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Abstract

We study ordinary polynomial approximation in a joint norm containing a holomorphic
product derivative on a full horizontal strip and a real-axis observation. A Carleman condition
on the combined horizontal moments gives a polynomial core for finite-order entire divisors,
with every interior zero multiplicity retained and with no boundary-zero separation. A finite
moment version gives an explicit terminal-clock estimate for the original complex-coordinate
graph. For factorial-logarithmic moment budgets we prove a universal core guarantee through
exponent one and give finite-order, real-zero counterexamples beyond it, using their own physical
observation weights. For a separate real signed-measure quadratic form, a negative interval gives
whole negative polynomial spaces of order (log N)!=¢ for 0 < a < 1, and loglog N at a = 1,
in each parity. Slowly varying Jacobi models give matching orders in this finite-measure class.
Finally, a double-exponential spatial kernel has the required square-root-logarithmic Fourier
moments for its actual physical weight. Its joint core at every width coexists with growing
negative physical polynomial inertia at later widths, despite its positive all-depth root hierarchy.
Classical quasianalyticity, Dirichlet cyclicity, scalar approximation and orthogonal-polynomial
results are explicitly credited.

1 Polynomial approximation and negative inertia

Moment bounds can control polynomial approximation without furnishing a positive quadratic form.
Conversely, real zeros and positive physical potentials need not imply polynomial completeness in
a joint holomorphic norm. We make these distinctions quantitative for a joint approximation norm
and a real quadratic form.

For y > 0 put S, = {2z € C: |32| < y}. Given a holomorphic divisor G, an anchor z, € S, and
a finite positive Borel measure 1 on R, the first problem uses the graph

Te(f) = (G(2)f(2), (G), flr) € H == C& L*(Sy,dA) & L*(u). (1)

The polynomials are ordinary polynomials in the single complex coordinate z. Approximating only
on the real axis, in a smaller strip, or in a conformal disk coordinate would give different conclusions.
The combined positive horizontal measure is

1/2
du(x):déo(x)—f—du(w)—l—[/_yy(]G(x—i—iv)\?—|—\G’(x+iv)\2)dv do, M, = [/(l—i—\x])%du} .
(2)

The atom makes M,, > 1; the sequence is nondecreasing and log-convex.
Our first principal result, Theorem 3.3, states that if G is a nonzero finite-order entire function,

G, G’ are bounded on the closed strip and >on>1 Mn n 00, then every holomorphic U for which



U/G is holomorphic and
|U(z*)|2+/ yU'|2+/ U/G2dp < s
Sy R

is a limit of GP in all three components. This is a full same-width zero-jet core, including boundary
widths containing zeros. Its finite moment counterpart is Theorem 2.2.

The second problem concerns an even finite real signed measure o and its original real square
form

40 (P,Q) = / PQdo,  i_(0,N) = ind_(qolpym)).

Negative index means strict negativity on the whole nonzero real span, not a list of negative diagonal
entries. Suppose an even positive finite measure w dominates |o|, and the entire restriction of o to
a supplied positive-side interval is at most —n dx. For the scale

mo(a) =1, my(a) = n! H log(e + 7)<, (3)
j=1

Theorem 5.2 gives, under [|z"(|12(,) < BC"my(a),

calogN)t=@ 0<a<1,

i(o,N,e) >
c1 loglog N, a=1,

in both polynomial parities for all sufficiently large N. The bases may be rational. Theorem 6.1
matches these orders in the finite signed-measure class.

The exponent-one boundary is a universal-guarantee threshold, not a criterion for each indi-
vidual divisor. Section 4 constructs countermodels for every o > 1. Section 7 treats ¢(s) =
exp[—Ae52 + Bs?]: its actual physical observation has n!log(n)"? moment growth, while no posi-
tive exponential Fourier envelope exists. The same fixed all-depth example therefore demonstrates
why the two mathematical problems above must be distinguished.

Related work. Carleman’s polynomial density and the annihilator method based on quasi-
analyticity are classical; de Jeu’s equal-closure results give especially close general ancestry [1, 2].
The finite propagation used here is Bang’s level-crossing argument [3]. Koehler—-Wu [4] develop
quantitative Carleman approximation and Fourier projection-residual duality. The author’s cur-
rent integrated-clock paper [12] already contains the scalar terminal-clock receiver, logarithmic and
iterated-logarithmic thresholds and fixed-law masking.

The bounded quotient construction uses classical Dirichlet clipping and cyclicity [5, 6]; complete-
Pick multiplier methods provide another route [7, 8]. The extension established here is to the
ordinary-z, full-strip product-derivative and original observation norm. The signed-band paper [13]
already proves the complete-period packet construction, full mixed-Gram reserve, rational/parity
passage and exponential-moment logarithmic benchmark. Our weaker moment hierarchy receives
that construction through the existing scalar clock. Its matching models specialize the classical
Swiderski-Trojan kernel theorem [11] and retain the original rank-one boundary term. The beyond-
threshold convolution mechanism has classical Ingham ancestry [9, 10]; the additional statements
pay the specified joint norm and the divisor’s own physical weight.

Part I. Joint polynomial cores and their threshold

The finite moment receiver supplies the quantitative input. The full-strip core and the own-weight
failure beyond the logarithmic threshold complete the first branch.



2 Finite moment bounds for the complex graph

We first isolate the classical finite propagation input. All Hilbert inner products below are linear
in the first argument.

Lemma 2.1 (Finite Bang propagation). Let f € CN([0,T];C), N > 1, and suppose |f9)| < L;
for a positive log-convexr sequence Lo, ..., Ly. If f(j)(()) =0 for j < N, then

N
> Lia/Lj>el, 0<s<N = [f(t)|<Loe*(0<t<T).
j=s+1

Proof. Put b; = |fY9)|/(e/L;) and H = maxg<j<n bj. Then H(0) < e ™. One™! < H < e~ (=D
only indices j <[ —1 can maximize, since b; < e~J. These entries are locally Lipschitz even though
fW) is only continuous. Almost everywhere on that level strip,

|(log H)'| < eLy/Li.

Indeed |V} < e(Lj41/L;)H, and log-convexity bounds the active ratios by L;/L;—1. Every crossing
of the strip costs at least L;_1/(eL;). Before the first upper-level hit choose the last lower-level hit;
these crossing intervals are disjoint. Reaching e~* would require time at least e~ 7% L /Ly >
T, a contradiction. The modulus derivative inequality applies to complex functions. No derivative
of order N + 1 is used. This is the classical argument of [3]. O

Assume for now that G,G’ are bounded and holomorphic on S, and p is any finite positive
Borel measure on R. Use (2) and suppose, through order N, that

Mn < BOC(T)Lmn (O <n< N)7 BO)CO > ]-7 mo = 17 (4)

where m,, is positive, nondecreasing and log-convex. Define

L =max(1 +y, |z, 1), a=1+y,
By = (|G(2)| + 3) Bo, Ay = a+2LCy,
N
Ky =span{Tg(z’) : 0<j < N}, Ag N = Z mj_1/m;. (5)
Jj=s+1

Let IIy be orthogonal projection onto K, which is closed even if its coefficient Gram is singular.
For T' > 0 put

(A9T>NmN

en(T) = min (1, N {eP:0<s< N, Asn > eAgT}> , (6)

omitting the last set when empty.

Theorem 2.2 (Finite graph receiver). Under (4), for V (k) = Tg(e*?),

sup [|(I — )V (k)|3 < Bge*Ten(T). (7)
k| <T

For a finite complex measure  supported in [~T,T] and f(z) = [e*dn(k), the corresponding
distance is at most By TV(m)e*Ten(T).



Proof. The exact curve is
V(k) = (G(z)e™™ (G + ikG)e™, e'F7).
For n > 1 its area derivative is
e*[(i2)(G' + ikG) + ni(iz)" ' G]. (8)
All these terms are needed. Since |z| < L(1 + |z|) and |e**?| < e¥/¥l| the moment budget gives
IV (k)| < By(1 + [k))e!™ (2LCo)"mn, 0 <n < N. (9)

At n = 0 sum the three component norms to obtain By(|G(z)| + 2 + |k|)e¥*l. For n > 1 the
additional n term is paid by n + 1 < 2" and my_1 < m,. Finite moments through 2N justify cN
strong differentiability: difference quotients at order n — 1 are bounded on compact k intervals by a
constant times (1+|x|)™ in the relevant L? components; continuity at order n follows by dominated
convergence.

For ¢ > 0 use two smooth curves Zy(t) = e~V (£t). Leibniz, m; < m, and (1+t)e " <1
imply

128 (0)] < ByAgma (0 <n < N).

This controls the full half-lines without differentiating e~%*l at zero. Fix ko and set r = (I —
IIN)V (ko). If r # 0, the unit linear functional £(h) = (h,r)/||r|| annihilates K and has ¢(V (ko)) =
|r||. Every jet VW (0) = Tg((iz)?) for j < N lies in Ky. Apply Lemma 2.1 to ¢(Z+)/B, with
Lj = AJmj, choosing the sign of ko. It gives ||r|| < ByeFole=s under the clock in (6). The order-
zero bound and the integral Taylor remainder give the other two alternatives in that minimum.
This proves (7).

The compact-band curve V is continuous in H and bounded there. Its Bochner integral against =
equals T¢(f); finite-measure Fubini identifies both derivative and observation components. Apply
I — IIy and its norm bound to that integral. O

For a holomorphic H! target we use the norm Hf”%ﬂ(sy) = fsy(|f]2 + |f'|?)dA. The Cauchy—
Riemann equation and Plancherel give ‘

Fak) = Mak), s, = 5o [0+ BT oty ar, (10)

The quotient at zero is 2y. One obtains the representation first distributionally from &Jﬁ, =—k ﬁ,;
L? uniqueness and integration in v then give the stated identity. Let fr truncate o to [T, T], and

define . inh(2y%) oy,
R2:—/ 14 £2) 2SR ) 2k, V:—/ a(k)|dk.
b= e L0 ) r=o [ la(h)

The second quantity is finite by Cauchy—Schwarz. With r, = (y — |Sz4|)/2, a valid graph-map

constant is )

G(z 4u(R
T2 Y

The product rule bounds the area component; the area mean-value inequality on a disk about z,

pays the anchor. Disks of radius y/2 centered on every real x give supg |h|> < 4||h||2, (Sy) /(my?).

C& = 2(IG1I% + 1G"11%) +

Thus T¢ : HL, (Sy) — H is bounded even when p is singular or has unbounded density. Theo-
rem 2.2 therefore gives the full same-width bound

dist(Te(f), Kn) < CgRr + ByVre™en(T). (12)



Theorem 2.3 (Qualitative moment receiver). If every My, in (2) is finite and 3,54 My = 00,
the closed span K of T(C[z]) contains T (f) for every f € HL (Sy).

Proof. On each compact k interval, (8) gives ||V (™ (k)| < CR"M, after absorbing n + 1 < 2".
For every continuous linear functional ¢ annihilating K, all jets of (V) vanish at zero. The
classical Denjoy—Carleman sufficient moment criterion, applied to its real and imaginary parts,
makes ¢(V(k)) = 0 on every connected compact real interval. Its criterion is unchanged by C'R";
see [1, 2]. The annihilator characterization of a closed subspace gives V (k) € K for all real k.
Compact Fourier bands of f are Bochner integrals of these vectors and hence belong to K. Only
after truncating do we pass to the full target, using (10) and the bounded graph map (11). No
integrability of the untruncated mode curve against « is assumed. O

We also record the scalar receiver used later. This is the existing projection—Bang theorem of
[12], included to identify the precise receiving norm.

Lemma 2.4 (Scalar finite projection). Let w be finite positive and ijHLz(w) < BC/my; for 0 <
Jj < N, with my =1 log-convez. If b(x) = fTT e@dn(t), TV(r) < A, and As n > eCT, then

diStL2(w) (b,Pn) < BAe™®.

Proof. Project onto the finite-dimensional polynomial image, which is closed without an invertible
Gram. For residual r # 0 put F(t) = [Te'®dw. Its derivatives through N are bounded by
B||r||CVm; and its jets through N vanish. Lemma 2.1 gives |F(t)| < B||r|le™* on [T, T}, using
F(—t) on the negative half. Fubini and projection give ||r||?> = [ F dr; divide the bound by ||r|. O

3 Full-strip zero-jet cores

The passage from an arbitrary zero-compatible target to the H' receiver requires a bounded quo-
tient first. The following disk lemma is a joint-topology consequence of classical Dirichlet clipping
and outer cyclicity [5, 6]. We give the construction because the extra observation norm must be
controlled at the same time.

Write D for the disk Dirichlet space with norm ||ul|3,, + 7! [ [¢/|?, and Do = DN H™®. An
anchored derivative norm is equivalent to this norm; at zero this follows from the power-series
inequalities " |an|? < |ao|? + 3 njan|*.

Lemma 3.1 (Compatible bounded quotient cutoffs). Let g = BO € Dy, have inner factor B and
outer factor O, with O cyclic in D. Let A be any positive Borel measure on the open disk. If
uw€DNBH? and f = u/g € L*(\), there are analytic contractions 0; — 1 locally uniformly such
that

uj =ubj € Do, g5 = fbj €Deo,  luj —ullp + g5 = fllr2(n) = 0.

In particular |q;| < |f|. No Carleson or trace inequality for X is assumed.

Proof. For an H? inner—outer factorization v = Io, let Cjpsv = Ioys be analytic magnitude clipping,
with normalized outer factor having boundary modulus min(|o*|, M). The classical local Dirichlet
formulas give

|Crpollp < lvl|p, [Crvlloe < M. (13)

To recall why, the outer energy is the nonnegative boundary double integral with integrand (e?® —
e?)(a — b), a = log|o*(¢)|, b = log|o*(n)|. Truncating both at log M reduces both ordered differ-
ences. The positive inner contribution, weighted by the outer modulus squared, also decreases, as



does the H? norm. The same formula puts the outer maximum oV M in D. These are the cutoff
facts in [5, Sections2 and5]. The quotient (Cpsv)/v is an analytic contraction. Its logarithm is
the negative outer tail (log|o*| —log M)+, so it tends locally uniformly to one. Local convergence,
weak compactness and (13) imply strong D convergence to v. Inner division decreases the Dirichlet
integral and preserves the H? norm whenever the quotient is in H?.

First clip ups = Cppu = uxps. Its inner factor still contains B, so hyy = upr/B € Doo. We have
upy — w in D and fay = fxar — f in the given L?()\) by dominated convergence. For the outer
divisor choose polynomials p,, with v,, = Op,, — 1 in D. If o,, is the normalized outer factor of v,
set

ap = 0p V1, on = Cro, = vy /ap,.

Here a,, € Do, |an| > 1 in the disk and 1/a, € Dy by differentiation of the inverse. Consequently
©n/O = pp/an € Ds. Moreover ||onlloo < 1 and D(py) < D(v,) — 0. To see its local limit, use
log™ |v¥| < |vf — 1| on the circle. Its L! norm tends to zero because v, — 1 in H2. Thus a, — 1
and ¢, — 1 locally uniformly, and then strongly in D.
For fixed M put
UMn = UMPn; qMn = hMpn/an = fMSOn

Both are in the algebra Doo. In (ups(pn —1)) = ) (pn —1) +unrgl,, the first term tends to zero by
dominated convergence and the second by ||uns]|col|®)]l2 — 0. The anchor converges locally. The
observation follows by dominated convergence against |fa|?d\. Choose M first and then n; the
products 6; = xar¢, are contractions, yielding the claim. O

Lemma 3.2 (Finite order excludes strip-end singular factors). Let G be nonzero entire of finite
order, with G,G" bounded on S, and G,G’ € LQ(Sy). The bounded disk Dirichlet function g =
G o717t 7(2) = tanh(rwz/(4y)), has pure Blaschke inner factor and cyclic outer factor.

Proof. Bounded G’ and finite strip L? norm force uniform decay of G at both horizontal ends.
Otherwise points with |G| > € give disjoint disks of a fixed radius, on whose intersections with
the strip the Lipschitz bound makes |G| > ¢/2; their areas have a fixed positive lower bound,
contradicting integrability. The same reasoning applies at boundary-adjacent points. Thus g is
continuous on the closed disk, with value zero at its two ends. At every other boundary point G
continues analytically, so its boundary zero set E is countable compact, accumulating only at the
two ends.

We pay a finite-order lower bound on each real end. Choose integer p > ord G and o with
ord G < o < p+ 1. Hadamard factorization gives

G(z) = 2" [ Ep(z/a;), Ep(w) = (1—w)exp (Z wl/l> :
j =1

with deg @ < p and zero count n(R) < C(1+ R)?. For large R remove from [R, R + 1] the disks
of radius R~ about zeros |a;| < 4R, where H > o + 1. Their total real length is O(R°~) < 1.
Choose an unremoved zg. For near zeros, with a, = inf; |a;| > 0,

p
log|l —2p/aj| > —(H +1)logR—C, R (zr/a;)'/l = =Cp(1 + R/a.)P.
=1

Summing pays the near product by a finite-power loss O(RPT? + R log R). For the far zeros,
|zr/aj] < 1/2 and

Z log|Ep(zr/aj)| > _CPRIH_1 Z |an|_p_1 > —CR°.
|aj\>4R ‘aj|>4R



Stieltjes integration of the zero-count bound proves the last inequality. The exponential prefactor
costs at most CRP. Hence |G(zg)| > e CF" for some finite Hy; using [-R — 1, —R)] gives the
negative-end bound. If there are no nonzero zeros, the exponential polynomial factor alone proves
it.

In the canonical factorization g = BSO, a singular inner measure is supported on E, since
off £ the function extends and stays nonzero. A measure on countable F is atomic. An atom
at a finite boundary point would force decay e~¢/(1=") contradicting the finite analytic order of
vanishing there. An end atom would force |G(z)| < Cexp[—cexp(rw|z|/(2y))] on an entire real ray,
contradicting the good-point lower bound. Thus S is constant. Classical inner division puts O in
Doo. Since |O| > |g| in the disk, its closed liminf-zero set is contained in E. The countable BS-
exceptional-set cyclicity theorem [6, Section7], with the Dirichlet factorization facts of [5], makes
O cyclic. These classical inputs concern exactly the bounded outer factor just obtained. O

Theorem 3.3 (Full same-width joint core). Let G be a nonzero entire function of finite order, with
G, G bounded on Sy. Let pu be finite positive on R and suppose the moments (2) are all finite with
ZM{I/H = 00. Fizr z, with G(z,) # 0. For every holomorphic U on S, such that f = U/G s
holomorphic and

U+ [ [UPdA+ [ 1f2d < o,
Sy R
there are ordinary polynomials P, satisfying

(Gl Palze) = U)o+ [ IGPu= VY + [ 1P~ UJGPd — 0, (14)

Conversely every such graph limit retains all interior zero jets of G. The assertion is for the original
full strip, including widths whose boundary contains zeros.

Proof. The zeroth moment and Lemma 3.2 supply a pure Blaschke inner factor B and cyclic outer
factor after conformal mapping. The disk image of U is Dirichlet and hence H?; cancellation of
every interior zero with its full multiplicity puts it in BH?. Apply Lemma 3.1, with the pushforward
of y on the open real diameter. Conformal invariance of derivative energy gives U; = G f; — U
in anchored strip Dirichlet norm and f; — f in L?(u), with both U; and f; bounded Dirichlet
functions.

For fixed j put fj. = e~ fj- Boundedness of f; and its finite derivative energy put this
quotient in full H} (S,). Product differentiation gives

(Gfje—U;) = (e_ez2 - 1)U; - 2626_622Uj.

The first term tends to zero in L? by dominated convergence. The squared norm of the second is at
most Cj € [p (2% + y2)e 2w gy = 0;y(v/€). The anchor converges. On the real line the Gaussian
has modulus at most one, so dominated convergence pays its original quotient observation error.
Theorem 2.3 now approximates each f;. by ordinary polynomials in the joint graph. Choose
successively j, €, a Fourier band and a polynomial degree. Triangle inequalities prove (14).

Anchored derivative convergence of holomorphic functions implies local uniform convergence,
and then convergence of every fixed local derivative. Every G P, has each interior zero jet of G, so
the limit does too. This proves the converse. ]

Corollary 3.4 (Logarithmic core guarantee). Under the remaining hypotheses of Theorem 3.3, if
M, < BC"nllog(e +n)*" (n >0), 0<a<l, (15)

then its conclusion holds.



Proof. Since n! < n™, the inverse roots dominate a positive constant times 1/[nlog(e 4+ n)®]. This
series diverges through o = 1. The statement is the classical Carleman implication in this joint
recipient. ]

4 Exact failures beyond the logarithmic threshold

We now show that exponent one is sharp for a universal core guarantee from (15). Infinite convo-
lution and Fourier gaps are classical nonquasianalytic mechanisms [9, 10]; the point here is to pay
the full joint graph and the actual observation.

Theorem 4.1 (Own-weight core failure for every a > 1). For every o > 1 there is a real-even
entire function G of order one, with only real zeros and with G, G’ bounded on each closed strip,
such that the following hold. Its physical functions

lx) = G 2ulGE ) (>0), Wyfe) = s [rula) (16)

have continuous removable values at zero, v,(x) > 0 for every real x and v > 0, and the complete
measure (2) with du = Wy(x)dz satisfies (15) at this o, for each fized y > 0. Nevertheless its
ordinary polynomial joint core fails at every positive width, even for entire zero-compatible targets
of either parity.

Proof. Choose ¢g > 0 and a; = ¢o/[jlog(e + j)?], so A = > a; < co. Let X, be independent
uniform variables on [—aj,a;]. Their sum converges absolutely for every outcome and has an even
nonnegative smooth density ¢, supported in [—A, A], of integral one. To justify smoothness and its
budget, write u, = (2a)_11[_a’a]. Its distributional derivative has total variation 1/a. Differentiate
the first n convolution factors; leaving a further box in the probability tail gives

MWMSULW)mMWWs%%mm» a7
j=1

Leaving two undifferentiated boxes instead makes the derivative a continuous function, since their
convolution is continuous and convolution with a finite measure preserves continuity. This works
for every n. The additional factor in the first bound grows only polynomially and logarithmically
in n, and is absorbed in ByCy'.

Set G(z) = [ ¢(t)e’®*dt. Compact support gives entire exponential type at most A. Since the
even smooth probability has positive mass on a negative interval away from zero, G(iY') grows
at least ce®Y, so the order is exactly one. Integration by parts gives rapid decay of every fixed
derivative on each closed strip. Independence and normal convergence give the exact product

a?z?
G(z) = H sinc(a;z) = H <1 - ) . (18)

202
j>1 jm>1 m

Here 3 a? < oo pays both products locally. Off the real axis all factors are nonzero and the normal
product is nonzero; all zeros are real and no quadratic exponential gauge is inserted.
Uniformly on |v| <y, Plancherel and the product rule give

l2"G (@ + iv) |2 = V2 ||} (™ b (1) ]l2 < ByCymn(a).



The same holds for each fixed derivative G): replace ¢ by t/¢. Each Leibniz term is paid by
compact support and n(n —1)---(n — 1 + 1)my,_; < my,, with [ < j. Binomial expansion pays
(14 |z[)™ as well.

For a paired real-zero factor,

0|l — (z + iv)Q/r2|2 = 4v(r2 + 2%+ 02)/7“4 > 0.

Logarithmic differentiation of the locally normal product (18) proves v,(x) > 0 for v > 0. For the
supremum weight put A,(v) = |G(z + iv)|?. Reality gives A”(0) =0 and

1
Yo(z) = é/o Al(tv)dt, Al(v) = 2|G'(z + v)|* — 2R(G" (x + iv)G(x + iv)). (19)

For h € H'([~y,y]), the fundamental theorem and 2ab < a? + b* give
sup |hf? < (1+ 1/29)) [ 10+ [ NP2 (20)

Apply this to G,G’,G" and use (19) to obtain Wy(z) < C Z?:o I, |GU)(z + iv)|?dv. The pre-
ceding moments pay this actual weight, the strip terms and the origin atom in (2). It is bounded,
integrable, even and continuous; compactness of the vertical parameter and the removable formula
give continuity, and v, > 0 gives positivity.

Choose k > 24 and U(z) = e’**G(z). Its quotient is entire, its strip derivative energy is finite
and its actual observation integral is [ W, < oco. On each horizontal line the Fourier support of
(GP) is contained in [—A, A] for every polynomial P, while that of U’ lies in [k — A, k + A]. These
supports are disjoint. Consequently

I(U = GPYllZxs,) = IUIP + IGPY|I* = |U"]* > 0. (21)

With our Fourier convention the positive constant is 27 [(t + k) sinh(2y(t + k))#(t)?dt. The target
cos(kz)G or sin(kz)G gives the same obstruction in the even or odd sector. Extra anchor and
observation summands cannot cancel the derivative lower bound. This proves failure at every
degree and even with complex polynomial coefficients. O

Thus Corollary 3.4 has a sharp universal envelope boundary, although individual functions
beyond it may still have a core. Even positive physical v, and entirely real zeros do not repair this
approximation failure.

Proposition 4.2 (A negative band invisible to every square). For every a > 1 there are real-even
bounded continuous g, W, with |g| < W, Wdx finite with moment budget BC"my(«), such that g
has a negative interval but [ P2gdx > 0 for every nonzero real polynomial.

Proof. Use G from Theorem 4.1 and set
w(r) = |G(2)|? g(x) = (1 +2cos(kzx))w(z), W(x)=3w(zx), k> 2A.

The real Fourier transform of the Schwartz function w is smooth and supported in [—-2A4,2A]. All
its jets at &k vanish; hence [ 27 cos(kz)w(x)dz = 0 for every j. Therefore [ P%g = [ P2w > 0.
Strictness holds because nonzero entire G has a discrete real zero set. On (27/(3k),4n/(3k)) the
cosine factor is negative, and a compact subinterval avoiding those zeros gives a strict negative
band. The moments follow from the proof above. This g is a separate signed-weight model, not
the physical v, of G, which is positive. It shows why Theorem 5.2 cannot extend universally to any
a > 1 solely from that moment budget. O



Remark 4.3 (Why finite order is substantive). Fix y > 0 and k = 7/(2y). Let

2

Ud(z) = 207 . Gu(z) =Us(2)e™ cosh(kz)7 W(z) = e —4cosh(kz)

On the closed strip cos(kv) > 0, so Gy, G’ have Gaussian times exponential bounds and satisfy
strong Carleman moment conditions. They have the same interior zero as U, and W, |U,/G.|? =
e~2cosh(kz) s integrable. Nevertheless, under w = tanh(7z/(4y)) the factor

e cosh(kz) _ exp |:_§ (1+w + :U>:|
—Ww w

is singular inner with atoms at both ends. Every polynomial multiple of G, retains it in H? after
mapping, and so does any anchored-Dirichlet limit. The finite-order U, has neither end atom, by its
Gaussian real decay or Lemma 3.2’s good-point argument. It cannot be such a limit. The chosen
W, is a declared positive observation. This example separates the finite-order divisor condition
from the moment condition.

Part II. Negative polynomial spaces and matching orders

The second branch concerns the original real signed form. Its common negative-span construction
and matching Jacobi models have their own measure and moment hypotheses.

5 Whole negative spans under finite moment clocks

Let o be an even finite real signed measure and w an even positive finite measure with |o| < w.
Assume that for a bounded open interval I € (0, c0),

U‘I < —77d37; n> 07 (22)

in measure order. This condition concerns the entire restriction, not just a negative density with
additional positive singular mass. Negative singular mass is allowed. Choose a closed J € I of
length [ > 0 and center x;, and a real y € C3(I) with 0 < x <1 and x = 1 on J. For the Fourier
convention Y(t) = (2m)~! [ x(z)e~"®dz, put

)\0 = nl, Mo = \/M(R),

no = min{1, \o/[8(2Mp + 1)]}, A= 2/ %(0)ldt,

Cr = IX"ll1/, Uo = max{1, (4/w(R)C}/no)"/?}. (23)

All are fixed independently of the number of targets. The Fourier integral is finite, for instance
bounded by ([|x|1 + [[x"]l1) /7

Theorem 5.1 (Finite-clock negative-span receiver). Suppose ||z7|| [2(w) < BCIm; through N, where
B,C > 1 and mg = 1,mq,...,my is positive nondecreasing and log-conver. For K with d =
| Kl/(2m)] > 1, set

D=2d, T=K+UyWD, s=logmax{l,4BAD/ny}].

If N > s and Asn > eCT, then in each parity there is a D-dimensional real subspace of Py,
with rational polynomial basis, on whose entire nonzero span q, < 0. The same N works for both
parities.

10



Proof. Take the 2d positive-side targets
hj.e = x(z) cos(2mj(x — 2 1)/1), hjs = x(x)sin(2rj(z —zy)/1), 1<j<d.

For parity € € {0,1} fold each to fj(x) = hj(z) + (=1)°hj(—z), with D targets. On the complete
period J, sine/cosine orthogonality gives [/2 times the coefficient norm squared. All remaining
supported square mass has the same negative measure sign. Reflection doubles the reserve, not the
dimension. Thus

D 2
/ (Z Ujfj> do < =Xolvl;  (veRP). (24)
=1

Each |f;| <1, so || fjl|12(w) < Mo uniformly. This is the full-period construction of [13].
Three integrations by parts give

/|t|>R IX®)|dt < [|1X"[|1 /(27 R?).

Carrier modulation only shifts frequencies by at most K; parity reflection at most doubles variation.
Each f; has a Fourier density of variation at most A, whose tail beyond T'= K + R has variation
at most Cy/R2. Let b; retain that density in [T, T]. For R = UyV/D,

Ib; = fill 2y < \/w(R)Ct/(UGD) < mo/(4D).

These are real-axis errors of compact C? targets; no holomorphic H' property of the untruncated
targets is assumed. Lemma 2.4 gives polynomial p; of degree at most N with ||p; — bjl[12() <
BAe™® < ng/(4D). Taking real parts and parity projection are contractions because w is even.
Round the finitely many permitted coefficients rationally with further error at most 79/(2D); finite

moments justify this since
Hence ||p; — f;ll < np :==no/D.

For any real coefficient vector the target and error synthesis maps have norms at most Myv D
and npVv'D. Using |o| < w pays every mixed term:

Z 8t
l

<Y _lallll 2.
l

L2(w)

a0 (o vips) = a0 (3o v3f)| < Dun(2Mo + np) 013 < Nollo]3/3, (25)
The whole rounded Gram is at most —7AgI/8. Strict negativity proves independence of the D
polynomials. The construction and constants are common to both parities. O

Theorem 5.2 (Logarithmic inertia hierarchy). Under (22), assume for every n >0
2" 12y < BC"ma(e),  0<a <1,

with « fixed. There are constants co, > 0 and No depending on the supplied band and moment data
such that for N > Ny and either parity,

ca(logN)'= a <1,

(26)
c1loglog N, a=1.

i—(o,N,¢) Z{

The negative spaces have rational polynomial bases. An envelope B1C7n!log(e 4+ n)*"

cient.

s also suffi-
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Proof. The ratios m,/my,—1 = nlog(e+n)* increase. Concavity gives log(e+j) > (j/n)log(e+n),
SO
e “"nllog(e +n)*" < my(a) < nllog(e+ n)*". (27)

This pays the last assertion by enlarging C'. The terminal clock is Z;VZS 4+11/[jlog(e+ j)*]. Write
¢ = e+ 1. Monotonicity and log(e + z) < log(cx) for z > 1 give

N+1 dx
As N 2/ .
’ s+1 xlog(cr)®

For a <1, r =1 — «, the degree
Nk = [exp ([log(c(s +1))" +reCT + 1]1/7')} (28)
strictly pays As n,, > eCT. At a = 1 take instead
Nic = [exp (log(e(s + 1))e““"+1)]. (29)

These integers exceed s. With all constants fixed, D = (I/7)K + O(1), T = K 4+ O(V/K) and
s = O(log(K + 2)). Thus log Ny = O(KY(1=®)) below the endpoint, and loglog Ny = O(K) at
it. Choose integer K a sufficiently small fixed multiple of (log N)!=%, respectively loglog N. Then
Ng < N for every sufficiently large N, and Theorem 5.1 plus degree-space containment proves

(26). O

At a = 0 the order is the published exponential-moment benchmark; [13] gives a sharper
coefficient in that stronger hypothesis. The scalar clocks and their logarithmic inversions already
occur in [12]. The present receiving statement preserves a growing whole negative span under the
weaker moment budget. No globally bounded density is needed.

6 Matching orders in the finite-measure class

The following construction matches the orders of Theorem 5.2. Its kernel asymptotic is the clas-
sical period-one theorem of Swiderski-Trojan [11, Theorems1.2,4.2,4.6]. We check all its receiving
hypotheses and retain the boundary term of the original polynomial form. The quadrature and
parity mechanism is the one in [13].

Theorem 6.1 (Slow Jacobi models). For every fited 0 < a < 1 and a > 0 there is an even
probability measure v, with positive continuous density on R such that doy q = (22 — a®)dv, has a
negative interval, and

. a . a
Z—(Ua,a7N) ~ ;p]\[, Z—(Ua,avNa 8) ~ %pNa (30)
ol 1

pN:jz:(:)(jH)log(eHH)a’

(log N)'=*/(1 - a), a<l,
loglog N, a=1.

The positive dominating measure dw = (2% +a?)dv, satisfies 2" |2 () < BC"my(a) for fized B, C.
Thus the lower orders cannot be increased universally in the finite signed-measure class.

12



Proof. Define on finitely supported sequences in £2(Np)
Jen, = Apent1 + Ap_1ep_1, A, =(n+1)logle+n+ 1) A_1=0.

The coefficient Carleman sum ) 1/A,, diverges, so J is essentially selfadjoint and its ey spectral
measure is moment-determinate. Every power applied to eg has finite support, so all moments exist.
The sign change e, — (—1)"e, conjugates J to —J and fixes eg, making this measure even.

The function L(t) = logt + aloglog(e + t) is increasing and strictly concave for ¢ > 0. Hence
A, increases, 1/A,, decreases to zero and A,,_1/A,, = exp(L(n) — L(n+ 1)) increases to one. These
bounded monotone sequences have summable first differences; b,,/A,, = 0 does also. They therefore
meet the Stolz D; conditions in [11]. The period-one reference coefficients are 1,0, the limiting
transfer at zero is (% ), of trace zero and discriminant —4, and A,11/A4, — 1. The cited local-
density and kernel theorems consequently give, on every compact real interval, a continuous positive
density w and

Ky(z,x) N 1 ’
PN 2w (x)

N
Ky(z,z) =) pj(z), (31)
§=0

locally uniformly. The reference equilibrium density at zero is 1/(27), fixing this normalization.
Moment determinacy identifies the local orthogonality measures with the same spectral measure;
their continuous densities agree on overlaps. Exhaustion therefore gives one positive continuous
density on all of R. The reciprocal-sum asymptotics follow by integral comparison.

Here are explicit moment budgets, without inferring a global density estimate. Every path of
J™eq lies in indices 0, ...,n. The relevant finite compression has row sums at most 2A4,,, so

1/2
( / x%dya) — [0 < (24,)" < (8¢)"nllog(e + n)™ < Clmn(a), Co = 82

We used n+1 < 2n, log(e+n+1) < 2log(e+n) and (27); n = 0 is immediate. Since my41/m, < 2-4"
for every n > 0, Minkowski gives

1/2
( / 2 (? + a2)dya> < CP mnsr + aClimn < (2C0 + a)(4Co) .

The same estimate dominates the total variation of o.

For completeness we return the kernel asymptotic to zero counts. The Gaussian quadrature
probability measure on the N +1 zeros zy,;j of pyy1 is vy =3 Kn(xzn, {L‘NJ)_l(SxN’j. It matches
moments through 2N +1. Its fixed second moment gives tightness, and each eventually exact higher
even moment supplies uniform integrability of lower monomials. Every subsequential weak limit
has the moments of v,, and determinacy gives vy = v,. For a fixed bounded interval I,

#{j:axn; €1} :/KN(x’x)dVN(:L‘)—) 1 d (x):ﬂ
PN I PN 1 2mw(x) 27
Local uniformity pays the kernel error. The remaining integrand is bounded and continuous except
at endpoints, which have zero limiting mass. Open or closed endpoints change the zero count by
at most two.
In the orthonormal basis py, ..., pnx the original signed Gram is exactly

Qn = JJQV —a’I + A?VeNe}‘V. (32)
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Multiplication by x has one missing py+1 component; its squared norm is precisely the last term.
Positive rank-one interlacing gives

#spec(Jy) N (—a,a) —1 <ind_ Qn < #spec(Jy) N (—a,a).

Together with the zero count this proves the full asymptotic. Zero diagonal makes Jy bipartite.
The two square blocks of JJQV have the same nonzero squared singular values and dimensions differing
by at most one. After subtracting a?I their negative indices differ by at most one; the boundary
term affects one parity and changes its index by at most one. Each parity is thus half the full index
up to O(1), proving (30).

Finally w has a positive minimum on every compact subinterval of (0,a), giving a supplied
negative band for o. Theorem 5.2 applies with the just-proved finite measure w. Invertible real
changes to monomial coordinates preserve inertia, and strict negativity on a finite subspace is open
under coefficient perturbation; rational bases give the same maximal indices. ]

The local absolute-continuity input above is the classical theorem [11, Theorem4.2]. It supplies
local continuity and positivity, not a global bound on w or (22 4+ a?)w. This is why the matching
claim is made in the finite-measure class of Theorem 5.2. The bounded-density physical application
below is a separate member of that class.

Part III. One fixed kernel realizing both phenomena

The final application binds both branches to the actual physical weight.

7 The all-depth kernel and its actual physical weight
Fix A >0, B € R, and define

B(s) = e ATHBE pyy /R B(s)ei*ds. (33)
For each fixed strip width y > 0 use the actual

0| F(z + iv)|? F'(z)?2 = F(z)F" (z
() = | F'( )l 7 (z) (z)F"( )7 W, = sup |rel. (34)
8v 4 0<v<y

Yo(x) =
The zero value is removable by reality and evenness. No sign is assigned when using absolute
estimates for W,,.

Theorem 7.1 (Fourier moments with the original supremum). For fized y > 0 and finite integer
J >0, there are finite Cy, Cy > 0 depending on A, B,y,J such that, for ¢ = 1,2,

sup [0 (57 6(s))l| Lor) < ConlCi log(n +€)"/?  (n >0). (35)
vl <y, 0<5<T

Consequently, uniformly on that strip,
2" FO) (& 4 iv) |2 < V2rCon!CP log(n + €)™/2. (36)
For J > 3, Wy is bounded, continuous, even and integrable, and

1/2
< / |:L’|2”Wy(x)d:1:> < C,Drnllog(n + )2, (37)

The complete measure (2) for G = F, = Wydx has the same moment class and satisfies the
Carleman condition.
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Proof. For real s take the complex disk [¢| < ¢/(1+|s]), ¢ = 1/16, and put w = s+, n = 2¢ + c2.
Then

2

jw? — 52| < n, Rev” > cos(n)es2 =: qpe®” > 0.

The radius prevents the oscillatory cosine from changing sign. For j < J and |v| < y, the fixed
polynomial, quadratic and linear factors are dominated by half this negative double exponential,
so for a fixed Cy and d = Aag/2,

. 52
sup  |wle "h(w)| < Crem % .
[CI<e/(1+]s])

Cauchy’s estimate gives

2 (sTe"6(5))] < Cumle™(1 + |s])e " (38)

To pay the whole real line, maximize §log(1l + t) — %et for t > 0. At an interior maximizer
d(1 + t)et = n, so t < max(0,log(n/d)); the endpoint is covered as well. Choose K, with 1 +
max(0,log(n/d)) < Kglog(n + €). Since (14 |s|)" < 27/2(1 4 s%)"/2,

52
sup(1 + |s])"e (2 < 2K log(n + €)]/2.

2
The unused factor e~ (#/2)¢” helongs to both L' and L? on the complete line. Multiplying its norm

proves (35), including n = 0 after enlarging Cj. All fixed derivatives are Schwartz, so integration
by parts and Plancherel give exactly

/\x|2"|F(j)(:1: +iv)de = 277/ 107 (575 (s)) [2ds.

This proves (36) with no omitted tail.
The identity (19) applies with G = F. Use (20) for F, F’, F" to obtain

3. 1y .
Wy(z) < Cy S / |FO) (2 + )| 2do. (39)
j=07v

This controls the entire mixed term F”F by a valid absolute bound; it is not a sign argument.
Tonelli and (36) prove (37). The same bound pays the strip terms for F, F’. Continuity follows
from the continuous removable potential on the compact vertical interval; boundedness follows
either from the Fourier L' bounds or fixed derivative decay. Evenness is inherited from real-even
F. Finally (1 + |z])®® < 22"(1 + |z|?") pays the atom and all horizontal moments. Their inverse
roots dominate ¢/[n+/log(n + €)], a divergent series. O

The L! half also gives, by n integrations by parts and the choice n = ||z|/(4C1+/log(e + [z])) ]
for large |z|,

|FO) (2 + iv)| < C expl—clz|/y/log(e + |a])] (o] < y,j < J). (40)

Indeed n! < n”, and the resulting integration-by-parts factor is at most 4=". This is consistent
with the following exact obstruction; it explains why a positive exponential Fourier envelope cannot
simply be assumed from the spatial decay.

Proposition 7.2 (No positive exponential Fourier envelope). For (33) there are no a,C > 0 and
finite real b with |F(z)| < C(1 + |z|)’e=*| for every real x.

15



Proof. Such a bound would make the inverse Fourier integral holomorphic for |3z| < a, uniformly
bounded in Rz on each smaller horizontal line. On the real axis it is ¢, so the identity theorem
identifies it with the entire ¢ throughout that strip. Fix 0 < ¢ < a and s, = (2n + 1)7/(2t). Then

elsnti)? — _esi—t* and
10g [§(sn + it)| = Ae"n " 4 B(s2 — 12) = oo,
contradicting the uniform bound on that horizontal line. O

The transform F is nonzero entire of exact order one. For clarity, every exponential spatial
moment is finite, and ¢(s) < Cpe_z‘s‘p for every fixed p > 1. Young’s inequality yields order at
most p/(p — 1) for each such p, hence at most one. Positivity on any fixed negative interval gives
F(iY) > cqe®Y for arbitrary fixed a > 0, excluding order less than one and finite exponential type.
Closed-strip F, F’ bounds follow from (35). Theorem 3.3 therefore applies to this same F and its
actual W, at every fixed y > 0.

Corollary 7.3 (Core and physical inertia on one fixed kernel). For every fized real M > 999, put

2 s izS 1
ouls) = M Fy() = [ou(e)eds QuP) = o [ PP )ds.
The following conclusions hold for this same kernel.

1. At every fized y > 0, the ordinary polynomial multiples of Far have the full zero-jet core (14),
with the actual observation Wydx. Boundary zeros are allowed.

2. For any nonreal zero a+1ib with a,b > 0, there is 0g > 0 such that for every fixed b—dy < y < b,
each parity satisfies

i—(Qy,N,e) > cary\/1og N

for all sufficiently large N, with rational polynomial bases strictly negative on their entire
nonzero real spans. At least one such interval of widths exists, and it contains a rational
width.

Meanwhile the continuous root-Laguerre hierarchy of ¢nr is positive and uniformly strictly log-
concave on the root half-line u > 0 at every depth; their entire real extensions have strictly totally
positive translation kernels, as publicly proved in [14].

Proof. The first assertion follows from the paid moment/finite-order inputs above. For the nonreal
zero we use the public [14, Theoreml1.1, Corollary4.3]. Its fixed M = 999 case has two distinct
whole-line rational cumulant enclosures, the sharper giving kg < —1.8-107'%; its classical Gaussian-
multiplier argument extends the conclusion to every fixed M > 999. These public certificates supply
the inherited nonreal-zero input. Positivity of ¢ gives Fis(it) > 0 for real ¢, and reality /evenness
then supply a zero representative with both coordinates positive.

At a zero a + ib of multiplicity m, write Fy(z) = (2 — a — ib)"™H(z) on a disk where H is
nonzero. Bound K = sup |9, log |H|?| on a smaller closed disk. At z =a, y =b— 4,

Oy|Frn(a+ iy)|* = 8" H (a + iy) | [—2m + 69, log |H (a + zy)ﬂ

Choose 0y < b/2 with the segment in that disk and o/ < m. This derivative, and hence 7y,(a),
is strictly negative for every 0 < § < §g. Continuity supplies a bounded positive-side interval with
a uniform negative margin; reflection supplies the other side. The entire residual H is retained,
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so simplicity or a truncated zero product is not required. Apply Theorem 5.2 at a = 1/2 with
o = yydx, w = Wydz, using Theorem 7.1. The positive factor 1/(27) changes no index.

The inherited root properties concern S, (u) = T" (e~ ~Mu) T f = (f')2— f f", with the explicit
formula

Sp(u) =27 7 Lexp([27(1 — M) — 1u — 2"eY).

Its logarithmic curvature is —2"e%; the strict translation minors are the classical exponential-kernel
structure verified in [14]. They are different forms from Q. O

The core statement holds at every width; the negative-band assertion holds at the specified
later widths below a nonreal zero. No numerical zero location, width, negative polynomial vector
or uniform onset is obtained from the existence-only cumulant input. The finite degree receivers
become effective when their stated band or Fourier-tail data are supplied. The example is an
analytic kernel family, not the arithmetic Riemann theta density.

A Explicit all-depth constants and degree substitution

This appendix evaluates the input budgets used in the application; it does not quantify the target-
dependent bounded quotient cutoffs. Fix A > 0, B € R, y > 0 and integer J > 3. Set

c=1/16, 1 = 33/256, d= A4,
K = max(B,0)+ (y + J)/2, Ce=|Bln+yc+ (y+J)/2,
Cy = exp[C. + K log [ (4K /A)], Kq=2+log,(1/d), Cy = 16v/2Ky,

o = Comax{1 e\ B/ d, om0 1.

Here log, t = max(0,logt) and the product K log,(4K/A) is defined as zero if K = 0. These

constants work for both ¢ = 1,2 in (35). Indeed e~ cosn > 1/2. On the shrinking disk, BR(w?) <

max(B,0)s? + |B|n and y|s| + Jlog(1 + |s]) < (y + J)(s> +1)/2. Thus the integrand is at most
2

exp[—(4/2)es” + K + C.] < Che %" | using sup,>o(Ku — (A/4)e") < Klog, (4K/A). The
maximum estimate in the proof of Theorem 7.1 uses 1+ max(0,log(n/d)) < Kglog(n + e). Finally
e’ > 1+ 52 gives

le= @D |, < =22/ (qd)) V2D, g =12,

the two factors in Cy. These bounds include n = 0.
Write Cs = 1+ 1/(2y) and a,, = n!C} log(n + €)™2. Equations (19)-(20) give

C. 3 v
W, < 3sup|F'|* + $sup [F|> + L sup [F"|* < 75 Z/ |[FWD)2do.
=07~y
Therefore
y
/\x|2"Wy(x)dx < 8myCyCaa?, / / l2*"(|F|? + |F'|*)dv dz < 8myC2a?.
RJ—y

Put H = 87y(Cs + 1)Cg. For the complete measure (2) one has My < v/1+ H, and for n > 1,
M, < /14 2H n!(2C1)" log(e +n)"/2. (41)

This follows from (1 + |z[)?" < 22"(1 + |z|?"), a,, > 1 and the separate origin atom.
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Take anchor zero, J = 3, and use the product sequence m,, = m,(1/2). By (27), valid input
and graph constants are

By=+v1+2H, C, = max(1,2eC}),
L=a=1+y, B, = (Cy + 3)By, Ay =a+2LC,.

The L' bound also gives |F(0)|, || Floo, | F'|lco < Co on the same strip, so these constants have no
unevaluated analytic supremum. The exact clock is As y = Z;-V:S 41 1/[jv/1og(e + 7)], and

Aoy =2 {\/log((e 1N + 1)) — y/log((e + 1)(s + 1))} .

Consequently

N = [(s +1)exp {eAgT\/log((e F1)(s+ 1)) + (eAgT)?/4 + 1H (42)

strictly satisfies V > s and As v > eA T Indeed, after adding log(e + 1), its logarithm exceeds

(\log((e + 1)(s + 1)) + eA,T/2)%.

Theorem 2.2 gives mode error at most Bye® =% and finite-band error at most B, TV (m)e ~¢. For
a full H! target, (12) holds with the explicit safe choice

Choosing T to pay the stated H' tail and then s to pay the band term makes (42) a finite degree
for that supplied target. Its size is the sufficient bound stated above. The bounded quotient and
Gaussian choices preceding a general zero-jet target are target-dependent and are not assigned a
uniform rate here.

Assistance disclosure. Al tools assisted mathematical development, source preparation and
internal checking. The author is responsible for the statements and proofs.
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