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Abstract

For a complex positive semidefinite Gram matrix 𝐵 = 𝑉𝑉∗, we couple the permanent-cofactor
contractions of 𝐵 and |𝐵|2 and prove the sharp all-order bound 0 ⪯ 𝑈 − 𝑎𝑇/𝑛! ⪯ (𝑛− 1)(𝑐− 𝑎2/𝑛!)𝐼,
where 𝑎 = per 𝐵 and 𝑐 = per |𝐵|2. For the actual bordered permanent defect, we identify a nonnega-
tive cofactor-weighted variance 𝐸 and characterize its zero set. Orthogonal trace sectors give a joint
occupation and frame-variance bound. For six unit Gram factors, 𝐸 ≥ 𝑣2/270 + 7A/1620; at rank at
most five, 𝐸 ≥ 6(𝑣2 + A)/625, where 𝑣 is the occupation variance and A the variance of the frame
operator. An all-order trace-one positive-operator formulation includes mixed factors with their ac-
tual operator variance. The quadratic power is sharp. The proofs allow arbitrary complex phases,
singular limits and kernel mixtures. We give quantitative base-defect reserves, retain the inherited
smaller-order defect, and prove uniform sufficient compensation domains by rank-one secants with
a retained top occupation coefficient. Frame-variance floors strengthen exact occupation-box matrix
certificates. Retaining the transformed defect multiplicatively yields further conditional compensation
domains. A finite-forward identity isolates a nonnegative curvature remainder and the degree-six ordi-
nary occupation loss. An explicit rank-one pencil rules out uniform positive multiplicative transfer of
the base defect to a prescribed forward point. Relative Gram-factor stability, occupied-vertex domains,
repeated-block neighborhoods and the coherence-1/15 certificate are retained. A self-contained re-
construction of the attributed small-order induction supplies scalar inequalities through order six. The
original residual occupation polynomial, thinning law and nonreal-root examples are retained. The
generic rank-six compensation inequality and the unrestricted Chollet conjecture remain open.

1 Introduction and notation
For a square matrix 𝐴, per 𝐴 =

∑
𝜎∈𝔖𝑛

∏
𝑖 𝐴𝑖,𝜎 (𝑖) ; 𝐴( 𝑗 | 𝑖) deletes row 𝑗 and column 𝑖. The symbol ◦

denotes entrywise multiplication, ∗ the conjugate transpose, and |𝐵|2 = 𝐵 ◦ 𝐵, not the operator square.
Throughout, 𝑉 ∈ C𝑛×𝑑 , 𝐵 = 𝑉𝑉∗, and 𝑑 is arbitrary. Define

𝑎 = per 𝐵, 𝑐 = per |𝐵|2, 𝑅𝑖 𝑗 = per 𝐵( 𝑗 | 𝑖), 𝐿𝑖 𝑗 = per |𝐵|2( 𝑗 | 𝑖), (1)

𝑇 = 𝑉∗𝑅𝑉, 𝑈 = 𝑉∗(𝐿 ◦ 𝐵)𝑉, 𝑟 = 𝑐 − 𝑎2

𝑛!
, 𝑆 = 𝑈 − 𝑎

𝑛!
𝑇. (2)

All operator inequalities below act on C𝑑 unless specified otherwise. No rank, normalization of the
diagonal, or invertibility hypothesis is imposed.

Permanent-cofactor Gram matrices and their Schur products are classical. Paksoy [4], in particular,
uses omitted symmetric tensors and a weighted cofactor matrix with constant permanent row sum. Sym-
metrizers and bosonic permanent states are standard [5, 6]; Schur weights and content eigenvalues are
standard representation theory [7, 8]. Our focus is the joint residual 𝑆, its sharp norm bound, and a com-
putable refinement that preserves its common Gram origin. Li, Zhao and Luo [3] represent coefficients
of ordinary and doubled bordered permanent polynomials by squared norms over complete occupation
sectors. The polynomial studied below instead comes from the joint residual projection 𝑃diag − 𝑃sep; its
coefficients measure one shared residual state. The separate positivity of 𝑇 and 𝑈, or a bound on either
one alone, does not supply this residual estimate.
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The motivation is the compensation in a bordered permanent inequality. Chollet asks whether per(𝐴◦
𝐷) ≤ per 𝐴 per𝐷 for complex positive semidefinite 𝐴, 𝐷; see [1, 2]. The results here concern coupled
cofactor operators and sufficient border certificates, rather than an unrestricted solution. They are dis-
tinct from the author’s rank-restricted scalar results [11] and cofactor-comparison limitations [12]. We
consolidate the sharp residual estimate and its refinements in one note.

2 A sharp bound in every order
Theorem 2.1. With (1)–(2), for every 𝑛 ≥ 2,

0 ⪯ 𝑆 ⪯ (𝑛 − 1)𝑟 𝐼𝑑 . (3)

The coefficient 𝑛 − 1 cannot be reduced for actual Gram factors. The conclusion includes arbitrary
complex phases and singular factors.

2.1 The two invariant projections
We use the conjugate-linear-first inner product. Regard row 𝑖 of 𝑉 as the ket 𝑣𝑖 =

∑
𝑗 𝑉𝑖 𝑗𝑒 𝑗 in H = C𝑑 .

Its physical Gram is 𝐵. Put
𝑓 = 𝑣1 ⊗ · · · ⊗ 𝑣𝑛, 𝑊 = 𝑓 ⊗ 𝑓 .

On H⊗𝑛 ⊗ H⊗𝑛
, let 𝑃sep average independent permutations of the two legs, and let 𝑃diag average equal

simultaneous permutations. Both are orthogonal projections and 𝑃sep𝑃diag = 𝑃sep. In particular 𝑎 =
𝑛!∥ Sym 𝑓 ∥2 ≥ 0. Direct expansion gives

∥𝑃sep𝑊 ∥2 =
𝑎2

(𝑛!)2 , ∥𝑃diag𝑊 ∥2 =
𝑐

𝑛!
. (4)

For unit 𝑧 ∈ C𝑑 , let 𝑝𝑧 = |𝑧⟩⟨𝑧 | and let 𝑁𝑧 =
∑𝑛
𝑗=1 𝑝

( 𝑗 )
𝑧 act on the first leg. The conjugation in 𝑝𝑧 matches

the row convention 𝐵 = 𝑉𝑉∗. This operator commutes with both projections.
Set ℎ = (𝑃diag − 𝑃sep)𝑊 . For 𝑥 = 𝑉𝑧, differentiation of the two permanent norm formulas gives

∥ℎ∥2 =
𝑟

𝑛!
, (5)

⟨ℎ, 𝑁𝑧ℎ⟩ =
1
𝑛!

(
𝑧∗𝑈𝑧 − 𝑎

𝑛!
𝑧∗𝑇𝑧

)
. (6)

Here the conjugate physical Gram deformation is 𝐵 + 𝑡 𝑥𝑥∗, and

𝑑

𝑑𝑡
per(𝐵 + 𝑡 𝑥𝑥∗)

����
𝑡=0

= 𝑧∗𝑇𝑧.

The paired deformation is |𝐵|2 + 𝑡 (𝐵 ◦ 𝑥𝑥∗), whose permanent derivative is 𝑧∗𝑈𝑧. For example the latter
derivative is

∑
𝑖 𝑗 𝐿 𝑗𝑖𝐵𝑖 𝑗𝑥𝑖𝑥 𝑗 ; 𝐿 is real symmetric, yielding the defined 𝑈. The independent-projection

expectation is 𝑎(𝑧∗𝑇𝑧)/(𝑛!)2 and the diagonal one is (𝑧∗𝑈𝑧)/𝑛!. Their difference is (6); the cross terms
vanish because 𝑁𝑧 preserves the nested orthogonal components.

2.2 Excluding full occupation
Proof of Theorem 2.1. The spectrum of 𝑁𝑧 is contained in {0, . . . , 𝑛}. Its 𝑛-eigenspace has first leg 𝑧⊗𝑛.
A diagonal-invariant vector in that eigenspace has a symmetric first leg; diagonal invariance then forces
its second leg to be symmetric too. Thus the 𝑛-occupation part of range 𝑃diag lies in range 𝑃sep and is
absent from ℎ. Consequently

0 ≤ ⟨ℎ, 𝑁𝑧ℎ⟩ ≤ (𝑛 − 1)∥ℎ∥2.
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Use (5)–(6) and vary unit 𝑧.
For sharpness, take 𝑛 − 1 equal unit rows in one coordinate and one unit row in an orthogonal coor-

dinate. Then 𝐵 = 𝐽𝑛−1 ⊕ [1], 𝑎 = 𝑐 = (𝑛 − 1)! and, in the repeated-row direction, 𝑧∗𝑇𝑧 = (𝑛 − 1)𝑎,
𝑧∗𝑈𝑧 = (𝑛 − 1)𝑐. The upper bound is an equality. □

In particular 𝑟 ≥ 0. If 𝑟 = 0 then 𝑆 = 0. Both 𝑇 and𝑈 vanish on ker𝑉 . Therefore, with A = (ker𝑉)⊥
and its orthogonal projection 𝑃A ,

0 ⪯ 𝑆 ⪯ (𝑛 − 1)𝑟𝑃A . (7)

This statement retains the kernel rather than replacing the ambient space.

3 The occupation polynomial and a cancellation
For unit 𝑧, write 𝑥 = 𝑉𝑧, 𝑋 = 𝑥𝑥∗ and 𝐻 = 𝐵 − 𝑋 ⪰ 0.

Proposition 3.1. The polynomial

𝐺𝑧 (𝑠) = per
(
|𝐵|2 + (𝑠 − 1)(𝐵 ◦ 𝑋)

)
− 𝑎

𝑛!
per

(
𝐵 + (𝑠 − 1)𝑋

)
=

𝑛∑
𝑘=0

𝑞𝑘 (𝑧)𝑠𝑘 (8)

has 𝑞𝑘 (𝑧) ≥ 0 and 𝑞𝑛 (𝑧) = 0. More precisely, if 𝐸𝑘 is the 𝑘-occupation spectral projector of 𝑁𝑧 , then
𝑞𝑘 (𝑧) = 𝑛!∥𝐸𝑘ℎ∥2. Thus

𝐺𝑧 (1) = 𝑟, 𝐺′
𝑧 (1) = 𝑧∗𝑆𝑧, (9)

𝑞0(𝑧) = per(𝐻 ◦ 𝐵) − 𝑎

𝑛!
per𝐻. (10)

Proof. For real 𝑠 ≥ 0 multiply the selected first-leg mode by
√
𝑠. The resulting operator is 𝑠𝑁𝑧/2 and

commutes with both projections. The diagonal projected squared norm is the first permanent in (8) divided
by 𝑛!; the independent projected squared norm is 𝑎 per(𝐵+(𝑠−1)𝑋)/(𝑛!)2. Their difference is ∥𝑠𝑁𝑧/2ℎ∥2.
Polynomial identification proves the coefficient formula. The full-occupation exclusion proves 𝑞𝑛 = 0.
The identities at 𝑠 = 1, 0 follow directly. □

Proposition 3.2 (Exact kernel thinning). Let 𝑤 ∈ A and 𝜅 ∈ ker𝑉 be unit vectors. For 0 ≤ 𝑝 ≤ 1 and
real 𝜃 put 𝑧𝑝 =

√
𝑝 𝑤 + 𝑒𝑖 𝜃

√
1 − 𝑝 𝜅. Then

𝐺𝑧𝑝 (𝑠) = 𝐺𝑤 (1 − 𝑝 + 𝑝𝑠), (11)

𝑞𝑘 (𝑧𝑝) =
𝑛−1∑
𝑗=𝑘

(
𝑗

𝑘

)
𝑝𝑘 (1 − 𝑝) 𝑗−𝑘𝑞 𝑗 (𝑤). (12)

In particular 𝐺′
𝑧𝑝 (1) = 𝑝𝐺′

𝑤 (1) and 𝐺′′
𝑧𝑝 (1) = 𝑝2𝐺′′

𝑤 (1). The formulas include the endpoints and every
relative complex phase.

Proof. 𝑉𝑧𝑝 =
√
𝑝𝑉𝑤, and substitution into (8) gives the first identity. Binomial expansion gives the

rest. □

Proposition 3.3 (Top occupation). Put 𝑏𝑖 =
∏
𝑗≠𝑖 𝑥 𝑗 , 𝑦 = 𝑏, 𝐽 = 11∗ and

𝐹0 = 𝑅 ◦ 𝐵 − 𝑎

𝑛
𝐽.

Then 𝐹0 ⪰ 0, 𝐹01 = 0, and

𝑞𝑛−1 = 𝑦∗
(
𝑅 ◦ |𝐵|2 − 𝑎

𝑛
𝐵
)
𝑦 = 𝑦∗(𝐵 ◦ 𝐹0)𝑦 = 𝑦∗(𝐻 ◦ 𝐹0)𝑦. (13)

These are polynomial identities, including when some 𝑥𝑖 = 0.
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Proof. The usual omitted symmetric-tensor Gram construction gives 𝑅 ⪰ 0. The Schur product theorem
gives 𝐹 = 𝑅 ◦ 𝐵 ⪰ 0. Column-𝑖 Laplace expansion gives

∑
𝑗 𝑅𝑖 𝑗𝐵𝑖 𝑗 = 𝑎. Thus 𝐹1 = 𝑎1 and removing

that Hermitian eigencomponent gives 𝐹0 ⪰ 0. This construction is classical; compare [4].
In powers of 𝑡 = 𝑠−1, the coefficient of 𝑡𝑛−1 in the first permanent in (8) is

∑
𝑖 𝑗 |𝐵𝑖 𝑗 |2 per 𝐵(𝑖 | 𝑗)𝑏𝑖𝑏 𝑗 .

Exchanging 𝑖, 𝑗 gives 𝑦∗(𝑅◦|𝐵|2)𝑦. The coefficient in the second permanent is (𝑛−1)! 𝑦∗𝐵𝑦. Both leading
𝑡𝑛 terms in 𝐺𝑧 equal 𝑎

∏
𝑖 |𝑥𝑖 |2 and cancel. Translating 𝑡 = 𝑠 − 1 therefore leaves the next coefficient

unchanged, proving the first equality in (13). Finally diag(𝑥)𝑦 = ∏
𝑖 𝑥𝑖 1, so 𝑦∗(𝑋 ◦𝐹0)𝑦 = 0. This proves

the last equality without division. □

For later directional tests at 𝑛 = 6, set 𝑟+ = 𝑟 − 𝑞0 and 𝑚2 = 𝐺′′
𝑧 (1). The elementary moment bound

is
𝑧∗𝑆𝑧 ≤ min

{
5𝑟+,

𝑚2

2 𝑗
+ 𝑗 + 1

2
𝑟+ : 𝑗 = 1, . . . , 4

}
. (14)

Indeed (𝑘 − 𝑗)(𝑘 − 𝑗 − 1) ≥ 0 at integer 1 ≤ 𝑘 ≤ 5. Multiplication by 𝑞𝑘 and summation proves each
affine bound. For fixed feasible 𝑟+, 𝑚2, mixtures on consecutive occupations attain its segments, so this is
the exact finite-support relaxation. It is an elementary instance of discrete moment linear programming
[9]. Retaining 𝑞5 also gives 𝑧∗𝑆𝑧 ≤ 4(𝑟 − 𝑞0) + 𝑞5. Neither estimate alone couples its inputs to the
compensation budget.

4 A central-transposition refinement at order six
In this section 𝑛 = 6. On the first tensor leg let C =

∑
𝑖< 𝑗 𝑈(𝑖 𝑗 ) be the sum of transpositions and put

𝑣 = 720 ⟨ℎ, Cℎ⟩, 𝑀 =
𝑣 + 21𝑟

6
.

Theorem 4.1. For every complex Gram factor of order six,

0 ⪯ 𝑆 ⪯ 𝑀𝐼𝑑 ⪯ 5𝑟 𝐼𝑑 . (15)

For each transposition 𝜋 form 𝐴𝜋𝑖 𝑗 = 𝐵𝜋 (𝑖) , 𝑗𝐵𝑖 𝑗 . Then

𝑣 =
∑

𝜋 transposition
per 𝐴𝜋 − 15𝑎2

720
. (16)

The conclusion holds in every ambient dimension and at singular boundaries.

Proof. On a first-leg Schur sector of shape 𝜆 ⊢ 6, the largest one-mode occupation is 𝜆1: column strictness
in semistandard tableaux permits a fixed letter at most once in each column. The central transposition
sum acts by the content sum 𝜅𝜆 =

∑
(𝑖, 𝑗 ) ∈𝜆( 𝑗 − 𝑖); see [8, Example 3.15]. The full comparison is

𝜆 𝜆1 𝜅𝜆 (𝜅𝜆 + 21)/6
(6) 6 15 6
(5, 1) 5 9 5
(4, 2) 4 5 13/3
(4, 1, 1) 4 3 4
(3, 3) 3 3 4
(3, 2, 1) 3 0 7/2
(3, 1, 1, 1) 3 −3 3
(2, 2, 2) 2 −3 3
(2, 2, 1, 1) 2 −5 8/3
(2, 1, 1, 1, 1) 2 −9 2
(16) 1 −15 1
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so 𝑁𝑧 ⪯ (C + 21𝐼)/6. The separately symmetric first-leg sector is absent from ℎ: first-leg symmetry and
diagonal invariance force second-leg symmetry. All remaining sectors have 𝜅𝜆 ≤ 9. Hence

720 ⟨ℎ, 𝑁𝑧ℎ⟩ ≤ (𝑣 + 21𝑟)/6 ≤ 5𝑟.

Use (6). Nonnegativity follows from Theorem 2.1.
The class sum C commutes with both projections, and acts as 15 on their separately symmetric range.

Consequently
⟨ℎ, Cℎ⟩ = ⟨𝑊, C𝑃diag𝑊⟩ − 15∥𝑃sep𝑊 ∥2.

Expand the diagonal average and the fifteen swaps. Summing over its permutation index gives per 𝐴𝜋 for
each 𝜋 (equivalently its complex conjugate under the opposite permutation convention). The sum is real
since C𝑃diag is self-adjoint. Equations (4) give (16). □

More precisely, if 𝑟𝜆 = 720∥𝐸𝜆ℎ∥2, then 𝑆 ⪯ (∑𝜆 𝜆1𝑟𝜆)𝐼 and 𝑣 =
∑
𝜆 𝜅𝜆𝑟𝜆. The single statistic 𝑣

compresses these masses; it need not give the optimal scalar bound. Since 𝑆 vanishes on ker𝑉 , (15) also
gives 𝑆 ⪯ 𝑀𝑃A .

5 Compensation and exact examples
For any 𝑛 define 𝛿 = 𝑎2 − 𝑐 and 𝐷0 = 𝛿𝐼𝑑 + 2𝑎𝑇 −𝑈. Let 𝑃𝑖 be the rank-one matrix (𝑃𝑖)𝛼𝛽 = 𝑉𝑖𝛼𝑉𝑖𝛽 ,
and set

K = 𝛿𝐼𝑑2 + 𝑎(𝑇 ⊗ 𝐼 + 𝐼 ⊗ 𝑇) + 𝑇 ⊗ 𝑇 −
∑
𝑖 𝑗

𝐿𝑖 𝑗𝑃𝑖 ⊗ 𝑃 𝑗 . (17)

Lemma 5.1. 𝐷0 ⪰ 0 implies K ⪰ 0. For the bordered Gram matrix 𝐵𝑧 =
(
𝐵 𝑉𝑧
𝑧∗𝑉∗ ∥𝑧∥2

)
,

per(𝐵𝑧)2 − per |𝐵𝑧 |2 = ⟨𝑧 ⊗ 𝑧,K(𝑧 ⊗ 𝑧)⟩.

Proof. 𝐿 is real symmetric PSD by the omitted-tensor Gram construction. Factor 𝐿 = 𝐶𝐶𝑇 over the
reals and put 𝐴𝑘 =

∑
𝑖 𝐶𝑖𝑘𝑃𝑖 . Then 𝐴𝑘 are Hermitian and

∑
𝑘 𝐴

2
𝑘 = 𝑈, since 𝑃𝑖𝑃 𝑗 has entries 𝑉𝑖𝛼𝐵𝑖 𝑗𝑉 𝑗𝛽 .

Expansion gives the identity

K =
𝐷0 ⊗ 𝐼 + 𝐼 ⊗ 𝐷0

2
+ 𝑇 ⊗ 𝑇 + 1

2

∑
𝑘

(𝐴𝑘 ⊗ 𝐼 − 𝐼 ⊗ 𝐴𝑘)2.

Every displayed term is PSD when 𝐷0 ⪰ 0. Finally border expansion gives per 𝐵𝑧 = 𝑎∥𝑧∥2 + 𝑧∗𝑇𝑧 and
per |𝐵𝑧 |2 = 𝑐∥𝑧∥4 + ∑

𝑖 𝑗 𝐿𝑖 𝑗 | (𝑉𝑧)𝑖 |2 | (𝑉𝑧) 𝑗 |2. Subtracting proves the formula. □

Theorem 2.1 gives, in every order,

𝐷0 ⪰
[(

1 + 𝑛 − 1
𝑛!

)
𝑎2 − 𝑛𝑐

]
𝐼𝑑 +

(
2 − 1

𝑛!

)
𝑎𝑇.

At order six this certifies 𝐷0,K ⪰ 0 whenever 𝑎 > 0 and 𝑐/𝑎2 ≤ 145/864. Theorem 4.1 improves the
sufficient test to

𝐷0 ⪰ (𝛿 − 𝑀)𝐼𝑑 +
1439𝑎
720

𝑇, 𝑀 ≤ 𝛿. (18)

This is a condition on the actual mixed-permanent statistic, not a universal replacement threshold for 𝑐/𝑎2.
Here are exact factors witnessing strict improvement of the scalar test. Let𝑊 ∈ C6×6 have first three

rows (1, 1
2 , 0, 0, 0, 0), (1,

𝑖
2 , 0, 0, 0, 0), (1,−

1
2 , 0, 0, 0, 0), and last three rows 𝑒𝑇2 , 𝑒

𝑇
3 , 𝑒

𝑇
4 , using coordinates

0, . . . , 5. For 0 ≤ 𝑖 ≤ 5, 0 ≤ 𝑗 ≤ 4 set

𝐸𝑖 𝑗 =
((𝑖 + 2 𝑗) mod 3) − 1 + 𝑖𝑐 (((2𝑖 + 𝑗) mod 3) − 1)

10000
, 𝐸𝑖5 = 0,
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where 𝑖𝑐 =
√
−1 is distinguished from the row index. Put 𝑉5 = 𝑊 + 𝐸 and 𝑉6 = 𝑉5 + 10−4𝑒2𝑒

𝑇
5 . The

accompanying exact-rational verifier proves, for 𝐵 𝑗 = 𝑉 𝑗𝑉∗
𝑗 ,

rank𝑉 𝑗 = 𝑗 , 𝐵 𝑗 has no zero entries,
𝑐

𝑎2 >
145
864

,
𝛿 − 𝑀
𝑎2 >

17
1000

( 𝑗 = 5, 6).

Both have a triangle 𝐵𝑖 𝑗𝐵 𝑗𝑘𝐵𝑘𝑖 with nonzero imaginary part, which cannot be removed by diagonal
unitary row gauges. Numerically 𝑐/𝑎2 is about 0.20174. Strict margins persist on relative open neighbor-
hoods of the corresponding rank strata. These examples distinguish two sufficient scalar certificates; they
do not assert that direct 𝐷0 testing previously failed.

For unit 𝑧, writing 𝑡 = 𝑧∗𝑇𝑧, the remaining directional target is

𝑧∗𝑆𝑧 ≤ 𝛿 + 1439𝑎
720

𝑡 + 𝑡2.

Moment bounds such as (14) can certify individual directions, but their use does not establish this target
uniformly. For a rank-five factor in six ambient coordinates, Proposition 3.2 retains every active/kernel
mixture.

6 Actual residual polynomials need not be real-rooted
The positivity in Proposition 3.1 does not imply real stability. This limitation matters when importing
probability-law inequalities. Consider the Gaussian-integer factor

𝑉6 =

©­­­­­­­«

−1 −𝑖 1 − 𝑖 1 − 𝑖 −1 + 𝑖 0
−1 − 𝑖 1 𝑖 −1 −1 −1
𝑖 −1 − 𝑖 −1 − 𝑖 1 + 𝑖 −1 − 𝑖 1 − 𝑖

−1 − 𝑖 1 + 𝑖 𝑖 −1 + 𝑖 −1 −1 − 𝑖
−1 − 𝑖 1 − 𝑖 1 − 𝑖 −𝑖 1 + 𝑖 −1 − 𝑖
−1 + 𝑖 −1 − 𝑖 −𝑖 1 + 𝑖 1 −1 + 𝑖

ª®®®®®®®¬
.

Let 𝑉5 be the same matrix with its last column zero, and take 𝑧 = 𝑒0. Here the names 𝑉5, 𝑉6 denote these
obstruction factors only. Exact elimination gives ranks five and six; both Gram matrices have full support
and nonzero imaginary triangle products. The coefficient lists (𝑞0, . . . , 𝑞5) are

rank𝑉 = 6 : (20542128507952/45, 5821468652200/9, 18083778219968/45,
2049107101804/15, 127236053248/5, 6211082816/3),

rank𝑉 = 5 : (403462265536/5, 127255137024, 458165154544/5,
187047753024/5, 8625123712, 878481472).

All entries are positive and 𝑞6 = 0. Nevertheless

4𝑞2
1 − 10𝑞0𝑞2 =

{
−65168646836826561289571072/405, rank𝑉 = 6,
−45827304504007298459648/5, rank𝑉 = 5.

If a degree-five polynomial with positive coefficients had only real roots, they would be negative and
it could be written 𝑞0

∏5
ℓ=1(1 + 𝜌ℓ 𝑠) with 𝜌ℓ > 0. Cauchy–Schwarz then gives the necessary Newton

inequality 4𝑞2
1 ≥ 10𝑞0𝑞2. The exact reverse inequalities prove nonreal roots. This elementary condition

belongs to the classical theory of real-rooted probability generating polynomials; see [10].
In the rank-five example 𝑒5 ∈ ker𝑉5. For every 𝑝 > 0, a nonreal root 𝜌 is carried by Proposition 3.2

to (𝜌 − 1 + 𝑝)/𝑝, still nonreal. Thus every nontrivial active/kernel mixture along this ray retains the
obstruction, independently of relative complex phase. At 𝑝 = 0 the polynomial is constant. These are
not compensation counterexamples: the exact directional budgets (𝑎 + 𝑡)2 − 𝑐 − 𝑧∗𝑈𝑧 are respectively
906092392444480 and 337221858201088.
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7 Variance geometry of the actual border gap
In this section 𝐵 is a correlation matrix. Set 𝑤𝑖 = 𝑉∗𝑒𝑖 , so 𝑤∗

𝑖𝑤 𝑗 = 𝐵𝑖 𝑗 and ∥𝑤𝑖 ∥ = 1. For unit 𝑧 put
𝑝𝑖 = |𝑤∗

𝑖 𝑧 |2, 𝑃𝑖 = 𝑤𝑖𝑤∗
𝑖 , 𝑡 = 𝑧

∗𝑇𝑧 and 𝛿 = 𝑎2 − 𝑐. The normalized bordered matrix and its exact defect
are

𝐴𝑧 =

(
𝐵 𝑉𝑧
𝑧∗𝑉∗ 1

)
, (19)

D(𝑧) = (per 𝐴𝑧)2 − per |𝐴𝑧 |2 = 𝛿 + 2𝑎𝑡 + 𝑡2 − 𝑝T𝐿𝑝. (20)

Indeed, border expansion gives per 𝐴𝑧 = 𝑎 + 𝑡 and per |𝐴𝑧 |2 = 𝑐 + 𝑝T𝐿𝑝. Thus the sufficient cofactor
surrogate 𝑄(𝑧) = 𝛿 + 2𝑎𝑡 + 𝑡2 − 𝑧∗𝑈𝑧 discards the nonnegative term

𝐸 (𝑧) = 𝑧∗𝑈𝑧 − 𝑝T𝐿𝑝 =
∑
𝑖, 𝑗

𝐿𝑖 𝑗 ⟨𝑟𝑖 , 𝑟 𝑗⟩, 𝑟𝑖 = (𝐼 − 𝑧𝑧∗)𝑃𝑖𝑧, D(𝑧) = 𝑄(𝑧) + 𝐸 (𝑧). (21)

Here𝑈 =
∑
𝑖, 𝑗 𝐿𝑖 𝑗𝑃𝑖𝑃 𝑗 . Equivalently, writing 𝐿 = 𝐶𝐶T with real𝐶 and𝐻 𝑗 =

∑
𝑖 𝐶𝑖 𝑗𝑃𝑖 , 𝐸 =

∑
𝑗 [𝑧∗𝐻2

𝑗 𝑧−
(𝑧∗𝐻 𝑗 𝑧)2]. These are ordinary Hermitian variances. This identity does not assert 𝑄 ≥ 0.

Proposition 7.1 (Cofactor rank and variance rigidity). Partition the unit Gram vectors into 𝑚 classes of
parallel complex lines. Then rank 𝐿 = 𝑚, its kernel consists of the vectors whose entries sum to zero
within each class, and its range consists of vectors constant within each class. If 𝜇 = 𝜆+min(𝐿), then, for
every unit 𝑧,

𝐸 (𝑧) ≥ 𝜇
∑
𝑖

𝑝𝑖 (1 − 𝑝𝑖).

Consequently 𝐸 (𝑧) = 0 precisely when every 𝑤𝑖 is parallel or orthogonal to 𝑧.

Proof. The doubled vectors 𝑑𝑖 = 𝑤𝑖⊗𝑤𝑖 have Gram matrix |𝐵|2. They coincide within a parallel class and
are nonproportional between classes. Omitted symmetric products of the 𝑑𝑖 have Gram matrix 𝐿/(𝑛−1)!.
Identify the distinct 𝑑𝑖 with nonassociate linear forms ℓ1, . . . , ℓ𝑚, of multiplicities 𝑛 𝑗 . After cancelling∏
𝑗 ℓ
𝑛 𝑗−1
𝑗 , their distinct omitted products are

∏
ℎ≠ 𝑗 ℓℎ. A linear relation, reduced modulo ℓ 𝑗 , has only

its 𝑗 th term left. Unique factorization forces that coefficient to vanish. This is the elementary reciprocal
linear-form independence also underlying [14]. It proves the asserted Gram kernel and range.

Within each class 𝑃𝑖 , and hence 𝑟𝑖 , are identical. Each coordinate column of (𝑟𝑖)𝑖 therefore lies in
range 𝐿. The positive-spectrum bound for 𝐿 in (21) yields 𝐸 ≥ 𝜇

∑
𝑖 ∥𝑟𝑖 ∥2 = 𝜇

∑
𝑖 𝑝𝑖 (1− 𝑝𝑖). It vanishes

exactly when every 𝑝𝑖 is zero or one. □

If exactly 𝑘 ≥ 1 vectors are parallel to 𝑧 in this zero-variance case, row phases and ordering split
𝐵 = 𝐽𝑘 ⊕ 𝐵⊥. Direct block permanents give

𝑡 = 𝑘𝑎, 𝑝T𝐿𝑝 = 𝑘𝑐, D(𝑧) = (𝑘 + 1)𝛿 + 𝑘 (𝑘 + 1)𝑎2.

In particular 𝛿 ≥ 0 makes these active directions strictly positive. If all vectors are orthogonal to 𝑧,
then D = 𝛿. An irreducible 𝐵 of rank at least two has no zero-variance active direction; the all-parallel
rank-one case is an exception.

For active unit ℎ and kernel unit 𝜅, write 𝑧𝑝 =
√
𝑝 ℎ + 𝑒𝑖 𝜃

√
1 − 𝑝 𝜅. Direct homogeneity of the two

terms in (20) gives
D(𝑧𝑝) = (1 − 𝑝2)𝛿 + 𝑝2D(ℎ) + 2𝑎(ℎ∗𝑇ℎ)𝑝(1 − 𝑝). (22)

Thus 𝛿 ≥ 0 and the active-endpoint inequality suffice for every kernel weight and relative phase. Enlarging
the Gram dimension represents positive Schur slack in the same way. This does not prove the active-
endpoint inequality on arbitrary data.
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8 Relative stability and occupied-vertex domains
Matrix-norm derivative and perturbation bounds for permanents are developed in [13]. The following
elementary comparison instead measures perturbations directly in unit Gram factors; we use its multi-
plicative form for the quantitative transfer below.

Lemma 8.1 (Relative Gram-permanent stability). Replace at most 𝑟 of 𝑁 unit vectors by unit vectors,
each at distance at most 𝜀. If 𝑃0, 𝑃 are their Gram permanents, then

(1 +
√
𝑁𝜀)−2𝑟𝑃0 ≤ 𝑃 ≤ (1 +

√
𝑁𝜀)2𝑟𝑃0.

Gram ranks and ambient dimension are unrestricted.

Proof. For one replacement let 𝑔 be the symmetric product of the other 𝑁 − 1 vectors. Orthogonal
projection gives ∥ Sym((𝑣 − 𝑤) ⊗ 𝑔)∥ ≤ ∥𝑣 − 𝑤∥∥𝑔∥. On each homogeneous degree define 𝑐∗𝑤𝑔 =√
𝑁 Sym(𝑤⊗𝑔), with 𝑐𝑤 its graded adjoint. For unit𝑤 the classical identity is ∥𝑐∗𝑤𝑔∥2 = ∥𝑔∥2+∥𝑐𝑤𝑔∥2 ≥

∥𝑔∥2; see the bosonic conventions in [5, 6]. The permanent norm formula gives

|
√
𝑃(𝑣) −

√
𝑃(𝑤) | ≤

√
𝑁 ∥𝑣 − 𝑤∥

√
𝑃(𝑤).

Interchange 𝑣, 𝑤 and apply the two ratio bounds successively. The products are nonzero, for example by
the product-of-linear-forms representation. The vacuum case 𝑁 = 1 is included. □

Theorem 8.2 (Transfer from an orthogonal complement). Let 𝐴 be the Gram matrix of unit vectors
𝑤1, . . . , 𝑤𝑛, 𝑧, and set 𝑝𝑖 = |𝑤∗

𝑖 𝑧 |2. Suppose 0 ≤ 𝜏 < 1/2, each 𝑝𝑖 belongs to [0, 𝜏] ∪ [1 − 𝜏, 1],
and exactly 𝑘 ≥ 1 belong to the second interval. Replace those 𝑘 vectors by their closest phase multiples
of 𝑧, and the others by their normalized projections onto 𝑧⊥. Let 𝐶 be the Gram matrix of the latter 𝑛 − 𝑘
vectors. If per |𝐶 |2 ≤ (per𝐶)2, then

per |𝐴|2
(per 𝐴)2 ≤

(1 +
√

2(𝑛 + 1)𝜏)6𝑛

(𝑘 + 1)! . (23)

The empty complement has permanent one.

Proof. Each ordinary replacement has distance at most
√

2𝜏: its squared distance is 2 − 2√𝑝𝑖 or 2 −
2
√

1 − 𝑝𝑖 . For doubled unit vectors 𝑑 (𝑣) = 𝑣 ⊗ 𝑣̄,

∥𝑑 (𝑣) − 𝑑 (𝑤)∥2 = 2(1 − |𝑣∗𝑤 |2).

For these particular projections the doubled squared distances are 2(1 − 𝑝𝑖) or 2𝑝𝑖 , so the same bound
holds. Put 𝜌 =

√
2(𝑛 + 1)𝜏. With 𝑃 = per 𝐴 and 𝑄 = per |𝐴|2, Lemma 8.1 gives 𝑃 ≥ (1 + 𝜌)−2𝑛𝑃0 and

𝑄 ≤ (1 + 𝜌)2𝑛𝑄0. The reference is 𝐽𝑘+1 ⊕ 𝐶, hence 𝑄0/𝑃2
0 ≤ 1/(𝑘 + 1)!. Combine the inequalities. □

Corollary 8.3 (A polynomial occupation radius). Under the complementary hypothesis in Theorem 8.2,
if 𝜏 ≤ [1152𝑛2(𝑛 + 1)]−1, then per |𝐴|2 ≤ 2

3 (per 𝐴)2.

Proof. Now 𝜌 ≤ 1/(24𝑛) and (1 + 𝜌)6𝑛 ≤ ∑
𝑗≥0(6𝑛𝜌) 𝑗 ≤ 4/3. Use (𝑘 + 1)! ≥ 2. □

The complementary hypothesis is automatic when 𝑛 − 𝑘 ≤ 4 by the complex small-order result [2].
For 𝑛 = 6, 𝑘 = 1 it instead requires the order-five statement, supplied by the self-contained reconstruction
in Lemma 11.1 below of the coefficient argument in [3]. The general transfer retains its stated hypothesis;
preprint status is not external refereeing. Exact rational comparisons in (23) give the ratio ceiling 7/8 at
these larger order-seven radii:

𝑘 1 2 3 4 5 6
𝜏 1/57344 1/8064 1/2016 1/896 1/504 1/224
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Choose respectively 𝜌 = 1/64, 1/24, 1/12, 1/8, 1/6, 1/4. At the uniform radius 𝜏0 = 1/57344,

(65/64)−24 − 1
2 (65/64)12 > 1/12, (65/64)36/2 < 7/8.

The reference permanent 𝑃0 = (𝑘 + 1)! per𝐶 ≥ 2, by the classical PSD permanent diagonal bound
[15]. Thus D ≥ 𝑃2

0/12 ≥ 1/3 on this uniform domain. These estimates are independent of positive
Gram/cofactor eigenvalues. The all-low vertex is excluded. None asserts generic coverage or that the
stronger cofactor surrogate fails on the certified domain.

For an active unit direction at order six, let 𝑠 = 𝜆+min(𝐵) and 𝜏 = min{𝑠/12, 1/57344}. If 𝐸 < 𝜇𝜏(1−
𝜏), Proposition 7.1 forces every occupation outside [𝜏, 1−𝜏]. The active frame bound

∑
𝑖 𝑝𝑖 ≥ 𝑠 excludes

the all-low alternative. Thus the occupied vertex theorem applies, with its complementary hypothesis, and
gives D ≥ 1/3. Only this conversion from variance uses 𝑠, 𝜇; the direct geometric domain does not. In
this small domain the surrogate is positive too: 𝐸 ≤ ∥𝐿∥∑

𝑖 𝑝𝑖 (1 − 𝑝𝑖) ≤ 4320/57344 < 1/3, since
Tr 𝐿 ≤ 6 · 5! = 720.

Theorem 8.4 (Neighborhoods of repeated orthogonal blocks). Let 𝐵0 =
⊕

𝑗 𝐽𝑚 𝑗 have order 𝑛, with some
𝑚 𝑗 ≥ 2. For any complex PSD correlation matrix 𝐴 of order 𝑛 + 1 with leading block 𝐵, if

max
𝑖, 𝑗

|𝐵𝑖 𝑗 − (𝐵0)𝑖 𝑗 | ≤
1

2304𝑛3(𝑛 + 1)
,

then per |𝐴|2 ≤ 2
3 (per 𝐴)2. Gram ranks and the normalized border are unrestricted.

Proof. At 𝐵0 one has 𝑎0 = 𝑐0 =
∏
𝑗 𝑚 𝑗! ≥ 2 and 𝑈0 = 𝑇0: 𝐿0 = 𝑅0 and 𝐿0 ◦ 𝐵0 = 𝑅0 by block

cofactors. For every unit border vector, 𝑝T𝐿0𝑝 ≤ 𝑧∗𝑈0𝑧 = 𝑡, so 𝑄0 = 𝑎0 + 𝑝T𝐿0𝑝 ≤ 𝑎0 + 𝑡 = 𝑃0. Thus
𝑄0/𝑃2

0 ≤ 1/𝑎0 ≤ 1/2. If the leading-block entrywise distance is at most 𝑑, then ∥𝐵 − 𝐵0∥ ≤ 𝑛𝑑. Square-
root factors differ rowwise by at most 𝜀 =

√
𝑛𝑑, by the PSD square-root bound below. Pad the factors

to represent any admissible border by the same unit vector in both Gram systems. Their doubled-row
distances are at most 2𝜀. Lemma 8.1 bounds the new ratio by

(1 + 2
√
𝑛 + 1𝜀)6𝑛

𝑎0
.

At the stated radius 2
√
𝑛 + 1𝜀 ≤ 1/(24𝑛); the same geometric-series estimate as Corollary 8.3 gives at

most 4/(3𝑎0) ≤ 2/3. □

Corollary 8.5 (A neighborhood of a rank-five base). Let 𝐴 be any complex PSD correlation matrix of
order seven, with leading block 𝐵 of order six. If

max
𝑖, 𝑗

|𝐵𝑖 𝑗 − (𝐽2 ⊕ 𝐼4)𝑖 𝑗 | ≤ 1/884736,

then per |𝐴|2 ≤ 7
8 (per 𝐴)2. There is no rank assumption on 𝐴 or 𝐵.

Proof. At the reference base 𝐵0 = 𝐽2 ⊕ 𝐼4, one has 𝑎 = 𝑐 = 2 and 𝑈 = 𝑇 by direct block cofactors. For
every unit border vector in any ambient dimension, (21) gives

1
2 (𝑎 + 𝑡)

2 − 𝑐 − 𝑝T𝐿𝑝 = 𝑡 + 1
2 𝑡

2 + 𝐸 ≥ 0.

Thus every reference border has ratio at most 1/2. If its six unit base vectors are each perturbed by at
most 𝜀, keep the same unit border vector. The doubled-vector distances are at most 2𝜀. Lemma 8.1, with
𝑁 = 7, 𝑟 = 6, bounds the new ratio by

1
2 (1 + 2

√
7𝜀)12(1 +

√
7𝜀)24 ≤ 1

2 (1 + 6𝜀)36 < 7/8 (𝜀 ≤ 1/384).

For the stated entrywise radius, ∥𝐵 − 𝐵0∥ ≤ 6/884736 and the PSD square-root inequality gives ∥
√
𝐵 −√

𝐵0∥ ≤
√
∥𝐵 − 𝐵0∥ ≤ 1/384. Its rowwise bound compares unit Gram factors. Pad them, if necessary,

by an unused coordinate to represent arbitrary normalized border slack. Isometric equivalence of Gram
realizations lets the same border vector be used in both factors. Hence the comparison covers every
admissible 𝐴, including singular bases and full-rank borders. □
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The square-root bound used here follows directly from operator monotonicity: if ∥𝐵 − 𝐵0∥ ≤ 𝑑, then√
𝐵 ⪯

√
𝐵0 + 𝑑𝐼 ⪯

√
𝐵0 +

√
𝑑 𝐼, and similarly in reverse. The neighborhood is a quantitative application,

without a claim that all such ordinary-Chollet cases were previously unknown or that its radius is optimal.

9 Occupation-box certificates for the actual quartic
Return to D in (20). This section also holds for unnormalized 𝐵, with 0 ≤ 𝑝𝑖 ≤ 𝐵𝑖𝑖 . For real 𝑦 set

𝐷 (𝑦) = 𝛿𝐼 + 2𝑎𝑇 − 2𝑉∗ diag(𝐿𝑦)𝑉, 𝐹𝑦 (𝑧) = 𝑦T𝐿𝑦 + 𝑧∗𝐷 (𝑦)𝑧 + (𝑧∗𝑇𝑧)2.

Then 𝐹𝑦 (𝑧) = D(𝑧) + (𝑝 − 𝑦)T𝐿 (𝑝 − 𝑦). Consequently

min
∥𝑧 ∥=1

D(𝑧) = min
0≤𝑦𝑖≤𝐵𝑖𝑖

{
𝑦T𝐿𝑦 + max

𝜉 ∈[𝜆min𝑇,𝜆max𝑇 ]
𝜆min(𝐷 (𝑦) + 2𝜉𝑇 − 𝜉2𝐼)

}
. (24)

The compact product minimum is exact because 𝑦 = 𝑝 is allowed. At each fixed 𝑦, the inner scalar dual
follows from convexity of the complex numerical range of 𝐷 (𝑦) +𝑖𝑇 and minimax for the convex function
𝑑 + 𝑡2; cf. [16]. The elementary scalar identity is 𝑡2 = max𝜉 (2𝜉𝑡 − 𝜉2). There is no interchange of the
outer minimum and inner maximum in (24).

Proposition 9.1 (Finite box certificate). Cover
∏
𝑖 [0, 𝐵𝑖𝑖] by finitely many boxes of center ℎ and halfwidth

𝑟 ≥ 0. A box is certified if some real shift 𝜉 gives

[𝛿 + ℎT𝐿ℎ − 𝑟T𝐿𝑟 − 𝜉2] 𝐼 + 2(𝑎 + 𝜉)𝑇 − 2𝑉∗ diag(𝐿ℎ)𝑉 ⪰ 0. (25)

If every box is certified, then D(𝑧) ≥ 0 for all unit complex 𝑧. For a strictly positive fixed-base instance, a
sufficiently fine finite cover admits these certificates. With rational real and imaginary input coordinates,
the cover and shifts can be rational.

Proof. All entries of 𝐿 are nonnegative. If |𝑝 − ℎ| ≤ 𝑟, then (𝑝 − ℎ)T𝐿 (𝑝 − ℎ) ≤ 𝑟T𝐿𝑟 . Use this with
𝐹ℎ − D = (𝑝 − ℎ)T𝐿 (𝑝 − ℎ) and (𝑡 − 𝜉)2 ≥ 0 to obtain (25) as a lower bound. If minD = 𝑚 > 0, every
𝐹ℎ ≥ 𝑚. The exact fixed-center dual supplies a shift attaining that margin before the box error. A fine
mesh with 𝑟T𝐿𝑟 < 𝑚/2 leaves a strict PSD margin. Continuity permits rational nearby shifts. This is
finite existence at one strictly positive base; no uniform complexity bound or termination at zero margin
follows. □

Proposition 9.2 (The all-low box). For a correlation base, put 𝐽 = 𝑉∗ diag(𝐿1)𝑉 . Then 𝑇 and 𝐽 have
kernel exactly ker𝑉 . Every fixed base therefore admits 𝜂 > 0 with 2𝑎𝑇 − 𝜂𝐽 ⪰ 0. If also 𝛿 ≥ 0, this test
certifies the entire box 0 ≤ 𝑝𝑖 ≤ 𝜂, with D ≥ 𝛿 + 𝑡2. No uniform positive 𝜂 over varying bases is asserted.

Proof. The omitted-product argument for the original unit Gram vectors gives the same line-class range
description for 𝑅, after phases make parallel rows equal. The image of 𝑉 lies in that range, so 𝑅 is
positive on it and ker𝑇 = ker𝑉 . Under a row gauge 𝐵 = 𝐷𝐵0𝐷

∗, 𝑅(𝐵) = 𝐷𝑅(𝐵0)𝐷∗ and 𝑉 = 𝐷𝑉0,
preserving this argument. Every diagonal entry of 𝐿 is at least one by the PSD permanent diagonal bound;
hence 𝐽 has the same kernel. Positivity on the active subspace gives an admissible 𝜂. Finally, entrywise
nonnegativity of 𝐿 gives 𝑝T𝐿𝑝 ≤ 𝜂𝑝T𝐿1 = 𝜂𝑧∗𝐽𝑧. Substitute into (20). □

There is a conditional finite-completeness extension through kernel zeros. Suppose 𝛿 ≥ 0 and D(𝑧) >
0 whenever 𝑉𝑧 ≠ 0. Use Proposition 9.2 on an all-low box. On the remaining nonnegative auxiliary
centers with max𝑖 ℎ𝑖 ≥ 𝜂/2, each 𝐹ℎ is strictly positive on the whole unit sphere: off the kernel this
follows from 𝐹ℎ ≥ D > 0, and on it 𝐹ℎ = 𝛿+ℎT𝐿ℎ > 0 because 𝐿𝑖𝑖 ≥ 1. Compactness over those centers
gives a common positive 𝐹ℎ margin. Fine subdivision and the fixed-center dual then give finitely many
spectral leaves. This assumes the active-endpoint sign; it does not prove that sign or global termination
on arbitrary bases.
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An adaptive cover may also accept a box by Theorem 8.2 if every coordinate is wholly low or high
at a valid radius and at least one is high. Its complementary hypothesis must still be supplied. The all-
low box cannot be accepted by that theorem. Standard rigorous partition methods [17] motivate this
organization; the quadratic conjugacy and scalar numerical-range dual are classical. The reusable point
here is a certificate of the actual quartic, without first proving the stronger cofactor surrogate. The supplied
adaptive examples illustrate subdivision and exact checking; they do not prove generic rank-six positivity
or separation from the exact optimized cofactor test. In particular, the first rational full-support, phase-
bearing rank-six base in adaptive_certificates.json has a two-leaf proof of D ≥ 13/20. An exact
Rayleigh witness rules out that margin for every single-full-box shift, while the exact shifted cofactor test
also certifies 13/20 on the same base. This is a subdivision example, rather than evidence that retained
variance is necessary there.

10 Uniform cofactor-weighted variance
The coefficient 𝜆+min(𝐿) in Proposition 7.1 can degenerate when Gram lines merge. The following trace-
contraction estimate removes that coefficient. We first state it for trace-one operators; its variance must
then be the operator variance, rather than a Bernoulli expression.

Theorem 10.1 (Trace-one operator variance). Let 𝑃1, . . . , 𝑃𝑛 be positive semidefinite trace-one operators,
𝑛 ≥ 2, and let 𝐻0 be the span of their ranges, of dimension 𝑟. For any unit 𝑧, set

𝑄𝑧 = 𝑧𝑧
∗, 𝜋 = ∥𝑃𝐻0𝑧∥2, ℎ𝑖 𝑗 = Tr(𝑃𝑖𝑃 𝑗), 𝐿𝑖 𝑗 = per ℎ( 𝑗 | 𝑖), 𝜌𝑖 = (𝐼 −𝑄𝑧)𝑃𝑖𝑧,

and put
𝑣 =

∑
𝑖

∥𝜌𝑖 ∥2 =
∑
𝑖

[
𝑧∗𝑃2

𝑖 𝑧 − (𝑧∗𝑃𝑖𝑧)2] , 𝐸 =
∑
𝑖, 𝑗

𝐿𝑖 𝑗 ⟨𝜌𝑖 , 𝜌 𝑗⟩.

Writing 𝑦 =
√
𝐸/(𝑛 − 1)! and 𝑘 = (𝑛 − 1)𝑟 (𝑛−2)/2√𝜋(𝑟 − 𝜋), one has

𝑣 ≤ 𝑟𝑛−1𝑦2 + 𝑘𝑦. (26)

In particular, for 𝑣 > 0,

𝐸 ≥ (𝑛 − 1)!
[

2𝑣
𝑘 +

√
𝑘2 + 4𝑟𝑛−1𝑣

]2
. (27)

For 𝑣 = 0 the conclusion is 𝐸 ≥ 0. The support dimension 𝑟 need not be bounded by 𝑛.

Proof. Work in the Hilbert–Schmidt space 𝐾 = End(𝐻0). Let 𝑞𝑖 be the averaged symmetric tensor
product of the 𝑛 − 1 operators other than 𝑃𝑖 . The permanent norm identity gives ⟨𝑞𝑖 , 𝑞 𝑗⟩ = 𝐿𝑖 𝑗/(𝑛 − 1)!;
here ℎ and 𝐿 are real symmetric. Hence, for 𝑌 =

∑
𝑖 𝜌𝑖 ⊗ 𝑞𝑖 ,

𝐸 = (𝑛 − 1)!∥𝑌 ∥2.

The trace functional ℓ on 𝐾 has norm
√
𝑟 and ℓ(𝑃𝑖) = 1. Full contraction and one uncontracted slot give

𝑆1 =
∑
𝑖

𝜌𝑖 = (𝐼 ⊗ ℓ⊗(𝑛−1) )𝑌,

𝑍 =
∑
𝑖

𝜌𝑖 ⊗
∑
𝑗≠𝑖

𝑃 𝑗 = (𝑛 − 1)(𝐼 ⊗ 𝐼𝐾 ⊗ ℓ⊗(𝑛−2) )𝑌 .

The factor 𝑛 − 1 compensates for averaged symmetrization. Therefore

∥𝑆1∥ ≤ 𝑟 (𝑛−1)/2∥𝑌 ∥, ∥𝑍 ∥ ≤ (𝑛 − 1)𝑟 (𝑛−2)/2∥𝑌 ∥.

On 𝑧⊥ ⊗ 𝐾 the complex-linear functional 𝐹 (𝑠 ⊗ 𝑃) = 𝑧∗𝑃𝑠 has squared norm

∥𝐹∥2 = ∥𝑃𝐻0𝑧∥2 Tr
[
𝑃𝐻0 (𝐼 − 𝑧𝑧∗)

]
= 𝜋(𝑟 − 𝜋).
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For example, this follows by summing its squared coefficients over matrix units of 𝐾 and an orthonormal
basis of 𝑧⊥ in span(𝐻0, 𝑧). Extra ambient directions contribute zero. Hermiticity, with 𝑃Σ =

∑
𝑖 𝑃𝑖 , gives

𝐹 (𝑆1 ⊗ 𝑃Σ) = ∥𝑆1∥2, 𝐹

(∑
𝑖

𝜌𝑖 ⊗ 𝑃𝑖

)
= 𝑣.

Since 𝑆1 ⊗ 𝑃Σ − 𝑍 =
∑
𝑖 𝜌𝑖 ⊗ 𝑃𝑖 , the exact cancellation identity is 𝑣 = ∥𝑆1∥2 − 𝐹 (𝑍). The norm bounds

prove (26); its positive quadratic root gives (27). No purity assumption entered the proof. □

Corollary 10.2 (A first six-factor specialization). For the variance in (21), let 𝑣 =
∑
𝑖 𝑝𝑖 (1 − 𝑝𝑖). For

every complex correlation base of order six and every unit border vector in any ambient dimension,

𝐸 ≥ 𝑣2

1600
.

If rank 𝐵 ≤ 5, then 𝐸 ≥ 𝑣2/600. Both statements include every kernel mixture and all rank limits.
The same constants hold for six trace-one operators with joint support dimension at most six or five,
respectively, with their actual operator variance 𝑣.

Proof. Trace-one positivity implies 0 ⪯ 𝑃𝑖 ⪯ 𝐼 and Var𝑧 (𝑃𝑖) ≤ 1/4, so 𝑣 ≤ 3/2. For 𝑟 ≥ 2, 𝜋(𝑟 − 𝜋) ≤
𝑟 − 1. Put 𝑘𝑟 = 5𝑟2√𝑟 − 1. Theorem 10.1 gives

𝐸 ≥ 480𝑣2

[𝑘𝑟 +
√
𝑘2
𝑟 + 6𝑟5]2

.

At 𝑟 = 6, 𝑘2
𝑟 = 162000 and 𝑘2

𝑟 + 6𝑟5 = 208656; their square roots are less than 403 and 457. Since
8602 < 480 · 1600, the first bound follows. For 2 ≤ 𝑟 ≤ 5 the denominator increases with 𝑟; at 𝑟 = 5 it is
less than 250+ 286 = 536, and 5362 < 480 · 600. For 𝑟 = 1 every operator is the same rank-one projector,
and 𝐸 = 𝑛!𝑣 = 720𝑣, which covers both constants. □

The exponent two cannot be decreased in a uniform positive power-law bound. Indeed, for 𝑠 > 0
take the first two unit Gram vectors to be (𝑒0 ± 𝑠𝑒1)/

√
1 + 𝑠2, the other four mutually orthogonal and

orthogonal to 𝑒0, 𝑒1, and take 𝑧 = 𝑒1. Directly,

𝑣 =
2𝑠2

(1 + 𝑠2)2 , 𝐸 =
8𝑠4

(1 + 𝑠2)4 = 2𝑣2.

The bases have rank six for 𝑠 > 0 and rank five at 𝑠 = 0. This proves optimality of the exponent, not of
our numerical constants.

11 A quantitative base-defect reserve
We include the small-order input explicitly. The coefficient induction below is the method of Li–Zhao–
Luo [3]; its inclusion identifies the dependency of the quantitative extraction that follows.

Lemma 11.1 (Small-order coefficient induction). For every complex positive semidefinite matrix 𝐴 of
order at most six, per |𝐴|2 ≤ (per 𝐴)2.

Proof. For PSD matrices 𝑀 𝑗 , every coefficient of per(∑ 𝑗 𝑡 𝑗𝑀 𝑗) is nonnegative: realize their Gram vec-
tors in orthogonal labelled spaces, expand the symmetric product, and group by label occupations. The
coefficients are factorial multiples of squared norms of the orthogonal occupation components.
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A zero diagonal of 𝐴 ⪰ 0 gives a zero row and trivial permanents. Otherwise diagonal congruence
reduces to diagonal one; both sides scale by the same factor. Write 𝐴 =

(
𝐵 𝑥
𝑥∗ 1

)
, 𝐻 = 𝐵−𝑥𝑥∗ ⪰ 0, 𝑋 = 𝑥𝑥∗,

and, if 𝐵 has order 𝑚, set

𝐹 (𝑠) = per(𝐻 + 𝑠𝑋) =
𝑚∑
𝑘=0

𝛼𝑘𝑠
𝑘 ,

Γ(𝑠, 𝑡) = per
(
𝐻 ◦ 𝐻̄ + 𝑠(𝐻 ◦ 𝑋̄ + 𝐻̄ ◦ 𝑋) + 𝑡𝑋 ◦ 𝑋̄

)
=

∑
𝑗 ,𝑘

𝛾 𝑗𝑘𝑠
𝑗 𝑡𝑘 .

Every coefficient is nonnegative by the preceding argument and the Schur product theorem. Border ex-
pansion and rank-one differentiation give

per 𝐴 =
∑
𝑘

(𝑘 + 1)𝛼𝑘 , per |𝐴|2 =
∑
𝑗 ,𝑘

(𝑘 + 1)𝛾 𝑗𝑘 , Γ(𝑠, 𝑠2) = per |𝐻 + 𝑠𝑋 |2.

If 𝑚 ≤ 5, then (
√

2)𝑘 ≤ 𝑘 + 1 for 0 ≤ 𝑘 ≤ 𝑚, whereas 𝑘 + 1 ≤ 2𝑘 ≤ 2 𝑗/2+𝑘 for all 𝑗 , 𝑘 ≥ 0. Assuming the
assertion in order 𝑚, these comparisons yield

per |𝐴|2 ≤ Γ(
√

2, 2) ≤ 𝐹 (
√

2)2 ≤ (per 𝐴)2.

Start from scalar equality and induct to order six. At 𝑘 = 6 the last ordinary coefficient comparison fails
(8 > 7); this argument gives no unrestricted order-seven theorem. □

Lemma 11.2 (Sharp nonzero occupation mass). Let 𝑓 = Sym(𝑣1 ⊗ · · · ⊗ 𝑣𝑚) for unit vectors 𝑣𝑖 , and let
𝑒 be unit. If 𝑞 = max𝑖 |𝑣∗𝑖 𝑒 |2 and 𝑃0 projects onto Sym𝑚(𝑒⊥), then

∥(𝐼 − 𝑃0) 𝑓 ∥2 ≥ 𝑞𝑚∥ 𝑓 ∥2.

The constant 𝑞𝑚 is sharp among such products.

Proof. Choose a factor 𝑣 attaining 𝑞, let 𝑀 = 𝑣 Sym𝑚−1 𝐻, and let 𝑁 = Sym𝑚(𝑒⊥). On 𝑒⊥, projection
onto 𝑣⊥ has least singular value at least √𝑞. Its symmetric tensor power is projection onto 𝑀⊥ restricted
to 𝑁 , with least singular value at least 𝑞𝑚/2. Thus 𝑃𝑁𝑃𝑀𝑃𝑁 ⪯ (1 − 𝑞𝑚)𝑃𝑁 . Since 𝑓 ∈ 𝑀 , ∥𝑃𝑁 𝑓 ∥2 ≤
(1 − 𝑞𝑚)∥ 𝑓 ∥2.

For sharpness take unit 𝑢 ⊥ 𝑒, 0 < 𝑞 < 1, and 𝑣 =
√

1 − 𝑞𝑢 + √
𝑞𝑒. In the binary polynomial model,

𝑃𝑀𝑢
𝑚 = 𝑢𝑚 − [𝑞𝑢 −

√
𝑞(1 − 𝑞)𝑒]𝑚 factors as∏

𝜔𝑚=1
[(1 − 𝜔𝑞)𝑢 + 𝜔

√
𝑞(1 − 𝑞)𝑒] .

The squared 𝑒-overlap of each normalized factor is 𝑞(1 − 𝑞)/(1 + 𝑞 − 2𝑞 Re𝜔) ≤ 𝑞, with equality at
𝜔 = 1. Moreover ∥𝑃𝑀𝑢𝑚∥2 = 1− 𝑞𝑚 and its zero-mode projection is (1− 𝑞𝑚)𝑢𝑚, giving nonzero-mode
fraction exactly 𝑞𝑚. The endpoints follow directly. □

Theorem 11.3 (Coherence reserve). For a complex correlation matrix 𝐵 of order six, put
𝜂 = max𝑖≠ 𝑗 |𝐵𝑖 𝑗 |2, 𝑟0 = 𝜂5, and

𝑑0 =
(6 − 4

√
2)𝑟0

1 + 5𝑟0
, 𝑑0 =

𝑟0

3(1 + 5𝑟0)
.

Then
𝛿

𝑎2 ≥ 2𝑑0 − 𝑑2
0 ≥ 𝐷 (𝜂) := 2𝑑0 − 𝑑2

0 .

In particular 𝛿 = 0 if and only if 𝐵 = 𝐼6.
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Proof. Reorder a pair attaining 𝜂 so that one is the last vector, and split the other five factors into its
mode and perpendicular part. Use 𝐹 (𝑠) = per(𝐻 + 𝑠𝑥𝑥∗) =

∑5
𝑘=0 𝛼𝑘𝑠

𝑘 as in Lemma 11.1. Put 𝜌 =∑
𝑘≥1 𝛼𝑘/𝐹 (1). The coefficients are the ordinary occupation masses; Lemma 11.2 gives 𝜌 ≥ 𝜂5. With

𝑏 = 𝐹 (
√

2), the induction proof gives 𝑐 ≤ 𝑏2, while

𝑎 =
∑
𝑘

(𝑘 + 1)𝛼𝑘 , 𝑎 − 𝑏 ≥ (6 − 4
√

2)𝜌𝐹 (1), 𝑎 ≤ (1 + 5𝜌)𝐹 (1).

Here 6− 4
√

2 is the minimum of 𝑘 + 1− 2𝑘/2 for 1 ≤ 𝑘 ≤ 5. Since 𝜌/(1 + 5𝜌) increases, (𝑎 − 𝑏)/𝑎 ≥ 𝑑0
and 𝑐/𝑎2 ≤ (1 − 𝑑0)2. Finally 6 − 4

√
2 > 1/3 follows from 289 > 288. At 𝜂 = 0, 𝐵 = 𝐼6 directly. □

Corollary 11.4 (Uniform low occupations and kernel weights). Let 𝑝max = max𝑖 | (𝑉𝑧)𝑖 |2. Then

D(𝑧)
𝑎2 ≥ 𝐷 (𝜂) − 36[1 − 𝐷 (𝜂)]𝑝2

max. (28)

If 𝜂 ≥ 1/25 (in particular if rank 𝐵 ≤ 5), then

𝛿 ≥ 𝑎2

15000000
, 𝑝max ≤ 1

30000
=⇒ D(𝑧) ≥ 𝑎2

37500000
.

For every active unit ℎ and kernel unit 𝜅, all vectors 𝑧𝑝 =
√
𝑝 ℎ + 𝑒𝑖 𝜃

√
1 − 𝑝𝜅 with 0 ≤ 𝑝 ≤ 1/10000

satisfy D(𝑧𝑝) ≥ 𝑎2/150000000 under the same coherence condition.

Proof. The unit-vector creator lower bound gives 𝐿𝑖𝑖 ≤ 𝑐; positivity of 𝐿 gives 0 ≤ 𝐿𝑖 𝑗 ≤ 𝑐. Thus
𝑝T𝐿𝑝 ≤ 36𝑐𝑝2

max; drop the nonnegative 2𝑎𝑡 + 𝑡2 in (20) to obtain (28). If rank 𝐵 ≤ 5, Tr 𝐵2 ≥ 36/5 and
Tr 𝐵2 ≤ 6 + 30𝜂 give 𝜂 ≥ 1/25. At that endpoint 𝑑0 = 1/29296890 and 2𝑑0 − 𝑑2

0 > 1/15000000. The
low-occupation margin follows from 1/15000000 − 36/300002 = 1/37500000. Finally 𝑝(ℎ)T𝐿𝑝(ℎ) ≤
ℎ∗𝑈ℎ ≤ Tr𝑈 = 6𝑐, so homogeneity gives D(𝑧𝑝)/𝑎2 ≥ 1/15000000 − 6𝑝2 ≥ 1/150000000. This
includes every relative phase and both endpoints of the stated band. □

12 Uniform matrix and occupation-box certificates
Proposition 12.1 (Low-coherence matrix compensation). For a complex correlation matrix 𝐵 of order
six with |𝐵𝑖 𝑗 | ≤ 1/15 for 𝑖 ≠ 𝑗 ,

2𝑎𝑅 − 𝐿 ◦ 𝐵 ⪰ 1
12 𝐼6, 2𝑎𝑇 −𝑈 ⪰ 1

12𝑉
∗𝑉.

Consequently every admissible border satisfies D(𝑧) ≥ 𝛿 + 1
12

∑
𝑖 𝑝𝑖 + 𝑡2 + 𝐸 .

Proof. Put 𝜌 = 1/15 and

𝑓 (𝑥) = 𝑥 + 4𝑥2 + 18𝑥3 + 44𝑥4 + 53𝑥5, 𝑑 (𝑥) = 1 + 10𝑥2 + 20𝑥3 + 45𝑥4 + 44𝑥5.

Counting permutations by their number of off-diagonal factors gives |𝑅𝑖 𝑗 | ≤ 𝑓 (𝜌) for 𝑖 ≠ 𝑗 , 𝐿𝑖𝑖 ≤ 𝑑 (𝜌2),
and 𝐿𝑖 𝑗 ≤ 𝑓 (𝜌2) for 𝑖 ≠ 𝑗 . The corresponding counts are (1, 4, 18, 44, 53) for an off-diagonal five-row
cofactor and (1, 0, 10, 20, 45, 44) for a diagonal one. The creator lower bound gives 𝑅𝑖𝑖 ≥ 1 and 𝑎 ≥ 1.
Hermitian row-sum bounds therefore yield

𝑅 ⪰ 𝑟∗𝐼, 𝐿 ◦ 𝐵 ⪯ 𝑠∗𝐼, 𝑟∗ = 1 − 5 𝑓 (𝜌), 𝑠∗ = 𝑑 (𝜌2) + 5𝜌 𝑓 (𝜌2).

Direct rational evaluation gives

𝑟∗ =
82987
151875

> 0, 2𝑟∗ − 𝑠∗ =
31528452158
345990234375

>
1
12
.

Thus 2𝑎𝑅 − 𝐿 ◦ 𝐵 ⪰ (2𝑟∗ − 𝑠∗)𝐼; congruence by 𝑉 and (21) prove the assertions. Lemma 11.1 supplies
𝛿 ≥ 0. No inverse or singular-border assumption is used. □

14



This base domain has 𝐵 ⪰ (2/3)𝐼 by Gershgorin. It contains no rank-five base: the preceding trace
bound forces an off-diagonal modulus at least 1/5 at rank at most five. Outside the certified domain,
Theorem 11.3 gives a uniform positive reserve with 𝑑0 = 1/[3(2255 + 5)]. Neither reserve alone proves
the remaining compensation inequality.

Proposition 12.2 (Variance-corrected boxes). For a six-row correlation base suppose ℓ𝑖 ≤ 𝑝𝑖 ≤ ℎ𝑖 , with
0 ≤ ℓ𝑖 ≤ ℎ𝑖 ≤ 1. Put

𝑣min =
∑
𝑖

min{ℓ𝑖 (1 − ℓ𝑖), ℎ𝑖 (1 − ℎ𝑖)}, 𝐶 =

{
600, rank 𝐵 ≤ 5,
1600, otherwise.

For any real 𝜏, the matrix test (
𝛿 − 𝜏2 − 𝑚 +

𝑣2
min
𝐶

)
𝐼 + 2(𝑎 + 𝜏)𝑇 −𝑈 ⪰ 0

certifies D(𝑧) ≥ 𝑚 on that feasible occupation box.

Proof. Concavity of 𝑠(1 − 𝑠) gives 𝑣 ≥ 𝑣min. The scalar square (𝑡 − 𝜏)2 ≥ 0 lower-bounds 𝑄(𝑧) by the
quadratic form of (𝛿 − 𝜏2)𝐼 + 2(𝑎 + 𝜏)𝑇 −𝑈. Add Corollary 10.2 and use D = 𝑄 + 𝐸 . □

The test improves a shifted cofactor margin without a positive cofactor eigenvalue assumption. Failure
of the matrix test is inconclusive, and no finite collection of boxes is claimed to cover all complex bases. In
particular, none of the results above proves the unrestricted order-seven inequality or its generic rank-six
active case.

13 Orthogonal trace sectors and frame variance
The trace contractions in Theorem 10.1 come from orthogonal tensor sectors. Accounting for their joint
norm improves the constants and retains the variance of the sum of the operators.

Theorem 13.1 (Joint trace-sector bound). Use the trace-one operator setting of Theorem 10.1, and put
𝑚 = 𝑛 − 1, F =

∑
𝑖 𝑃𝑖 ,

𝑠 = 𝑧∗F𝑧, A = 𝑧∗F2𝑧 − 𝑠2, 𝑏 =
𝑚

𝑟
(1 − 𝜋)𝑠, 𝑓 2

0 =
𝜋(𝑟 − 1)(𝑟 + 1 − 𝜋)

𝑟
.

If 𝑓0 > 0, then
𝐸

𝑚!
≥ A
𝑟𝑚

+ (A − 𝑏 − 𝑣)2

𝑚𝑟𝑚−1 𝑓 2
0

. (29)

If 𝑓0 = 0, the second quotient is omitted and A − 𝑏 − 𝑣 = 0. In particular, for 𝑟 ≥ 2,

𝐸

𝑚!
≥ A
𝑟𝑚

+ (𝑣 − A)2
+

𝑚𝑟𝑚−1(𝑟 − 1)
. (30)

These statements retain arbitrary kernel components of 𝑧 and do not require rank-one 𝑃𝑖 .

Proof. In the Hilbert–Schmidt space write 𝑒 = 𝐼𝐻0/
√
𝑟 and 𝑃𝑖 = 𝑒/

√
𝑟 +𝐷𝑖 , with 𝐷𝑖 traceless. Let 𝑌 and

𝑆1 be the omitted-product tensor and its full contraction from Theorem 10.1, and set

𝑍0 =
∑
𝑖

𝜌𝑖 ⊗
∑
𝑗≠𝑖

𝐷 𝑗 .

Projecting the last 𝑚 slots of 𝑌 onto zero or one traceless slot gives orthogonal components of squared
norms

∥𝑌0∥2 =
∥𝑆1∥2

𝑟𝑚
, ∥𝑌1∥2 =

∥𝑍0∥2

𝑚𝑟𝑚−1 .
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The factor 1/𝑚 follows because the 𝑚 possible traceless slots are orthogonal under averaged symmetriza-
tion. Also ∥𝑆1∥2 = A. Restricting the functional 𝐹 (𝑢 ⊗ 𝑃) = 𝑧∗𝑃𝑢 to traceless matrices removes squared
norm 𝜋(1 − 𝜋)/𝑟 from its full squared norm 𝜋(𝑟 − 𝜋). Its remaining squared norm is exactly 𝑓 2

0 .
The identity-slot contraction must retain the support projection: 𝐹 (𝑆1 ⊗ 𝐼𝐻0) = (1 − 𝜋)𝑠. Thus the

exact cancellation is
𝑣 = A − 𝑏 − 𝐹 (𝑍0).

Cauchy–Schwarz and 𝐸 = 𝑚!∥𝑌 ∥2 prove (29), including its zero-norm convention. For 𝑟 ≥ 2, 𝑓 2
0 ≤ 𝑟 − 1

and 𝑏 ≥ 0 give 𝑣 ≤ A +
√
𝑟 − 1∥𝑍0∥, proving (30). □

Corollary 13.2 (Six-factor frame reserve). For six trace-one operators of joint support dimension at most
six,

𝐸 ≥ 𝑣2

270
+ 7

1620
A. (31)

At support dimension at most five,
𝐸 ≥ 6

625
(𝑣2 + A). (32)

For unit Gram vectors, 𝑣 =
∑
𝑖 𝑝𝑖 (1 − 𝑝𝑖) and F = 𝑉∗𝑉 . These inequalities improve the round constants

in Corollary 10.2; no coefficient optimality is asserted.

Proof. Embed the support, if necessary, into a containing space of dimension 𝑅 = 6 or 5. The preceding
proof needs only containment, not that the ranges span the containing space. Since 𝑣 ≤ 3/2, (30) gives

𝐸 ≥ 𝛼A + 𝛽(𝑣 − A)2
+, 𝛼 =

120
𝑅5 , 𝛽 =

24
𝑅4(𝑅 − 1)

.

For A ≤ 𝑣, expansion yields 𝐸 ≥ 𝛽𝑣2 + (𝛼 − 3𝛽)A because 2𝑣 ≤ 3. For A ≥ 𝑣, the same conclusion
follows from 3A ≥ 𝑣2. Substitution of 𝑅 = 6, 5 gives the displayed constants. The argument includes
rank one; directly in that case 𝐸 = 720𝑣. □

Proposition 13.3 (Frame-corrected occupation boxes). For a six-row correlation base let 0 ≤ ℓ𝑖 ≤ 𝑝𝑖 ≤
ℎ𝑖 ≤ 1 and 𝑣min =

∑
𝑖 min{ℓ𝑖 (1 − ℓ𝑖), ℎ𝑖 (1 − ℎ𝑖)}. Suppose real 𝜆 < 𝜇 satisfy

(F − 𝜆𝐼)(F − 𝜇𝐼) ⪰ 0, 𝜆 ≤ 𝑠− :=
∑
𝑖

ℓ𝑖 ≤ 𝑠+ :=
∑
𝑖

ℎ𝑖 ≤ 𝜇.

Set
𝐴min = min{(𝑠− − 𝜆)(𝜇 − 𝑠−), (𝑠+ − 𝜆)(𝜇 − 𝑠+)}.

Take (𝛽, 𝛾) = (1/270, 7/1620), or (6/625, 6/625) when rank 𝐵 ≤ 5. For any real 𝜏,

[𝛿 − 𝜏2 − 𝑀 + 𝛽𝑣2
min + 𝛾𝐴min] 𝐼 + 2(𝑎 + 𝜏)𝑇 −𝑈 ⪰ 0 (33)

certifies D(𝑧) ≥ 𝑀 throughout the feasible box.

Proof. The spectral condition implies A ≥ (𝜆+𝜇)𝑠−𝜆𝜇−𝑠2 = (𝑠−𝜆)(𝜇−𝑠). Concavity gives A ≥ 𝐴min
on the box, while 𝑣 ≥ 𝑣min. Add Corollary 13.2 to the shifted lower bound for 𝑄 from (𝑡 − 𝜏)2 ≥ 0. □

If no spectral gap and box interval give a positive frame floor, one may use 𝐴min = 0. The matrix
condition includes kernel eigenvalues; no inverse is used. For rational input and endpoints all checks in
(33) are rational. This remains a sufficient local certificate, not a uniform cover of all bases.
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14 Rank-one secants couple the base reserve
For a six-row unit Gram factor and unit 𝑧, set 𝑥 = 𝑉𝑧, 𝑋 = 𝑥𝑥∗, 𝐻 = 𝐵 − 𝑋 ⪰ 0, and

𝐹 (𝜎) = per(𝐻 + 𝜎𝑋), 𝐶 (𝜎) = per |𝐻 + 𝜎𝑋 |2.

The coefficients of both polynomials are nonnegative by the PSD occupation expansion in Lemma 11.1.
The derivative identities are 𝐹 (1) = 𝑎, 𝐹′(1) = 𝑡 = 𝑧∗𝑇𝑧, 𝐶 (1) = 𝑐 and 𝐶′(1) = 2𝑢, where 𝑢 = 𝑧∗𝑈𝑧.

Proposition 14.1 (Same-data secants). For every 𝜎 > 1 put 𝛽𝜎 = (𝜎6 − 1)/6. Then

𝑢 ≤ (𝑎 + 𝛽𝜎𝑡)2 − 𝑐
2(𝜎 − 1) . (34)

Consequently, writing 𝑘 = 𝑡/𝑎 and 𝑑 = 𝛿/𝑎2,

𝑘 ≥ 6/7 =⇒ 𝑄(𝑧) ≥ 𝑎2/1000, (35)
𝑘 ≤ 𝑑/24 =⇒ 𝑄(𝑧) ≥ 𝛿/20. (36)

Each conclusion gives the same lower bound for D plus 𝐸 .

Proof. For 1 ≤ 𝑗 ≤ 6, the average (1 + 𝜎 + · · · + 𝜎 𝑗−1)/ 𝑗 increases with 𝑗 . Nonnegative coefficients
of 𝐹 therefore give 𝐹 (𝜎) ≤ 𝑎 + 𝛽𝜎𝑡. Convexity gives 𝐶 (𝜎) ≥ 𝑐 + 2(𝜎 − 1)𝑢, while Lemma 11.1 gives
𝐶 (𝜎) ≤ 𝐹 (𝜎)2. This proves (34).

At 𝜎 = 5/4, put 𝐴0 = 253/2048, 𝐵0 = 18785783/33554432. Expansion yields 𝑄/𝑎2 ≥ −𝑑 + 𝐴0𝑘 +
𝐵0𝑘

2. The independent trace estimate𝑈 ⪯ 6𝑐𝐼 gives 𝑄/𝑎2 ≥ 7𝑑 + 2𝑘 + 𝑘2 − 6. Seven copies of the first
lower bound and one of the second cancel 𝑑:

𝑄

𝑎2 ≥ (2 + 7𝐴0)𝑘 + (1 + 7𝐵0)𝑘2 − 6
8

.

This increasing polynomial has value 28555209/3288334336 > 1/1000 at 𝑘 = 6/7. At 𝜎 = 2, (34)
instead gives 𝑄/𝑎2 ≥ 𝑑/2 − 17𝑘/2 − 433𝑘2/8. Since 0 ≤ 𝑑 ≤ 1, 𝑘 ≤ 𝑑/24 makes this at least
(239/4608)𝑑 ≥ 𝑑/20. □

The low-occupation condition retains the actual base reserve. A proved floor 𝑑 ≥ 𝐷 permits the
uniform sufficient condition 𝑘 ≤ 𝐷/24. For example, Corollary 11.4 gives 𝑘 ≤ 1/360000000 at rank
at most five. These small constants are conservative; the high-occupation domain has no coherence or
spectral-gap condition. Neither statement covers all intermediate occupations.

Corollary 14.2 (Retaining the top ordinary occupation). Put 𝜃 = 720
∏
𝑖 𝑝𝑖/𝑎. If 𝑘 ≥ 3/4 and 𝜃 ≤ 1/50,

then 𝑄(𝑧) ≥ 𝑎2/30 and D(𝑧) ≥ 𝑎2/30 + 𝐸 .

Proof. If 𝐹 (𝜎) = ∑6
𝑗=0 𝛼 𝑗𝜎

𝑗 , then 𝛼6 = per 𝑋 = 720
∏
𝑖 𝑝𝑖 exactly. Bounding degrees one through five

by their endpoint chord gives

𝐹 (𝜎) ≤ 𝑎 + 𝑏𝜎𝑡 + 𝑒𝜎𝛼6, 𝑏𝜎 =
𝜎5 − 1

5
, 𝑒𝜎 = 𝜎6 − 1 − 6𝑏𝜎 > 0.

At 𝜎 = 5/4, 𝑏∗ = 2101/5120 and 𝑒∗ = 7221/20480. Write 𝐴∗ = 2− 4𝑏∗, 𝐵∗ = 1− 2𝑏2
∗. The same secant

and trace combination gives

𝑄

𝑎2 ≥ 𝐽 (𝑘, 𝜃) :=
(2 + 7𝐴∗)𝑘 + (1 + 7𝐵∗)𝑘2 − 6 − 7(4𝑒∗𝜃 + 4𝑏∗𝑒∗𝑘𝜃 + 2𝑒2

∗𝜃
2)

8
.

For 0 ≤ 𝜃 ≤ 1/50 this increases with 𝑘 ≥ 0: its derivative numerator is at least 2 + 7𝐴∗ − 28𝑏∗𝑒∗/50 =
5805352753/1310720000 > 0. It decreases with 𝜃 ≥ 0. Thus its minimum in the stated region is
𝐽 (3/4, 1/50) = 156051912513/4194304000000 > 1/30. □

All three domains permit arbitrary complex phases and exact rank-five boundaries. Along a kernel
mixture of active weight 𝑝, 𝑘 scales by 𝑝 and 𝜃 by 𝑝6; the conditions are required on the actual mixture,
rather than automatically on its whole ray.
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15 Retaining inherited small-order defect
The coefficient proof through order six loses a useful positive term if its smaller-order inequality is used
only as a sign. For a correlation matrix 𝐴 of order𝑚+1 ≤ 6, use the notation𝐻, 𝑋, 𝐹, Γ from Lemma 11.1
and put 𝑀 = 𝐻 +

√
2𝑋 , 𝑃 = per 𝐴, 𝑏 = per𝑀 . Write Δ 𝑗 (𝐷) = (per𝐷)2 − per |𝐷 |2 for a matrix of order

𝑗 . Then exactly
Δ𝑚+1(𝐴) = (𝑃2 − 𝑏2) + Δ𝑚(𝑀) + [per |𝑀 |2 − per |𝐴|2] . (37)

All terms are nonnegative. If 𝛼𝑘 and 𝛾 𝑗𝑘 are the ordinary coefficients of 𝐹 and Γ, the two outer gaps are
controlled without changing their common Gram origin by

𝑃 − 𝑏 =
∑
𝑘

(𝑘 + 1 − 2𝑘/2)𝛼𝑘 ≥ 0, per |𝑀 |2 − per |𝐴|2 =
∑
𝑗 ,𝑘

(2 𝑗/2+𝑘 − 𝑘 − 1)𝛾 𝑗𝑘 ≥ 0.

Proposition 15.1 (Coherent inherited reserve). Let 𝐴 be a correlation matrix of order six, choose any
last-row split, and form the five-row matrix 𝑀 = 𝐻 +

√
2𝑥𝑥∗. Define its normalized coherence by

𝜉 = max
𝑖≠ 𝑗

|𝑀𝑖 𝑗 |2

𝑀𝑖𝑖𝑀 𝑗 𝑗
, 𝑑5 =

(2 −
√

2)𝜉4

1 + 4𝜉4 , 𝐷5 = 2𝑑5 − 𝑑2
5 .

Then
Δ6(𝐴)
(per 𝐴)2 ≥ 1 −

(
per𝑀
per 𝐴

)2
(1 − 𝐷5) ≥ 𝐷5. (38)

In particular, 𝜉 ≥ 3/4 implies

Δ6(𝐴)/(per 𝐴)2 ≥ 181359/1345600 > 1/9.

Proof. The diagonal of 𝑀 is 1 + (
√

2 − 1) |𝑥𝑖 |2 > 0. Apply diagonal normalization to 𝑀 . The proof of
Theorem 11.3, now with four omitted factors, uses the mass 𝜌 ≥ 𝜉4 and the minimum gap min1≤ 𝑗≤4( 𝑗 +
1 − 2 𝑗/2) = 2 −

√
2. It gives Δ5(𝑀)/(per𝑀)2 ≥ 𝐷5; the ratio is invariant under diagonal congruence.

Insert this in (37) and use 𝑏 ≤ 𝑃. Since 2 −
√

2 > 1/2, one may replace 𝑑5 by 𝑑5 = 𝜉4/[2(1 + 4𝜉4)]. At
𝜉 = 3/4, 𝑑5 = 81/1160, giving the stated rational value. □

This floor is larger than the maximum 1/9 of the single-coherence six-row floor in Theorem 11.3. It
also explains a limitation of using occupation mass alone. For the sharp five-factor binary products in
Lemma 11.2, with maximum mode overlap 𝑞 ≤ 1/24, append that mode as the sixth factor. In 𝑀 , the
mode amplitudes are multiplied by 21/4; after normalization their squared overlaps are at most

√
2𝑞. All

perpendicular components lie on one line, so every pair has inner-product modulus at least 1−2
√

2𝑞 > 7/8.
Thus 𝜉 > 3/4, even though their nonzero-mode mass is only 𝑞5 → 0. The inherited defect therefore does
not degenerate with that mass. This example explains the retained term; it is not a new scalar Chollet
class beyond known low-rank results.

The inherited floor may be combined with the secant and frame bounds on the same actual data.
Care is needed: the bound 𝑄/𝑎2 ≥ −𝑑 + 𝐴0𝑘 + 𝐵0𝑘

2 decreases with 𝑑, so a lower floor for 𝑑 cannot
simply be substituted into it. With only an interval for 𝑑, minimize the maximum of this affine bound
and 7𝑑 + 2𝑘 + 𝑘2 − 6 over that interval, and then add any proved frame/variance correction. The general
comparison 𝑢 − 2𝑎𝑡 − 𝑡2 ≤ 𝛿 + 𝐸 remains unproved. No assertion that these domains or boxes cover all
complex rank-six bases is made.

16 Forward reserves retain their common permanent
Continue with a six-row correlation base 𝐵 = 𝑉𝑉∗ and an arbitrary unit 𝑧, including a component in ker𝑉 .
Put 𝑥 = 𝑉𝑧, 𝑋 = 𝑥𝑥∗, 𝐻 = 𝐵 − 𝑋 ⪰ 0, 𝑢 = 𝑧∗𝑈𝑧, ℓ = 𝑝T𝐿𝑝, and, for 𝑠 > 1,

𝑀𝑠 = 𝐻 + 𝑠𝑋, 𝐹 (𝑠) = per𝑀𝑠, 𝐶 (𝑠) = per |𝑀𝑠 |2, Δ𝑠 = 𝐹 (𝑠)2 − 𝐶 (𝑠).
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Thus 𝐸 = 𝑢 − ℓ and D = 𝛿 + 2𝑎𝑡 + 𝑡2 − ℓ. Lemma 11.1 gives Δ𝑠 ≥ 0. The ordinary and paired PSD
occupation expansions give 𝐹 (1) = 𝑎, 𝐹′(1) = 𝑡, 𝐶 (1) = 𝑐 and𝐶′(1) = 2𝑢. All statements in this section
concern these same actual matrices.

Normalize the strictly positive diagonal of 𝑀𝑠 to obtain a correlation matrix 𝐾𝑠. For any selected
index 𝑗 , let 𝑦 be its column with entry 𝑗 omitted, and form

𝑁 𝑗 = 𝐾𝑠 ( 𝑗 | 𝑗) + (
√

2 − 1)𝑦𝑦∗, 𝜉 = max
𝑖≠𝑘

| (𝑁 𝑗)𝑖𝑘 |2

(𝑁 𝑗)𝑖𝑖 (𝑁 𝑗)𝑘𝑘
.

Here 𝑁 𝑗 is precisely the five-row inherited child in Proposition 15.1. Its diagonal is positive even when
the base is singular. Define the rational lower floor

𝑑 (𝜉) = 𝜉4

2(1 + 4𝜉4)
, 𝐷 (𝜉) = 2𝑑 (𝜉) − 𝑑 (𝜉)2.

Diagonal-congruence invariance and that proposition imply Δ𝑠 ≥ 𝐷 (𝜉)𝐹 (𝑠)2. No inverse or positive
lower bound for a Gram eigenvalue is required.

Proposition 16.1 (Multiplicatively retained secant). Suppose 0 ≤ 𝐷 ≤ 1 is any proved floor forΔ𝑠/𝐹 (𝑠)2.
With 𝛽𝑠 = (𝑠6 − 1)/6, one has

𝑢 ≤ (1 − 𝐷)𝐹 (𝑠)2 − 𝑐
2(𝑠 − 1) ≤ (1 − 𝐷)(𝑎 + 𝛽𝑠𝑡)2 − 𝑐

2(𝑠 − 1) . (39)

At 𝑠 = 5/4, set
𝛽 =

3843
8192

, 𝐴0 =
253
2048

, 𝐵0 =
18785783
33554432

, 𝑘 =
𝑡

𝑎
,

𝑓 (𝑘) = (2 + 7𝐴0)𝑘 + (1 + 7𝐵0)𝑘2 − 6
8

.

Then the same-data lower bound is

𝑄(𝑧)
𝑎2 ≥ 𝐿𝐷 (𝑘) := 𝑓 (𝑘) + 7

4
𝐷 (1 + 𝛽𝑘)2,

D(𝑧)
𝑎2 ≥ 𝐿𝐷 (𝑘) +

𝐸

𝑎2 . (40)

Proof. Convexity gives 𝑐+2(𝑠−1)𝑢 ≤ 𝐶 (𝑠) = (1−Δ𝑠/𝐹 (𝑠)2)𝐹 (𝑠)2. Insert the defect floor before using
the ordinary chord 𝐹 (𝑠) ≤ 𝑎 + 𝛽𝑠𝑡 from Proposition 14.1. The substitution is valid because 1 − 𝐷 ≥ 0.
At 𝑠 = 5/4, expansion yields

𝑄/𝑎2 ≥ −𝛿/𝑎2 + 𝐴0𝑘 + 𝐵0𝑘
2 + 2𝐷 (1 + 𝛽𝑘)2.

Combine seven copies of this estimate with one copy of𝑄/𝑎2 ≥ 7𝛿/𝑎2+2𝑘 + 𝑘2−6, as in that proposition.
Their average proves (40). □

The proof does not assert Δ𝑠 ≥ 𝐷 (𝑎 + 𝛽𝑠𝑡)2. That separate substitution would be unjustified: the
positive permanent term and its defect must be kept together before the upper chord is used.

Corollary 16.2 (Inherited and joint sufficient domains). Use the actual child of 𝑀5/4 just defined and
suppose 𝜉 ≥ 3/4. Then 𝑘 ≥ 11/20 implies 𝑄(𝑧) ≥ 𝑎2/200. If instead

𝑘 ≥ 109/200, 𝐸 ≥ 𝐸floor, 𝐸floor/𝑎2 ≥ 1/500, (41)

then D(𝑧) ≥ 𝑎2/1000. Valid choices of 𝐸floor include 5! times the right-hand side of (29), with its stated
endpoint convention, or the zero-sector floor 𝐸floor = 5A/324.
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Proof. The inherited floor permits 𝐷 = 𝐷0 = 181359/1345600. The polynomial 𝐿𝐷 (𝑘) increases in
both 𝑘 ≥ 0 and 𝐷 ≥ 0. Exact substitution gives

𝐿𝐷0 (11/20) = 900047936124297
144482699837440000

>
1

200
,

𝐿𝐷0 (109/200) = − 4596464533312903
14448269983744000000

.

Adding 1/500 to the latter gives 24300075434175097/14448269983744000000 > 1/1000. The zero-
sector term of Theorem 13.1, in a containing support space of dimension six, is 120A/65 = 5A/324.
The containing space may include unused dimensions and excludes no kernel component of 𝑧. □

In the second domain a negative uniform lower bound for𝑄 is paid by actual variance. Neither actual
negativity of 𝑄 nor failure of every earlier optimized certificate follows.

The joint domain is nonempty on actual rank-five boundary data. Let 𝐵 = 𝐽2⊕ 𝐼4, and let 𝑋 = 𝜌𝐽2⊕04,
where 𝜌 = 109/400. Realize the two repeated rows by 𝑒1 and the four singletons by 𝑒2, . . . , 𝑒5, in ambient
dimension six, and choose 𝑧 = √

𝜌 𝑒1 +
√

1 − 𝜌 𝑒6. Then 𝑧 is unit, 𝐵 − 𝑋 ⪰ 0, 𝑎 = 2, 𝑘 = 2𝜌 = 109/200,
and A = 4𝜌(1 − 𝜌). Deleting a singleton from the normalized 𝑀5/4 leaves its repeated pair unchanged
and gives 𝜉 = 1. Moreover

5A
324𝑎2 =

10573
3456000

>
1

500
.

This example establishes nonemptiness, rather than necessity of the new certificate. The universal results
already allow complex phases, rank-five bases, active unit directions and arbitrary kernel mixtures; their
numerical hypotheses must be checked on the actual chosen direction.

17 Paired curvature and the remaining occupation budget
The same paired polynomial has a nonnegative remainder that can be kept instead of using convexity
alone.

Proposition 17.1 (Finite-forward curvature identity). For ℎ ≥ 0 define

𝑅ℎ = 𝐶 (1 + ℎ) − 𝑐 − 2ℎ𝑢 − ℎ2ℓ.

Then 𝑅ℎ ≥ 0. In particular, with ℎ =
√

2 − 1 and 𝑃 = 𝑎 + 𝑡,

D(𝑧) = 𝑃2 − 𝐹 (
√

2)2 + Δ√
2 + 2(

√
2 − 1)𝐸 + 𝑅√2−1. (42)

Consequently
Δ√

2 + 2(
√

2 − 1)𝐸 ≥ 𝐹 (
√

2)2 − 𝑃2 (43)

is sufficient for D(𝑧) ≥ 0.

Proof. Put 𝐴0 = |𝐵|2, 𝑌 = 𝐵 ◦ 𝑋 + 𝐵 ◦ 𝑋 , and 𝑊 = |𝑋 |2 = 𝑝𝑝T. These three matrices are PSD by
Schur products. Labelled orthogonal Gram sectors, as in Lemma 11.1, give nonnegative coefficients in
per(𝐴0 + 𝑣𝑌 + 𝑤𝑊). Therefore 𝐶 (1 + ℎ) = per(𝐴0 + ℎ𝑌 + ℎ2𝑊) has nonnegative coefficients in ℎ. Its
constant and linear terms are 𝑐 and 2ℎ𝑢. Its one-𝑊 contribution to degree two is ℎ2𝐷 per(𝐴0) [𝑊] = ℎ2ℓ;
all other contributions are nonnegative. This proves 𝑅ℎ ≥ 0 without assigning a sign to individual entries
or permutation terms. Since 𝑢 = ℓ + 𝐸 ,

𝐶 (1 + ℎ) = 𝑐 + ℎ(2 + ℎ)ℓ + 2ℎ𝐸 + 𝑅ℎ .

At ℎ =
√

2 − 1 the coefficient ℎ(2 + ℎ) equals one. Insert 𝐶 (
√

2) = 𝐹 (
√

2)2 − Δ√
2 into D = 𝑃2 − 𝑐 − ℓ to

obtain (42). Dropping its nonnegative remainder proves the sufficient condition. □

20



The identity is exact; the budget (43) is not claimed necessary. It isolates a remaining actual-data
comparison and does not prove it uniformly.

Corollary 17.2 (Top ordinary occupation loss). Write 𝐹 (𝑠) =
∑6
𝑗=0 𝛼 𝑗 𝑠

𝑗 , with 𝛼 𝑗 ≥ 0, and put 𝛼6 =
720

∏
𝑖 𝑝𝑖 . Then

(𝐹 (
√

2)2 − 𝑃2)+ ≤ 𝛼6(2𝑃 + 𝛼6).
In particular, either of the following conditions certifies D(𝑧) ≥ 0:

Δ√
2 + 2(

√
2 − 1)𝐸 ≥ 𝛼6(2𝑃 + 𝛼6), (44)

𝑡 ≥ 21𝛼6. (45)

Any possible negative D not already excluded by the second condition must have 𝑡 > 0 and 6𝛼6/𝑡 > 2/7.

Proof. Border expansion gives 𝑃 =
∑
𝑗 ( 𝑗 + 1)𝛼 𝑗 . For 𝑗 ≤ 5, 𝑔 𝑗 = 𝑗 + 1 − 2 𝑗/2 ≥ 0, while 𝑔6 = −1. Thus

𝑃−𝐹 (
√

2) ≥ −𝛼6. If 𝐹 (
√

2) > 𝑃, set 𝑑 = 𝐹 (
√

2) − 𝑃 ≤ 𝛼6; the squared loss is 𝑑 (2𝑃 + 𝑑) ≤ 𝛼6(2𝑃 +𝛼6).
Otherwise it is nonpositive. This proves the first condition using (43). For 1 ≤ 𝑗 ≤ 4, 𝑔 𝑗 ≥ 1/2 ≥ 𝑗/15;
also 𝑔5 = 6 − 4

√
2 > 1/3 = 5/15, as follows from 289 > 288. Since 𝑡 =

∑
𝑗 𝑗𝛼 𝑗 , it follows that

𝑃 − 𝐹 (
√

2) ≥ 𝑡 − 21𝛼6

15
.

Condition (45) makes the ordinary squared loss nonpositive. If 𝑡 = 0, nonnegative coefficients force
𝛼6 = 0, so this endpoint also passes. The final restriction is the contrapositive. □

This filter quantifies the coefficient comparison in the attributed small-order induction; no indepen-
dent scalar method or complete cover is claimed. The actual inherited child reserve at 𝑀√

2 and the joint
trace-sector lower bound for 𝐸 may be inserted into (43) or (44). Their simultaneous sufficiency for every
generic rank-six base remains unproved. A failure of these stronger sufficient budgets would not by itself
imply a negative D, because 𝑅√2−1 is still available.

18 A limitation of defect inheritance
The forward reserve must be measured on the actual transformed base. It cannot be replaced by a positive
fixed multiple of the starting defect.

Proposition 18.1 (One forward point can erase the base defect). For every fixed 𝑠0 > 1, there is a positive
definite six-row correlation matrix with a unit Gram border direction for which 𝛿 > 0 but Δ𝑠0 = 0. Hence
no universal positive constant 𝑐(𝑠0) satisfies Δ𝑠0 ≥ 𝑐(𝑠0)𝛿. Such a positive constant is impossible even if
the inputs are restricted to full-support genuinely complex rank-six bases.

Proof. On two rows take

𝐻 =
𝑠0

𝑠0 + 1

(
1 −1
−1 1

)
, 𝑋 =

1
𝑠0 + 1

(
1 1
1 1

)
, 𝐵 = 𝐻 + 𝑋,

and adjoin 𝐼4 to 𝐵, 𝐻, and 04 to 𝑋 . The pair has diagonal 1 and off-diagonal (1 − 𝑠0)/(𝑠0 + 1); both
its eigenvalues are positive. The split is realized by first two unit rows (

√
𝑠0/(𝑠0 + 1), 1/

√
𝑠0 + 1) and

(−
√
𝑠0/(𝑠0 + 1), 1/

√
𝑠0 + 1), four orthogonal singleton rows, and the unit direction selecting the second

coordinate. The pencil pair has diagonal 𝑑𝑠 = (𝑠0 + 𝑠)/(𝑠0 + 1) and off-diagonal 𝑒𝑠 = (𝑠 − 𝑠0)/(𝑠0 + 1),
so direct two-row expansion gives

Δ𝑠 = 2𝑑2
𝑠𝑒

2
𝑠 =

2(𝑠0 + 𝑠)2(𝑠 − 𝑠0)2

(𝑠0 + 1)4 .

Thus Δ1 > 0 and Δ𝑠0 = 0.
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For the stronger restriction, use this six-row 𝐵 and 𝑤 = (1, 𝑖, 1, 1, 1, 1)T. For 𝜀 > 0 put

𝐵𝜀 =
𝐵 + 𝜀𝑤𝑤∗

1 + 𝜀 , 𝑋𝜀 =
𝑋

1 + 𝜀 , 𝐻𝜀 =
𝐻 + 𝜀𝑤𝑤∗

1 + 𝜀 .

This is still an actual unit Gram-direction split, obtained by appending one coordinate to the rows and
keeping the old selected unit direction. The base is positive definite with diagonal one and every entry
nonzero. Writing 𝑏 = (1 − 𝑠0)/(1 + 𝑠0) < 0, the imaginary part of its triangle product on rows 1, 2, 3
is 𝑏𝜀2/(1 + 𝜀)3 ≠ 0. Its phases cannot all be removed by diagonal unitary gauges. Continuity gives
Δ𝑠0, 𝜀/𝛿𝜀 → 0, while 𝛿𝜀 → 𝛿 > 0. This disproves a positive uniform constant on that restricted class
too. □

The perturbed matrices need not have zero forward defect individually; the limit alone disproves a
uniform positive transfer. No rank-five counterexample to transfer is asserted. For 𝑠0 = 5/4, the exact
ordinary polynomial and defect are

𝐹 (𝑠) = 50 + 32𝑠2

81
, Δ𝑠 =

2(16𝑠2 − 25)2

6561
.

Here 𝛿 = 2/81, 𝐸 = 3200/6561, 𝑄 = 8930/6561 and D = 12130/6561 > 0. Thus the obstruction inval-
idates the proposed transfer, not Chollet’s inequality or the conditional child reserve of Proposition 16.1.

Proposition 18.2 (A qualified two-point reserve). Let 𝜂 = max𝑖≠ 𝑗 |𝐵𝑖 𝑗 |2, and use the same actual pencil
at 𝑠1 = 5/4, 𝑠2 = 3/2. With 𝐷 from Theorem 11.3,

max
𝑗=1,2

Δ𝑠 𝑗
𝑎2 ≥ 𝐷 (𝜂/16).

Proof. Let 𝜂 𝑗 be the maximum normalized squared coherence of 𝑀𝑠 𝑗 . Its diagonal entries are 1 + (𝑠 𝑗 −
1)𝑝𝑖 ∈ [1, 𝑠 𝑗]. Since 𝐵 = 2𝑀𝑠1 − 𝑀𝑠2 , every off-diagonal pair satisfies

|𝐵𝑖𝑘 | ≤ 2𝑠1
√
𝜂1 + 𝑠2

√
𝜂2 ≤ 4 max{√𝜂1,

√
𝜂2}.

Hence some 𝜂 𝑗 ≥ 𝜂/16. Normalize that matrix diagonally and apply Theorem 11.3. The defect-to-
squared-permanent ratio is unchanged by normalization, and 𝐹 (𝑠 𝑗) ≥ 𝑎 by its nonnegative coefficients.
Monotonicity of 𝐷 proves the claim. □

The favorable index depends on the pencil. The proposition gives one reserve among two points, not
separate lower bounds at both. At 𝜂 = 0 it supplies only zero. The factor 16 is conservative and this
statement alone does not pay the generic compensation budget. The arguments throughout these sections
preserve complex phases and singular limits; no conditioning cutoff is used.

19 Scope and reproducibility
The sharp theorem is analytic. The sector refinement uses classical Schur weights and content eigenval-
ues; its specialization and mixed-permanent evaluation produce the stated coupled bound. The moment
relaxation and thinning algebra are classical tools. The cofactor PSD construction in Proposition 3.3 is
credited to the existing omitted-tensor method; its role here is the residual coefficient cancellation. No
claim of inventing these background tools, or of worldwide priority for every reformulation, is needed.

The standalone standard-library program verify.py reconstructs the displayed factors, exact ranks,
phase witnesses, mixed permanents, occupation coefficients, Newton defects and strict scalar margins.
It uses rational arithmetic and explicit checks that remain active under python -O. It supports the fi-
nite examples, not the universal proof by extrapolation. No private computational files are needed. The
unrestricted compensated inequality, including unverified generic rank-five and rank-six cases, remains
open here. The extensions use classical reciprocal-linear-form independence, bosonic creation calculus,
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numerical-range convexity and rigorous partition methods. Their role is the explicit variance geometry,
relative-factor transfer and actual-quartic certificate. No optimality or algorithmic speedup is claimed.
The finite adaptive example improves a two-leaf bound over the corresponding single full-box bound,
while the exact shifted cofactor surrogate also passes that example. It is not a separation from that sur-
rogate. The standalone verify_adaptive.py checks the supplied rational tree certificates, scalar con-
stants and rejection tests. The standalone verify_uniform.py checks the restricted contraction norm,
a genuinely mixed six-operator tensor fixture, exact permutation counts, rational reserve constants and
the sharp quadratic degeneration. The analytic arguments, rather than those finite checks, establish the
uniform statements. The trace-one extension uses the actual operator variance; its Bernoulli specializa-
tion is restricted to rank-one factors. The order-five hypothesis in the earlier occupied-vertex transfer is
discharged by Lemma 11.1; the public adaptive geometric checker conservatively retains its two-high-row
rule. The new constants are not asserted to be optimal, and no complete uniform cover of all rank-six bases
is claimed. The standalone verify_coupling.py corroborates the orthogonal trace sectors, support-
identity kernel correction, frame-box conditions, secant constants and inherited-reserve arithmetic using
exact examples and rejection controls. The universal theorems follow from the displayed proofs. The new
compensation domains are sufficient conditions; their complements are not counterexamples and are not
certified by sampling. The standalone verify_forward.py checks the new rational thresholds, actual
Gram fixtures, finite-forward identity and defect-transfer obstruction. Finite checks corroborate the ex-
amples; they do not establish a generic cover or prove the remaining forward budget. The Haar-average
conclusions in [7] do not supply a pointwise replacement for that missing estimate.

AI assistance
AI tools assisted mathematical exploration, drafting and checking. The author is responsible for the
statements and presentation. Internal computational and AI checks are not external human peer review.
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