
Positive heat-flow observations on spherical shells: cutoffs,
optimal preparation and concentration

Abstract

We study nonnegative initial temperatures whose Dirichlet heat evolution has one
constant signed outward normal derivative on both components of a fixed spherical shell
at a prescribed time. In every dimension at least two, the admissible times form an inter-
val (0, τ) with a finite, unattained endpoint characterized by a boundary heat-kernel ratio.
Finite schedules satisfy an exact interior convex-hull criterion, and a datum-independent
terminal interval contains at most one observation. With unit ground-state projection,
every weighted minimum-Lq preparation, 1 < q <∞, is unique at every admissible time
and is determined by a monotone real scalar moment equation. In the quadratic case its
cost increases strictly. As the observation time approaches the cutoff, we obtain sharp
constants throughout the fixed Lq scale, including separate endpoint arguments. The
boundary law H(1−

√
δz, τ − δ)/δ → β(z2−6) fixes the concentration scale and limiting

profiles. Every asymptotically optimal L2 preparation has the same strong rescaled pro-
file, quantitative ground-weighted total-variation stability, no scaled second-moment loss,
and asymptotic angular symmetry. For every fixed 1 < q <∞, weighted near-minimizers
have quantitative ground-probability stability with no second-moment loss, and physi-
cal near-minimizers have a universal strong rescaled profile including angular symmetry.
Quadratic transport convergence holds, while exactly feasible examples exclude a uni-
versal higher-moment conclusion. All the norm infima are unchanged by restriction to
smooth, strictly positive, fully compatible data. At the L1 endpoint the ground-weighted
probabilities concentrate at

√
6 in quadratic Wasserstein distance. At the cap endpoint

the preparations converge strongly in every finite Lr to a filled layer, including physical
angular rigidity; an exactly feasible counterexample excludes general strong L∞ con-
vergence. The arguments distinguish the shell-specific observation geometry from the
classical positivity and moment-optimization tools used to analyze it.

1 Introduction
Overdetermined heat problems often ask what geometry is forced by a spatially constant
boundary flux. Here we fix the geometry and allow the initial temperature to vary. This
leads to a different quantitative question: at which times can positive initial data produce the
observation, and what preparation cost is required as the last possible time is approached?
The distinction between a prescribed uniform initial datum and a tailored nonnegative one
is essential. We work on a shell with both boundary components included, using the signed
outward normal derivative with one common value, rather than allowing a separate constant
on each component.

There are three linked parts to the answer. First, the ratio of two one-dimensional
boundary heat kernels determines the exact latest time. Its spatial order and temporal end-
point contraction yield a sharp existence/nonexistence theorem, including nonattainment
at the cutoff. Second, several requested times impose simultaneous positive moments. An
interior convex-hull criterion describes feasibility exactly; a uniform terminal simplicity the-
orem shows why separate feasibility need not imply joint feasibility. Third, normalizing the
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ground-state projection makes the preparation problem coercive and produces an exact op-
timizer and sharp singular costs. The singularity is governed by a quadratic contact of the
normalized flux kernel with zero and a linear zero of the ground state.

The cutoff and kernel law are proved in Section 2. Schedules and the terminal obstruc-
tion are treated in Section 3. Section 4 gives the unique weighted finite-q preparation at
every admissible time, and strict cost growth in the quadratic case. Section 5 gives sharp
weighted costs in every fixed norm. The stability analysis then identifies the concentration
of all asymptotically optimal L2 preparations, rather than just an explicit recovery sequence.
Section 7 extends strong profile convergence to 1 < q <∞ and identifies the smooth infima
for all norms. Section 8 proves quantitative probability-tail control and the physical angular
profile for every finite strictly convex power, and shows that no higher transport order is
universally forced. Section 9 completes the endpoint concentration picture, including the
obstruction to strong L∞ convergence. All constants and limits fix the dimension and shell.
The data remain in L2 even when a different norm is minimized.

Relation to earlier work
The overdetermined parabolic literature includes the symmetry work of Alessandrini–
Garofalo and Alessandrini [4, 5, 6], and the later level-surface discussion of Sakaguchi
[7]. These questions provide geometric context; we do not use those papers as black-box
proofs of the present shell classification or cost formulas. The 1989–1991 originals have not
been available for direct examination in preparing this work. Consequently we make no
first-priority assertion about single-time rigidity with uniform initial temperature, and no
claim that later summaries enumerate all consequences of those originals. The results below
are self-contained statements for tailored nonnegative data on a fixed shell.

The positivity mechanism is classical. Determinants of one-dimensional diffusion kernels
and their total positivity are treated by Karlin–McGregor and Karlin [1, 2]; Schmidt’s work
[3] is a particularly relevant predecessor concerning parabolic initial and boundary kernels.
We give the determinant, boundary-limit and strict-endpoint arguments needed here explic-
itly, without claiming a new general principle of total positivity. Schmidt’s original likewise
has not been directly available, so its precise theorem implications for the endpoint argument
remain a historical comparison question.

The optimization and moment tools also have established antecedents. Interior moment
representations by regular densities are part of moment theory; the concrete smooth-bump
construction used below can be compared with [9]. Convex entropy-like minimization and
positive minimum-L2 moment reconstruction appear in [8, 11]. Compactly supported power
profiles and sharp moment–entropy inequalities are classical [14, 12, 13]. In particular a
positive-part representer, Hilbert projection gap or beta integral is not itself the claimed
contribution. The purpose here is to connect the exact shell observation limit to global
optimal preparation, sharp heat-specific singular costs and stability under the stated nor-
malization. Saturation under a pointwise cap and its quantitative stability also have clas-
sical variational precedents; compare the fixed-volume bathtub estimate in [16, Section 2.8,
Proposition 24]. Our direct argument treats the moving heat scale and the ground state’s
boundary zeros. For general convex-moment Bregman identities with nonnegative correction
terms, see Csiszár–Matúš [15].

The physical interpretation is fixed throughout: the unknown is an initial temperature,
not a time-dependent boundary control. Rotational averaging reduces feasibility and norm
infima to radial data, but does not imply that every feasible datum is radial. Angular rigidity
below is a consequence of asymptotically minimal cost.
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2 The shell kernels and the exact cutoff
Fix N ≥ 2 and a > 0, and put

b = a+ 1, p =
N − 1

2
, Ω = {x ∈ RN : a < |x| < b}, ℓ = (b/a)p.

We use the generator ∆, zero Dirichlet boundary values, and the signed outward normal
derivative. An observation at T > 0 means that ∂νu(·, T ) has one constant value on the
entire boundary, including both components. Initial data are nonnegative and nonzero in
L2(Ω). Positive-time smoothing defines these observations even when the initial datum has
no boundary trace.

For radial data set s = r − a and v(s, t) = rpu(r, t). Then

vt = −Lv, L = − d2

ds2
+ V (s), V (s) =

p(p− 1)

(a+ s)2
, v(0, t) = v(1, t) = 0. (1)

The operator is the unitary radial transform of the positive Dirichlet Laplacian. In particular
its eigenvalues satisfy 0 < λ1 < λ2 < · · · . Write ϕn for real orthonormal eigenfunctions with
ϕ′n(0) > 0, and ϕ = ϕ1 > 0 in (0, 1). Let k(t, s, z) be the kernel of Pt = e−tL, and define

hL(s, t) = ∂zk(t, s, 0), hR(s, t) = −∂zk(t, s, 1), (2)
DLL(t) = ∂s∂zk(t, 0, 0), DLR(t) = −∂s∂zk(t, 0, 1), DRR(t) = ∂s∂zk(t, 1, 1).

All three D’s and both interior boundary kernels are positive, by the strong maximum
principle and the Hopf lemma. These facts hold also when N = 2 and V < 0: the potential
is bounded on this fixed interval and can be shifted by a constant in comparison arguments.
Symmetry gives

h′L(0) = DLL, h′L(1) = −DLR, h′R(0) = DLR, h′R(1) = −DRR.

Define the smoothly extended quotients and the imbalance kernel by

Q =
hR
hL
, m(t) =

DLR

DLL
, M(t) =

DRR

DLR
, Ft = ℓhL(·, t)− hR(·, t), Ht = Ft/ϕ.

(3)
Here and below a prime on a spatial function denotes its spatial derivative; time derivatives
of m,M are indicated explicitly or by the argument.

Lemma 2.1 (Spatial order and endpoint contraction). For t > 0, Qs(s, t) > 0 on (0, 1).
The functions m and M are strictly increasing and strictly decreasing in time, respectively.
If ca = −ϕ′(1)/ϕ′(0), then

m(t) < ca < M(t), lim
t→∞

m(t) = lim
t→∞

M(t) = ca < ℓ, lim
t↓0

M(t) = ∞.

Proof. We include the classical determinant argument to specify the boundary limits being
used; the underlying total-positivity mechanism is that of Karlin–McGregor and parabolic
kernel theory [1, 2, 3]. On the triangle s1 < s2 the antisymmetric product kernel

k(t, s1, z1)k(t, s2, z2)− k(t, s1, z2)k(t, s2, z1), z1 < z2,

is nonnegative. Indeed, antisymmetrically extend nonnegative smooth compact data from
the triangle to the square. Product evolution restricts to a Dirichlet problem on the triangle
with potential V (s1) + V (s2), and comparison preserves positivity. Testing all such data
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proves the kernel inequality. Divide by z1(1 − z2) and pass to z1 ↓ 0, z2 ↑ 1. This yields
hL(s1)hR(s2)− hR(s1)hL(s2) ≥ 0, hence Qs ≥ 0.

Strictness requires an additional argument. Cancellation of the common potential gives

Qt = Qss + 2
h′L
hL
Qs.

The nonnegative function Z = Qs solves a linear parabolic equation with drift 2h′L/hL
and zero-order coefficient 2∂s(h

′
L/hL). These coefficients are bounded on every compact

interior positive-time cylinder. An interior zero would, by the strong maximum principle
and overlapping cylinders, force Z to vanish everywhere at an earlier positive time. But
hL and hR cannot be proportional: in their eigenfunction expansions the coefficient ratio
−ϕ′n(1)/ϕ′n(0) is positive for n = 1 and negative for n = 2. Thus Qs > 0.

For h > 0, hi(·, t + h) = Phhi(·, t). Differentiating at the right endpoint shows that
M(t + h) is the average of Q(z, t) with positive weight [−∂sk(h, 1, z)]hL(z, t). It is strictly
less than M(t). The left endpoint similarly gives m(t+h) > m(t). Spectral dominance gives
their common limit ca. To justify derivative-series convergence, min–max gives λn = n2π2 +
O(1), and the eigenfunction equation and Sobolev estimates give polynomial bounds on
endpoint derivatives. The exponentially decaying series therefore converge with the required
derivatives on every positive-time slab, and their rescaled tails vanish as t→ ∞.

Set ψn(r) = r−pϕn(r − a). The radial equation gives

d

dr

ψ′2
n + λnψ

2
n

2
= −N − 1

r
ψ′2
n . (4)

Integration from a to b is strictly negative. For n = 1 it gives a−pϕ′(0) > b−p[−ϕ′(1)], hence
ca < ℓ.

Finally let C = ‖V ‖∞ and let k0 denote the free interval Dirichlet heat kernel. Compar-
ison yields e−Ctk0 ≤ k ≤ eCtk0. Dividing by the appropriate two endpoint distances and
taking their limits yields the same comparison for each positive mixed inward derivative; we
do not differentiate an ordered inequality arbitrarily. Consequently

e−2CtM0(t) ≤M(t) ≤ e2CtM0(t). (5)

For completeness the interval image kernel is

k0(t, s, z) =
∑
j∈Z

[Gt(s− z + 2j)−Gt(s+ z + 2j)], Gt(x) = (4πt)−1/2e−x2/(4t).

Differentiate this normally convergent Gaussian series at the endpoints. The nearest image
distances are 0 for DRR,0 and ±1 for DLR,0; the remaining distances start at 2 and 3,
respectively. Thus

DRR,0(t) = (4πt)−1/2t−1[1 +O(t−1e−1/t)],

DLR,0(t) = (4πt)−1/2t−1(t−1 − 2)e−1/(4t)[1 +O(e−2/t)].

The tails obey these estimates by summing the Gaussian factors times their quadratic deriva-
tive polynomials. Consequently M0(t) ∼ te1/(4t)/(1− 2t) as t ↓ 0. In particular M0(t) → ∞,
which proves the last assertion.

Theorem 2.2 (Exact positive-data cutoff). There is a unique τ = τN (a) > 0 such that
M(τ) = ℓ. There exists a nonnegative nonzero datum in L2(Ω) with an observation at T if
and only if 0 < T < τ . Every such time is realized by smooth radial data, strictly positive
in the interior and satisfying all Dirichlet heat compatibility conditions. The cutoff is not
attained.
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Proof. The existence and uniqueness of τ follow from Lemma 2.1. For radial initial data v,
the physical inner and outer derivatives are

−a−p

∫ 1

0
hL(s, T )v(s) ds, −b−p

∫ 1

0
hR(s, T )v(s) ds.

Thus equality is precisely
∫
vFT = 0. Since FT = hL(ℓ−Q) and m(T ) < ca < ℓ, the kernel is

positive throughout (0, 1) when T ≥ τ , including at T = τ . Its vanishing limiting coefficient
at the outer endpoint at cutoff cannot support nonzero L2 mass. When T < τ , strict spatial
order implies that FT has one zero, being positive before it and negative after it.

Choose g ≥ 0 smooth and compactly supported in the negative region. The ground
moment is ∫ 1

0
ϕFT ds = e−λ1T [ℓϕ′(0) + ϕ′(1)] > 0.

Hence v = ϕ+ γg, with γ = −
∫
ϕFT /

∫
gFT > 0, gives exactly zero imbalance. It is strictly

positive inside. The physical datum r−pv(r − a) is smooth; compact bumps do not change
any boundary compatibility condition inherited from the ground eigenfunction. In precise
terms ∆ju0 = 0 on ∂Ω for every integer j ≥ 0. Its common outward flux is strictly negative
by Hopf.

For arbitrary data average over SO(N). Rotations commute with Dirichlet heat evolution
and the normal derivative, preserve nonnegative nonzero mass, and are transitive on each
boundary sphere. A whole-boundary observation is preserved by averaging. Radial exclusion
therefore excludes all data at forbidden times; radial constructions give the converse.

Proposition 2.3 (An explicit three-dimensional root and large shells). For N = 3 let
x = π2t and

E(x) =
∑
n≥1

n even

n2e−n2x, O(x) =
∑
n≥1
n odd

n2e−n2x.

Then M(t) = (O+E)/(O−E), and the unique cutoff is specified by (2a+1)E(π2τ) = O(π2τ).
In every fixed dimension,

τN (a) =
log(8a/p)

3π2
+ o(1) (a→ ∞). (6)

Proof. When p = 1, V = 0 and the normalized eigenfunctions are
√
2 sin(nπs). Their

endpoint derivative products give the displayed ratio; its denominator is positive by Hopf.
Substitution of ℓ = (a+1)/a gives the stated equation. For general fixed N , ‖V ‖∞ = O(a−2),
ℓ = 1+ p/a+O(a−2), and M0(t) = 1+ 8e−3π2t +O(e−6π2t) as t→ ∞. At t± = [log(8a/p)±
ε]/(3π2), (5) changes this expansion by only O(log(a)/a2). Thus M(t−) > ℓ > M(t+) for
large a. Monotonicity traps τ between these times; then let ε ↓ 0.

2.1 Strict endpoint derivatives and the boundary law
Lemma 2.4. For every t > 0, m′(t) > 0 and M ′(t) < 0.

Proof. Strict order in time alone would not establish this assertion. At the right endpoint
write y = 1− s, l(y, t) = hL(1− y, t) = yg(y, t), and q(y, t) = hR(1− y, t)/l(y, t). Boundary
smoothness and the equation give lyy(0, t) = 0, so g > 0, gy(0, t) = 0. With d = gy/g = O(y),

qt = qyy + (2/y + 2d)qy, qy(0, t) = 0. (7)
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The potential is generally nonsymmetric, so no even extension of g is assumed. Write q =
q0+ q2y

2+ q3y
3+O(y4). The left side of (7) has no term linear in y; the right side has linear

coefficient 12q3. Hence q3 = 0. For A = qy/y we obtain

At = Ayy + (4/y + 2d)Ay + (2d/y + 2dy)A, Ay(0, t) = 0.

The radial extension Â(z, t) = A(|z|, t) to a small ball in R5 is C2 in space and C1 in
time. It solves a uniformly parabolic equation with bounded continuous drift 2[d(|z|, t)/|z|]z
and zero-order coefficient 2d/y+2dy, extended continuously at zero. Indeed the cancellation
q3 = 0 gives precisely the regularity needed for this extension; higher evenness is unnecessary.
Lemma 2.1 gives A < 0 off the center and A ≤ 0 at the center. The strong maximum
principle, after a bounded zero-order shift, excludes a zero at the center at positive time.
Thus A(0, t) < 0. Taking the endpoint limit in (7) gives M ′(t) = 3A(0, t) < 0. At the left
endpoint the same construction has qy > 0, and the minimum principle gives m′(t) > 0.

Put κ = −ϕ′(1) > 0. The next law is the local input for all the cost and stability results;
the constants depend on the fixed shell.

Lemma 2.5 (Universal boundary law). There is β > 0 such that, as δ ↓ 0, uniformly for
bounded z ≥ 0,

Hτ−δ(1−
√
δz)

δ
−→ β(z2 − 6),

ϕ(1−
√
δz)√

δ
−→ κz. (8)

Moreover there are c0, C0, δ0 > 0 with

Hτ−δ(1− y) ≥ c0y
2 − C0δ (0 ≤ y ≤ 1, 0 < δ < δ0). (9)

Proof. Use the preceding notation at t = τ , and set c = g(0, τ)/κ. Equation (7) gives
M ′(τ) = 3qyy(0, τ) < 0. Since H = (hL/ϕ)(ℓ − q), set β = −cqyy(0, τ)/2 > 0. At the cutoff
H(1) = 0, its coefficient of y2 is β, and its time derivative at the endpoint is −cM ′(τ) = 6β.
Taylor expansion at (y, t) = (0, τ) proves (8). Here ϕ(1−y) = κy+O(y3) by its eigenfunction
equation. At cutoff H is positive on [0, 1) and has just the specified quadratic zero at 1.
Compactness gives Hτ (1− y) ≥ c0y

2 after decreasing c0 if necessary. A bound on ∂tH on a
compact positive-time slab proves (9).

3 Schedules and a terminal simplicity interval
The one-time criterion does not determine simultaneous feasibility. The following exact
criterion is useful even when the convex hull cannot be described by a closed formula in the
time nodes.

Theorem 3.1 (Finite schedules). For distinct positive times t1, . . . , tm, define on [0, 1]

Γ(s) = (Ht1(s), . . . , Htm(s)).

The schedule is realized by a nonnegative nonzero L2(Ω) datum if and only if

0 ∈ intRm conv Γ([0, 1]). (10)

Equivalently no nonzero α ∈ Rm has α ·Γ(s) ≥ 0 on [0, 1]. Whenever feasible, the schedule is
realized by smooth radial strictly interior-positive data satisfying all compatibility conditions.
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Proof. First all spectral coefficients

bn = ℓϕ′n(0) + ϕ′n(1) (11)

are positive. Indeed (4), valid also for sign-changing eigenfunctions, gives ℓϕ′n(0) > |ϕ′n(1)|.
Consequently Ft =

∑
n≥1 bne

−λntϕn. The functions Htj are linearly independent: an identi-
cally vanishing combination, multiplied by ϕ and paired with ϕn, would give

∑
j αje

−λntj = 0
for all n. The first m equations have invertible exponential interpolation matrix. For com-
pleteness a nonzero combination of m exponentials with distinct real exponents has at most
m − 1 distinct real zeros: divide by one exponential, differentiate and use Rolle’s theorem
inductively. This proves invertibility.

Every nonzero such combination is real analytic and has a null zero set in (0, 1). An-
alyticity here can be checked for this particular potential: V extends holomorphically to
a neighborhood of [0, 1] avoiding −a. The analytic eigenfunction ODE gives continuation
bounds polynomial in λn times eC

√
1+λn on a smaller complex neighborhood. The factors

e−λnt imply normal convergence for positive times. Division by ϕ, whose endpoint zeros are
simple, has removable endpoint singularities. Thus Ht is analytic near the closed interval.
This also justifies the level-set nullity used later.

For a nonnegative nonzero radial datum v, normalize the probability dµ = vϕ ds/
∫
vϕ.

The requested schedule is equivalent to
∫
Γ dµ = 0. If (10) fails, separation gives nonzero α

with α ·Γ ≥ 0 on the curve. Its null zero set makes its integral against this absolutely contin-
uous nonzero probability strictly positive, a contradiction. The same separation argument
proves the asserted equivalent condition. Boundary membership in the closed convex hull is
therefore insufficient.

Conversely, choose finitely many interior points si whose image vectors have a convex
hull containing a neighborhood of zero. One way to do so is to represent small positive and
negative coordinate vectors by finite convex combinations, and then perturb any endpoint
nodes slightly inward. For narrow nonnegative compact smooth bumps gi normalized by∫
giϕ = 1, the moment vectors qi = (

∫
giFtj )

m
j=1 remain close to Γ(si), so their convex hull

still contains a neighborhood of zero. Put r = (
∫
ϕFtj )

m
j=1. For sufficiently small η > 0 choose

αi ≥ 0,
∑

i αi = 1, with
∑

i αiqi = −ηr. Then v = ηϕ+
∑

i αigi has all imbalance moments
zero, is strictly positive inside, and has all compatibility conditions. Rotation averaging and
radial realization complete the passage to physical data. The regular-density construction is
a classical interior moment mechanism, for which see also [9]; the proof above supplies the
specific nondegeneracy and exact correction needed here.

Theorem 3.2 (Uniform terminal simplicity). For this fixed shell there is t0 ∈ (0, τ) such
that every nonnegative nonzero initial datum has at most one whole-boundary observation in
[t0,∞). At any such time the rotationally averaged imbalance is transverse. In particular
two distinct times in (t0, τ) are each individually feasible but jointly infeasible.

Proof. At t = τ , Ht(s) > 0 for s < 1, Hτ (1) = 0, and ∂tHt(1)|t=τ = 6β > 0 by Lemma 2.5.
Thus ∂tH is positive near the outer endpoint. On the compact complement Hτ has a positive
minimum, so choosing C > 0 sufficiently large gives ∂tH + CH > 0 on all of [0, 1] at time
τ . Continuity supplies t0 < τ and η > 0 such that ∂tH + CH ≥ η on [0, 1] × [t0, τ ]. For a
radial nonnegative nonzero v write B(t) =

∫
vFt. Integration against vϕ yields

B′(t) + CB(t) ≥ η

∫ 1

0
vϕ ds > 0.

Hence eCtB(t) is strictly increasing and has at most one zero in this interval; at a zero B′(t) >
0. The cutoff theorem excludes all later times. Rotation averaging extends exclusion to
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arbitrary data. The transversality assertion concerns this averaged imbalance, not constancy
of the flux at nearby times. Finally Theorem 2.2 realizes each individual time below τ ,
proving the last assertion.

4 The exact optimal normalized preparation
Fix the shell and notation of the preceding sections. All integrals without displayed limits
are over (0, 1), and ‖·‖2 denotes its Lebesgue L2 norm. The ground state is normalized by
‖ϕ‖2 = 1. For 0 < T < τ set

AT =

{
v ∈ L2(0, 1) : v ≥ 0,

∫
vϕ ds = 1,

∫
vFT ds = 0

}
, E(T ) = inf

v∈AT

‖v‖22 .

The normalization is essential: multiplication of an initial temperature by a positive constant
preserves its observation time. Nonnegative minimum-norm moment problems and their
convex geometry are classical; see, for example, [8, 11]. We give direct proofs of the particular
optimizer, its scalar parameter, and the heat-semigroup cost inequality used below.

4.1 A monotone scalar equation for every strictly convex power
For a fixed continuous positive weight w and 1 < q <∞, write

Eq,w(T ) = inf
v∈AT

∫ 1

0
wvq ds, α =

1

q − 1
, ωq,w = w−αϕα+1.

The admissible class remains L2; the objective may be infinite for an individual datum.
Define the nonnegative-cone Bregman remainder

Bq(x, y) = xq − yq − qyq−1(x− y), x, y ≥ 0.

Its use below is a concrete instance of classical convex-moment Pythagorean identities with
a correction term [15, Lemma 4.16 and Theorem 7.10].

Theorem 4.1 (Global weighted power optimum). For every 0 < T < τ , the scalar function

Ψ(θ, T ) =

∫ 1

0
ωq,wHT (1 + θHT )

α
+ ds (12)

is continuous and strictly increasing in θ ∈ R, with opposite infinite limits at the two ends
of R. Let θ = θq,w(T ) be its unique zero, and set

Vq,w,T = w−α (ϕ(1 + θHT ))
α
+ ,

Zq,w(T ) =

∫ 1

0
ϕVq,w,T ds > 0, vq,w,T = Vq,w,T /Zq,w(T ).

Then vq,w,T is the unique minimizer in AT , and

Eq,w(T ) = Zq,w(T )
1−q. (13)

With Z = Zq,w(T ) and g = qZ1−qϕ(1 + θHT ), every finite-cost v ∈ AT satisfies∫ 1

0
wvq ds− Eq,w(T ) =

∫ 1

0
wBq(v, vq,w,T ) ds+

∫
{1+θHT≤0}

(−g)v ds. (14)

The root, normalizer and minimum are continuous in T ∈ (0, τ); the optimizer is continuous
there as a map into C([0, 1]). The sign of θ is opposite to that of Ψ(0, T ), with θ = 0 when
Ψ(0, T ) = 0.
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Proof. For each real h, the function h (1 + θh)α+ is nondecreasing in θ. For h > 0 its positive-
part factor increases; for h < 0 that factor decreases and is multiplied by a negative number.
For any θ1 < θ2, both affine factors are positive when 0 < |h| is sufficiently small. Since HT is
continuous and changes sign through an interior zero, an open positive-measure subinterval
has such nonzero values of HT and positive ωq,w. The integrand increases strictly there. It
is nondecreasing elsewhere, proving strict increase of Ψ without differentiating a fractional
power at an active boundary. Boundedness on compact parameter sets gives joint continuity
by dominated convergence. The same theorem gives

lim
θ→+∞

Ψ(θ, T )

θα
=

∫
{HT>0}

ωq,wH
α+1
T ds > 0,

lim
θ→−∞

Ψ(θ, T )

|θ|α
= −

∫
{HT<0}

ωq,w|HT |α+1 ds < 0.

These limits prove existence and uniqueness of the real zero. An interior neighborhood of the
zero of HT has 1 + θHT > 0, so Z > 0. The displayed normalized candidate is continuous,
bounded and in L2, has unit ground projection, and has zero flux moment by (12).

On the active set, g = qwvq−1
q,w,T ; on its complement the candidate is zero and g ≤ 0.

Both moment constraints imply
∫
g(v − vq,w,T ) ds = 0. Expanding Bq and separating the

inactive set yields (14). Its two right-hand terms are nonnegative, and strict convexity gives
uniqueness. Infinite-cost data cannot improve the bounded candidate. Since αq = α+ 1,∫ 1

0
wV q

q,w,T ds =

∫ 1

0
ωq,w (1 + θHT )

α+1
+ ds

= Z + θΨ(θ, T ) = Z.

Dividing by Zq proves (13).
For continuity fix T0 and its root θ0. At θ0 − ε and θ0 + ε, strict increase gives opposite

strict signs. Joint continuity preserves these signs for T close to T0, trapping its unique
root between these two values. Thus θ(T ) → θ0. Uniform spatial continuity of HT on a
compact positive-time neighborhood, continuity of the positive-part power, and positivity of
the limiting normalizer now give uniform convergence of V and the normalized candidate,
and convergence of the normalizer and value. The root’s sign follows from strict increase.

Remark 4.2. The scalar parameter is allowed to have either sign. For arbitrary q, w, a repre-
sentation forced to use a positive threshold c would not follow from the hypotheses. Nor is C1

dependence asserted for general fractional-power active sets. The stronger differentiability
and cost growth proved next concern the unweighted quadratic case.

4.2 Quadratic preparation and strict time growth
Theorem 4.3. For every 0 < T < τ , there is exactly one c(T ) > 0 satisfying

JT (c) :=

∫
ϕ2HT (c−HT )+ ds = 0. (15)

With
Z(T ) =

∫
ϕ2 (c(T )−HT )+ ds, vT =

ϕ (c(T )−HT )+
Z(T )

,

one has Z(T ) > 0, and vT is the unique minimizer in AT . Moreover,

E(T ) =
c(T )

Z(T )
> 1, ‖v‖22−E(T ) = ‖v − vT ‖22+

2

Z(T )

∫
ϕ (HT − c(T ))+ v ds (v ∈ AT ).

(16)
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The infimum is unchanged if one restricts to smooth data strictly positive in the interior and
satisfying all Dirichlet heat compatibility conditions.

Proof. Write H = HT . The preceding kernel analysis gives both signs for H, spatial analyt-
icity and nonconstancy, and

M1 :=

∫
ϕ2H ds =

(
ℓϕ′(0) + ϕ′(1)

)
e−λ1T > 0.

In particular every level set of H has measure zero. In Theorem 4.1 with q = 2, w = 1, this
mean equals Ψ(0, T ) > 0, so the unique root θ is negative. Set c = −1/θ > 0. The relation
(1−H/c)+ = (c−H)+ /c proves (15), the optimizer formula and uniqueness of its positive
scalar root. The general gap and cost formulas reduce to (16). Cauchy–Schwarz gives cost
at least one; equality would force v = ϕ, whose flux moment is M1 > 0. Hence E(T ) > 1.

For the differentiability assertion below it is useful to note

JT (0) = −
∫
{H<0}

ϕ2H2 ds < 0, J ′
T (c) =

∫
{H<c}

ϕ2H ds,

J ′
T is nondecreasing for c > 0: increasing a positive level only adds nonnegative values of H.

Thus JT is convex on the positive half-line. For c > maxH,

JT (c) = cM1 −
∫
ϕ2H2 ds −→ +∞.

At the positive root convexity gives

J ′
T (c) ≥

JT (c)− JT (0)

c
> 0.

We prove the last statement without asserting smoothness of the positive-part optimizer.
Choose one smooth, strictly interior-positive compatible datum w ∈ AT , whose existence
follows from the cutoff construction. Choose nonnegative gn ∈ C∞

c (0, 1) converging in L2 to
vT . For fixed 0 < ε < 1 put zn = (1− ε)gn + εw. Its two moments converge to (1, 0). Take
two fixed nonnegative compactly supported smooth bumps b1, b2 near points with different
H values. For sufficiently small supports the columns( ∫

biϕds∫
biFT ds

)
, i = 1, 2,

are independent: the ratios of their second to first entries approach those distinct values.
Solve this fixed two-dimensional system for corrections αnb1 + γnb2 restoring both moments
of zn exactly. The coefficients tend to zero. On the compact union of bump supports, w has
a positive minimum, so for sufficiently large n the correction is bounded in absolute value by
εw/2. The corrected functions remain strictly positive in the interior. Compactly supported
corrections preserve every boundary compatibility condition. First letting n → ∞, then
ε ↓ 0, proves equality of infima.

Proposition 4.4. The functions c, Z,E are C1 on (0, τ), and T 7→ vT is C1 as a map into
L2(0, 1). For 0 < T1 < T2 < τ ,

E(T1)− 1 ≤ e−2(λ2−λ1)(T2−T1)
(
E(T2)− 1

)
. (17)

In particular E′(T ) ≥ 2(λ2 − λ1)(E(T )− 1) > 0.

10



Proof. Smooth positive-time dependence of HT and nullity of its level sets imply that JT (c)
is C1 near each positive root. Indeed the derivatives of its positive-part integrand exist off
{HT = c} and are locally bounded, so dominated convergence applies, also to continuity of
the derivatives. Since ∂cJT (c(T )) > 0, the C1 implicit-function theorem gives c(T ) ∈ C1.
The same argument gives Z ∈ C1. Difference quotients of ϕ (c(T )−HT )+ converge almost
everywhere off its null zero level and are bounded by a fixed multiple of ϕ on a compact time
neighborhood. Dominated convergence in L2 proves the asserted differentiability; continuity
of the derivatives follows in the same way. Analyticity across changes of the active set is not
needed.

Let h = T2 − T1 and Ph = e−hL. If v ∈ AT2 , then w = eλ1hPhv is nonnegative, has unit
ground projection, and is feasible at T1. The last assertion follows because its heat evolution
at T1 equals eλ1h times the evolution from v at T2. Writing v = ϕ+ v⊥ gives

‖w‖22 − 1 ≤ e−2(λ2−λ1)h(‖v‖22 − 1).

Apply this to v = vT2 and minimize at T1 to obtain (17). Differentiation yields the stated
bound. Here λ2 − λ1 is the radial interval spectral gap; no identification with the full shell’s
angular spectral gap is involved.

Remark 4.5. The exact positive set of the optimizer is {HT < c(T )}. Its boundary consists
of finitely many level points, and it contains the negative-HT region. No single-interval
description is needed. A transverse interior level crossing gives a derivative corner. If HT <
c(T ) throughout the interior, then vT = (cϕ − FT )/Z is smooth, strictly interior-positive
and all-order compatible; an interior zero precludes strict positivity. Equality of the smooth
positive infimum with E(T ) does not imply attainment in that smaller class.

5 Sharp costs in every Lq norm
Write T = τ − δ. We retain the same two moment constraints and the L2 admissible class
AT , allowing an infinite objective value. For continuous w > 0 on [0, 1] set

Eq,w(δ) = inf
v∈Aτ−δ

∫
wvq ds (1 ≤ q <∞).

For 1 < q <∞, Eq,w(δ) = Eq,w(τ − δ) from Theorem 4.1. For continuous A > 0 define

E∞,A(δ) = inf
v∈Aτ−δ

ess sup
0<s<1

v(s)

A(s)
.

The preceding cutoff construction ensures finite-cost admissible data. Positive-part power
profiles in moment-constrained optimization have classical antecedents, including the
moment–entropy inequalities of [12, 13] and the quadratic compactly supported profile
of [14]. The constants below arise from the heat endpoint law and the present ground-
projection normalization. We prove the endpoint cases directly rather than interchange
limits in q and δ.
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Theorem 5.1. For fixed 1 < q <∞ put α = 1/(q − 1) and

R2
q =

6(3α+ 4)

α+ 2
=

6(4q − 1)

2q − 1
,

Iq =

∫ Rq

0
zα+1(R2

q − z2)α dz =
R3α+2

q

2
B

(
α+ 2

2
, α+ 1

)
,

fq(z) =

(
z(R2

q − z2)
)α
+

κIq
(z ≥ 0),

Cq =

∫ ∞

0
f qq dz =

12(α+ 1)

α+ 2
κ−qI1−q

q .

Then
lim
δ↓0

δq−1/2Eq,w(δ) = w(1)Cq. (18)

At the two endpoints,

lim
δ↓0

√
δE1,w(δ) =

w(1)

κ
√
6
, lim

δ↓0
δE∞,A(δ) =

1

6κA(1)
. (19)

In particular the optimal unweighted Lq norm has order δ−1+1/(2q), where 1/∞ = 0. These
limits are for fixed q, dimension and shell.

We first record explicitly the boundary estimates used throughout the proof. Put y = 1−s.
The strict endpoint law gives, at (y, T ) = (0, τ),

hR
hL

(1− y, T ) =M(T ) +
1

2
Qyy(0, T )y

2 + o(y2), M ′(τ) = 3Qyy(0, τ) < 0.

Here Q(y, T ) = (hR/hL)(1 − y, T ). If c∗ = limy↓0 hL(1 − y, τ)/ϕ(1 − y) > 0 and β =
−c∗Qyy(0, τ)/2 > 0, then H = (hL/ϕ)(ℓ−Q) gives

Hτ−δ(1−
√
δz)

δ
−→ β(z2 − 6),

ϕ(1−
√
δz)√

δ
−→ κz (20)

uniformly on bounded nonnegative z intervals. At the cutoff Hτ > 0 on [0, 1) and has a
quadratic zero of coefficient β at 1. Compactness and a bounded positive-time derivative
therefore give fixed positive constants c0, C0, δ0 such that

Hτ−δ(1− y) ≥ c0y
2 − C0δ (0 ≤ y ≤ 1, 0 < δ < δ0). (21)

In particular every region Hτ−δ < Cδ, for fixed C, lies in y ≤ R
√
δ for fixed R. This global

localization is what permits all rescaled integrations below.

Proof of Theorem 5.1 for 1 < q <∞. A beta-integral calculation gives∫ R
0 zα+3(R2 − z2)α dz∫ R
0 zα+1(R2 − z2)α dz

=
R2(α+ 2)

3α+ 4
.

Thus the displayed Rq ensures

κ

∫ ∞

0
zfq(z) dz = 1,

∫ ∞

0
z(z2 − 6)fq(z) dz = 0. (22)
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Since αq = α+ 1, another beta recursion gives∫ Rq

0
zα+1(R2

q − z2)α+1 dz =
R2

q(2α+ 2)

3α+ 4
Iq.

This proves the stated expression for Cq.
For the lower bound write q′ = q/(q − 1) = α+ 1. For v ≥ 0 and real g, weighted Young

duality says
wvq ≥ gv − (q − 1)q−q′w−α (g)q

′

+ . (23)

Choose D,B0 > 0 by

κDβ = qw(1)(κIq)
−(q−1), B0 = Dβ(R2

q − 6),

and put, with H = Hτ−δ,
gδ = ϕδ−(q−1/2)(B0 −DH/δ).

Every feasible v satisfies
∫
gδv ds = B0δ

−(q−1/2). By (21), (gδ)+ is supported on a fixed
compact interval in z = y/

√
δ. On that interval (20) implies, with positive parts understood,

δq−1gδ(1−
√
δz) −→ qw(1)fq(z)

q−1.

Since w(1 −
√
δz) → w(1) uniformly there, the scaled conjugate integral in (23) tends to

(q − 1)w(1)Cq. Multiplying the limiting dual polynomial by fq and using (22) gives B0 =
qw(1)Cq. Integration of (23), uniformly over all feasible v, proves

lim inf
δ↓0

δq−1/2Eq,w(δ) ≥ B0 − (q − 1)w(1)Cq = w(1)Cq.

No weak-limit preservation of moments has been used.
For recovery let ρ vary in a small fixed neighborhood of ρq = R2

q − 6 > 0, set c = βδρ,
and define

Vδ,ρ = w−α (ϕ(c−H))α+ , Jδ(ρ) =

∫
ϕHVδ,ρ ds.

Its support is uniformly localized by (21). After dividing by a positive power of δ and a
positive constant independent of ρ, its moment converges uniformly in that neighborhood to∫ √

ρ+6

0
zα+1(z2 − 6)(ρ+ 6− z2)α dz.

The ratio calculation above shows that this has the sign of ρ − ρq and a unique zero there.
Uniform convergence of positive powers holds also for 0 < α < 1, by uniform continuity on
bounded intervals. The intermediate value theorem supplies exact roots ρδ → ρq. Normalize

vδ =
Vδ,ρδ∫
ϕVδ,ρδ ds

.

These are bounded nonnegative L2 data with both moments satisfied exactly. The denomi-
nator has positive leading constant, and rescaling gives

δvδ(1−
√
δz) −→ fq(z)

uniformly on a common compact support. Hence δq−1/2
∫
wvqδ ds → w(1)Cq, proving the

upper bound.

13



Proof of the q = 1 assertion. Put B1 = w(1)/(κ
√
6), D1 = B1/(12β) and

gδ = ϕδ−1/2(B1 −D1H/δ).

Its positive part is again uniformly localized. On its rescaled support,

gδ(1−
√
δz)

w(1−
√
δz)

−→ z(18− z2)

12
√
6

.

The positive part of this cubic has maximum one, attained at z =
√
6. Consequently

Lδ = max

(
1, sup

s∈[0,1]

gδ(s)

w(s)

)
−→ 1.

The pointwise inequality wv ≥ gδv/Lδ, for v ≥ 0, and the two constraints imply∫
wv ds ≥ B1δ

−1/2

Lδ
.

For the opposite bound choose two nonnegative smooth bumps in z, supported respectively
just below and just above

√
6, with both supports a fixed small distance away from that point.

Transform them to s = 1 −
√
δz and normalize each to have unit ground projection. Their

H moments have opposite signs for small δ. Their convex combination with the unique zero-
moment weight is therefore exactly feasible. For supports within ε of

√
6, each normalized

weighted L1 cost, multiplied by
√
δ, is B1+O(ε)+o(1). Indeed its cost divided by its ground

projection is the weighted average of w/ϕ, and (20) applies uniformly on these supports. Let
δ ↓ 0 and then ε ↓ 0. This uses genuine bounded bump data, rather than an atom on a null
level set, and proves the desired upper bound.

Proof of the q = ∞ assertion. If v ≤MA, take c = 6βδ. Feasibility implies

c =

∫
vϕ(c−H) ds ≤M

∫
Aϕ (c−H)+ ds.

The global localization and boundary expansion give∫
Aϕ (c−H)+ ds ∼ A(1)κβδ2

∫ √
12

0
z(12− z2) dz

= 36A(1)κβδ2.

This proves the lower bound lim inf δM ≥ 1/(6κA(1)).
For recovery use v = MA on the outer layer 1 − h < s < 1 and zero elsewhere. Its

unnormalized observation moment is

Kδ(h) =

∫ 1

1−h
AϕH ds.

Uniformly for bounded R, h =
√
δR gives

δ−2Kδ(
√
δR) −→ A(1)κβ

R2(R2 − 12)

4
.

Signs on either side of
√
12 and continuity supply roots hδ/

√
δ →

√
12. Choose Mδ =

(
∫ 1
1−hδ

Aϕds)−1. The layer data satisfy both constraints exactly and

δMδ −→
1

6κA(1)
.

They are bounded and in L2 for each δ, so they are admissible. Their discontinuity is not a
claim of smooth compatibility.
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Corollary 5.2. For physical initial temperatures on the shell, impose the unit ground pro-
jection on the rotational average as above. For finite q, the optimal qth power of the physical
Lq norm has leading constant

|SN−1| bp(2−q)Cq

when 1 < q < ∞, and |SN−1|bp/(κ
√
6) when q = 1, with the respective powers of δ from

Theorem 5.1. The physical L∞ constant is 1/(6κbp).

Proof. For radial data u0(r) = r−pv(r − a) the Jacobian gives exactly

‖u0‖qLq(Ω) = |SN−1|
∫ 1

0
(a+ s)p(2−q)v(s)q ds,

and ‖u0‖∞ = ess sup v(s)/(a + s)p. Apply the theorem with these weights. Rotational
averaging preserves an existing whole-boundary constant-flux observation and its normalized
ground projection, and Jensen’s inequality decreases each physical norm. Radial recoveries
supply the matching infima among all nonnegative, possibly nonradial data. No L2 isometry
has been used for q 6= 2.

Remark 5.3. For q = 2, R2
2 = 14 and I2 = 2145/2/15, so

C2 =
30

7κ2143/2
, f2(z) =

15

2κ145/2
z
(
14− z2

)
+
.

Theorem 4.3 also shows that the same sharp squared-L2 infimum holds over smooth strictly
positive compatible preparations. Proposition 7.1 below extends equality of the smooth
strictly positive compatible infima to every norm considered here. The two endpoint recov-
eries differ: the L1 sequence concentrates near a single scaled point, while the L∞ recovery
fills a scaled layer. Neither is inferred by exchanging parameter limits.

6 Stability and the profile of every near-minimizer
Fix the shell and dimension throughout this section. Write tδ = τ − δ, Eδ = E(tδ), and let
v∗δ denote the unique normalized nonnegative least-L2 initial datum at time tδ. The ground
function satisfies ‖ϕ‖2 = 1 and κ = −ϕ′(1) > 0. All interval norms and integrals below use
Lebesgue measure. The cutoff expansion and global estimate established above are

δ−1Htδ(1−
√
δz) −→ β(z2 − 6), δ−1/2ϕ(1−

√
δz) −→ κz, (24)

Htδ(1− y) ≥ c0y
2 − C0δ (0 ≤ y ≤ 1), (25)

where β, c0, C0 > 0, and the limits are uniform on every bounded nonnegative z-interval.
The q = 2 recovery construction in the proof of Theorem 5.1, together with the scalar-root
uniqueness in Theorem 4.3, identifies the optimizer and gives

v∗δ =
ϕ (cδ −Htδ)+

Zδ
, Zδ =

∫ 1

0
ϕ2 (cδ −Htδ)+ ds,

cδ
βδ

−→ 8. (26)

In particular, with R∗ =
√
14,

Zδ ∼ κ2βδ5/2
2R5

∗
15

, Eδ ∼
30

7κ2143/2
δ−3/2. (27)

These formulas fix all rescaling constants used here.
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For any admissible v, define functions on [0,∞) by

Wδ(z) = κδv(1−
√
δz), (28)

Pδ(z) =
√
δ v(1−

√
δz)ϕ(1−

√
δz), (29)

for 0 < z < δ−1/2, and set both functions equal to zero elsewhere. Use superscript ∗ for the
rescalings of v∗δ . The normalization

∫
vϕ = 1 makes Pδ a probability density.

Theorem 6.1 (Near-minimizer stability). Put

W (z) =
15z

(
14− z2

)
+

2 145/2
, P (z) = zW (z), εδ = κ2δ3/2

(
‖v‖22 − Eδ

)
.

For every admissible v,
‖Wδ −W ∗

δ ‖
2
2 ≤ εδ. (30)

There are constants C, δ0 > 0, depending on the fixed shell and its dimension, such that for
0 < δ < δ0,

‖Pδ − P ∗
δ ‖1 ≤ C

√
εδ. (31)

Moreover W ∗
δ → W strongly in L2(0,∞). For any family of admissible data v = vδ, the

following are equivalent:

δ3/2 ‖vδ‖22 −→
30

7κ2143/2
, (32)

Wδ −→W strongly in L2(0,∞). (33)

Whenever these conditions hold,

Pδ −→ P in L1(0,∞),

∫ ∞

0
z2Pδ(z) dz −→ 6. (34)

Proof. Define the signed function

gδ =
ϕ(cδ −Htδ)

Zδ
, (gδ)+ = v∗δ .

For every admissible v, the two constraints give
∫
gδv = cδ/Zδ = Eδ. Expanding the squared

distance therefore gives the exact identity

‖v‖22 − Eδ = ‖v − v∗δ‖
2
2 +

2

Zδ

∫ 1

0
ϕ (Htδ − cδ)+ v ds. (35)

Both terms on the right are nonnegative. Changing variables in its first term proves (30).
By (25) and cδ = O(δ), the support of v∗δ lies in 1−s ≤ R

√
δ, for a fixedR. Equations (24)–

(27) then imply uniform convergence of W ∗
δ to W on a common compact interval containing

all their supports. Hence this convergence is strong in L2. The gap inequality and (27) show
that (32) implies (33). Conversely, strong convergence gives convergence of the squared
norms; since

‖Wδ‖22 = κ2δ3/2 ‖v‖22 ,
∫ ∞

0
W (z)2 dz =

30

7 143/2
,

it implies (32).
We next prove the probability and moment claims using the second term in (35). Increase

the fixed R, if necessary, so that v∗δ = 0 when y = 1− s ≥ R
√
δ, and

Htδ(1− y)− cδ ≥ c1y
2 (y ≥ R

√
δ)
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for some c1 > 0. This follows from the global lower bound by absorbing its O(δ) terms into
c0y

2/2. Writing dµ = vϕ ds, the gap identity and Zδ ≤ C1δ
5/2 yield∫

y≥R
√
δ
y2 dµ ≤ Zδ

2c1
(‖v‖22 − Eδ).

After rescaling and absorbing the fixed κ into the constant,∫ ∞

R
z2Pδ(z) dz ≤ C2εδ. (36)

On the compact core, ϕ(1− y) ≤ C3y, and Cauchy–Schwarz gives

‖Pδ − P ∗
δ ‖L1(0,R) ≤

∫ R

0

[
ϕ(1−

√
δz)

κ
√
δ

]2
dz

1/2

‖Wδ −W ∗
δ ‖2

≤ C4
√
εδ.

On the tail, P ∗
δ = 0, so (36) bounds the L1 difference by C5εδ. For εδ ≤ 1 this proves (31);

for larger gaps use the trivial L1 bound two between probability densities.
For a family satisfying (32), εδ → 0. Uniform convergence on the common compact

support also gives P ∗
δ → zW in L1, with convergence of its second moment. Thus (31)

proves the first part of (34). On [0, R], the difference of second moments is bounded by
R2 ‖Pδ − P ∗

δ ‖1; the tail moment tends to zero by (36). Finally, direct polynomial integration
gives ∫ ∞

0
zW (z) dz = 1,

∫ ∞

0
z3W (z) dz = 6.

This proves the second part without assuming that unbounded moments are preserved by
weak convergence.

The L1 convergence in (34) is equivalently convergence in total variation, with the total-
variation distance equal to half the L1 distance. No convergence rate for the optimizer’s
limiting profile is required in this theorem.

Corollary 6.2 (Angular rigidity of physical near-minimizers). Let uδ ≥ 0 be physical initial
data on Ω = {a < |x| < a + 1}, with a whole-boundary equal-flux observation at τ − δ. Let
ūδ be its rotational average and impose

∫ 1
0 (a+ s)pūδ(a+ s)ϕ(s) ds = 1. If

δ3/2 ‖uδ‖2L2(Ω) −→ |SN−1| 30

7κ2143/2
,

then the functions

Uδ(ω, z) = κδ(a+ 1−
√
δz)puδ

(
(a+ 1−

√
δz)ω

)
, 0 < z < δ−1/2,

extended by zero, converge strongly to W (z) in L2(SN−1 × (0,∞), dσ dz).

Proof. Rotational averaging is the orthogonal projection onto radial functions. Put v̄δ(s) =
(a+ s)pūδ(a+ s). It is admissible, and

‖uδ‖22 − |SN−1|Eδ = ‖uδ − ūδ‖22 + |SN−1|
(
‖v̄δ‖22 − Eδ

)
.

Both terms are nonnegative. Multiplication by δ3/2 shows that each tends to zero. Theo-
rem 6.1 applies to v̄δ, while the change of variables r = a+ 1−

√
δz shows that the squared

norm of the rescaled angular difference equals κ2δ3/2 ‖uδ − ūδ‖22. The asserted strong con-
vergence follows.
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7 Smooth preparations and stability in the other norms
The next proposition is a density and finite-moment correction argument. It identifies the
smooth admissible class for all the cost limits above. The subsequent theorem describes
every asymptotic near-minimizer in the strictly convex norm range; its general convexity
mechanism is classical [10].
Proposition 7.1 (Equality of smooth infima). Fix 0 < T < τ . Restrict AT to smooth func-
tions strictly positive at every interior point and satisfying every Dirichlet heat compatibility
condition. This restriction leaves unchanged the infimum of

∫ 1
0 wv

q ds, for every 1 ≤ q <∞
and continuous positive w, and the infimum of ess sup v/A, for every continuous positive
cap A. Thus all the sharp cost limits of Theorem 5.1 hold in this smaller class as infimum
statements.
Proof. Choose one smooth, strictly interior-positive compatible feasible background h, and
two fixed nonnegative compact smooth bumps b1, b2 whose moment columns (

∫
biϕ,

∫
biFT )

are independent. Their existence was proved in the smooth-approximation part of Theo-
rem 4.3.

For finite q, take a feasible v of finite cost. Positivity and boundedness of w imply
v ∈ Lq ∩ L2. Truncation, cutoff near the endpoints, and convolution with a nonnegative
mollifier give nonnegative gn ∈ C∞

c (0, 1) converging to v in both spaces. Fix η > 0 and mix
zn = (1 − η)gn + ηh, taking η < 1. Its moment vector tends to (1, 0). Solving the fixed
invertible moment system gives corrections αnb1 + γnb2, with coefficients tending to zero,
which restore both moments exactly. On their compact supports the correction is eventually
smaller than ηh/2. The corrected functions are therefore strictly positive in the interior,
smooth and compatible, with weighted Lq cost tending to that of (1 − η)v + ηh. Letting
η ↓ 0, then taking v arbitrarily close to the original infimum, proves the finite-q claim. All
boundary compatibility conditions are preserved because every added function other than h
is compactly supported in the open interval.

For the cap norm, take a feasible v with M = ‖v/A‖∞ <∞. Cut it off near the endpoints,
extend by zero, and convolve with a positive mollifier of radius rn smaller than the cutoff
distance. The resulting compact smooth gn ≥ 0 converge in L1 to v, and

gn(s) ≤M
(
A(s) + ωA(rn)

)
, ‖gn/A‖∞ ≤M

(
1 +

ωA(rn)

minA

)
,

where ωA is the modulus of continuity on [0, 1]. Thus their cap norms are at most M + o(1);
uniform convergence to the possibly discontinuous v is not required. Their moments converge.
Mix with ηh and perform the same fixed-bump correction. For fixed η, its cap cost is
asymptotically at most (1 − η)M + η ‖h/A‖∞, since the corrections tend uniformly to zero
and minA > 0. Their positivity and compatibility follow as before. Taking the two limits
proves the cap-norm assertion.

Theorem 7.2 (Universal finite-q profile). Fix 1 < q <∞, a continuous positive w, and the
shell. Use fq, Cq from Theorem 5.1. For every family vδ ∈ Aτ−δ, the following statements
are equivalent:

δq−1/2

∫ 1

0
wvqδ ds −→ w(1)Cq, (37)

Xδ(z) := δvδ(1−
√
δz) −→ fq(z) strongly in Lq(0,∞). (38)

The rescaled functions are extended by zero for z ≥ δ−1/2. The conclusion holds without
a support, regularity or compactness assumption on the radial near-minimizers. Endpoint
concentration has different topologies and is treated in Section 9.
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Proof. Let α = 1/(q−1). The exact recovery construction in the proof of Theorem 5.1 gives,
for sufficiently small δ,

v∗δ =
w−α (ϕ(cδ −Hτ−δ))

α
+

Zδ
, Zδ =

∫ 1

0
ϕw−α (ϕ(cδ −Hτ−δ))

α
+ ds,

where both constraints hold exactly and cδ/(βδ) → R2
q − 6. For this proof the superscript

∗ denotes the weighted q-candidate. Taking θ = −1/cδ in Theorem 4.1 gives this same
normalized candidate: its unnormalized numerator differs by the positive factor c−α

δ . It
therefore is the unique global optimum at τ − δ. In particular

βδ θq,w(τ − δ) −→ − 1

R2
q − 6

.

Set H = Hτ−δ and g = qZ1−q
δ ϕ(cδ −H). The general gap (14) becomes∫ 1

0
wvq ds−

∫ 1

0
w(v∗δ )

q ds =

∫ 1

0
wBq(v, v

∗
δ ) ds+

∫
{H≥cδ}

(−g)v ds. (39)

Both terms on the right are nonnegative. In particular this bounded candidate is the unique
minimizer of the weighted q-cost in the stated L2 admissible class.

We give the elementary convexity estimates needed for stability. Taylor’s integral re-
mainder gives

Bq(x, y) = q(q − 1)(x− y)2
∫ 1

0
(1− t)

(
y + t(x− y)

)q−2
dt.

For 1 < q < 2, the segment is at most x+ y, so

Bq(x, y) ≥
q(q − 1)

2
|x− y|2(x+ y)q−2. (40)

The right side is defined as zero when x = y = 0; the formula at a zero endpoint follows by
a limit. For q ≥ 2, if x ≥ y, bound the segment below by t(x− y); if x < y, bound it below
by (1− t)(y − x). The respective integrals give factors one and q − 1, hence

Bq(x, y) ≥ |x− y|q (q ≥ 2). (41)

These are standard positive-cone forms of uniform convexity.
Put Yδ(z) = δv∗δ (1−

√
δz) and wδ(z) = w(1−

√
δz) on the rescaled domain. The minimum

and maximum of these weights are bounded uniformly away from zero and infinity. By (37),
the sharp cost limit, and (39), ∫

wδBq(Xδ, Yδ) dz −→ 0.

For q ≥ 2, (41) gives ‖Xδ − Yδ‖q → 0. For 1 < q < 2, (40) and Hölder’s inequality give∫
|Xδ − Yδ|q dz ≤

(∫
|Xδ − Yδ|2(Xδ + Yδ)

q−2 dz

)q/2

×
(∫

(Xδ + Yδ)
q dz

)(2−q)/2

−→ 0.

The second factor stays bounded because the weights have a positive minimum and both
scaled costs are bounded. The recovery construction gives uniform convergence Yδ → fq on
a common compact support, so strong convergence follows.
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Conversely, suppose (38) holds. Strong Lq convergence implies convergence of the qth
powers in L1. On every fixed compact interval, wδ → w(1) uniformly. Outside a fixed
compact interval containing the support of fq, the Lq mass of Xδ tends to zero, while
the weights remain bounded. Splitting into these two regions proves (37). This avoids an
incorrect assumption of uniform weight convergence on the entire expanding domain.

8 Ground-probability and angular rigidity for every finite
power

Strong Lq convergence in Theorem 7.2 does not by itself justify convergence of moments on
the expanding scaled interval. The inactive-set term in the exact gap controls these tails. It
yields weighted total variation, quadratic transport convergence, and a full physical angular
profile for every fixed 1 < q <∞. Here W2 denotes quadratic Wasserstein distance on [0,∞).

Fix q, w and the shell, and retain the notation of Theorem 7.2. In particular

v∗δ =
w−α (ϕ(cδ −Hδ))

α
+

Zδ
, Zδ =

∫ 1

0
ϕw−α (ϕ(cδ −Hδ))

α
+ ds, α =

1

q − 1
,

where Hδ = Hτ−δ and cδ/(βδ) → R2
q − 6. Here Zδ is the normalizer of the cδ −Hδ represen-

tation, rather than the normalizer of the affine expression 1 + θHT in Theorem 4.1. Define
the nonnegative scaled gap

Gδ(v) = δq−1/2

(∫ 1

0
wvq ds− Eq,w(δ)

)
.

For an admissible v of finite cost, put

Xδ(z) = δv(1−
√
δz), Yδ(z) = δv∗δ (1−

√
δz), Pδ(z) =

ϕ(1−
√
δz)√

δ
Xδ(z),

and define P ∗
δ from Yδ. All functions are extended by zero beyond z = δ−1/2; both probability

densities have mass one.

Theorem 8.1 (Weighted probability control). Put γq = 1/max(q, 2). There are constants
C,R, δ0 > 0, depending on the fixed q, w and shell, such that every admissible finite-cost v
with 0 ≤ Gδ(v) ≤ 1 and 0 < δ < δ0 satisfies∫ ∞

R
z2Pδ(z) dz ≤ CGδ(v), (42)∫ ∞

0
(1 + z2)|Pδ − P ∗

δ | dz ≤ CGδ(v)
γq . (43)

Consequently every admissible asymptotic near-minimizer satisfies∫ ∞

0
(1 + z2)|Pδ − Pq| dz −→ 0, Pq(z) = κzfq(z). (44)

In particular
∫
z2Pδ → 6 and W2(Pδ dz, Pq dz) → 0. The exponent in (43) is not asserted to

be optimal.

Proof. The common compact support of Yδ and the local expansions (20) imply

Zδ ∼ Kqδ
1+3α/2, Kq = w(1)−ακα+1βαIq > 0. (45)
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Indeed the factors are δ1/2 from ϕ, δ3α/2 from the powered numerator, and δ1/2 from ds.
Uniform convergence of positive powers on a common compact interval justifies integration
also for α < 1. Therefore

Aδ := qδq+1/2Z1−q
δ −→ qK1−q

q > 0. (46)

Choose fixed R ≥ 1 large enough that v∗δ = 0 for 1− s ≥ R
√
δ and

Hδ(1− y)− cδ ≥ c1y
2 (y ≥ R

√
δ)

for some c1 > 0. This follows from (21) and cδ = O(δ). The inactive-set term of (39) gives

Gδ(v) ≥ qδq−1/2Z1−q
δ

∫
1−s≥R

√
δ
ϕ(Hδ − cδ)v ds ≥ c1Aδ

∫ ∞

R
z2Pδ(z) dz.

Equation (46) proves (42). No division by the vanishing ground function at either physical
boundary is needed.

The other term of the exact gap, its homogeneity, and the change of variables give∫
wδBq(Xδ, Yδ) dz ≤ Gδ(v), wδ(z) = w(1−

√
δz).

The weights have a fixed positive minimum and finite maximum. For q ≥ 2, (41) gives
‖Xδ − Yδ‖q ≤ CG

1/q
δ . For 1 < q < 2, (40) and Hölder give

‖Xδ − Yδ‖q ≤ CG
1/2
δ (‖Xδ‖q + ‖Yδ‖q)

(2−q)/2.

When Gδ ≤ 1, both norms on the right are bounded uniformly: their weighted qth powers
are the bounded scaled minimum, plus Gδ for the first one. Hence, throughout the stated
range,

‖Xδ − Yδ‖q ≤ CG
γq
δ . (47)

On [0, R], ϕ(1−
√
δz)/

√
δ is uniformly bounded. Hölder and (47) bound the core of (43) by

CG
γq
δ . On [R,∞), P ∗

δ = 0, and (42) bounds the remaining weighted integral by CGδ. This
proves (43).

For near-minimizers Gδ → 0 by the sharp cost limit. The optimizer densities have
common compact support and converge uniformly there to Pq. Its mass and second moment
are one and six by (22). This proves (44) and second-moment convergence. To obtain the
transport conclusion directly, for any probability densities P,Q keep their common mass
min(P,Q) fixed, and couple the residual measures (P − Q)+ dz and (Q − P )+ dz by their
normalized product. The elementary inequality |z − y|2 ≤ 2z2 + 2y2 gives

W2(P dz,Qdz)
2 ≤ 2

∫ ∞

0
z2|P −Q| dz. (48)

If their residual mass is zero, the measures agree and the same inequality holds. Applying it
to (44) proves the result. This common-mass coupling is a standard weighted-total-variation
bound, not a new general transport estimate.

Theorem 8.2 (The full physical finite-power profile). Let uδ ≥ 0 belong to L2(Ω) on the
fixed shell and have a whole-boundary equal-flux observation at τ − δ. Normalize the ground
projection of its rotational average as in Corollary 6.2. Write p = (N − 1)/2 and dσ̄ =
dσ/|SN−1|. For fixed 1 < q <∞, the following statements are equivalent:

δq−1/2 ‖uδ‖qLq(Ω) −→ |SN−1|bp(2−q)Cq, (49)

Xδ(ω, z) := δ(b−
√
δz)puδ((b−

√
δz)ω) −→ fq(z) strongly in Lq(dσ̄ dz). (50)
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The rescaling is extended by zero outside its defining interval. Whenever these conditions
hold, the joint probability densities

Pδ(ω, z) =
ϕ(1−

√
δz)√

δ
Xδ(ω, z)

satisfy ∫
(1 + z2)|Pδ(ω, z)− Pq(z)| dσ̄ dz −→ 0.

Their radial second moments tend to six, and their radial marginals converge to Pq dz in W2.

Proof. Put Vδ(ω, s) = (a + s)puδ((a + s)ω) and w(s) = (a + s)p(2−q). The exact Jacobian
identity is

‖uδ‖qLq(Ω)

|SN−1|
=

∫
w(s)Vδ(ω, s)

q ds dσ̄.

This weight is continuous and strictly positive because a > 0. The angular average V̄δ is
admissible. Jensen implies that the physical infimum divided by |SN−1| is exactly Eq,w(δ),
since radial optimizers supply equality.

There is a direct product-space form of the exact gap. Its signed dual function depends
only on s, and both of its moments against Vδ−v∗δ vanish after angular averaging. Therefore,
with

Gphys
δ = δq−1/2

(
‖uδ‖qLq(Ω)

|SN−1|
− Eq,w(δ)

)
,

the same subtraction as in (39) gives

Gphys
δ =

∫
wδBq(Xδ, Yδ) dz dσ̄

+Aδ

∫ (
Hδ(1−

√
δz)/δ − cδ/δ

)
+
Pδ(ω, z) dz dσ̄.

Under (49), the sharp radial cost gives Gphys
δ → 0. The scalar Bregman inequalities used in

(47) work unchanged on this product space. They yield ‖Xδ − Yδ‖Lq(dσ̄dz) → 0; for q < 2 the
required norm factor is bounded by the scaled physical cost. Since Yδ → fq on a common
compact support, this proves (50).

The inactive-set term gives the same tail bound (42), integrated also in angle. The
compact core Hölder estimate likewise gives, when Gphys

δ ≤ 1,∫
(1 + z2)|Pδ(ω, z)− P ∗

δ (z)| dσ̄ dz ≤ C(Gphys
δ )γq .

The optimizer convergence proves the stated joint probability and moment conclusions. In-
tegrating angle and applying (48) proves the radial transport conclusion.

Conversely, strong convergence in (50) implies convergence of the qth powers in L1 on
the product space. The weights wδ are bounded globally and converge uniformly to w(1) =
bp(2−q) on compact z intervals. Outside a fixed interval containing the support of fq, strong
convergence makes the Lq mass tend to zero. Splitting into core and tail in the Jacobian
identity proves (49).

Remark 8.3. The angular part can also be separated by the exact Jensen defect∫
wδ(X

q
δ − X̄q

δ ) dz dσ̄ =

∫
wδBq(Xδ, X̄δ) dz dσ̄,
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because the linear Bregman term has zero angular average. At every fixed 0 < T < τ ,
the same strict Jensen inequality and Theorem 4.1 show that the physical Lq minimum,
corresponding to w(s) = (a + s)p(2−q), is attained uniquely by the radial optimizer, up to
equality almost everywhere. This does not assert that every admissible observation is radial.

Proposition 8.4 (Sharp second-moment frontier). For every fixed r > 2, fixed 1 < q < ∞
and positive continuous w, there are admissible asymptotically optimal weighted-q families for
which

∫
zrPδ(z) dz → ∞. The same assertion holds for every positive continuous cap A at the

q = ∞ endpoint. Thus no general Wr convergence with r > 2 follows from near-optimality.

Proof. Choose 1 < t < r/2 and mδ = δt. Fix a nonnegative smooth bump b on a compact
physical subinterval of (0, 1), normalized by

∫
ϕb = 1. Its moment hδ =

∫
ϕHδb is bounded.

For small δ its support is disjoint from the boundary-layer optimizer v∗δ .
Add mδb to that optimizer. Choose two nonnegative smooth scaled bumps b1, b2 on

disjoint compact subintervals of (0, Rq), away from its endpoints. Their supports can be
chosen sufficiently narrow near distinct positive points that the limiting columns( ∫

κzbi dz∫
κβz(z2 − 6)bi dz

)
, i = 1, 2,

are independent. The ratios approach distinct values of β(z2 − 6). The exact columns use
the coefficients

a0,δ(z) =
ϕ(1−

√
δz)√

δ
, a1,δ(z) = a0,δ(z)

Hδ(1−
√
δz)

δ
.

Their matrices converge to the invertible limiting matrix and therefore have uniformly
bounded inverses. Solve the exact system with right-hand side (−mδ,−mδhδ/δ). Its co-
efficients satisfy |α1,δ|+ |α2,δ| = O(δt−1) → 0. Add the physical corrections

δ−1αi,δbi((1− s)/
√
δ), i = 1, 2.

These restore both moments exactly. On their supports the baseline scaled profile converges
uniformly to strictly positive fq, so the corrections preserve nonnegativity for small δ. The
resulting data have finite cost and belong to L2 for each δ.

The scaled core corrections tend to zero in Lq. The added physical bump has scaled
qth-power norm ∫

|δmδb(1−
√
δz)|q dz = δq−1/2mq

δ

∫
|b|q ds −→ 0.

The scaled profile thus still converges strongly to fq, and Theorem 7.2 gives the sharp
weighted cost. On the support of the physical bump, however, z ≥ c/

√
δ for some c > 0.

The corrections are disjoint from that support, so∫
zrPδ(z) dz ≥ crδ−r/2mδ

∫
ϕb ds = crδt−r/2 −→ ∞.

The limiting ground probability has compact support. Any coupling to it must transport
this interior bump through a scaled distance at least c/(2

√
δ) for small δ, so its rth transport

cost also diverges.
For the cap endpoint start instead with the exactly feasible saturated-layer recovery

in Theorem 5.1, choosing the scaled correction bumps inside (0,
√
12). The same moment

system and positivity argument apply. Since minA > 0, the corrections increase δ times
the cap cost by at most O(δt−1), and the physical bump increases it by at most O(δmδ).
The sharp lower bound therefore forces the optimal cap asymptotic. The same divergent rth
moment remains.
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9 Rigidity at the two endpoint costs
The endpoint cost limits in Theorem 5.1 also determine every asymptotic near-minimizer, in
different topologies at the two endpoints. The exposing cubic used for the L1 lower bound
forces concentration at one scaled point. The cap certificate used for the L∞ lower bound
forces saturation of an entire scaled layer. The latter is a complementary-slackness argument
of the same general type as quantitative bathtub stability; see [16]. We give direct proofs,
including the tails at both physical boundaries.

Keep the shell fixed, put Hδ = Hτ−δ, and retain ‖ϕ‖2 = 1, κ = −ϕ′(1) > 0 and β > 0
from (20). For vδ ∈ Aτ−δ, define the probability measure

dµδ(z) =
√
δ ϕ(1−

√
δz)vδ(1−

√
δz) dz, 0 < z < δ−1/2, (51)

and extend its density by zero. Its total mass is the normalized ground projection. We use

δ−1Hδ(1−
√
δz) −→ β(z2 − 6), δ−1/2ϕ(1−

√
δz) −→ κz, (52)

Hδ(1− y) ≥ c0y
2 − C0δ, 0 ≤ y ≤ 1, (53)

where the limits are uniform on bounded z intervals. These are exactly (20) and (21). The
ground function is positive in the interior and has simple zeros at both endpoints, so also

ϕ(s) ≥ cmin(s, 1− s) (0 ≤ s ≤ 1) (54)

for some c > 0.

Theorem 9.1 (L1 concentration of every near-minimizer). Let w be continuous and positive
on [0, 1]. If an admissible family satisfies

Jδ :=
√
δ

∫ 1

0
wvδ ds −→ B :=

w(1)

κ
√
6
,

then ∫ ∞

0
(z −

√
6)2 dµδ(z) −→ 0. (55)

Equivalently, µδ converges to the unit atom at
√
6 in quadratic Wasserstein distance. In

particular its second moment tends to 6. No support or regularity assumption on vδ is
needed.

Proof. Write z∗ =
√
6, D = B/(12β), and use the dual function from the q = 1 proof of

Theorem 5.1:

gδ(s) = ϕ(s)δ−1/2
(
B −DHδ(s)/δ

)
, Lδ = max

(
1, sup

s∈[0,1]

gδ(s)

w(s)

)
−→ 1.

For 0 < z < δ−1/2 put

kδ(z) =
gδ(1−

√
δz)

w(1−
√
δz)

, dνδ(z) = δw(1−
√
δz)vδ(1−

√
δz) dz.

The mass of νδ is Jδ. The two exact moments give the nonnegative dual defect

eδ := Jδ −
B

Lδ
=

∫ (
1− kδ

Lδ

)
dνδ ≥ 0. (56)
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Near-optimality implies eδ → 0. The global bound (53) confines every positive kδ to a fixed
interval [0, R0]. On each bounded interval,

kδ(z) −→ h(z) =
z(18− z2)

12z∗
, 1− h(z) =

(z − z∗)
2(z + 2z∗)

12z∗
.

Thus h has unique maximum one at z∗. Fix R > max(R0, z∗ + 1) and define

ωδ = sup
0≤z≤R

|kδ(z)/Lδ − h(z)| −→ 0, dδ = eδ + ωδJδ.

Outside [0, R], the integrand in (56) is at least one. On [0, R], 1−h(z) ≥ (z− z∗)
2/6. Hence

νδ((R,∞)) ≤ eδ,

∫ R

0
(z − z∗)

2 dνδ ≤ 6dδ. (57)

This gives a quantitative concentration estimate for the rescaled cost measure directly from
its exact dual defect.

The change from the cost measure to the normalized probability requires care on the
expanding domain. On [0, R] only, put

aδ(z) =
ϕ(1−

√
δz)√

δ w(1−
√
δz)

, a(z) =
κz

w(1)
, θδ = ‖aδ − a‖L∞(0,R) −→ 0.

There dµδ = aδ dνδ and aδ is uniformly bounded. Since Jδ stays bounded, Cauchy–Schwarz
and (57) give ∫ R

0
|z − z∗| dµδ ≤ C

√
dδ, (58)

|µδ([0, R])− a(z∗)Jδ| ≤ C
√
dδ + θδJδ + a(z∗)eδ. (59)

For the second estimate use that a is linear and replace the mass of νδ on [0, R] by Jδ,
with error at most eδ. As a(z∗)B = 1 and µδ has mass one, (59) implies µδ((R,∞)) → 0.
Together with (58) this proves weak convergence to the atom at z∗. For example, the
bounded-Lipschitz distance to that atom is at most

C
(√

dδ + θδ + |Jδ −B|+ eδ
)

for small δ. No uniform coefficient convergence on the whole expanding interval is asserted.
It remains to control the second moment. Enlarge the fixed R so that c0z2 − C0 ≥ c1z

2

for z ≥ R, with c1 > 0. Feasibility and (53) imply

0 ≤ c1

∫ ∞

R
z2 dµδ ≤

∫ ∞

R

Hδ(1−
√
δz)

δ
dµδ = −

∫ R

0

Hδ(1−
√
δz)

δ
dµδ. (60)

Uniform convergence in (52) and concentration on [0, R] make the last expression tend to
zero, since β(z2∗ − 6) = 0. The tail second moment therefore vanishes, whereas the second
moment on [0, R] tends to z2∗ = 6. Cauchy–Schwarz gives convergence of the first moment
from the same tail estimate. Expanding the square proves (55).

Remark 9.2. The measures in (51) have densities and therefore cannot converge in total
variation to an atom. Theorem 9.1 asserts quadratic transport convergence, not a strong L1

profile for the rescaled initial temperatures.
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Theorem 9.3 (Saturation of the near-optimal capped layer). Let A be continuous and
positive on [0, 1]. Suppose an admissible family has finite cap costs Mδ = ‖vδ/A‖∞ with

δMδ −→
1

6κA(1)
.

Then, for every fixed 1 ≤ r <∞,

Xδ(z) := δvδ(1−
√
δz) −→ f∞(z) :=

1

6κ
1(0,

√
12)(z) strongly in Lr(0,∞). (61)

Also µδ converges in total variation to the probability density

P∞(z) =
z

6
1(0,

√
12)(z),

∫
z2 dµδ −→ 6.

These are implications of near-optimal cap cost. Strong convergence in finite Lr spaces alone
does not control the essential supremum and is not asserted to imply near-optimal cap cost.

Proof. Set cδ = 6βδ, Qδ = ϕ(cδ −Hδ), and

Iδ =

∫ 1

0
A (Qδ)+ ds, ∆δ =MδIδ − cδ.

Feasibility gives
∫
Qδvδ = cδ. Consequently the pointwise cap 0 ≤ vδ ≤MδA gives the exact

identity
∆δ =

∫
(Qδ)+ (MδA− vδ) ds+

∫
(−Qδ)+ vδ ds ≥ 0. (62)

The endpoint calculation in Theorem 5.1 gives Iδ ∼ 36A(1)κβδ2. Thus the assumed cap
asymptotic implies ∆δ/δ → 0.

On the rescaled interval put

qδ(z) = δ−3/2Qδ(1−
√
δz), mδ(z) = δMδA(1−

√
δz).

Changing variables in (62) yields

∆δ

δ
=

∫
(qδ)+ (mδ −Xδ) dz +

∫
(−qδ)+Xδ dz. (63)

Both Xδ and mδ are bounded globally by a fixed constant K. On bounded intervals,

mδ −→ m :=
1

6κ
, qδ(z) −→ κβz(12− z2)

uniformly. On each compact subinterval of (0,
√
12), the positive qδ is bounded away from

zero, so (63) forces
∫
(mδ−Xδ) → 0. On compact subintervals of (

√
12,∞), its negative part

is bounded away from zero, so
∫
Xδ → 0. The cap K bounds the integrals in arbitrarily short

neighborhoods of 0 and
√
12. It follows that Xδ → f∞ in L1 on every bounded interval.

Choose a fixed R >
√
12 large enough that

Hδ(1− y)− cδ ≥ c2y
2 (y ≥ R

√
δ)

for small δ and some c2 > 0; this follows from (53). The second term of (62) then gives∫ ∞

R
z2 dµδ ≤

∆δ

c2δ
−→ 0. (64)
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On [0, R], the density of µδ is δ−1/2ϕ(1 −
√
δz)Xδ(z), which converges in L1 to κzf∞(z) =

P∞(z) by local L1 convergence and (52). Equation (64) controls the remaining mass and
second moment. It proves total variation convergence and

lim

∫
z2 dµδ =

∫ √
12

0

z3

6
dz = 6.

To prove global unweighted convergence one must also handle the zero of ϕ at the inner
endpoint. Fix h > 0. In the region 0 < s < h

√
δ, the z interval has length h, so

∫
Xδ dz ≤ Kh.

On the remaining tail, where 1− s ≥ R
√
δ and s ≥ h

√
δ, (54) implies

ϕ(s)√
δ

≥ cmin(h,R).

Therefore ∫
{z≥R, s≥h

√
δ}
Xδ(z) dz ≤

µδ((R,∞))

cmin(h,R)
−→ 0.

First take the limit superior in δ, then let h ↓ 0. Together with the local convergence
this proves global L1 convergence. Finally |Xδ − f∞| is uniformly bounded; its rth power is
bounded by a fixed constant times its first power for each fixed finite r. This proves (61).

Corollary 9.4 (Physical angular rigidity at the cap endpoint). Let uδ ≥ 0 be initial data
on the fixed shell Ω = {a < |x| < b}, with whole-boundary equal-flux observation at τ − δ
and the normalized ground projection on its rotational average as in Corollary 6.2. Write
p = (N − 1)/2. If

δ ‖uδ‖L∞(Ω) −→
1

6κbp
,

then the functions

Xδ(ω, z) = δ(b−
√
δz)puδ((b−

√
δz)ω), 0 < z < δ−1/2,

extended by zero, converge to f∞(z) strongly in Lr(SN−1 × (0,∞), dσ dz) for every fixed
1 ≤ r <∞.

Proof. Use normalized surface measure first. Rotational averaging preserves the observation
and gives the two exact moments for v̄δ(s) = (a+ s)pūδ(a+ s). Pointwise the rescaled data
obey the cap

Xδ(ω, z) ≤ δ ‖uδ‖∞ (b−
√
δz)p,

which corresponds to A(s) = (a+ s)p. Apply the exact defect identity (63), integrating also
in ω. Its two nonnegative integrals equal the radial-average defect, which tends to zero. The
compact-core proof uses only this defect, nonnegativity and the uniform cap, so proves local
L1 convergence on the product space. The weighted-tail estimate (64) and the inner-endpoint
split use the same integrated moments and cap, and therefore give global L1 convergence
there. The uniform cap again gives every finite Lr. Replacing normalized surface measure
by dσ multiplies each integral by |SN−1| and preserves convergence.

Proposition 9.5 (The cap profile need not converge in L∞). For every positive continuous
A there are exactly admissible, asymptotically optimal capped families for which

lim inf
δ↓0

‖Xδ − f∞‖∞ ≥ 1

6κ
.
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Proof. Start with the exactly feasible saturated-layer recovery from the q = ∞ proof of
Theorem 5.1:

v0δ =M0
δA1(1−hδ ,1),

hδ√
δ
−→

√
12, δM0

δA(1) −→ m =
1

6κ
.

Choose three disjoint compact intervals J0, J1, J2 strictly inside (0,
√
12). Choose nonnegative

smooth bumps b1, b2 supported in J1, J2. Their supports can be chosen sufficiently narrow,
near distinct positive points, that the two limiting moment columns( ∫

κzbi(z) dz∫
κβz(z2 − 6)bi(z) dz

)
, i = 1, 2,

are independent: their second-to-first ratios approach distinct values of the strictly increasing
function β(z2 − 6).

Remove the scaled baseline X0
δ on an interval Bδ ⊂ J0 of positive length ηδ → 0. The

removed moments are O(ηδ) for the two rescaled moment functionals with coefficients

A0,δ(z) =
ϕ(1−

√
δz)√

δ
, A1,δ(z) = A0,δ(z)

Hδ(1−
√
δz)

δ
.

The matrix with columns (
∫
A0,δbi,

∫
A1,δbi) converges to the invertible matrix above. Solve

its exact linear system to restore the removed moments by adding αδb1 + γδb2, where |αδ|+
|γδ| = O(ηδ). Both exact constraints are thus restored, since their rescaled values are precisely
1 and 0.

On J1 ∪ J2, the scaled baseline tends uniformly to m > 0. The corrections therefore
preserve nonnegativity for small δ. They are disjoint from Bδ, so the corrected profile
remains zero on that hole. Since minA > 0, their cap cost is at most M0

δ + O(ηδ)/δ and
hence has the optimal leading constant, by the endpoint lower bound. The data are bounded
and in L2 for each δ. On the positive-measure hole, however, f∞ = m and Xδ = 0. This
proves the asserted essential-supremum obstruction with exact feasibility.
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