global closability is used. O

B.3 A complete finite receiving test with fixed margin

Put A, = By + B8I = D, + V" and choose explicit bounds | V|| < P and ||[Dy, V1| < K1, with
domain preservation. The full-response commutator theorem and the complete paired-arithmetic
bound supply these hypotheses; the scalar shift has zero commutator. Fix a receiving floor 7 > 0,
independently of 3. Choose a certified finite prefix U = [eg, ..., en—_1] such that

a(kn) +mo — ||ICT']| + 8 > 7.

With Q = I — UU¥, the entire receiving operator T" = QA;Q on ran () satisfies T' > 71, because
R = 0. Set H=U*ALU, C = QALU, and oy = maxg<n a(ky).

Proposition B.4 (No-polar cubic return enclosure). Define
Gy = Pay + (14 P/7)(K; + P?).
Let Enm, be the isometry onto modes N,...,m —1, m > N, and put
Xm = C*Enn(EN mALENm) " ExmC.

Then
0=C"T7'C— X Zend,  €m=G3Halkn) >+ Pa(k,) ™}

A strictly positive directed lower enclosure of H — X, — €., 1 certifies Ap, > 0 on its entire supported
domain. Under RH, €, < /4 and a two-sided center radius e < /8 leave an outward lower of at
least BI/2.

Proof. Here (Q commutes with Dy. The exact mixed map is C = QV"U, so ||C| < P and
|DLC|| € Pay + K;. For y = T~1C, coercivity and the operator equation give

lyll < P/, |Dry|| < P+ P?/r.

Domain preservation and the bounded commutator imply that Dyy = C — QVLSth belongs to
Dom Dj. Applying Dy, gives

D3y=DrC - QVi"QDry — Q[Dr, Vi"Qy,  ||D}yl < Go.

This supplies the required second-graph regularity rather than assuming it for a generic bounded
perturbation.
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Galerkin energy minimization uses the legal receiving trial obtained by retaining modes below
m in y. The omitted vector h obeys

(h, Drh) < a(kn) IDZyll*,  18I* < alkm) ™| DLy)%.

Adding the bounded perturbation fee proves the complete return estimate in finite coefficient order.
Schur square completion proves the certificate implication. Under RH, Ay, > 81, so its exact Schur
complement is at least SI. Subtracting €,/ leaves at least 331/4. A center enclosure of radius e
followed by subtraction of el can lose 2e, which leaves at least 5I/2 under the stated guard. [

Every finite coefficient in this test is effectively enclosable: the complete Green coefficient series
has its paid tail, every active arithmetic pair is retained, and the receiving finite matrix is coercive.
All inverse, coefficient and final matrix errors must be included in the directed lower. This gives
the complete finite-recognition test for the stated supported form.

For a sufficient explicit threshold take

a(ky) > max{1, P,(8G3/B)'/?}.

It gives €, < /4. For fixed 3, choose 7 = 1 and a near-threshold outward prefix. The complete
bounds yield P = O(e” + L), ay = O(e*) and K; = O(Le"), hence G5 = O(e3F) and a sufficient
near-threshold choice has logm = O(e*!) for L > 1. On L = 3log(10log M /) + 2, this is
m = MO, Here M labels support growth in the fixed-shift realization. This trial-dimension
bound has the fixed conditional margin and unweighted norm of Theorem B.3. Arithmetic precision
and validation costs enter separately in the directed finite test.

B.4 An arithmetic-only fixed-shift construction

The support-uniform response norm gives a further finite target for the same original positivity
question. Keep the unweighted odd-half coordinates and minimal supported domain of Appendix B.
For a fixed 8 > 7/2, define

.AL,g:DL—i-mo—Cgr—i-ﬁI, 55:,3—F/2>0.

The complete arithmetic operator retains both killed translation orientations and the reflected odd
channel for every active prime power.

Corollary B.5 (Arithmetic-only RH criterion). Fiz 5 > 7/2 and any increasing sequence Lj — oco.
The following are equivalent:

1. RH;
2. Arg = 0 for every L > 0;
3. Ap;p = 0 for every j.

Under RH,
Arg = 0l uniformly in L.

In particular f = 2 has conditional margin greater than 2/5, and = 3 has conditional margin
greater than 7/5.
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Proof. Write the complete raw odd form as By, = Dy + R + mo — C}". In the half-unitary
convention, the two explicit-formula pole products are —4|(sinh(x/2), g)|>. Thus under RH the raw
form By is the nonnegative zero-side form plus the positive term 4|(sinh(z/2), g)|?>. This proves
B, = 0 on compact odd tests and on its same minimal supported closure. Lemma 3.1 now gives

Arp=Br+pBI— Ry = (8 —7/2)I.

Conversely, cofinal positivity of Ay, g gives By, = Ar g+ Rr, — 81 = —B31 on each accepted support.
Every compact odd polar-free test belongs to all sufficiently large supports, and the complete forms
agree on it under zero extension. Hence the original raw form has one uniform lower bound —3|| f|3
on that compact class. The exact-null density and strong compact-approximation argument of
Proposition B.2 converts this bound to original Weil positivity and RH. The stated rational margins
follow from 7w < 16/5. O

Complete arithmetic and commutator bounds. Let
An
o= ). \ﬁﬁ)’ Py =|mo| +5+2%,  Kg=(8+46m)%L.

2<n<e?Ll

Then Vi, g = mg — C¥" + I preserves Dom Dy, and
Vesll < Ps,  [Dr, Vsl < Kp.

Indeed each killed symmetric pair has norm at most two. The crosscut domain argument in Ap-
pendix 6 gives, before odd restriction, a commutator bound 4(2+7) for the supported archimedean
operator. Since that operator equals Dy + R; on the odd sector, bounded subtraction and
Lemma 3.1 give for the same pair

1D, (Tt + T-)oadll < 42+ 7) + 4| Rel| < 8 + 6.

Bounded subtraction preserves the supported domain, and the killed-pair domain invariance is
supplied by the crosscut argument. Summation with the complete arithmetic coeflicients proves
the two bounds above.

Complementary complete-return implementations. The same domain and commutator
bounds allow Proposition B.4 to be applied directly with V' = Vi, 3, P = Pg and K1 = Kg.
Choose a DN prefix U and 7 > 0 with a(ky) +mo — 2, + 8 > 7, put Q = I — UU*, and set
H =U*ArgU, C = —QC%U. The proposition gives a complete finite Galerkin return enclosure;
its constants and induced error bounds are recomputed for these data.

A scalar receiving payment gives the complementary finite lower

I'=H-r'c*Cc, C*C=U"(C¥)>*U — (U*C¥U).

The first term integrates complete spatial output functions. The identity retains every prime-pair
and reflected mixed contribution. A positive directed lower for I' proves positivity on the entire
supported domain by Schur square completion. This is the full-output construction used by the
evaluated arithmetic examples below. The following theorem gives an additional first-moment-only
test by paying the receiving return analytically at its prescribed cutoff.
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B.5 First-moment certificates with analytic tail payment

The arithmetic-only realization admits a finite test involving its first moments alone. A prescribed
spectral cutoff and the complete first commutator bound pay the entire receiving return analytically.
This provides a simpler verification object alongside the complete-return constructions above.
Fix Ar o = D, + Vi, where V, = mo — C3#" + 21, and set §g = 1/5. Choose rational budgets
P > 1 and K > 0 satisfying
Vel <P, D5Vl € K.

The arithmetic domain invariance established above is retained. Explicit outward budgets are
available from
P > 8+ 12¢e%, K > 192¢%;

Lemma S21.1 below proves their elementary prime estimate. The dimension estimate below uses
rational budgets within one unit above these two elementary lower bounds. Sharper complete
budgets may also be used. Using the smooth-cutoff relative payment of Relative tail payment and
spectral enclosures [29], choose a rational A between the following maximum and that maximum

plus one:
o\ 1/3
A > max {16P7 (11562K ) } . (132)
0

Choose an outward integer N with Le? /7 < N < Le?/m 4+ 2. All subsequent matrices use these
same choices. Rational enclosures of width less than one give these choices without deciding equality
of computable real numbers.

Theorem B.6 (Core-only arithmetic certificate). Let U = [ep, . ..,en—1] be the ordinary DN mode
isometry and put

Hy = U"AL2U = diag, .y a(ky) + (mo +2)1 — U*CT'U. (133)

If a complete directed lower enclosure certifies Hy = 1/5, then, on the entire original supported

domain,
52 1

Ao = —1> 1.
b2= 405" 7 8
For any prescribed increasing unbounded support sequence Lj, RH is equivalent to the existence
of these directed certificates at every L;. Under RH, the exact cores satisfy Hn > 2I/5. For the

near-threshold choices above, the sufficient matriz dimension is
log N = O(e® +1logL), N =exp(O(y/log M)) when e** = O(log M), L > 1.

The dimension bound concerns this finite verification object; precision and wvalidation costs enter
separately.

Proof. Write Q@ = I —UU*, C = QVi U and T = QAL 2Qranqg. The omitted diagonal satisfies
a(ky) > A. For any rational 7 € [A/2,A/2+ 1|, T = (A — P)I > 71. Once the finite premise
Hy = 9ol is verified, Lemma S21.2 gives the complete covariance payment

T1C*C < 3Hy/16.

Thus the true Schur complement satisfies Hy — C*T~1C = 13Hy/16 = 13I/80. Moreover
IT-1C|| < P/T < 1/8 and 7 > 8. For head u and a tail form vector v, the exact completion
is

(u, (Hy — C*T'C)u) + | T"* (v + T Cu)||.
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The triangular map (u,v) = (u,v + T~*Cu) has inverse norm at most 1 + [|T~1C|| < 9/8. Thus
the completed energy is bounded below by min(13/80, 8) times the squared transformed norm, and
Schur square completion yields the whole bound min(13/80, 8)(9/8) 21 = 521 /405.

Under RH, Corollary B.5 gives Aro = (2 — m/2)I > 2I/5, hence the same floor for each
compression. Directed recognition has a strict margin: a Hermitian center with induced radius
e < 1/20 has outward lower strictly above 31/10. The possible center displacement and the
subtraction together cost at most 2e. Entrywise radii are first converted to an induced matrix
bound.

Conversely, successful tests on the prescribed cofinal supports give By, ;= Ar 2t RLj — 21 >
—21. Every compact odd polar-free test embeds in a sufficiently large support, with its original
unweighted norm preserved. The uniform-floor implication in Proposition B.2 proves RH.

Finally P, K = O(e”) permit A = O(e*) in (132). The outward choice of N gives the displayed
dimension bounds, of the same asymptotic order as before. The sharper cutoff changes a sufficient
admission, not the directed head premise or a passed arithmetic certificate. The full proof of the
relative payment and its domain requirements is in Appendix S21. O

Complete finite entries. For t = logn € (0,2L) and w, = A(n)//n, the arithmetic entry in
(133) is

2 max(0,L—t)
U CHU)iy; = — E wp, / sin(k;x) sin(k;j(z + t)) dz
L 0

n<e2l

L
+ / sin(kiz) sin(k; (z — 1)) de .
max(0,t—L)

The second sine itself implements odd reflection when its argument is negative. Both orientations
and every active prime power are retained. The identity 2sin(k;x) sin(k;(z+ot)) = cos((k; —k;)z —
okjt) —cos((ki+kj)x+ok;t) gives exact finite primitives. When i = j, the zero-frequency primitive
is evaluated as a constant integral, with no division by an interval containing zero. The diagonal
is also directly enclosable through a(k,) +mo = Re ¥(1/4 + ik,/2) —log m. Thus the test uses only
signed arithmetic first moments and the known diagonal. Its cutoff supplies the analytic whole-tail
guarantee. The two evaluated certificates below retain their original complete Schur proofs and
specified cutoffs.

B.6 A complete arithmetic-only supported certificate

The arithmetic-only criterion of Corollary B.5 admits a complete finite calculation at the same
support used by the second SD example, now in the unweighted odd-half profile norm. Set
1 (96 log2> 1

5 108 uETE 56, p =3,

and use the original minimal supported realization of
AL73=DL+m0—Cir+3I, B = Aps+ R —31.

Here U = [eg,...,ea55] is the orthonormal DN core and @@ = I — UU* is its entire receiving
complement.
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Theorem B.7 (Evaluated arithmetic-only certificate). At the stated support, Ar 3 is nonnegative
on its complete odd supported domain. Consequently the complete raw odd form satisfies

By, = —31.
Proof. The complete active prime powers are
{2,3,4,5,7,8,9,11,13,16,17,19, 23, 25}.

The arithmetic row bound can be verified directly in the unweighted logarithmic norm. On (—L, L)
use the positive even Schur weight h(x) = cosh(z/2). For = > 0, define

pa(@)= D An), ha(z)= ) A(n)/n,

n<eltz n<eltz
p(x) = Y An), hy(x)= Y An)/n,
n<el—= n<el—z

where all sums run over the displayed active prime powers. The two killed translation orientations
give the weighted row price
A(x) + e*B(x)
T(ZIJ): 1+ e ’ A:pa+hb7 B:pb+ha-
Indeed their respective weight ratios are A(n)(1+e€”/n)/(1+¢e*) and A(n)(1/n+e*)/(1+€"), with
the corresponding support indicators. Symmetry makes r even, and the complete paired operator
is symmetric on the full supported interval. Applying
h(y) 2 h(x) 2
20v(z)v(y)| < =S lv(@)]” + —=S|v(y)|
h(z) h(y)
to every paired shift proves its absolute quadratic-form bound by [r(z)v(z)|*dz. Restriction
to the invariant odd sector, followed by the unitary odd-half identification, retains the reflected
channel and gives the same bound for C%".

The coefficients A, B are constant on each complete reference cell. The derivative of its row
price has the sign of B — A; both one-sided endpoint bounds therefore control the whole cell. The
verifier checks all 7,828 cells and their exact consecutive endpoints. The reference uses the identical
expression (VKA + zB)/(VK + z), where K = e and z = e**. Consequently the exact dyadic
upper ryp, gives ||[C#|| < rmax = maxryp. Monotonicity of the digamma diagonal gives, on the
whole suffix,

71111

T = QAL,3Q >~ [g]%\lf(l/4+lkN/2) —lOgW — Tmax +3]I - TIa T = m

The directed bracket before I exceeds 1.0850825.

Define the complete finite matrices
B=U"C}#U, S = (CY¥U)*(CTFU), H=U"AL3U.
The diagonal and scalar terms preserve the DN core, so the exact mixed map is C = QAL 3U =

—QC¥U and
C*C =S — B*B.
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The full arithmetic-output Gram S is integrated on (0, L). The 19 arithmetic integration intervals
are formed from 0, L and the interior points logn, L —logn, logn — L. On each interval the action
columns are finite sine/cosine combinations. Their exact elementary antiderivatives, evaluated by
directed arithmetic, enclose every entry of S and B. The separate closed-form first-moment formulas
check all 65,536 entries of B.

Inverse order therefore gives the complete Schur lower
H-C*T7'C =T, :=H-7"'S~-B*B).

The scientific enclosures give 256 strictly positive directed pivots for I'y, — I/10. The portable
verifier reconstructs the digamma diagonal, first moments and complete Schur matrix, reverses
the DN coordinate order, and checks the factorization independently. Thus I'y, > I/10 in the
orthonormal core coordinates. Completion of squares against 1" > 71 proves A, 3 > 0 on its entire
supported domain. Finally By, = A3 + Rr — 31 and Ry, = 0 give the raw-form bound. O

Scientific data and error bounds. The arithmetic-only companion contains the original 768-
bit directed enclosures for H, S, B, S—B*B and I';, together with the exact reference-cell data and
rational 7. The source Gram includes the entire arithmetic output before the finite-core subtraction.
The manifest identifies each scientific file and the prescribed support. The generator recomputes the
continuous elementary integrals; the independent verifier checks the complete reference, recomputes
every first moment from its separate closed-form identity and validates all 256 reversed-order pivots
at 2,048 bits. All coefficient, integration, subtraction, inverse-reference and factorization errors are
included in the interval operations. The margin 1/10 is used for the finite Schur inequality; whole-
domain positivity follows from its stated receiving bound and square completion.

B.7 A stronger arithmetic-only supported certificate

Increasing the DN core at the same support strengthens the supported lower bound in Theorem B.7.
Set
L = $log(96log2/7) + 15, N = 768, p=2.

Use U = [ep,...,e7s7] and its entire orthogonal complement Q = I — UU* in the unweighted
odd-half realization.

Theorem B.8 (Evaluated shift-two arithmetic certificate). At this support, Ap2 = D, + mgy —

C¥+21 is nonnegative on its complete odd supported domain. The complete raw odd form therefore
satisfies By, = —21I.

Proof. The active arithmetic shifts and the weighted-Schur majorant are those of Theorem B.7: all
fourteen prime powers are retained. On each of the 7,828 reference cells, the price (A+e*B)/(1 +
e”) has constant-sign derivative, so checking both endpoints bounds the complete cell. The even
weight cosh(x/2) then gives ||C%"|| < rmax on the full supported space and its invariant odd sector.
Monotonicity of the diagonal symbol on the entire DN suffix gives

i(768 4+ 1/2)7

QALLQ = 1.Q,  t.= m@ AT

) —log ™ — rmax + 2 > 1.18239457729109417.

The rational receiving bound 7 = 77489/65536 satisfies 0 < 7 < t,.
Define the complete continuous-output moments

H=U"AsU, J=U'CEU, S=(CU)*(C¥U).
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Integration over all nineteen arithmetic panels encloses every entry of J and .S, including all reflected
and killed-shift terms. The full mixed return is S — J*J. The scientific interval matrices enclose

I=H-7YS—-JJ).

Directed factorization of I' — %I gives all 768 strictly positive pivots. Thus the actual Schur
complement dominates I' > 1—10[ on the finite core. Completing the square with the positive entire
receiving suffix proves Ay o = 0. Finally By = Ar 2+ Ry, — 21 and Ry, = 0 give the stated raw-form
bound. 0

The companion supplies all 7682 = 589,824 entries of each continuous moment matrix, the
exact receiving bound, and the interval Schur matrix. The independent verifier reconstructs every
arithmetic first moment from a separate closed formula, reconstructs all three Schur ingredients,
checks every reference cell, and reverses the core order before factorization. The coefficient 1/10 is
the finite Schur-core margin used in the completion-of-squares argument. The result strengthens
the supported raw lower bound from —3 to —2 at this fixed support.

Supporting certificate transfers. Section S22 of the technical supplement gives three comple-
mentary transfers for this arithmetic-only realization: complete-core representation with certified
pullback error, conditional completion of a polar-free raw bound by a smooth edge direction, and
local support extension from a positive whole-operator margin. Each retains its stated assumptions,
original profile coordinates and complete mixed-error payment.

C Independent qualitative canonical interpolation

The fixed-span bounded-critical criterion needs exact canonical moments and arbitrarily small pro-
files, but no quantitative physical-norm bound. We prove that qualitative statement directly from
the profile-unbounded row functionals of Lemma 8.3. This argument uses neither the quantitative
Gram estimate nor Theorem 10.1.

Retain the original physical space, Ky and the finite translate span D, of Section 8. Every
correction below is a finite sum of the admitted small translates.

Lemma C.1 (Exact canonical interpolation with small profile). Let K C Ky be any subspace, with
independent basis (1, ...,C,. For every d € CF and e > 0 there exists v € Dy such that

Cor/s)=di (1<i<k), |r|2<e (134)
Consequently, for every h € V there are genuine operator nulls k, such that
vp=h—k,eVNK", qrlvn] = qulh], |s(v, — h)|]2 — 0. (135)

If a finite B > 0 satisfies
qulv] > =Bllsvl}  (veVNEK"), (136)

the same floor holds on all V', and RH holds.

Proof. For k = 0 take » = 0. Otherwise define the linear map T : D, — C* by (Tr); = ((i,r/s).
Consider its graph in L2,y x C¥. If (g,¢) is orthogonal to this graph, then

{g.7) + > @(Tr)i =0 (r € Da).
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For ¢ # 0, this would bound the functional of the nonzero row >, ¢;(; by | g|l2]|7]|2, contradicting
Lemma 8.3. Thus ¢ = 0, and density in Lemma 8.2 gives g = 0. The graph is dense. In particular
there are r, € D, with r, — 0 and Tr,, — d.

To make interpolation exact, note that T'(D,) is a dense linear subspace of the finite-dimensional
space C¥, hence equals C*. Choose preimages of its coordinate basis and let R : C¥ — D, be the
resulting linear right inverse. Its finite image gives ||Re||2 < Crlle||. Therefore

Tn=1rn+ R(d—Try), Tr, =d, I7nll2 — 0.
Choosing a sufficiently large n proves (134). Every correction is still a finite sum of admissible
small translates.

For h € V| use d; = ((;, h) and put k, = 7, /s. Lemma 8.2 gives genuine nullity, so polarization
gives exact cancellation of all mixed terms: gg[h — ky] = qm[h]. This proves (135). Apply (136) to
vy, and pass only the profile norm to its limit. This proves qg[h] > —B||sh||3 for every h € V. Every
smooth compact odd two-moment-zero profile f has f/s in the original core. Proposition B.2 now
proves RH. O

D Guide to the supporting verification constructions

Norms, verification routes and evaluated evidence

Table 2 identifies the principal constructions in the original realization and their distinct verification
scopes. Physical, profile and complete-source norms are retained at their stated interfaces.

Table 2: Principal constructions, norms and verification scope.

Construction

Norm and conclusion

Proof or evaluated evidence

Complete receiving
certificate

Full-jet carrier and
projection

Optimal fixed-head
lift

Canonical
interpolation

M25 whole-domain
lower bound

Complete
covariance and
transfer

Original physical ||hl|2; supported
allowance M ~!||h||2, with the
complete complement and mixed
return

Original X = L?(s~2du) and physical
L?; actual-norm N = J, strong inward
synthesis and computable carrier
projection

Physical carrier norm; minimum
whole Gram F~! for a fixed
computable controllable head
Physical ||k||2 and profile ||sk||2; sharp
logarithmic cost order and
order-uniform exact correction

Original physical norm and minimal
domain; g > —3 x 10781

Actual complete source metric;
unconditional polynomial-ridge bound
and critical signed criteria; cost-paid
canonical restrictions

Theorems 3.2-3.3 and Corollary 3.4;
fixed-¢ receiving cutoff ma; < MFe
eventually and guarded cost in
numeric M.

Theorems 9.1 and 9.7; full
multiplicities and certified contour
moments.

Theorem 9.8; finite canonical exact
lifts approach the carrier optimum
with certified whole-map error.
Corollary 10.2 and Theorem 10.1;
linear-order exponential budget and
onset, with prescribed

J = o(loglog M).

Section 7; all 1046 constraints,
separate complete 1045-core
congruence, paid localization and
exact rational fee (55). One index.
Corollaries S6.2 and S6.3,

Theorem S9.1; the sufficient signed
arithmetic cap remains a hypothesis.
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The independent qualitative interpolation proof remains in Appendix C. Leading-cost refine-
ments retain their stated ambient, polar and genuine-null comparison classes. The interpolation
budget is paid at the same arithmetic cutoff as the covariance transfer; computable fixed-head
optimality supplies no uniform changing-head conditioning estimate.

The indexed technical supplement preserves the earlier M20/M24 supported certificates, fixed-
support ridge continuation, complete arithmetic benchmarks, packet construction and alternative
high-frequency and source interfaces. Each retains its own norm, hypotheses and complete return.
The package index locates their scientific inputs and programs. For M25, the public download man-
ifest distinguishes acquired numerical values from portable I/O/provenance changes. Saved-matrix
verification, fresh moment acquisition, exact scalar-fee evaluation and the analytic localization proof
are separate checks.
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