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Abstract
Let w be a measurable nonincreasing relative width. For exact eventual integer subadditivity

on n ≤ m ≤ n + nw(log n), we prove a sharp square-integral dichotomy in the nonnegative
nondecreasing linearly bounded class. Divergence of

∫
w2 forces normalized-slope convergence,

including widths with jumps and missing adjacent pairs. With eventual adjacent-pair legality,
convergence holds for arbitrary real sequences, with limit in R ∪ {−∞}. Thus n/

√
log n is a

sufficient sublinear corridor. We further replace adjacent legality by balanced legal predecessors
of gap O(Nα), α < 1, or O(N/(log N)3/2+ε), ε > 0. Growing local maxima preserve a smaller
literal corridor, and dyadic propagation transfers their limit to the original sequence. A staircase
example satisfies the logarithmic condition while failing every fixed power condition. When

∫
w2

is finite, strictly increasing integer submultiplicative and supermultiplicative sequences can have
two distinct exponential rates. Conversely, isolated outputs permit oscillation even when every
finite positive-power integral of w diverges. These results distinguish integrated width from
integer connectivity.

1 The question and the result
Fekete’s lemma concerns real sequences satisfying an+m ≤ an + am for all positive integer pairs.
Restricted-pair variants can still imply convergence of an/n. In particular, Füredi and Ruzsa [1]
establish convergence when the inequality is required eventually on n ≤ m ≤ µn, for any fixed
µ > 1. Section 7 of their accessible preprint asks whether some width r(n) = o(n) could replace
the fixed relative width. We give a sufficient sublinear width, r(n) = n/

√
log n, for arbitrary real

sequences. More generally, a divergent square integral of the relative width forces convergence
when adjacent integer pairs are eventually admissible. No monotonicity or normalized-slope bound
is needed in that statement, and the limit may be −∞.

For nondecreasing nonnegative linearly bounded sequences, including logarithms of monotone
exponentially bounded counting sequences, the adjacent-pair condition can be omitted. In this
class we obtain a complete square-integral dichotomy for every measurable nonincreasing relative
width, including jumps and integer gaps. The finite-integral counterexamples are themselves strictly
increasing integer counting sequences. For unrestricted real sequences, however, no criterion based
only on divergence of finite positive-power integrals can replace integer connectivity: an explicit
deep-jump width and isolated odd outputs give a counterexample.

The balanced-predecessor extension [2] is included here with its complete proof. It permits legal
decompositions of each sufficiently large output with gap O(Nα), α < 1, or O(N/(log N)3/2+ε),
ε > 0. A growing local-maximum regularization repairs missing adjacent pairs; a separate low-
value argument transfers convergence back. The logarithmic condition admits widths beyond every
fixed power-gap condition.
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Vanishing normalized corrections that absorb an oscillatory defect have earlier uses. The error-
correction arguments in [1] are relevant background. In a vector-valued setting, Kulikov and Shao [3,
Section 3], following a MathOverflow discussion [4], compensate a squared angular discrepancy by
a small radial correction. Their norm ratios converge; their vector inequality does not imply the
scalar inequality studied here. Our construction uses exact dyadic homogeneity to make the scalar
discrepancy quadratic in the relative corridor width, and a shifted square-width tail to pay it
without assuming regular variation.

For the complementary convergence theorem, dyadic rescalings of a monotone sequence decrease
pointwise. Integer rounding is handled before any limiting argument. A divergent sum of admissible
squared midpoint steps then forces the limit to be convex in the distributional sense. Classical
mollification and monotonicity identify this limit at every point; dyadic homogeneity makes it
linear. This handles jumps of w for which adjacent integer pairs need not be eventually admissible.
When adjacent pairs are admissible, a monotone prefix envelope preserves the entire corridor, and
its dense record indices transfer convergence back to an arbitrary real sequence by continuous
interpolation. The latter step avoids any a.e.-to-pointwise inference without monotonicity.

All logarithms below are natural. We call a positive sequence exponentially bounded if bn ≤
exp(Kn) for some finite K and all n ≥ 1.

The convergence and oscillation classification
Monotone counting class Theorem 2 and Corollary 12 give the square-integral dichotomy without

an adjacent-pair condition.
Arbitrary real sequences Theorem 3 gives the divergent-integral conclusion with eventual adjacent

legality; the limit lies in R ∪ {−∞}.
Balanced predecessors Theorem 5 replaces adjacent legality by the stated power or logarithmic

legal-split bounds.
Finite-integral examples Theorem 1 constructs increasing integer examples with two distinct ex-

ponential rates.
Integer connectivity Theorem 11 separates all finite-power integral budgets from legal access

to individual integer outputs.

Theorem 1. Let T ∈ R and let w : [T, ∞) → [0, 1] be measurable and nonincreasing, with∫ ∞

T
w(s)2 ds < ∞. (1)

There exist positive strictly increasing exponentially bounded integer sequences (un) and (vn), and
an integer N0, such that

un+m ≤ unum, vn+m ≥ vnvm if N0 ≤ n ≤ m ≤ n + nw(log n), (2)

while

lim inf
n→∞

log un

n
= lim inf

n→∞
log vn

n
= 2 − 1

100
,

lim sup
n→∞

log un

n
= lim sup

n→∞

log vn

n
= 2 + 1

100
.

The sequences may depend on w. Jump discontinuities and zeros of w are allowed.
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Equivalently, the permitted width r(x) = xw(log x) has nonincreasing relative size and satisfies

0 ≤ r(x) ≤ x,

∫ ∞ r(x)2

x3 dx < ∞.

This follows by the substitution x = es. The condition restricts which pairs are tested; it allows no
error in the tested inequalities.

2 Proof of Theorem 1
Put

ε = 1
100

, ω = 2π

log 2
, A0(x) = x[2 + ε sin(ω log x)], B = εω(1 + ω).

Then A0(2x) = 2A0(x) and

A′′
0(x) = εω

x
[cos(ω log x) − ω sin(ω log x)], |A′′

0(x)| ≤ B

x
.

For t ≥ T + log 3 and x ≥ 3eT , define

Q(t) =
∫ ∞

t−log 3
w(s)2 ds, g(x) = xQ(log x), C = B

log(3/2)
,

and set A(x) = A0(x) + Cg(x), V (x) = 4x − A(x).

The normalized correction vanishes

Monotonicity and (1) imply w(t) → 0. Also Q(t) → 0, so g(x)/x → 0. The tail integral is locally
absolutely continuous, and hence so is g, with

g′(x) = Q(log x) − w(log x − log 3)2 for almost every sufficiently large x.

Both terms tend to zero. Thus, for every η > 0, |g′(x)| ≤ η for almost every sufficiently large x.
No derivative of w is required.

The oscillatory defect is quadratic

Suppose n ≤ m ≤ n + nw(log n), and write N = n + m, d = m − n. Here m ≤ 2n and N ≤ 3n.
Taylor expansion about N/2, using dyadic homogeneity and |A′′

0| ≤ B/n on [n, m], gives

|A0(N) − A0(n) − A0(m)| = |2A0(N/2) − A0(n) − A0(m)|

≤ Bd2

4n
≤ Bn

4
w(log n)2 ≤ BN

8
w(log n)2. (3)

These estimates hold for real inputs in the domain, and therefore for integer inputs.
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A shifted tail pays the defect

For x = n, m,

Q(log x) − Q(log N) =
∫ log N−log 3

log x−log 3
w(s)2 ds.

For sufficiently large n, the interval is contained in [T, ∞). Its upper endpoint is at most log n,
since N ≤ 3n. Monotonicity therefore gives a lower bound w(log n)2 for the integrand throughout
the interval. Also n, m ≤ 2N/3. Consequently

g(n) + g(m) − g(N) = n[Q(log n) − Q(log N)] + m[Q(log m) − Q(log N)]

≥
[
n log N

n
+ m log N

m

]
w(log n)2

≥ N log(3/2)w(log n)2. (4)

Combining (3) and (4) yields

A(n) + A(m) − A(N) ≥ 7BN

8
w(log n)2 ≥ 0.

Thus A(N) ≤ A(n)+A(m) and V (N) ≥ V (n)+V (m) on the corridor. If w(log n) = 0, only m = n is
allowed, and the same conclusion holds. The shifted tail makes no comparison assumption between
nearby values of w.

Monotonicity, oscillation and integer rounding

The derivative
A′

0(x) = 2 + ε[sin(ω log x) + ω cos(ω log x)]

lies uniformly in (1, 3). Since g′ tends uniformly to zero off a null set, A′ and V ′ are greater than
one almost everywhere on a sufficiently late tail. Local absolute continuity gives

A(y) − A(x) ≥ y − x, V (y) − V (x) ≥ y − x

for all tail points y > x. Moreover

A(x)
x

= 2 + ε sin(ω log x) + o(1), V (x)
x

= 2 − ε sin(ω log x) + o(1).

Integers nearest 2j+1/4 and 2j+3/4 approach the two extreme sine phases. Both normalized slopes
therefore have lower endpoint 2 − ε and upper endpoint 2 + ε.

For sufficiently large integers n, set

un = ⌈eA(n)⌉, vn = ⌊eV (n)⌋.

The increment bounds and positivity of the exponents make both sequences strictly increasing on
a late tail. The product unum is an integer at least eA(n)+A(m) ≥ eA(N), so uN ≤ unum. Likewise
the integer vnvm is at most eV (n)+V (m) ≤ eV (N), so vN ≥ vnvm.

Rounding changes the logarithms by quantities tending to zero. Increase N0 so that both first
tail values exceed N0, and assign the earlier terms the values 1, 2, . . . , N0 −1. This supplies positive
strictly increasing sequences on all of N. The inequalities concern only tail inputs. Bounded
normalized exponents, with a finite prefix absorbed into a constant, give exponential boundedness.
The claimed endpoints follow.
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3 Convergence at divergent square integral
Theorem 2. Let w : [T, ∞) → [0, 1] be measurable and nonincreasing, and suppose∫ ∞

T
w(t)2 dt = ∞.

Let (an) be nondecreasing, with 0 ≤ an ≤ Kn for all sufficiently large integers n and some finite
K. If, for some N0,

an+m ≤ an + am whenever N0 ≤ n ≤ m ≤ n + nw(log n),

then an/n converges to a finite limit. In particular, every positive nondecreasing exponentially
bounded integer sequence satisfying the submultiplicative inequality on this corridor has a limiting
nth-root rate.

Proof. For sufficiently large real x put

A(x) = a⌈x⌉, Fk(x) = 2−kA(2kx).

On every compact subinterval of (0, ∞) these expressions are defined for all sufficiently large k.
The allowed diagonal pair and monotonicity give exactly

A(2x) = a⌈2x⌉ ≤ a2⌈x⌉ ≤ 2a⌈x⌉ = 2A(x).

Thus Fk+1 ≤ Fk, and Fk is nondecreasing in x, with 0 ≤ Fk(x) ≤ K(x + 2−k). Consequently Fk

decreases pointwise to a finite nondecreasing function f , converges to it locally in L1, and satisfies

0 ≤ f(x) ≤ Kx, f(2x) = 2f(x).

The functions Fk are step functions; no continuity is assumed.

Admissible midpoint steps and exact integer rounding

Fix 0 < a < b and a nonnegative smooth test function ϕ with compact support in (a, b). Set

qk = w(k log 2 + log(2b)).

For large k, suppose 0 < h ≤ aqk/16 and 2kaqk ≥ 16. For x ∈ [a, b] put

n = ⌈2k(x − h)⌉, m = ⌈2k(x + h)⌉.

Since qk ≤ 1, we have h ≤ a/16, and

2ka/2 ≤ n ≤ 2kb + 1 ≤ 2k+1b,

m − n ≤ 2k+1h + 1 ≤ 2kaqk/8 + 1 ≤ 2kaqk/2 ≤ nw(log n).

Here w(log n) ≥ qk follows from log n ≤ k log 2 + log(2b). Both indices exceed the threshold for
large k. Also n + m ≥ ⌈2k+1x⌉. Monotonicity and the literal integer hypothesis therefore imply

Fk+1(x) ≤ Fk(x − h) + Fk(x + h)
2

. (5)
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No enlargement of the permitted integer corridor has been made.
If w(t) → 0, the integral test for the nonincreasing function w2 gives

∑
k q2

k = ∞. Call a scale
good if 2kaqk ≥ 16. At bad scales q2

k < (16/a)24−k, so their squared sum is finite. On the good
scales choose hk = aqk/16. Then hk → 0,

∑
h2

k = ∞, and (5) holds. If instead lim w(t) = L > 0,
choose hk = c/

√
k for any fixed c > 0; all sufficiently large scales are good and the same properties

hold. In either case there is an unbounded set G of admissible scales such that

hk −→ 0 (k ∈ G),
∑
k∈G

h2
k = ∞.

Bad scales are omitted only from the midpoint comparison, not from the decreasing dyadic sequence.

A telescoping argument forces convexity

Write Dk = Fk − Fk+1 ≥ 0 and ∆hϕ(x) = ϕ(x − h) + ϕ(x + h) − 2ϕ(x). Multiplying (5) by ϕ and
translating variables gives, for k ∈ G,∫

Dkϕ ≥ −1
2

∫
Fk∆hk

ϕ.

All integrands have support in one fixed compact subinterval of (0, ∞) for large k. Since ∆hϕ/h2 →
ϕ′′ uniformly and Fk → f locally in L1 with uniform local bounds,

1
h2

k

∫
Fk∆hk

ϕ −→
∫

fϕ′′.

If the last integral were negative, then for some η > 0 and every sufficiently late good scale,∫
Dkϕ ≥ ηh2

k. This contradicts the finite nonnegative telescoping sum

∑
k≥k0

∫
Dkϕ =

∫
(Fk0 − f)ϕ < ∞.

Hence
∫

fϕ′′ ≥ 0 for every nonnegative smooth compactly supported ϕ: the limit is convex in the
distributional sense.

We include the classical representative argument to make the pointwise conclusion explicit. On
an interior compact interval convolve f with a nonnegative smooth approximate identity. The
resulting smooth functions have nonnegative second derivative and are convex. Local boundedness
and the elementary secant bounds for convex functions make them uniformly Lipschitz on a smaller
interval. A subsequence converges uniformly there to a continuous convex function g, while approx-
imate identities converge to f locally in L1. Thus g = f almost everywhere. These representatives
agree on overlapping intervals. At any point, take agreement points approaching from both sides;
monotonicity of f and continuity of g squeeze f to g. Therefore f itself is continuous and convex
everywhere. This step uses monotonicity, not only local boundedness.

Linearity and convergence at every index

Extend f to zero by f(0) = 0. The bounds 0 ≤ f(x) ≤ Kx give a continuous convex extension, by
taking positive endpoints tending to zero in the convex inequality. Thus f(x)/x is nondecreasing.
Its equal values at x and 2x make it constant on every [x, 2x], and hence everywhere: f(x) = ℓx.

Finally Fk → ℓx uniformly on [1, 2]. Indeed, use pointwise convergence at finitely many grid
points and squeeze between adjacent endpoints using monotonicity of Fk in x and continuity of ℓx.
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This avoids applying Dini’s theorem to discontinuous functions. For an integer n, take k = ⌊log2 n⌋
and x = n/2k ∈ [1, 2). Then

an

n
= Fk(x)

x
−→ ℓ.

For integer counting sequences set an = log un. The hypotheses give a nondecreasing nonnegative
linearly bounded sequence, and exponentiating its limiting slope proves the final assertion.

4 Removing monotonicity when adjacent pairs are admissible
Theorem 3. Let w : [T, ∞) → [0, 1] be measurable and nonincreasing, with∫ ∞

T
w(t)2 dt = ∞, nw(log n) ≥ 1 for all sufficiently large integers n.

If an arbitrary real sequence (an) satisfies

an+m ≤ an + am eventually whenever n ≤ m ≤ n + nw(log n),

then an/n converges in R∪{−∞}. No monotonicity, sign or growth bound is assumed. Consequently
every positive real sequence satisfying the corresponding submultiplicative inequality has a finite nth-
root limit in [0, ∞); for positive integer sequences this limit is at least one.

Proof. The hypotheses give, for every sufficiently large integer n,

a2n ≤ 2an, a2n+1 ≤ an + an+1. (6)

These inequalities imply an automatic upper linear bound. Choose n0 large enough for (6), and
choose a finite C bounding aj/j for n0 ≤ j ≤ 2n0 + 1. Strong induction using the even and odd
alternatives in (6) gives aj ≤ Cj for all j ≥ n0. Enlarge C to be positive and absorb the finite
prefix if needed.

Thus S = lim sup an/n is finite or −∞. In the latter case the required extended-real convergence
already holds. Otherwise add a linear term Dn so that the shifted limsup is positive. This preserves
every pair inequality. We use an for the shifted sequence until the last step; no lower bound is
imposed.

The prefix envelope preserves the corridor

Put
Bn = max{0, a1, . . . , an}.

It is nondecreasing and 0 ≤ Bn ≤ C ′n for some finite C ′. For a sufficiently large allowed pair
n ≤ m, consider any j ≤ n + m. If j ≤ n, then aj ≤ Bn ≤ Bn + Bm. If n < j ≤ 2n, split j = p + q
with p = ⌊j/2⌋ and q = ⌈j/2⌉. Both indices are eventually in the original tail, their gap is at most
one, and q ≤ n. Hence

aj ≤ ap + aq ≤ 2Bn ≤ Bn + Bm.

If 2n < j ≤ n+m, use p = n, q = j −n. Then n < q ≤ m, so this split lies in the original permitted
corridor and again aj ≤ Bn + Bm. The same upper bound holds for zero. Taking the maximum
proves

Bn+m ≤ Bn + Bm.

Theorem 2 therefore gives Bn/n → L ≥ 0, with L ≥ lim sup an/n > 0.
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Continuous interpolation and dense records

Let A be the piecewise-linear interpolant of an. It satisfies A(2x) ≤ 2A(x) for all sufficiently large
real x. Indeed, write x = n + α. If 0 ≤ α ≤ 1/2, then

A(2x) = (1 − 2α)a2n + 2αa2n+1

≤ (1 − 2α)2an + 2α(an + an+1) = 2A(x).

For 1/2 ≤ α ≤ 1,

A(2x) = (2 − 2α)a2n+1 + (2α − 1)a2n+2

≤ (2 − 2α)(an + an+1) + (2α − 1)2an+1 = 2A(x).

Only the three diagonal or adjacent-diagonal integer pairs are used; A need not be monotone.
For each sufficiently large n, choose jn ≤ n with Bn = ajn . Such records exist because Bn → ∞.

They satisfy jn → ∞, since finitely many fixed terms have bounded values. For every 0 < η < L,
eventually

(L − η)n ≤ Bn = ajn ≤ Bjn ≤ (L + η)jn.

It follows that
jn/n −→ 1, ajn/n = Bn/n −→ L.

The high records are asymptotically next to every large index, regardless of arbitrarily negative
values between records.

Records force a lower bound at every late point

Fix any sufficiently large real x. Put nk = ⌊2kx⌋ and yk = jnk
/2k. Then

yk −→ x, 2−kA(2kyk) = Bnk

2k
−→ Lx.

For large k, the points yk lie in one fixed late neighborhood of x on which A(2y) ≤ 2A(y) holds, as
it does on every successive doubling. Iterating gives

A(yk) ≥ 2−kA(2kyk).

Continuity of the fixed interpolant A at x yields A(x) ≥ Lx. Since x was arbitrary on a sufficiently
late tail, an/n ≥ L for every sufficiently large integer n. Conversely an ≤ Bn and Bn/n → L
give the matching upper bound. Hence an/n → L for the shifted sequence. Subtract D to obtain
the finite limit for the original sequence. Together with the earlier S = −∞ case, this proves the
real-sequence assertion.

For a positive real sequence un take an = log un. Exponentiating its extended-real limit gives
a finite root limit, with e−∞ = 0. If the terms are positive integers, an ≥ 0, so the limit is at least
one.

Remark 4. Under the width hypotheses of Theorem 3, sign reversal also gives convergence of an/n
in R∪{+∞} for every eventually corridor-superadditive real sequence. Thus a positive real corridor-
supermultiplicative sequence has a root limit in (0, ∞]: applying the automatic upper bound to the
negative logarithms supplies a positive lower exponential bound. For positive integer sequences the
submultiplicative limit lies in [1, ∞) and the supermultiplicative limit in [1, ∞].
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5 Balanced integer predecessors
The following extension was proved in [2]. We give its full argument using Theorem 3 as the
adjacent-corridor input. Classical balanced recursions [5, 6, 7] and low-slope propagation provide
background. Wallace’s author summary [8] concerns particular extremal recurrences in sequential
search; its displayed output n + 2p + 1 differs from the child-index sum 2n + 2p.

All logarithms are natural. Fix T ∈ R and a measurable nonincreasing function w : [T, ∞) →
(0, 1]. A pair of positive integers (p, q) is legal if

p ≤ q ≤ p + pw(log p). (7)

Only indices large enough to lie in the domain will be used. A real sequence a = (an)n≥1 is
eventually corridor-subadditive if there is n0 such that

ap+q ≤ ap + aq for every legal pair with p ≥ n0. (8)

The endpoint in (7) is literal: there is no ceiling or replacement of a width less than one by one.

Theorem 5. Assume ∫ ∞

T
w(s)2 ds = ∞. (9)

Suppose that one of the following conditions holds for every sufficiently large integer N :

1. There is a legal split N = p + q with

q − p ≤ CNα, 0 < α < 1, (10)

for fixed finite C > 0 and fixed α.

2. There is a legal split N = p + q with

q − p ≤ CN

(log N)β+1 , β > 1
2 , (11)

for fixed finite C > 0 and fixed β.

Then every real sequence satisfying (8) has

lim
n→∞

an

n
∈ R ∪ {−∞}.

No sign, monotonicity or growth bound on a is required.

The two constants C and the onset of the splits may depend on w. The theorem gives no
parameter-uniform effective onset or convergence rate. If adjacent pairs are eventually legal, either
predecessor condition follows, but the converse fails by Proposition 9. The logarithmic conclusion
is not just a restatement of the power cases: that proposition satisfies (11) with β = 1 and fails
(10) for every α < 1.
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Local-maximum regularization

We apply the adjacent-corridor conclusion of Theorem 3 to a new majorant, proving its integer
hypothesis rather than imposing it on the original sequence.

In case (10) set
h(x) = Hxα, 2α−1(H + C) < H. (12)

Such a finite H > 0 exists. In case (11) put, on a late tail,

h(x) = Hx

(log x)β
, Hβ log 2 > 2C. (13)

In both cases h is eventually increasing and concave, h → ∞, h = o(x), and h′ → 0. Define

kn = ⌊h(n)⌋, bn = max
|j−n|≤kn

aj (14)

for all sufficiently large n, with integer j in the maximum. Early values of b may be chosen
arbitrarily. Each maximum is finite.

Lemma 6. Eventually
b2n ≤ 2bn, b2n+1 ≤ bn + bn+1. (15)

Proof. For every j in the b2n or b2n+1 window, choose a legal predecessor split promised by the
appropriate hypothesis. Both children tend to infinity, since their difference is o(j). Their distance
from the relevant half-center is bounded by half the output-window radius, half the predecessor
gap, and an absolute rounding constant.

In the power case this bound is

2α−1(H + C + o(1))nα + O(1) < Hnα − 2

eventually, by (12). In the logarithmic case it is at most

h(2n)
2

+ (C + o(1)) n

(log n)β+1 + O(1).

Writing ℓ = log n, direct expansion gives

h(n) − h(2n)
2

= (Hβ log 2 + o(1)) n

ℓβ+1 . (16)

The choice in (13) leaves an unbounded spare margin. Also h(n + 1) − h(n) = o(1), so floors and
the center shift by one are paid. Thus both children lie in [n − kn, n + kn] for an even center. For
an odd center, both lie in the intersection

[n − kn, n + kn] ∩ [n + 1 − kn+1, n + 1 + kn+1].

Apply the actual inequality (8) to each selected split. In the odd case its right side is at most
2 min(bn, bn+1) ≤ bn + bn+1, even if these values are negative. Taking maxima proves (15).

Lemma 7. Put v(s) = w(s + log 2)/8. Then b is eventually corridor-subadditive for the literal
width v.
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Proof. The diagonal case follows from Lemma 6. For an off-diagonal pair write m = n + d, where

1 ≤ d ≤ nw(log(2n))
8

, 1 ≤ m

n
≤ 9

8
. (17)

Let j = n + m + e be any integer in the bn+m window. Set

θ = h(n)
h(n) + h(m)

, p = n + ⌊θe⌋, q = j − p. (18)

We check the window inclusions and original legality separately.
The spare allocation margin h(n)+h(m)−h(n+m) tends to infinity uniformly for 1 ≤ m/n ≤ 9/8.

For h(x) = Hxα, it equals

Hnα[1 + rα − (1 + r)α], r = m/n,

and the continuous bracket is positive on that compact interval. For (13), uniformly on the same
interval,

h(n) + h(m) − h(n + m) = Hβn

ℓβ+1 [(1 + r) log(1 + r) − r log r] + O

(
n

ℓβ+2

)
. (19)

The bracket is at least 2 log 2. This expansion follows by Taylor’s formula for (1 + z)−β; log r and
log(1 + r) are bounded uniformly. Both θ and 1 − θ stay bounded away from zero. Consequently

θh(n + m) < h(n) − 2, (1 − θ)h(n + m) < h(m) − 2

eventually. The floor error in (18) is at most one. Thus |p − n| ≤ kn and |q − m| ≤ km.
To check legality, exact subtraction gives

q − p = d + (1 − 2θ)e + 2{θe}.

The mean-value theorem, eventual concavity and the positive allocation margin imply

|(1 − 2θ)e| ≤ [h(m) − h(n)]h(n + m)
h(n) + h(m)

≤ h′(n)d = o(d)

uniformly in (17). Therefore, for sufficiently large n,

q − p ≥ d/2 > 0, q − p ≤ 2d + 2 ≤ 4d ≤ nw(log(2n))
2

.

Since h = o(n), we have n/2 ≤ p ≤ 2n eventually. Nonincrease of w gives

pw(log p) ≥ n

2
w(log(2n)) ≥ q − p.

Thus (p, q) is an original legal pair with p + q = j. Its true subadditivity inequality bounds aj by
bn + bm. Take the maximum over the entire output window. No continuity of w has been used.
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6 Convergence and transfer of low values
The function

V (s) = max{v(s), e−s}

is positive, nonincreasing and at most one on a late tail. Its square integral diverges. An integer
pair allowed by V is either v-allowed or diagonal/adjacent, since ne− log n = 1. Lemmas 6 and 7
therefore give every V -corridor inequality for b. Theorem 3 yields

bn/n −→ L ∈ R ∪ {−∞}. (20)

As an ≤ bn, the case L = −∞ already proves the desired conclusion. The finite case needs an
additional argument.

Lemma 8 (Dyadic escape). For every fixed positive integer n, the values

xw(log x)
h(x)

, x = 2kn,

are unbounded as k → ∞.

Proof. If these ratios were bounded eventually, then on that logarithmic lattice w(s) would be
bounded by a constant multiple of e−(1−α)s in the power case, or of s−β in the logarithmic case.
Monotonicity fills the intervals of length log 2 between successive lattice points, changing the con-
stants only. Either bound makes w2 integrable on a tail; in the second case this uses 2β > 1. This
contradicts (9).

Completion of Theorem 5. Suppose L in (20) is finite, but an/n does not tend to L. As a ≤ b,
there are δ > 0 and arbitrarily large n with an/n ≤ L − δ. Fix such an n in the subadditivity tail.
Diagonal legality gives

ax/x ≤ an/n ≤ L − δ (x = 2kn).

By Lemma 8 there are arbitrarily large such x with

xw(log x) ≥ 4h(2x), h(2x) ≤ x/2. (21)

Here h(2x)/h(x) is bounded on a late tail for both choices of h. For every integer t with |t| ≤ k2x

the pair consisting of x and x + t is legal. For t ≥ 0, use the first inequality in (21). For t < 0, the
smaller child is x + t ≥ x/2 and

(x + t)w(log(x + t)) ≥ (x/2)w(log x) ≥ 2h(2x) ≥ |t|.

For any ε > 0, (20) gives ay ≤ by ≤ (L+ε)y for all sufficiently large y. Hence, uniformly throughout
the output window,

a2x+t ≤ ax + ax+t ≤ (L − δ)x + (L + ε)(x + t).

Taking the maximum and dividing by 2x gives

b2x

2x
≤ L − δ

2
+ ε

2
+ o(1),

since h(2x) = o(x). Choose ε < δ/2 and let these dyadic x tend to infinity. This contradicts (20).
Thus the limit of an/n is L as required.
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7 A width beyond adjacent and power predecessors
Proposition 9. There is a positive nonincreasing measurable width w → 0 satisfying (9) and the
logarithmic predecessor condition with β = 1, such that adjacent pairs are illegal in infinitely many
windows of lengths tending to infinity. For this width no power predecessor condition (10), with
fixed α < 1 and finite C, holds eventually. The example can also be chosen so that

∫∞
0 w(s)p ds = ∞

for every finite p > 0.

Proof. Set b1 = 16 and recursively define

Aj = 2bj , Lj =
⌊

Aj

16b2
j

⌋
, Mj = Aj + Lj , bj+1 = M3

j . (22)

Let w(s) = 1 for 0 ≤ s < log A1, and

w(s) = M−1
j (log Aj ≤ s < log Aj+1).

It has the asserted regularity. Its jth contribution to the square integral is

(M3
j − bj) log 2

M2
j

=
(

Mj − bj

M2
j

)
log 2 −→ ∞.

At integers Aj ≤ n ≤ Aj + Lj − 1 we have nw(log n) < 1; therefore (n, n + 1) is illegal. For
Mj ≤ n < Aj+1 it is legal.

Every even output has a diagonal split. For an odd output N = 2n + 1 outside a forbidden
window use (n, n + 1). Inside the jth forbidden window use

p = Aj − 1, q = 2n − Aj + 2, q − p = 2(n − Aj) + 3 ≤ 2Lj + 1. (23)

At p = Aj − 1, the width is at least 1/bj : before the first drop it is one, and subsequently bj =
M3

j−1 ≥ Mj−1. For bj ≥ 16,
Aj − 1

bj
≥ Aj

8b2
j

+ 1 ≥ 2Lj + 1.

Thus (23) is actually legal. Moreover Aj/(16b2
j ) ≥ 1, so

2Lj + 1 ≤ 3Aj

16b2
j

<
Aj

4b2
j

.

In this window 2Aj < N < 3Aj and log N ≤ bj for bj ≥ 16. Consequently

q − p ≤ Aj

4b2
j

≤ N

(log N)2 .

The adjacent gap one also satisfies this bound eventually. This proves the logarithmic predecessor
condition.

At the last forbidden output Nj = 2(Aj + Lj − 1) + 1, any smaller child p ∈ [Aj , ⌊Nj/2⌋] has
pw(log p) < 1 and cannot produce a legal odd sum. Thus every legal split has p ≤ Aj − 1 and gap
at least 2Lj + 1. The split in (23) attains this bound. Since

Lj ∼ Aj

16b2
j

, bj = log2 Aj ,

13



the minimum gap divided by Nα
j tends to infinity for each fixed α < 1. No fixed power condition

can apply.
For the last assertion replace only the last recurrence in (22) by bj+1 = M j+3

j . All legality
arguments used only bj ≥ Mj−1 and remain valid. For each fixed p > 0 the jth plateau contributes(

M j+3−p
j − bj

Mp
j

)
log 2 −→ ∞

to
∫

wp. Here eventually j + 3 − p ≥ 1, and bj/Mp
j → 0. This proves simultaneous divergence for

all finite positive powers.

8 Divergent integral budgets without integer connectivity
The adjacent-pair hypothesis in Theorem 3 cannot be removed for all measurable nonincreasing
widths. The obstruction is already visible for nonnegative integer-valued sequences with a linear
bound.

Lemma 10 (Isolated outputs). Let P ⊆ N × N be a set of permitted pairs. If infinitely many
positive integers have no representation n + m with (n, m) ∈ P, there is a sequence an ∈ {0, n}
satisfying an+m ≤ an + am for every (n, m) ∈ P, but

lim inf
n→∞

an/n = 0, lim sup
n→∞

an/n = 1.

Proof. Choose an infinite subset U of the unrepresented outputs with infinite complement, and put
an = n1{n∈U}. Every permitted sum lies outside U , so its left side is zero and the right side is
nonnegative. The two infinite sets give the asserted normalized limits.

Theorem 11. There is a positive measurable nonincreasing function w : [0, ∞) → (0, 1], tending
to zero, such that ∫ ∞

0
w(s)p ds = ∞ for every real p > 0,

yet there is a nonnegative integer-valued sequence (an) with an ≤ n for which

an+m ≤ an + am whenever 1 ≤ n ≤ m ≤ n + nw(log n),

and lim inf an/n = 0, lim sup an/n = 1. Consequently there is a positive integer sequence (un) with
1 ≤ un ≤ 2n, satisfying un+m ≤ unum on this entire corridor, but with root lower and upper limits
1 and 2.

Proof. Define integers and plateau endpoints by

b1 = 4, bj+1 = bj + 2(j+2)bj+6, Aj = 2bj , sj = bj log 2 (j ≥ 1).

Set w(s) = 1 for 0 ≤ s < s1, and

w(s) = 1
8Aj

for sj ≤ s < sj+1.

This function has the claimed positivity, measurability, monotonicity and zero limit. For each fixed
real p > 0 its jth plateau contributes∫ sj+1

sj

w(s)p ds = 2(j+2−p)bj+6−3p log 2.

14



For all sufficiently large j one has j + 2 − p ≥ 1; as bj → ∞, these contributions tend to infinity.
Thus each of the stated integrals diverges for this same width.

We claim that every odd integer Nj = 3Aj + 1 is an unrepresented output of the permitted
corridor. If Nj = n + m were permitted, then w ≤ 1 would give m ≤ 2n, hence n ≥ Nj/3 > Aj .
On the other hand, since Aj is even and n ≤ m,

n ≤ ⌊Nj/2⌋ = 3Aj/2 < Aj+1.

Thus log n lies in the jth plateau and

0 ≤ m − n ≤ nw(log n) = n

8Aj
≤ 3

16
< 1.

Integer inputs would force m = n, contradicting oddness of Nj . Now set an = n at the outputs Nj

and an = 0 elsewhere. No permitted left side is nonzero, so every required inequality holds. The
spikes give normalized value one, while every even index gives zero. Finally take un = 2an .

The sequence in Theorem 11 is not nondecreasing. It therefore does not contradict Theorem 2
or the monotone counting classification below. The example separates an integrated width budget
from legal decompositions at individual integer outputs; it does not say that every width with
infinitely many missing adjacent pairs permits oscillation. Sign reversal also gives a bounded-slope
superadditive example. The elementary lemma states the mechanism, rather than a characteriza-
tion of every permitted-pair set.

9 The sharp classification and its scope
Corollary 12. Fix a measurable nonincreasing w : [T, ∞) → [0, 1]. Every positive nondecreasing
exponentially bounded integer sequence with eventual exact submultiplicativity on n ≤ m ≤ n +
nw(log n) has a limiting nth-root rate if and only if∫ ∞

T
w(s)2 ds = ∞.

Proof. The divergent case is Theorem 2. In the finite case the sequence (un) of Theorem 1 belongs
to the stated class and has distinct logarithmic endpoint rates.

If nw(log n) ≥ 1 eventually, the same integral dichotomy holds for universal convergence of
an/n in R ∪ {−∞} among arbitrary real sequences satisfying the corridor subadditivity condition.
The divergent case is Theorem 3; the finite case follows by taking logarithms of the integer coun-
terexample.

Corollary 13. The conclusion of Theorem 1 holds for each of the following eventual corridor
widths:

r(n) = n

(log n)p
(p > 1/2), r(n) = n√

log n(log log n)a
(a > 1/2),

and
r(n) = n√

log n
√

log log n(log log log n)a
(a > 1/2).

Proof. On a sufficiently late tail use, respectively,

w(s) = s−p, w(s) = s−1/2(log s)−a, w(s) = 1√
s
√

log s(log log s)a
.

Each is nonincreasing, bounded by one and square integrable, by the integral test.
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The second width eventually exceeds every width in the first family. The same sequences also
satisfy the inequalities on any narrower corridor.

Conversely, for r(n) = n/(log n)p with 0 < p ≤ 1/2, Theorem 3 forces normalized-slope conver-
gence for arbitrary real sequences: the square integral diverges and the width eventually exceeds
one. In particular r(n) = n/

√
log n = o(n) answers positively the existence of an adequate sublinear

corridor asked in [1, Section 7], as phrased in the cited preprint. For the second and third logarith-
mic families, the same unrestricted convergence conclusion holds when a ≤ 1/2. Their width ratios
are eventually nonincreasing and bounded by one, the square integrals diverge, and the widths tend
to infinity. These statements and the counterexamples give exact thresholds within those families.

The unrestricted theorem retains eventual admissibility of adjacent integer pairs. Theorem 11
shows that even divergence of every finite positive-power integral cannot replace integer connectivity
in the unrestricted class. Theorem 2, with monotonicity, still covers every divergent-square-integral
width, including these deep-jump widths. The record argument is essential: an a.e. linear limiting
profile of continuous rescalings alone would not justify all-index convergence without monotonicity.
The constructions and convergence criteria concern scalar sequences.

Theorem 5 replaces eventual adjacent-pair legality by balanced legal predecessors while retaining
the divergent square-integral budget. Its staircase example separates the logarithmic predecessor
condition from all fixed sublinear power conditions. Mere eventual representability, without a
quantitative gap bound, remains outside these convergence conclusions.

Finite controls and provenance. The square-integral and balanced-predecessor arguments
were first presented in the author’s separate corridor manuscripts. This edition supplies both proof
chains in one treatment. The accompanying verify.py and verify_balanced.py give exact finite
controls for isolated outputs, integer windows, parent allocations and staircase endpoints. They
corroborate finite algebra; the universal and asymptotic results follow from the analytic proofs.

Use of AI tools. AI tools assisted in developing and checking the arguments and preparing the
manuscript. The proofs are given in full, and no computational result is needed.
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