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Abstract

For each fixed parameter 0 < A < 64/27, we determine an anisotropic corner limit of the
inverse Laplace distribution of a stable Vamos quartic raised to the power —1/2. The limit is
an explicit positive density with arcsine slope sections. Convergence holds jointly in all scaled
variables, including the variable in which the exact partial inverse has a logarithmic singularity.
The proof uses a modified Bessel partial inverse, differentiation to remove logarithmic countert-
erms, and quantitative bounds for inversion on growing frequency regions. We also determine
the first correction in the same joint distribution topology. The result assumes no positivity
of the full inverse distribution. It does not establish positivity at a positive scale or justify
restriction of the converging distributions to a graph.

1 Statement and conventions
Put es =a+ b+ c+d, es = abc+ abd + acd + bed, and
ha(a,b,c,d) = deies + Aab>. (1)

We use the real stability of (1) in the range 0 < A\ < 64/27: it has no zero when all four arguments
have positive real parts. The sharp parameter classification is established in [4]. Stability is an
input here; no classification argument is needed in this note.

The square root is chosen positive on the positive real orthant and then continued to that tube.
Let F) be the inverse Laplace distribution of h;l/ 2, with convention

Lf(a,b,c,d) = (f,e”Ya=bVo—cYemdYay

Inverse transforms on vertical lines have a factor (27r)~! in each Fourier variable. These inverses are
understood distributionally, after exponential weighting on a fixed vertical contour. Their existence
follows also from the polynomial bounds proved below.
Set
a=a+c, =Y, r=Y,—-Y,, 6=Y, d=Y,

The coordinate change has absolute determinant one. Write F)\(7, 3,4, z) for the inverse in these
coordinates. For € > 0, its pullback by the invertible linear scaling below is denoted

F)\,E(Ta B)67 Z) = 5F)\(7—, EB,E:(S, 52).

This notation includes the distributional Jacobian convention.



Define

ke = 252 ©)
Qo(B,D) =4(B+ D)> = AB*>= (4 — \)(B+k_D)(B + kD), (3)
1A(8.6) = . (@)

VA=A (6 —k_B) (kB —0)

on the wedge 5 > 0, k_5 < § < k43, and set f) = 0 off its closure. Values on the boundary do not
affect its locally integrable distribution.

Theorem 1. For every fizred 0 < A < 64/27,
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in D'(R; x (0,00), x R35)  (£10). (5)

The right side is a positive locally integrable density, with Lebesgue dependence in z. In particular
there is no additional term supported at z = 0 in this joint limit.

At the endpoint, kx = (27 & 12v/3)/11 and the prefactor in (4) is \/27/44/m. Conditioning
the limiting density on any fixed S > 0, and normalizing its 0 mass, gives the arcsine law for 6/3
on [k_,ky]. This is a statement about the limiting density, not a conditional-section convergence
assertion for the original inverse.

Inverse powers and their positive representations are treated systematically in [5]. Hyper-
bolic localization and Lorentz inverse transforms are classical [1, 2]. Our purpose is the concrete
anisotropic limit (5); the proof pays explicitly for the logarithmic partial inverse and the exchange
of asymptotics with distributional inversion.

2 The exact partial inverse

Throughout the proof, A is fixed. Constants may depend on it and on fixed positive real parts of
contour variables. With S = b+ d, define

Q=4S(a+8) - \? P=4aS(a+S), H=4dbda(a+S5), m= 22)’ r? = g +m?2. (6)
Direct substitution gives
ha(a,b,a —a,d) = —Qa® + Pa+ H = Q{r* — (a — m)?}. (7)
Lemma 1. On Rea,Reb,Red > 0 the two roots in a can be labeled a_ = m —r and a;. = m +r,
holomorphically, so that
Rea_ <0, Reay > Rea, Rer > L Reo. (8)
The actual partial inverse in a is
Ko, i) = = KofJalr), )

)

on the entire real x axis, with its canonical locally integrable logarithmic singularity at zero.



Proof. The form Q = 4(S + a/2)? — A\b? — o? is Lorentzian, and its positive orthant lies in one
future cone, since A\ < 4. For a Lorentz quadratic ¢ and a future timelike v,

Re \/q(v+1in) > V/q(v). (10)

Indeed, in a Lorentz rest frame write v = (¢,0) and = (u,w). Then q(v+in) = 2 —u?+|w|? +2itu.
If £ +u? — |w|? > 0, squaring the required modulus inequality gives an extra 4¢2|w|? > 0; otherwise
it is immediate. The positive-real-part square root proves (10). Consequently @ never vanishes in
the tube.

For real positive a;, b, d, the roots lie below zero and above «, respectively: the leading coefficient
is negative and the polynomial is positive at both 0 and «. Stability excludes a root in 0 < Rea <
Re a at every complex parameter in the tube. Along a path from real parameters, roots cannot
cross this strip or escape to infinity because Q # 0. They cannot collide, since their real parts are
separated by Rea > 0. This gives the two global holomorphic labels and (8).

For real positive parameters shift the inversion line to Rea = m. There is no root between
the lines; horizontal closing integrals tend to zero since the integrand is O(]Ima|™!) there. On
the midpoint line the Fourier transform to invert is Q~'/2(¢2 + r2)~%/2. The Gaussian integral
representation of its inverse gives Ko(r|z|)/(7v/Q); equivalently use the classical integral formulas
in [3, §10.32]. This is a distributional identity on all of R, with the locally integrable log|z|
singularity, so it has no unspecified delta term.

For completeness the continuation also identifies the actual inverse. A homogeneous stable
polynomial / is hyperbolic in every positive direction v, and h(v +in) = h(v) [;(1 +ixn;) with real
pj. This follows by factoring the real-rooted polynomial ¢ — h(n 4+ tv), using homogeneity. Thus
|h(v +in)| > h(v) > 0. Applied on fixed real-part contours this gives polynomial bounds for h~1/2
and its parameter derivatives. The partial inverse is therefore holomorphic as a distribution family.
Formula (9) has the same property: the root bounds, the integral representations of Ky, K1, and
its local logarithmic singularity give polynomially bounded locally integrable families on compact
x intervals. The identity for real parameters extends holomorphically to the tube, including x = 0.
This proves the claim. O

3 Bounds for the differentiated scaling

Fix positive real parts of o, B, D, put S = B 4+ D in this section, and let

4BDS
Qo

Write me,re for (6) at the scaled parameters and K.(z) = K(a,B/e,D/e;ez). By (10), applied
with real vector (¢ Rea, Re B,Re D), there is ¢ > 0 such that

R=1+|Ima|+|ImB|+|ImD|, Q.=-c2Q(a, B/, D) = Qo+ 4caS, Jo=

Qol|Q:l = ¢, |Qol <CR?,  cR™ < |Jo| < CR. (11)
The last bounds use |B|, |D|,|S| > ¢. The exact formulas further give

_ 2a5(S +ca)

me=—— " im:| <CR®,  |dam:| <CR*,  (12)
4aBD(S

er? = 2 é+€a)+5m§:aJO+O(eR6). (13)
€



Differentiating the error in (13) gives O(¢R"). Since |aJy| > cR™2, its relative error is O(eR®) and
its o derivative is O(¢R?). On the region R < e~1/2%6_ for small enough e,

1
Oplogre = % + O(eR?), |ezr.| < CVe|z|R% (14)

Lemma 2. For every Z < oo,
1

21ay/Qo

as distributions in the three contour frequencies and z € (—Z,Z). The frequency variables can be
tested by Schwartz functions, uniformly over compactly supported smooth z tests.

e 19K (2) — (15)

Proof. Put u = €|z|r.. The exact differentiated expression, using K, = —Kj, is
€2me )
e 10K, = S [<6zaam5 - aQs) Ko(u) — €lz]|0qre K1(u) | . (16)
TV Qe 20

The principal-log convergent series [3, §10.31] give, uniformly as u — 0 in Reu > 0,
Ko(u) = —log(u/2) — v+ O(lul’ (1 +|logul)),  Ki(u) =u"" +O(lu|(1 + |logul)).

On R < e /%6 and |z| < Z, (14) and (12) make both u and ezm, uniformly small. The leading
term in (16) is —0y log7:/(m/Q:). The remaining terms, and the difference of this term from the
right side of (15), are bounded, for almost every z, by

CeR'™(1+ |loge| + |log |2|]). (17)

Here one may obtain the powers directly from 9,Q. = 4¢S, (12), (14), and |u|? < Cez2R*; the
exponent 16 is deliberately inessential and larger than needed. Polynomial lower bounds in (11)
and |rz| > Rea/2 also bound |logu| by a constant times the logarithmic factor in (17) plus log R;
the latter is absorbed into the displayed polynomial.

We also need a bound outside that region. For real v > 0, the integral representations and
elementary estimates at zero and infinity imply

e'Ko(v) < C(1+log™ v), e"Ki(v) <C(1+v7Y), log™ v =max(0, —logv).
The same integral representations give |K;(u)| < K;(Reu). The root-strip inequalities imply

ezme

|eF*me e eIzl Rere < 1 (2 € R). (18)

For z > 0 use Re(m. —r.) < 0; for z < 0 use Re(mg 4+ r-) > Rea. The rational formulas, (11),
and |r.| > Re /2 give, for example, |0,7:| < Ce ! R7. Inserting these estimates into (16) gives the
coarse global bound

le 10K (2)| < Ce R (1 + |log |2||), |z| < Z. (19)

In particular the K; term has no nonintegrable 1/|z| singularity: its factor e|z| cancels that de-
nominator. The extra inverse powers of ¢ in (19) absorb |loge|.

Pair with a test ¢(Im «, Im B,Im D, z) which is Schwartz in the first three variables and smooth
with compact z support. The integral of (17) times |¢| tends to zero, since 1 + |log|z|| is lo-
cally integrable. On R > /256 a Schwartz bound |¢| < CyR~N and (19) bound the tail by
Cne4eWV—19/256  Choose N > 1043. The limit symbol has polynomial growth and its tail also
tends to zero. This proves (15) jointly across z = 0. O



4 Inversion and the positive density

We finish the proof of Theorem 1. Inverse Fourier transformation on fixed vertical contours is
continuous for the tested distributions in Lemma 2; the exponential weights are smooth multipliers
on compact sets in the dual variables. The change b = B/e, d = D /e contributes €2 to the inverse
in B, D. Differentiation in « is multiplication by —7. Consequently the inverse of the left side of
(15) is exactly

—1eF\(1,e0,¢d,ez2).

The inverse of a~! is the Heaviside density 1,-q. Thus (15) implies

150 Ao —1/2
2 L5l ),

7Py, — —
)‘75 27T 7D 0

Restricting to 7 > 0 and dividing by the smooth nonzero multiplier —7 is legitimate in D’. This
step avoids inverting the undifferentiated logarithmic counterterms; it asserts nothing at 7 = 0.
For the remaining inverse, the gamma integral gives

1>
(B+ kD) 12 =—— [ 712 HBHRD) gt
VT

™ Jo

Apply this identity to the two factors in (3). Under 8 = t; + ta, 0 = k_t1 + kyto, the Jacobian is
ki —k_ >0, and
(kB = 8)(0 — k_B)

(hy —k-)>

The resulting density is precisely (4). It is locally integrable, including at the wedge vertex, as is
also immediate from the locally integrable positive gamma density in (¢1,t2). This establishes (5).
The joint convergence proved in Lemma 2, rather than only convergence at fixed z # 0, excludes
any additional distribution supported at z = 0. O

tita =

5 A first finite correction

The same estimates yield a finite asymptotic expansion. All derivatives below act on the binary
distributions before any restriction to a section. Let D, = Jg + 05, and define

41—
47\

03(8.6) = 2 Gk )Ry B 0) (20)

on the open wedge, extended by zero outside its closure.

Theorem 2. For each fizred 0 < A < 64/27, in the same joint distribution space as Theorem 1,

Dygy — 2zD%gy — (22/2)0305D
F)\7E — f)\ +6 Sg>\ z sg>\ (QZ / ) B () $g>\ +O(€). (21)
2T T

Boundary derivatives in this formula are distributional and need not be locally integrable densities.

Proof. Write ¢ = Qo and J = 4BDS/q. Expanding the exact formulas gives

J ABD  48%(B — D)?
§=%+a2E+O(sRN), E = 4 455 )

m. = aA+ O(RY), A=25?%/q, r p 2 )




for some finite N on a sufficiently slowly growing frequency ball. Here and below one may enlarge
N finitely to accommodate products and derivatives. In particular

eaF
log(e|z|r=/2) + v = loga+ € + o7 + O(e2RY), ¢ =1loge+ 3logJ + log(|z|/2) + 7.
Logarithms are canonical holomorphic logarithms agreeing at positive real parameters; explicitly
one can take log.JJ = log4 + log B 4+ log D + log S — log q. These expressions are interpreted almost
everywhere in z and have locally integrable logarithmic singularities there.

Use the convergent expansion

2
Ko(w) = =Ly + (1= L) + O(Jul'(1 + |logul)), Ly =log(u/2) + 7,

and
eEZMe

VQe

Putting Hy = Hy + J22/4, multiplication gives the explicit finite expansion

= ¢ Y2{1 4 eaHy+ O(*RN)},  Hy=zA—-25/q.

K. loga ealoga
— = - — Hy 4+ U U + &, 22
e 27_(_\/6 277\/6 ].+ 0+5 ]_+ ( )
14 Q E J2?
U= ——— U=—|—=—+——Hi?).
0 T/q ! 7r\/§< 27 T4 ! >

The coefficients of Uy and U; /« are independent of o. Their inverse transforms in « are therefore
supported at 7 = 0, even though they depend on € and z.

We justify the remainder before discarding these terms. On R < &7, choose n > 0 sufficiently
small that all relative Taylor errors above are small. The exact rational expressions, the lower
bounds (11), and the convergent Bessel series give, for one fixed finite N,

€| < C2RN (1 + | loge| + [logz]),  |2| < Z.

Indeed the rational Taylor remainders are of second order, and the next Bessel term is u*logu =
O(£%|2|*R8(1+]|logu|)). Polynomial lower bounds on J, a, ¢ control every reciprocal and logarithm;
decreasing 1 accommodates the finitely many resulting powers of R. Thus the error divided by e
tends to zero when paired with a Schwartz frequency test and a compact smooth z test. Globally,
(18) and the integral bound for K give a bound Ce=™ RN'(1 + |log|z||) for K. /e, for finite M, N'.
The explicit subtracted terms have a bound of the same kind. On R > 7", Schwartz decay of
arbitrarily large order therefore absorbs this bound even after division by €. This proves & = o(¢)
in the joint tested distribution topology. It uses only a finite expansion, not summation of a formal
series.

On 7 > 0 the inverse of loga is —1/7 and the inverse of aloga is 1/72. For example the first
identity follows by inverting 0,loga = a~!, and the second by the Laplace differentiation rule;
possible origin-supported terms do not affect this open half-line. The inverse of K. /¢ is F) .. Hence
the first correction has binary transform

 Hi  S—28°—(s*/2)BDS _4,
272, /q - T2 d '

CGamma integrals of shape 3/2 in the two factors of (3) give £ 1[¢3/?] = g\: the density before
the linear change is (4 — \)~%/2(t1t2)'/2/T'(3/2)?, and the same Jacobian used above gives (20).
Multiplication by B, D becomes dg, s on the full binary distributions. This proves (21). O



6 Scope of the conclusion

No positivity hypothesis on F) entered the proof. Conversely, a positive weak asymptotic model,
even with the finite correction (21), does not imply positivity of F) . at a positive €, or complete

monotonicity of h;l/ 2. Lower-order signed contributions can disappear in the limit. The theorem
concerns each fixed positive parameter; it makes no uniform assertion as A | 0, when the two wedge
slopes coalesce.

Joint distributional convergence also does not justify restricting z to a graph such as z = 6§ — 5.
Such a restriction can fail to exist, or fail to commute with a limit, without additional trace or
uniform wavefront estimates. Neither local integrability of the limiting density nor the absence of
a delta term supplies those estimates. Obtaining a conditional-section asymptotic or a finite-scale
sign result therefore remains a separate problem.
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