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Abstract

For complex positive semidefinite Gram matrices, permanent cofactors of the ordinary and en-
trywise squared Gram matrices determine a common residual operator. We prove its sharp all-order
bound with optimal factor n — 1 and a sharp occupation—variance inequality, retaining singular fac-
tors, complex phases and arbitrary ambient kernel components. These results express information
that separate cofactor estimates discard.

At order six, the same Gram geometry yields variance, inherited-defect and curvature reserves for
the actual bordered permanent defect. A selected occupation at most 1/31 is sufficient for compensa-
tion and gives an order-seven self-conjugate domain. For the six-factor core F(t) = per(K +1tJ), with
P=F(1)+F'(1)and L = F(\/f) — P, we prove the sharp constraint P + 3L > 7200 and classify its
equality geometry. It yields actual compensation on 0 < L < 4 without a diagonal cutoff.

Weighted coherent projections and classical permanent bounds give further explicit capacity re-
gions, including full-amplitude structured families and quantified higher-rank neighborhoods. A uni-
form creation-operator reserve proves strict diagonal monotonicity and convexity of the transformed
deficit; exact counterexamples delimit extensions to unrestricted PSD directions and several fixed
certificates. The sufficient regions retain their explicit occupation, loss, phase and neighborhood hy-
potheses. Classical inputs and the complete finite certificates supporting the restricted-family proofs
are specified alongside the analytic arguments.

Part I
Coupled operators and all-order occupation
bounds

1 Introduction and notation

Permanent-cofactor estimates enter Chollet’s inequality through the expansion of a bordered Gram ma-
trix. The ordinary Gram factors and their doubled counterparts produce different contractions, but those
contractions are not independent: they arise from the same vectors. We study the residual operator and
the variance that retain this common origin. Their estimates lead both to all-order inequalities and to
explicit compensation regions for six-factor borders.

The distinction between the actual bordered defect and a stronger capacity comparison is essential.
The sharp occupation constraint later in the paper gives a cutoff-free compensation strip, while the ca-
pacity regions require their own hypotheses. Likewise, diagonal monotonicity of the transformed deficit
does not imply monotonicity in every PSD direction.

For a square matrix A, perA = 3\, c, [1; Ai,o(i)s A(j | 7) deletes row j and column i. The symbol
o denotes entrywise multiplication, * the conjugate transpose, and |B|? = B o B, not the operator square.



Throughout, V € cnxd B =VV* and d is arbitrary. Define

a = per B, ¢ = per |BP?, Rij =per B(j | i), Lij=per|BP(j 1), (1)
2

T = V'RV, U=V*(LoB)V, r=c-=, S=U--T. )
n. n

All operator inequalities below act on C¢ unless specified otherwise. No rank, normalization of the
diagonal, or invertibility hypothesis is imposed.

Permanent-cofactor Gram matrices and their Schur products are classical. Paksoy [5], in particular,
uses omitted symmetric tensors and a weighted cofactor matrix with constant permanent row sum. Sym-
metrizers and bosonic permanent states are standard [6, 7]; Schur weights and content eigenvalues are
standard representation theory [8, 9]. Our focus is the joint residual S, its sharp norm bound, and a com-
putable refinement that preserves its common Gram origin. Li, Zhao and Luo [4] represent coefficients
of ordinary and doubled bordered permanent polynomials by squared norms over complete occupation
sectors. The polynomial studied below instead comes from the joint residual projection Pgjag — Pgeps its
coefficients measure one shared residual state. The separate positivity of 7 and U, or a bound on either
one alone, does not supply this residual estimate.

The motivation is the compensation in a bordered permanent inequality. Chollet asks whether per(A o
D) < per A per D for complex positive semidefinite A, D; see [2, 3]. The results here concern coupled
cofactor operators and sufficient border certificates, rather than an unrestricted solution. They are dis-
tinct from the author’s rank-restricted scalar results [12] and cofactor-comparison limitations [13]. Every
reserve below belongs to the same ordinary, doubled and omitted Gram factors. We first establish the all-
order operator and occupation identities, then develop compensation reserves, sufficient capacity regions
and sharp occupation and directional geometry.

The boundary theorem in Section 10 adds an explicit order-seven sufficient domain, including full-
rank matrices. Its joint root-product proof uses common-factor coefficient constraints, weighted Cauchy—
Schwarz and an elementary PSD permanent upper bound. The preceding boundary proof also uses the
classical Carlen-Lieb-Loss permanent inequality [19]. The sharp retained-curvature floor and exact
trace—occupation overlap retain information lost by independently summing scalar reserves. Section 10.2
gives further sufficient conditions by classical matrix scaling [20]. Earlier sufficient conditions, including
those of Sa-nguansin and Rodtes [21], are credited.

2 A sharp bound in every order
Theorem 2.1. With (1)~(2), for every n > 2,
0<S=<(n-1Drli,. 3)

The coefficient n — 1 cannot be reduced for actual Gram factors. The conclusion includes arbitrary
complex phases and singular factors.

2.1 The two invariant projections

We use the conjugate-linear-first inner product. Regard row i of V as the ket v; = 3; Vije; in H = c4.

Its physical Gram is B. Put B
f=vi® Qv W=f®f.

—@n . .

On H®" @ H , let Pyp average independent permutations of the two legs, and let Py, average equal
simultaneous permutations. Both are orthogonal projections and PgepPdiag = Psep. In particular a =
n!|| Sym £]|?> > 0. Direct expansion gives

2

2 _ a
1P = oo

C
1PaiagWI* = —. @
n.



For unit z € C4, let p, = |7)(Z| and let N, = Z;?:l p ;j ) act on the first leg. The conjugation in p, matches
the row convention B = VV*. This operator commutes with both projections.
Set i = (Pgjag — Psep)W. For x = Vz, differentiation of the two permanent norm formulas gives

,
1l = —, 5)
1
(h, N2y = — ('Uz = Z2'T). (6)
n. n.

Here the conjugate physical Gram deformation is B + ¢ xx*, and

=7'Tz.
t=0

% per(B + 1 xx™)

The paired deformation is |B|? + t(B o xx*), whose permanent derivative is z*Uz. For example the latter
derivative is ;; Lj;Bi;jX;x;; L is real symmetric, yielding the defined U. The independent-projection
expectation is a(z*Tz)/(n!)? and the diagonal one is (z*Uz)/n!. Their difference is (6); the cross terms
vanish because N, preserves the nested orthogonal components.

2.2 Excluding full occupation

Proof of Theorem 2.1. The spectrum of N, is contained in {0, ..., n}. Its n-eigenspace has first leg 7°".
A diagonal-invariant vector in that eigenspace has a symmetric first leg; diagonal invariance then forces
its second leg to be symmetric too. Thus the n-occupation part of range Pyi, lies in range Pgep and is
absent from /. Consequently

0 < (h,N;h)y < (n—1)||h|>.

Use (5)—(6) and vary unit z.

For sharpness, take n — 1 equal unit rows in one coordinate and one unit row in an orthogonal coor-
dinate. Then B = J,,—1 ® [1], @ = ¢ = (n — 1)! and, in the repeated-row direction, z*Tz = (n — 1)a,
7*Uz = (n — 1)c. The upper bound is an equality. o

In particular » > 0. If » = O then S = 0. Both T"and U vanish on ker V. Therefore, with A = (ker V)=*
and its orthogonal projection P 4,
0<8S=<(n-DrP4. @)

This statement retains the kernel rather than replacing the ambient space.

3 The occupation polynomial and a cancellation
For unit z, write x =Vz, X =xx*and H=B - X > 0.

Proposition 3.1. The polynomial
2 ¥ a N k
G (s) =per(|B]"+(s—1)(Bo X)) - ] per(B+ (s —1)X) = Z qr(2)s (8)
: k=0

has qi(z) = 0 and g,(z) = 0. More precisely, if Ey is the k-occupation spectral projector of N,, then
g (z) = nV||[Exh||*>. Thus

G.(1)=r, G,(1) =Sz, 9)
go(z) = per(H o B) — %perH. (10)



Proof. For real s > 0 multiply the selected first-leg mode by +/s. The resulting operator is sV=/2 and

commutes with both projections. The diagonal projected squared norm is the first permanent in (8) divided
by n!; the independent projected squared norm is a per(B+(s—1)X)/(n!)?. Their difference is ||s™V=/2h]|?.
Polynomial identification proves the coefficient formula. The full-occupation exclusion proves g, = O.
The identities at s = 1, 0 follow directly. O

Proposition 3.2 (Exact kernel thinning). Let w € A and k € kerV be unit vectors. For 0 < p < 1 and
real 6 put 7, = \[pw + e'?\J1 — p x. Then

G;,(s) = Gy (1 - p+ps), (11)
n-1 /.

a(zp) =) (i)p"(l - ) *q;(w). (12)
=k

In particular G’ZP (1) = pG;, (1) and G’Z’p (1) = p>G,(1). The formulas include the endpoints and every
relative complex phase.

Proof. Vz, = 1/[p Vw, and substitution into (8) gives the first identity. Binomial expansion gives the
rest. m]

Proposition 3.3 (Top occupation). Put b; =[], xj, y = b, J =11* and
— a
Fp=RoB—-—/J.
n
Then Fy > 0, Fyl =0, and
* a * *
an-1 =3 (Ro 1B = 2B)y =y (Bo Fo)y = y'(H o Fo)y. (13)

These are polynomial identities, including when some x; = 0.

Proof. The usual omitted symmetric-tensor Gram construction gives R > 0. The Schur product theorem
gives F = R o B > 0. Column-i Laplace expansion gives 3 j RijB_ij = a. Thus F1 = al and removing
that Hermitian eigencomponent gives Fy > 0. This construction is classical; compare [5].

In powers of ¢ = s — 1, the coefficient of "~ ! in the first permanent in (8) is 2ij |Bij |> per B(i | j)b_ibj.
Exchanging i, j gives y*(Ro|B|?)y. The coefficient in the second permanent s (n—1)! y*By. Both leading
t" terms in G, equal a [; |x;|? and cancel. Translating ¢+ = s — 1 therefore leaves the next coefficient
unchanged, proving the first equality in (13). Finally diag(xX)y = [], x; 1, s0 y*(X o Fy)y = 0. This proves
the last equality without division. O

For later directional tests at n = 6, set v, = r — go and my = G7/(1). The elementary moment bound
is
* . my J +1
2°Sz < min {Sry, — +
{ T2 2
Indeed (k — j)(k —j — 1) = 0 atinteger 1 < k < 5. Multiplication by g and summation proves each
affine bound. For fixed feasible r., m;, mixtures on consecutive occupations attain its segments, so this is
the exact finite-support relaxation. It is an elementary instance of discrete moment linear programming
[10]. Retaining g5 also gives z"Sz < 4(r — qo) + ¢5. Neither estimate alone couples its inputs to the
compensation budget.

r+:,-:1,...,4}. (14)

3.1 A central-transposition refinement at order six

In this section n = 6. On the first tensor leg let C = ;. ; U(;;) be the sum of transpositions and put

21
v =720(h,Ch), M= V+6 5




Theorem 3.4. For every complex Gram factor of order six,
0<S=<MlIl; <5rl,. (15)
For each transposition ©t form Al?rj =Brx), ]B_,J Then

1 2
v= Y perA”- Sa. (16)

7T transposition

The conclusion holds in every ambient dimension and at singular boundaries.

Proof. On afirst-leg Schur sector of shape A + 6, the largest one-mode occupationis A;: column strictness
in semistandard tableaux permits a fixed letter at most once in each column. The central transposition
sum acts by the content sum ka4 = 2 (; jyea(J — £); see [9, Example 3.15]. The full comparison is

A A1 Ka (K,1+21)/6
(6) 6 15 6
(5,1) 5 9 5
(4,2) 4 5 13/3
4,1,1) 4 3 4
(3,3) 3 3 4
(3,2,1) 3 0 7/2
(3,1,1,1) 3 -3 3
(2,2,2) 2 -3 3
(2,2,1,1) 2 -5 8/3
(2,1,1,1,1) 2 -9 2
(19) 1 -15 1

so N, < (C+211)/6. The separately symmetric first-leg sector is absent from #: first-leg symmetry and
diagonal invariance force second-leg symmetry. All remaining sectors have x; < 9. Hence

720 (h, N,h) < (v +21r)/6 < 57

Use (6). Nonnegativity follows from Theorem 2.1.
The class sum C commutes with both projections, and acts as 15 on their separately symmetric range.
Consequently
(h,Ch) = (W,CPgiagW) — 15| Pscy WII*.

Expand the diagonal average and the fifteen swaps. Summing over its permutation index gives per A” for
each m (equivalently its complex conjugate under the opposite permutation convention). The sum is real
since C Pyiag 18 self-adjoint. Equations (4) give (16). O

More precisely, if 7, = 720||E h||%, then S < (X, 4172)] and v = Y, k1. The single statistic v
compresses these masses. Since S vanishes on ker V, (15) also gives S < MP 4.
3.2 Compensation and exact examples

For any n define § = a?> — cand Dy = 614+ 2aT — U. Let P; be the rank-one matrix (Pi)ap = WQVIB,
and set

K=6lp+a(T@I+1QT)+T®T— ) LijPi®P;. (17)
ij
L - B Vz
Lemma 3.5. Dy > 0 implies K > 0. For the bordered Gram matrix B, = v Ilz?)

per(B;)* —per|B.|* = (z ® 2, K(z ® 2)).



Proof. L is real symmetric PSD by the omitted-tensor Gram construction. Factor L = CCT over the
reals and put Ay = »; Cix P;. Then Ay are Hermitian and )} Ai = U, since P;P; has entries V;,B;;V;g.
Expansion gives the identity

Do®I1+1® Dy

K= 5

1
+T®T+—§Euu®1—1®Am?
2 k

Every displayed term is PSD when Dy = 0. Finally border expansion gives per B, = a||z||* + z*Tz and
per|B.|* = c||z||* + 2ij Lijl(VZ)ilzl(VZ)jlz. Subtracting proves the formula. |

Theorem 2.1 gives, in every order,

-1
(1+n )az—nc

Do >
n!

1
I;+ (2 - —) aT.
n!

At order six this certifies Do, K > 0 whenever a > 0 and c/a®> < 145/864. Theorem 3.4 improves the

sufficient test to
1439a

720
This is a condition on the actual mixed-permanent statistic.

Here are exact factors witnessing strict improvement of the scalar test. Let W € C*% have first three
rows (1, 3,0,0,0,0), (1,4,0,0,0,0), (1,-3,0,0,0,0), and last three rows eX, eI, eI, using coordinates
0,...,5.For0<i<5,0<j<4set

Do>(6-M)Ig+

T, M < 6. (18)

(G(+2j)mod3) —1+i.(((2i +j) mod 3) — 1)

E;j =
7 10000

Eis =0,

where i = V-1 is distinguished from the row index. Put Vs = W + E and Vg = V5 + 10_48265T. The
accompanying exact-rational verifier proves, for B; = VjV]’.k,

. c 145
rankV; = j,  B; has no zero entries, — >

78 @ o0 VT

Both have a triangle B;; B By; with nonzero imaginary part, which cannot be removed by diagonal
unitary row gauges. Numerically ¢/a? is about 0.20174. Strict margins persist on relative open neighbor-
hoods of the corresponding rank strata. These examples distinguish two sufficient scalar certificates.

For unit z, writing ¢ = z*T'z, the remaining directional target is

14394
Sz <6+ I+t
Loz = 720

Moment bounds such as (14) can certify individual directions. For a rank-five factor in six ambient
coordinates, Proposition 3.2 retains every active/kernel mixture.
3.3 Actual residual polynomials need not be real-rooted

The positivity in Proposition 3.1 does not imply real stability. This limitation matters when importing
probability-law inequalities. Consider the Gaussian-integer factor

-1 —i 1-i 1-i -—-1+i 0
-1-i 1 [ -1 -1 -1
Ve = [ -1-i -1-7i 1+i -1-i 1-i
-1-i 1+ [ -1+ -1 -1-i|
-1-i 1-i 1-i —i 1+i -1-1i
-1+ -1-1 —i 1+ 1 -1+



Let V5 be the same matrix with its last column zero, and take z = ey. Here the names V5, Vi denote these
obstruction factors only. Exact elimination gives ranks five and six; both Gram matrices have full support
and nonzero imaginary triangle products. The coefficient lists (qo, . . ., gs) are

rankV =6: (20542128507952/45, 5821468652200/9, 18083778219968/45,
2049107101804/15, 127236053248/5, 6211082816/3),

rank V =5: (403462265536/5, 127255137024, 458165154544/5,
187047753024/5, 8625123712, 878481472).

All entries are positive and g¢ = 0. Nevertheless

—65168646836826561289571072/405, rankV =6,

44% - 10 =
71— 072 {—45827304504007298459648/5, rankV = 5.

If a degree-five polynomial with positive coefficients had only real roots, they would be negative and
it could be written gg Hf’:l (1 + pes) with pg > 0. Cauchy—Schwarz then gives the necessary Newton
inequality 4q% > 10g0q». The exact reverse inequalities prove nonreal roots. This elementary condition
belongs to the classical theory of real-rooted probability generating polynomials; see [11].

In the rank-five example es € ker Vs. For every p > 0, a nonreal root p is carried by Proposition 3.2
to (o — 1 + p)/p, still nonreal. Thus every nontrivial active/kernel mixture along this ray retains the
obstruction, independently of relative complex phase. At p = 0 the polynomial is constant. These are
not compensation counterexamples: the exact directional budgets (a + 1)> — ¢ — z*Uz are respectively
906092392444480 and 337221858201088.

Part 11
Variance, trace and forward compensation

4 Variance geometry of the actual border gap

In this section B is a correlation matrix. Set w; = V*e;, so wiw; = B;; and ||w;|| = 1. For unit z put
pi = |w:fz|2, Pi=wiw:,t =z7"Tzand 6 = a? — ¢. The normalized bordered matrix and its exact defect
are
B Vz
D(z) = (perAz)2 — per |AZ|2 =6 +2at+1> - pTLp. (20)

Indeed, border expansion gives per A, = a + t and per|A,|*> = ¢ + p"Lp. Thus the sufficient cofactor
surrogate Q(z) = 6 + 2at + t* — z*Uz discards the nonnegative term

E(z)=2Uz—-p'Lp=) Lylrury), ri=(-Pz,  D@=0@)+E@R. QD
iL,j
Here U = ) ; ; L;jP;P;. Equivalently, writing L = CCT withreal C and Hj=2;CijPi,E=}; [Z*H?-Z—
(z* ]-z)z]. These are ordinary Hermitian variances.
Proposition 4.1 (Cofactor rank and variance rigidity). Partition the unit Gram vectors into m classes of
parallel complex lines. Then rank L = m, its kernel consists of the vectors whose entries sum to zero

within each class, and its range consists of vectors constant within each class. If u = A} . (L), then, for
every unit z,

E(z) > ,uZpi(l - pi)-

Consequently E(z) = 0 precisely when every w; is parallel or orthogonal to z.



Proof. The doubled vectors d; = w; ®w; have Gram matrix | B|?. They coincide within a parallel class and
are nonproportional between classes. Omitted symmetric products of the d; have Gram matrix L/(n—1)!.
Identify the distinct d; with nonassociate linear forms ¢y, . .., ¢, of multiplicities n;. After cancelling

I j t’;tj _1, their distinct omitted products are [] hj {. A linear relation, reduced modulo ¢;, has only
its jth term left. Unique factorization forces that coefficient to vanish. This is the elementary reciprocal
linear-form independence also underlying [15]. It proves the asserted Gram kernel and range.

Within each class P;, and hence r;, are identical. Each coordinate column of (r;); therefore lies in
range L. The positive-spectrum bound for L in (21) yields E > u 3, ||ri||> = u X; pi(1 = p;). It vanishes
exactly when every p; is zero or one. O

If exactly k£ > 1 vectors are parallel to z in this zero-variance case, row phases and ordering split
B = Ji ® B, . Direct block permanents give

t = ka, p'Lp =ke, D(2) = (k+ 1)+ k(k + 1)a>.

In particular 6 > O makes these active directions strictly positive. If all vectors are orthogonal to z,
then O = 6. An irreducible B of rank at least two has no zero-variance active direction; the all-parallel
rank-one case is an exception.
For active unit /& and kernel unit , write z,, = /p h + ¢'?\/1 — p k. Direct homogeneity of the two
terms in (20) gives
D(zp) = (1= p*)5+p*D(h) +2a(h*Th)p(1 - p). (22)

Thus § > 0 and the active-endpoint inequality suffice for every kernel weight and relative phase. Enlarging
the Gram dimension represents positive Schur slack in the same way.

4.1 Relative stability and occupied-vertex domains

Matrix-norm derivative and perturbation bounds for permanents are developed in [14]. The following
elementary comparison instead measures perturbations directly in unit Gram factors; we use its multi-
plicative form for the quantitative transfer below.

Lemma 4.2 (Relative Gram-permanent stability). Replace at most r of N unit vectors by unit vectors,
each at distance at most €. If Py, P are their Gram permanents, then

(1+VNe)™ Py < P < (1+VN&)* Py,
Gram ranks and ambient dimension are unrestricted.

Proof. For one replacement let g be the symmetric product of the other N — 1 vectors. Orthogonal
projection gives || Sym((v — w) ® g)|| < [[v — wl||lg]l. On each homogeneous degree define c},g =
VN Sym(w®g), with c,,, its graded adjoint. For unit w the classical identity is ||c%,g||%> = [|g|I>+|lcwgl> =
llg||?; see the bosonic conventions in [6, 7]. The permanent norm formula gives

IWP() = VP(w)| < VN||v = w|[\/P(w).

Interchange v, w and apply the two ratio bounds successively. The products are nonzero, for example by
the product-of-linear-forms representation. The vacuum case N = 1 is included. O

Theorem 4.3 (Transfer from an orthogonal complement). Let A be the Gram matrix of unit vectors
Wi,...,Wn,2, and set p; = |w:fz|2. Suppose 0 < 1 < 1/2, each p; belongs to [0,7] U [1 — 7,1],
and exactly k > 1 belong to the second interval. Replace those k vectors by their closest phase multiples
of z, and the others by their normalized projections onto z+. Let C be the Gram matrix of the latter n — k
vectors. If per |C|? < (per C)?, then

per |A[? B (1++2(n+1)7)o"
(perA)2 (k+1)! '

The empty complement has permanent one.

(23)



Proof. Each ordinary replacement has distance at most V27: its squared distance is 2 — 24/pi or 2 —
2+/1 — p;. For doubled unit vectors d(v) = v ® v,

ld(v) = d(w)]I? = 2(1 = *w]?).

For these particular projections the doubled squared distances are 2(1 — p;) or 2p;, so the same bound
holds. Put p = 4/2(n + 1)7. With P = per A and Q = per |A|?>, Lemma 4.2 gives P > (1 + p)~2"Py and
Q < (1 +p)?"Qq. The reference is Ji41 ® C, hence Qo/P2 < 1/(k +1)!. Combine the inequalities. O

Corollary 4.4 (A polynomial occupation radius). Under the complementary hypothesis in Theorem 4.3,
ift < [1152n%(n + 1)]7", then per |A|* < %(per A)>.

Proof. Now p < 1/(24n) and (1+ p)®" < 3 ;50(6np)/ < 4/3. Use (k+1)! > 2. O

The complementary hypothesis is automatic when n — k < 4 by the complex small-order result [3].
For n = 6, k = 1 it instead requires the order-five statement, supplied by the self-contained reconstruction
in Lemma 5.3 below of the coefficient argument in [4]. The general transfer retains its stated hypothesis.
Exact rational comparisons in (23) give the ratio ceiling 7/8 at these larger order-seven radii:

k | 1 2 3 4 5 6
T | 1/57344 1/8064 1/2016 1/896 1/504 1/224

Choose respectively p = 1/64,1/24,1/12,1/8,1/6, 1/4. At the uniform radius 79 = 1/57344,
(65/64)7* — 1(65/64)'* > 1/12, (65/64)3¢/2 < 7/8.

The reference permanent Pop = (k + 1)!perC > 2, by the classical PSD permanent diagonal bound
[16]. Thus D > P(z) /12 > 1/3 on this uniform domain. These estimates are independent of positive
Gram/cofactor eigenvalues. The all-low vertex is excluded. The conclusions have their stated finite suffi-
cient domains.

For an active unit direction at order six, let s = A7 . (B) and 7 = min{s/12,1/57344} . If E < pt(1 -
T), Proposition 4.1 forces every occupation outside [7, 1 —7]. The active frame bound }’; p; > s excludes
the all-low alternative. Thus the occupied vertex theorem applies, with its complementary hypothesis, and
gives D > 1/3. Only this conversion from variance uses s, u; the direct geometric domain does not. In
this small domain the surrogate is positive too: E < ||L|| >; pi(1 — p;) < 4320/57344 < 1/3, since
TrL <6-5!=1720.

Theorem 4.5 (Neighborhoods of repeated orthogonal blocks). Let By = P i dm; have order n, with some
mj > 2. For any complex PSD correlation matrix A of order n + 1 with leading block B, if

1

Bi; — (Bo)ij] € ——o—,
max |Bij = (Bokij| < Saoamie 1)

then per |A]? < %(per A)?. Gram ranks and the normalized border are unrestricted.

Proof. At By one has ag = ¢o = Hj m;! > 2and Uy = Tp: Lo = Rp and Ly o By = Ry by block
cofactors. For every unit border vector, pTLop < 7*Upz =1,50 Qo = ap + pTLop < ag+t = Py. Thus
Qo /P(Z) < 1/ag < 1/2. If the leading-block entrywise distance is at most d, then ||B — By|| < nd. Square-
root factors differ rowwise by at most & = Vnd, by the PSD square-root bound below. Pad the factors
to represent any admissible border by the same unit vector in both Gram systems. Their doubled-row
distances are at most 2¢. Lemma 4.2 bounds the new ratio by

(1+2Vn+1g)%"

ao

most 4/(3ag) < 2/3. |

At the stated radius 2Vn + le < 1/(24n); the same geometric-series estimate as Corollary 4.4 gives at



Corollary 4.6 (A neighborhood of a rank-five base). Let A be any complex PSD correlation matrix of
order seven, with leading block B of order six. If

max |B;j — (J, ® Iy);;| < 1/884736,
L]

then per |A|? < %(per A)2. There is no rank assumption on A or B.

Proof. At the reference base By = J» @ I4, one has a = ¢ = 2 and U = T by direct block cofactors. For
every unit border vector in any ambient dimension, (21) gives

Na+t)y —c-p'Lp=t+ir+E>0.

Thus every reference border has ratio at most 1/2. If its six unit base vectors are each perturbed by at
most &, keep the same unit border vector. The doubled-vector distances are at most 2. Lemma 4.2, with
N =7,r = 6, bounds the new ratio by

T +2V7e)2(1+ V7)™ < L(1+66)% < 7/8 (& < 1/384).

For the stated entrywise radius, || B — By|| < 6/884736 and the PSD square-root inequality gives || VB —
VByll < VIIB - Bygll < 1/384. Its rowwise bound compares unit Gram factors. Pad them, if necessary,
by an unused coordinate to represent arbitrary normalized border slack. Isometric equivalence of Gram
realizations lets the same border vector be used in both factors. Hence the comparison covers every
admissible A, including singular bases and full-rank borders. O

The square-root bound used here follows directly from operator monotonicity: if ||B — By|| < d, then
VB < VBy + dI < By + Vd I, and similarly in reverse. The neighborhood is a quantitative application.

4.2 Occupation-box certificates for the actual quartic
Return to P in (20). This section also holds for unnormalized B, with 0 < p; < B;;. For real y set
D(y) = 61 +2aT —2V* diag(Ly)V, Fy(z) = y Ly +2"D(y)z + (2'T2)>%.

Then Fy(z) = D(z) + (p — y) TL(p — y). Consequently

min D(z) = min {y Ly+  max  Amin(D(y) + 26T = E2D) ¢ 24
llzll=1 (Z) 0<yi<Bi; {y Y €[ AminT s AmaxT] mm( (y) § g )} ( )
The compact product minimum is exact because y = p is allowed. At each fixed y, the inner scalar dual
follows from convexity of the complex numerical range of D(y)+iT and minimax for the convex function
d + t*; cf. [17]. The elementary scalar identity is 1> = max ¢ (26t — £2). There is no interchange of the
outer minimum and inner maximum in (24).

Proposition 4.7 (Finite box certificate). Cover [;[0, B;;] by finitely many boxes of center h and halfwidth
r > 0. A box is certified if some real shift & gives

[6+h"Lh—r"Lr — &21 +2(a + &)T - 2V* diag(Lh)V > 0. (25)

If every box is certified, then D(z) > 0 for all unit complex z. For a strictly positive fixed-base instance, a
sufficiently fine finite cover admits these certificates. With rational real and imaginary input coordinates,
the cover and shifts can be rational.

Proof. All entries of L are nonnegative. If |p — h| < r, then (p — h) ' L(p — h) < r' Lr. Use this with
F,—D=(p—-h)"L(p-h)and (r — £)? > 0 to obtain (25) as a lower bound. If min D = m > 0, every
F;, > m. The exact fixed-center dual supplies a shift attaining that margin before the box error. A fine
mesh with 7' Lr < m/2 leaves a strict PSD margin. Continuity permits rational nearby shifts. This is
finite existence at one strictly positive base; no uniform complexity bound or termination at zero margin
follows. O
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Proposition 4.8 (The all-low box). For a correlation base, put J = V*diag(L1)V. Then T and J have
kernel exactly ker V. Every fixed base therefore admits n > 0 with 2aT —nJ = 0. If also 6§ > 0, this test
certifies the entire box 0 < p; < n, with D > § + 12

Proof. The omitted-product argument for the original unit Gram vectors gives the same line-class range
description for R, after phases make parallel rows equal. The image of V lies in that range, so R is
positive on it and ker 7T = ker V. Under a row gauge B = DByD*, R(B) = DR(Byg)D* and V = DV,
preserving this argument. Every diagonal entry of L is at least one by the PSD permanent diagonal bound;
hence J has the same kernel. Positivity on the active subspace gives an admissible 7. Finally, entrywise
nonnegativity of L gives p"Lp < np' L1 = z*Jz. Substitute into (20). O

There is a conditional finite-completeness extension through kernel zeros. Suppose § > 0 and D(z) >
0 whenever Vz # 0. Use Proposition 4.8 on an all-low box. On the remaining nonnegative auxiliary
centers with max; h; > n/2, each Fj, is strictly positive on the whole unit sphere: off the kernel this
follows from Fj, > O > 0, andon it F, = § + h' Lh > 0 because L;; > 1. Compactness over those
centers gives a common positive Fj, margin. Fine subdivision and the fixed-center dual then give finitely
many spectral leaves. This assumes the active-endpoint sign.

An adaptive cover may also accept a box by Theorem 4.3 if every coordinate is wholly low or high
at a valid radius and at least one is high. Its complementary hypothesis must still be supplied. The all-
low box cannot be accepted by that theorem. Standard rigorous partition methods [18] motivate this
organization; the quadratic conjugacy and scalar numerical-range dual are classical. The reusable point
here is a certificate of the actual quartic, without first proving the stronger cofactor surrogate. The supplied
adaptive examples illustrate subdivision and exact checking. In particular, the first rational full-support,
phase-bearing rank-six base in adaptive_certificates. json has a two-leaf proof of D > 13/20.
An exact Rayleigh witness rules out that margin for every single-full-box shift, while the exact shifted
cofactor test also certifies 13/20 on the same base. This is a subdivision example, rather than evidence
that retained variance is necessary there.

5 Uniform cofactor-weighted variance

The coefficient 47 . (L) in Proposition 4.1 can degenerate when Gram lines merge. The following trace-
contraction estimate removes that coefficient. We first state it for trace-one operators; its variance must
then be the operator variance, rather than a Bernoulli expression.

Theorem 5.1 (Trace-one operator variance). Let Py, ..., P, be positive semidefinite trace-one operators,
n > 2, and let Hy be the span of their ranges, of dimension r. For any unit z, set

0.=22", m=|Puzll®, hij =Te(PiP;), Lij=perh(jli), pi=-Q;)Piz,

and put

y = Z il = Y. [Pl = (2P|, E= Z Lij{pi. p;)-
i 1,

Writing y = \JE/(n— 1)! and k = (n — 1)r"=2/2\[n(r — 1), one has
v <y ky. (26)

In particular, for v > 0,

2v 2

k+ViZ+4m-Ty]

Forv = 0 the conclusion is E > 0. The support dimension r need not be bounded by n.

E>(n-1)

(27)

11



Proof. Work in the Hilbert—-Schmidt space K = End(Hp). Let ¢; be the averaged symmetric tensor
product of the n — 1 operators other than P;. The permanent norm identity gives (g;,q;) = L;;/(n—1)!;
here i and L are real symmetric. Hence, for Y = ), p; ® ¢;,

E=(n-DY|.
The trace functional ¢ on K has norm +/r and ¢(P;) = 1. Full contraction and one uncontracted slot give

Sy = Zpi = (I e "y,
i
Z=)pi®) Pi=(n-1IeIlke" )y,
i j#i
The factor n — 1 compensates for averaged symmetrization. Therefore
IS4l < r= D2y, I1ZI] < (n = Dr=2 2|y,
On z+ ® K the complex-linear functional F (s ® P) = z*Ps has squared norm
IFI? = |Payzll* Te[Pry (I - 227) | = 7(r — 7).

For example, this follows by summing its squared coefficients over matrix units of K and an orthonormal
basis of z* in span(Hy, z). Extra ambient directions contribute zero. Hermiticity, with Py = }; P;, gives

Zpi®Pi
i

Since §1 ® Py — Z = ¥; p; ® P;, the exact cancellation identity is v = ||S1||> = F(Z). The norm bounds
prove (26); its positive quadratic root gives (27). The proof applies to the stated mixed-state class. O

F(S1®Px) = ||S1]%, F

=V.

Corollary 5.2 (A first six-factor specialization). For the variance in (21), letv = Y}; p;(1—p;). For every
complex correlation base of order six and every unit border vector in any ambient dimension,

V2

1600

Ifrank B < 5, then E > v?/600. Both statements include every kernel mixture and all rank limits.
The same constants hold for six trace-one operators with joint support dimension at most six or five,
respectively, with their actual operator variance v.

E >

Proof. Trace-one positivity implies 0 < P; < I and Var,(P;) < 1/4,s0v <3/2. Forr =22, n(r —n) <
r — 1. Put k, = 5r>Vr — 1. Theorem 5.1 gives

48012
E > )
[k, + VK2 +6r5]2

Atr = 6, k2 = 162000 and k2 + 6r° = 208656; their square roots are less than 403 and 457. Since
8607 < 480 - 1600, the first bound follows. For 2 < r < 5 the denominator increases with ; at » = 5 it is
less than 250 +286 = 536, and 536> < 480 - 600. For r = 1 every operator is the same rank-one projector,
and E = n!v = 720v, which covers both constants. O

The exponent two cannot be decreased in a uniform positive power-law bound. Indeed, for s > 0
take the first two unit Gram vectors to be (eg + sej)/V1 + 52, the other four mutually orthogonal and
orthogonal to e, e, and take z = e;. Directly,

2s? 8s* 2

= —, EFE=—— =
T2 (1+s2)4

The bases have rank six for s > 0 and rank five at s = 0. This proves optimality of the exponent, not of
our numerical constants.
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5.1 A quantitative base-defect reserve

We include the small-order input explicitly. The coefficient induction below is the method of Li—Zhao—
Luo [4]; its inclusion identifies the dependency of the quantitative extraction that follows.

Lemma 5.3 (Small-order coefficient induction). For every complex positive semidefinite matrix A of
order at most six, per |A|> < (per A).

Proof. For PSD matrices M}, every coeflicient of per(};7;M;) is nonnegative: realize their Gram vec-
tors in orthogonal labelled spaces, expand the symmetric product, and group by label occupations. The
coeflicients are factorial multiples of squared norms of the orthogonal occupation components.

A zero diagonal of A > 0 gives a zero row and trivial permanents. Otherwise diagonal congruence
reduces to diagonal one; both sides scale by the same factor. Write A = (2 ¥), H = B—xx* > 0, X = xx*,
and, if B has order m, set

m
F(s) =per(H +sX) = Z sk,
k=0

I(s,7) =per(Ho H+s(HoX +HoX)+1X o X) :Z)/jksjtk.
J.k

Every coefficient is nonnegative by the preceding argument and the Schur product theorem. Border ex-
pansion and rank-one differentiation give

perA = Z(k +Dag,  per|A*= Z(k +Dyjk,  T(s,s%) = per|H + sX|*.
k J-k

If m < 5, then (V2)X < k+1for0 < k < m, whereas k + 1 < 2K < 2//%*k for all j, k > 0. Assuming the
assertion in order m, these comparisons yield

per |A]> < T(V2,2) < F(V2)? < (per A)?.

Start from scalar equality and induct to order six. At k = 6 the last ordinary coefficient comparison fails
(8 > 7); this argument gives no unrestricted order-seven theorem. O

Lemma 5.4 (Sharp nonzero occupation mass). Let f = Sym(v| ® - - - ® v,,) for unit vectors v;, and let e
be unit. If g = max; |v;f‘e'|2 and Py projects onto Sym™ (e™), then

(1 = Po) £II” = g™l £11%.

The constant g™ is sharp among such products.

Proof. Choose a factor v attaining ¢, let M = v Sym™~! H, and let N = Sym” (e*). On e, projection
onto v* has least singular value at least 4/g. Its symmetric tensor power is projection onto M restricted
to N, with least singular value at least ¢"/2. Thus Py Pps Py < (1 —¢™)Pn. Since f € M, ||Pn f||* <
(1=g™IfIP.

For sharpness take unitu L e,0 < g < 1, and v = /1 — qu + +/ge. In the binary polynomial model,

Ppu™ = u™ — [qu —/q(1 — g)e]™ factors as
[ ] 10 - wg)u+wya(1=g)e].

wm=1

The squared e-overlap of each normalized factor is g(1 — g)/(1 + ¢ — 2g Re w) < ¢, with equality at
w = 1. Moreover ||Pyu™||*> = 1 — g™ and its zero-mode projection is (1 — ¢g™)u™, giving nonzero-mode
fraction exactly ¢"". The endpoints follow directly. O
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Theorem 5.5 (Coherence reserve). For a complex correlation matrix B of order six, putn = max;; |B;; 1%,
ro = 775, and
P —4V2)rg ;T
O T+ 510 07 3(1+5r0)
Then

9 2.7 )
; > 2dy — dO > D(n) :=2dy — dO‘
In particular 6 = 0 if and only if B = I.

Proof. Reorder a pair attaining 7 so that one is the last vector, and split the other five factors into its mode
and perpendicular part. Use F(s) = per(H+sxx™) = 22:0 ays* asinLemma5.3. Putp = D=1 @k/F(1).
The coefficients are the ordinary occupation masses; Lemma 5.4 gives p > n°. With b = F (\/E), the
induction proof gives ¢ < b2, while

a:Z(k+1)a/k, a—-b>(6-4V2)pF(1), a<(1+5p)F(1).
k

Here 6 — 4V2 is the minimum of k + 1 —2%/2 for 1 < k < 5. Since p/(1+ 5p) increases, (a — b)/a > dy
and ¢/a® < (1 — dp)?. Finally 6 — 4V2 > 1/3 follows from 289 > 288. At 5 = 0, B = I directly. O

Corollary 5.6 (Uniform low occupations and kernel weights). Let pmax = max; |(Vz);|%. Then

D (j) > D (1) = 36[1 = D(1)] plax- o

a
Ifn > 1/25 (in particular if rank B < 5), then
2 2

a
S—== D@2) 2 .
Pmax = 36000 () 37500000

0 > a— s
15000000

For every active unit h and kernel unit k, all vectors z,, = \[p h + e'\J1 — pk with0 < p
satisfy D(zp) = a? /150000000 under the same coherence condition.

IA

1/10000

Proof. The unit-vector creator lower bound gives L;; < c; positivity of L gives 0 < L;; < c¢. Thus
pTLp < 36¢p2,..; drop the nonnegative 2at + ¢? in (20) to obtain (28). If rank B < 5, Tr B> > 36/5 and
Tr B < 6+ 30n give n > 1/25. At that endpoint do = 1/29296890 and 2do — dj > 1/15000000. The
low-occupation margin follows from 1/15000000 — 36/30000% = 1/37500000. Finally p(h)"Lp(h) <
h*Uh < TrU = 6¢, so homogeneity gives Z)(Zp)/a2 > 1/15000000 — 6p* > 1/150000000. This
includes every relative phase and both endpoints of the stated band. O
5.2 Uniform matrix and occupation-box certificates

Proposition 5.7 (Low-coherence matrix compensation). For a complex correlation matrix B of order six
with |Bij| < 1/15 fori # j,

2aR-LoB > ls,  2aT-U > LV'V.
Consequently every admissible border satisfies D(z) > 6 + % Sipi+t>+E.
Proof. Put p =1/15 and
F(x) =x+4x> + 1833 +44x* +53x°,  d(x) = 1+ 10x% +20x° + 45x* + 44x°.

Counting permutations by their number of off-diagonal factors gives |R;;| < f(p) fori # j, L;; < d (p?),
and L;; < f (p?) fori # j. The corresponding counts are (1,4, 18,44, 53) for an off-diagonal five-row
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cofactor and (1,0, 10, 20, 45, 44) for a diagonal one. The creator lower bound gives R;; > 1 and a > 1.
Hermitian row-sum bounds therefore yield

R=rd, LoB<sJd, r.=1=5f(p), s.=d(p?) +5pf(p?.

Direct rational evaluation gives

82987 31528452158 1
Ty = > 0, 2y — 8§y = ——————— > —,
345990234375 12

"~ 151875

Thus 2aR — L o B = (2r. — s.)I; congruence by V and (21) prove the assertions. Lemma 5.3 supplies
0 > 0. No inverse or singular-border assumption is used. O

This base domain has B > (2/3)I by Gershgorin. It contains no rank-five base: the preceding trace
bound forces an off-diagonal modulus at least 1/5 at rank at most five. Outside the certified domain,
Theorem 5.5 gives a uniform positive reserve with do = 1/[3(225° +5)].

Proposition 5.8 (Variance-corrected boxes). For a six-row correlation base suppose €; < p; < h;, with
0<¢ <h; <1. Put

600, rankB <5,

Vinin = min{¢; (1 — &), h; (1 — h;)}, C =
o Z i i) hi )} {1600, otherwise.

For any real T, the matrix test
vz
6—T2—m+% [+2(a+7)T-U >0

certifies D(z) > m on that feasible occupation box.

Proof. Concavity of s(1 — s) gives v > vmin. The scalar square (1 — 7)> > 0 lower-bounds Q(z) by the
quadratic form of (6 — 72)I +2(a + 7)T — U. Add Corollary 5.2 and use D = Q + E. O

The test improves a shifted cofactor margin without a positive cofactor eigenvalue assumption. The
matrix test is a sufficient criterion.

5.3 Orthogonal trace sectors and frame variance

The trace contractions in Theorem 5.1 come from orthogonal tensor sectors. Accounting for their joint
norm improves the constants and retains the variance of the sum of the operators.

Theorem 5.9 (Joint trace-sector bound). Use the trace-one operator setting of Theorem 5.1, and put
m=n-1F=3,P,

a(r—1)(r+1-m)
. .

s =7"Fz, A =7'F27 - 5%, b:ﬂ(l—n)s, f02=
r

If fo > O, then
E_A (A—-b—v)?

— 2

m! ~ rm mrm=1 f2 29
If fo =0, the second quotient is omitted and A — b —v = 0. In particular, for r > 2,

E - A)?

E A, (v-A2 0

m! = pm mrm=l(r —1)

These statements retain arbitrary kernel components of z and do not require rank-one P;.
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Proof. In the Hilbert-Schmidt space write e = Iy, /+/r and P; = e/+/r + D;, with D; traceless. Let Y and
S be the omitted-product tensor and its full contraction from Theorem 5.1, and set
Zy = Z pPi ® Z D e
i j#i
Projecting the last m slots of Y onto zero or one traceless slot gives orthogonal components of squared

norms 5
151l

rm

1Zo]>

ym—1°

1Yol = A

The factor 1/m follows because the m possible traceless slots are orthogonal under averaged symmetriza-
tion. Also ||S1]|? = A. Restricting the functional F(u® P) = z* Pu to traceless matrices removes squared
norm (1 — 7) /r from its full squared norm 7 (r — 7). Its remaining squared norm is exactly foz.
The identity-slot contraction must retain the support projection: F (S| ® Iy,) = (1 — mr)s. Thus the
exact cancellation is
v=A-b-F(Z).
Cauchy-Schwarz and E = m!||Y||? prove (29), including its zero-norm convention. For r > 2, fo2 <r-1

and b > 0 give v < A + Vr — 1||Zy||, proving (30). O

Corollary 5.10 (Six-factor frame reserve). For six trace-one operators of joint support dimension at most
Six,

Ex2 v a 31)
270 1620
At support dimension at most five,
6 2
> — .
E_625(v +A) (32)

For unit Gram vectors, v = y,; p;(1 — p;) and F = V*V. These inequalities improve the round constants
in Corollary 5.2.
Proof. Embed the support, if necessary, into a containing space of dimension R = 6 or 5. The preceding
proof needs only containment, not that the ranges span the containing space. Since v < 3/2, (30) gives
120 24
E>aA+ ~- A2, =—Q, = ——
a ﬁ(V )+ @ RS ﬂ R4(R _ 1)

For A < v, expansion yields E > 8v? + (a — 38)A because 2v < 3. For A > v, the same conclusion
follows from 3A > v2. Substitution of R = 6,5 gives the displayed constants. The argument includes
rank one; directly in that case E = 720v. O

Proposition 5.11 (Frame-corrected occupation boxes). For a six-row correlation base let 0 < £; < p; <
hi < 1 and vin = 2, min{€; (1 — €;), h; (1 — h;)}. Suppose real A < u satisfy

(F=Al)(F=ul) =0, ASS_::ZfiSs+::Zh,-Su.
i i

Set
Amin = min{(s- = ) (u = 5-), (s+ = D) (1 = 54)}.
Take (B,y) = (1/270,7/1620), or (6/625,6/625) when rank B < 5. For any real 7,

[6 -2 =M+ B +yAnnll +2(a+7)T -U = 0 (33)

min
certifies D(z) = M throughout the feasible box.
Proof. The spectral condition implies A > (A+u)s—Ap—s> = (s—A)(u—s). Concavity gives A > Apin
on the box, while v > vpin. Add Corollary 5.10 to the shifted lower bound for Q from (1 —7)> > 0. O

If no spectral gap and box interval give a positive frame floor, one may use Apj, = 0. The matrix
condition includes kernel eigenvalues; no inverse is used. For rational input and endpoints all checks in
(33) are rational. This remains a sufficient local certificate, not a uniform cover of all bases.
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6 Rank-one secants couple the base reserve

For a six-row unit Gram factor and unit z, setx = Vz, X = xx*, H =B - X > 0, and
F(o) = per(H + 0 X), C(o) =per|H + o X%

The coefficients of both polynomials are nonnegative by the PSD occupation expansion in Lemma 5.3.
The derivative identities are F(1) = a, F'(1) =t =z"Tz, C(1) = c and C’(1) = 2u, where u = z*Uz.

Proposition 6.1 (Same-data secants). For every o > 1 put B = (07® = 1)/6. Then

(a +B0't)2 —C

u< o= 1) (34)

Consequently, writing k = t/a and d = §/a?,
k>6/7T = Q(z) > a*/1000, (35)
k<d/24 = Q(z) = §/20. (36)

Each conclusion gives the same lower bound for D plus E.

Proof. For 1 < j < 6, the average (1 + 0 + --- + 0/~1)/j increases with j. Nonnegative coefficients
of F therefore give F(o) < a + Bt. Convexity gives C(o) > ¢ +2(o — 1)u, while Lemma 5.3 gives
C(0) < F(o)?. This proves (34).

At o = 5/4, put Ay = 253/2048, By = 18785783 /33554432. Expansion yields Q/a®> > —d + Aok +
Bok?. The independent trace estimate U < 6¢I gives Q/a* > 7d + 2k + k* — 6. Seven copies of the first
lower bound and one of the second cancel d:

Q0 (2+T7A)k+(l +7By)k> -6

a ~ 8 '
This increasing polynomial has value 28555209/3288334336 > 1/1000 at k = 6/7. Ato = 2, (34)
instead gives Q/a> > d/2 — 17k/2 — 433k%/8. Since 0 < d < 1, k < d/24 makes this at least
(239/4608)d > d/20. m|

The low-occupation condition retains the actual base reserve. A proved floor d > D permits the
uniform sufficient condition k < D/24. For example, Corollary 5.6 gives k < 1/360000000 at rank
at most five. These small constants are conservative; the high-occupation domain has no coherence or
spectral-gap condition. Neither statement covers all intermediate occupations.

Corollary 6.2 (Retaining the top ordinary occupation). Put § = 720 []; p;/a. If k = 3/4 and 6 < 1/50,

then Q(z) > a®/30 and D(z) > a*/30 + E.

Proof. If F(o) = 25’.:0 a ja'j , then ag = per X = 720 []; p; exactly. Bounding degrees one through five

by their endpoint chord gives

o -1
5 b

Ato =5/4, b, =2101/5120 and e, = 7221/20480. Write A, = 2 —4b,, B, = 1 — 2b2. The same secant

and trace combination gives

2+7A)k + (1 +7TB)k? =6 —7(4e.0 + 4b.e. kO + 2e26>
%Zj(k’e)::( Yk +( ) g (4e, e, e ).
a

For 0 < 6 < 1/50 this increases with k > 0: its derivative numerator is at least 2 + 7A, — 28b.¢./50 =
5805352753/1310720000 > 0. It decreases with # > 0. Thus its minimum in the stated region is
J(3/4,1/50) = 156051912513 /4194304000000 > 1/30. O

F(o)<a+byst+eqsas, by = 60-20'6—1—6b(r>0.

All three domains permit arbitrary complex phases and exact rank-five boundaries. Along a kernel
mixture of active weight p, k scales by p and @ by p®; the conditions are required on the actual mixture,
rather than automatically on its whole ray.
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6.1 Retaining inherited small-order defect

The coefficient proof through order six loses a useful positive term if its smaller-order inequality is used
only as a sign. For a correlation matrix A of order m+1 < 6, use the notation H, X, F, I" from Lemma 5.3
and put M = H + V2X, P = per A, b = per M. Write Aj(D) = (per D)? — per | D|? for a matrix of order
J. Then exactly

Ams1(A) = (P? = b®) + Ay (M) + [per |M|* — per |A*]. 37)

All terms are nonnegative. If @ and y are the ordinary coefficients of F and I, the two outer gaps are
controlled without changing their common Gram origin by

P-b= Z(k +1-282q, >0, per|M[*-per|A? = Z(zfmk —k—=1)yjx = 0.
k J.k

Proposition 6.3 (Coherent inherited reserve). Let A be a correlation matrix of order six, choose any
last-row split, and form the five-row matrix M = H + \2xx*. Define its normalized coherence by

|M;;|* de = (2-V2)&t

= max —2 , Ds=2ds—d;.
CEmax M, BT Trag STIBT
Then 5
Ag(A) per M
>1- 1-Ds) > Ds. 38
(per A)? (perA ( 5) i (38)

In particular, ¢ > 3/4 implies
As(A)/(per A)? > 181359/1345600 > 1/9.

Proof. The diagonal of M is 1 + (V2 — 1)|x;|*> > 0. Apply diagonal normalization to M. The proof of
Theorem 5.5, now with four omitted factors, uses the mass p > &* and the minimum gap min; < j<a(j+
1 —2//2) = 2 — 2. It gives As(M)/(per M)? > Ds; the ratio is invariant under diagonal congruence.
Insert this in (37) and use b < P. Since 2 — V2 > 1/2, one may replace ds by ds = £*/[2(1 +4&%)]. At
& =3/4,ds = 81/1160, giving the stated rational value. O

This floor is larger than the maximum 1/9 of the single-coherence six-row floor in Theorem 5.5. It
also explains a limitation of using occupation mass alone. For the sharp five-factor binary products in
Lemma 5.4, with maximum mode overlap ¢ < 1/24, append that mode as the sixth factor. In M, the
mode amplitudes are multiplied by 2!/4; after normalization their squared overlaps are at most V2¢g. All
perpendicular components lie on one line, so every pair has inner-product modulus at least 1-2v2g > 7/8.
Thus £ > 3/4, even though their nonzero-mode mass is only g°> — 0. The inherited defect therefore does
not degenerate with that mass. This example explains the retained term within the known low-rank setting.

The inherited floor may be combined with the secant and frame bounds on the same actual data.
Care is needed: the bound Q/a?> > —d + Aok + Bok? decreases with d, so a lower floor for d cannot
simply be substituted into it. With only an interval for d, minimize the maximum of this affine bound and
7d + 2k + k* — 6 over that interval, and then add any proved frame/variance correction.

7 Forward reserves retain their common permanent

Continue with a six-row correlation base B = VV* and an arbitrary unit z, including a component in ker V.
Putx=Vz, X=xx* H=B-X >0, u=z7Uz, ¢ = pTLp, and, for s > 1,

My =H+sX, F(s)=perM;, C(s)=per|M|*>, As=F(s)>-C(s).

Thus E = u — ¢ and D = § + 2at + 1> — £. Lemma 5.3 gives A; > 0. The ordinary and paired PSD
occupation expansions give F (1) = a, F'(1) =¢,C(1) = cand C’(1) = 2u. All statements in this section
concern these same actual matrices.
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Normalize the strictly positive diagonal of M; to obtain a correlation matrix Ks. For any selected
index j, let y be its column with entry j omitted, and form

— . . * |(N.)ik|2
Nj =K1+ (V2=-1yy', &= %pmiﬁﬂﬁ

Here N is precisely the five-row inherited child in Proposition 6.3. Its diagonal is positive even when the
base is singular. Define the rational lower floor

é‘;4
2(1 4+ 4&%)°

Diagonal-congruence invariance and that proposition imply Ay > D(&)F(s)?. No inverse or positive
lower bound for a Gram eigenvalue is required.

d(¢) = D(¢) =2d(¢) - d(£)%.

Proposition 7.1 (Multiplicatively retained secant). Suppose 0 < D < 1 is any proved floor for As/F (s)>.
With Bs = (s% — 1)/6, one has

< (1-D)F(s)*>-c < (1=D)(a+pBst)>—c

39
"6y T 2(s— 1) (39)
Ats =5/4, set
3843 253 18785783 t
= — A = — Bp= ——m88— k = —
F=3102 2730 BT 3554232 a’
2+7A0)k + (1 +7By)k? —
Flk) = ( 0) (8 0)
Then the same-data lower bound is
E
Q@>L(m_ﬂm+1m+mﬁ @?szm+7. (40)
a a

Proof. Convexity gives c+2(s— 1u < C(s) = (1 -=Ay/F(s)?)F(s)?. Insert the defect floor before using
the ordinary chord F(s) < a + B¢t from Proposition 6.1. The substitution is valid because 1 — D > 0. At
s = 5/4, expansion yields

Q/a* > -6/a*> + Aok + Bok?> + 2D (1 + Bk)*.
Combine seven copies of this estimate with one copy of Q/a” > 76 /a®+2k +k>—6, as in that proposition.

Their average proves (40). O

That separate substitution would be unjustified: the positive permanent term and its defect must be
kept together before the upper chord is used.
Corollary 7.2 (Inherited and joint sufficient domains). Use the actual child of Ms,4 just defined and
suppose & > 3/4. Then k > 11/20 implies Q(z) > a*/200. If instead
k > 109/200, E > Efoors Efoor/a* = 1/500, 41)
then D(z) > a*/1000. Valid choices of Efioor include 5! times the right-hand side of (29), with its stated

endpoint convention, or the zero-sector floor Eqgor = 5A 324,

Proof. The inherited floor permits D = Dy = 181359/1345600. The polynomial Lp (k) increases in
both k£ > 0 and D > 0. Exact substitution gives

900047936124297 1

Loy (11/20) = 1108569983 7420000 ~ 200°
4596464533312903

Loy (109/200) = 7 369983744000000°

Adding 1/500 to the latter gives 24300075434175097/14448269983744000000 > 1/1000. The zero-
sector term of Theorem 5.9, in a containing support space of dimension six, is 120A/6° = 5A/324. The
containing space may include unused dimensions and excludes no kernel component of z. O
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In the second domain a negative uniform lower bound for Q is paid by actual variance. Neither actual
negativity of Q nor failure of every earlier optimized certificate follows.

The joint domain is nonempty on actual rank-five boundary data. Let B = J,®14, and let X = pJ>,®04,
where p = 109/400. Realize the two repeated rows by ¢ and the four singletons by e, .. ., es, in ambient
dimension six, and choose z = \/p e; + /1 — pec. Then zisunit, B— X > 0,a =2, k = 2p = 109/200,
and A = 4p(1 — p). Deleting a singleton from the normalized M54 leaves its repeated pair unchanged

and gives € = 1. Moreover
S5A 10573 1

32442 3456000 ~ 500"

This example establishes nonemptiness, rather than necessity of the new certificate. The universal results
already allow complex phases, rank-five bases, active unit directions and arbitrary kernel mixtures; their
numerical hypotheses must be checked on the actual chosen direction.

7.1 Paired curvature and the remaining occupation budget

The same paired polynomial has a nonnegative remainder that can be kept instead of using convexity
alone.

Proposition 7.3 (Finite-forward curvature identity). For h > O define
Rn=C(1+h)—c—2hu - h¢.
Then Ry, > 0. In particular, with h = V2-1andP=a+ t,
D(z) =P -F(V2)? +Az5+2(V2 - DE+R5_,. (42)

Consequently

Ay +2(V2 - 1)E > F(V2)* - P? (43)
is sufficient for D(z) > 0.
Proof. Put Ag = |B|>,Y = BoX +BoX,and W = |X|?> = pp". These three matrices are PSD by
Schur products. Labelled orthogonal Gram sectors, as in Lemma 5.3, give nonnegative coefficients in
per(Ag + vY + wW). Therefore C(1 + h) = per(Ag + hY + h*>W) has nonnegative coefficients in 4. Its
constant and linear terms are ¢ and 2/u. Its one-W contribution to degree two is h>D per(Ag) [W] = h*¢;

all other contributions are nonnegative. This proves R > 0 without assigning a sign to individual entries
or permutation terms. Since u = £ + E,

C(l+h)=c+h+h){+2hE +Ry,.

At h = V2 — 1 the coefficient /(2 + &) equals one. Insert C(V2) = F(V2)? - Ay into D = P?—c—(to
obtain (42). Dropping its nonnegative remainder proves the sufficient condition. O

The identity is exact. It isolates an actual-data comparison.

Corollary 7.4 (Top ordinary occupation loss). Write F(s) = Z?:O a;s!, with a; > 0, and put ag =
720 [1; pi- Then
(F(V2)* = P); < a6(2P + ).

In particular, either of the following conditions certifies D(z) > 0O:

Ay +2(V2 = 1)E > a6(2P + ), (44)
1> 2las. (45)

Any possible negative D not already excluded by the second condition must have t > 0 and 6ag/t > 2/7.
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Proof. Border expansion gives P = 3, ;(j+1)a;. For j <5,g;=j+1- 2712 > 0, while g = —1. Thus
P-F(\V2) > —a. f F(V2) > P, setd = F(V2) — P < a; the squared loss is d(2P +d) < as(2P + a).
Otherwise it is nonpositive. This proves the first condition using (43). For 1 < j <4,¢; > 1/2 > j/15;
also g5 = 6 — 4V2 > 1/3 = 5/15, as follows from 289 > 288. Since ¢ = 2. j jaj, it follows that

t—-21
P-F(V2) > L2220
15
Condition (45) makes the ordinary squared loss nonpositive. If t+ = 0, nonnegative coefficients force
a6 = 0, so this endpoint also passes. The final restriction is the contrapositive. O

This filter quantifies the coefficient comparison in the attributed small-order induction. The actual
inherited child reserve at M5 and the joint trace-sector lower bound for E' may be inserted into (43) or
(44). A failure of these stronger sufficient budgets would not by itself imply a negative D, because R j5_,
is still available.

7.2 A limitation of defect inheritance

The forward reserve must be measured on the actual transformed base. It cannot be replaced by a positive
fixed multiple of the starting defect.

Proposition 7.5 (One forward point can erase the base defect). For every fixed so > 1, there is a positive
definite six-row correlation matrix with a unit Gram border direction for which 6 > 0 but Ay, = 0. Hence
no universal positive constant c(so) satisfies Ag, > c(s0)0. Such a positive constant is impossible even if
the inputs are restricted to full-support genuinely complex rank-six bases.

Proof. On two rows take

- 1
H=—"2 (1 1), X (1 1), B=H+X,

Toso+1\-1 1 T+l 1

and adjoin I4 to B, H, and 04 to X. The pair has diagonal 1 and off-diagonal (1 — s¢)/(s¢ + 1); both

its eigenvalues are positive. The split is realized by first two unit rows (+/so/(so + 1), 1/v/so + 1) and
(=+/s0/(so + 1), 1/+/sg + 1), four orthogonal singleton rows, and the unit direction selecting the second
coordinate. The pencil pair has diagonal d; = (so + 5)/(so + 1) and off-diagonal e5 = (s — s9)/(s0 + 1),
so direct two-row expansion gives

2(s0 + 5)*(s — s0)*
(so+1)*

As =2d%e* =
Thus A; > 0 and Ay, = 0.
For the stronger restriction, use this six-row B and w = (1,i,1,1,1,1)T. For & > 0 put

38=B+sww*’ X, = X’ H£:H+8WW*
1+¢ l1+¢ 1+¢

This is still an actual unit Gram-direction split, obtained by appending one coordinate to the rows and
keeping the old selected unit direction. The base is positive definite with diagonal one and every entry
nonzero. Writing b = (1 — s59)/(1 + s9) < 0, the imaginary part of its triangle product on rows 1,2, 3
is be?/(1 + &)® # 0. Tts phases cannot all be removed by diagonal unitary gauges. Continuity gives
Agy,e/0s — 0, while 6, — 6 > 0. This disproves a positive uniform constant on that restricted class
too. O

The perturbed matrices need not have zero forward defect individually; the limit alone disproves a
uniform positive transfer. For sg = 5/4, the exact ordinary polynomial and defect are

50 + 3252 _ 2(165% —25)°

FGs)=—7— ST T 6561
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Here 6§ =2/81, E = 3200/6561, Q = 8930/6561 and D = 12130/6561 > 0. Thus the obstruction inval-
idates the proposed transfer, not Chollet’s inequality or the conditional child reserve of Proposition 7.1.

Proposition 7.6 (A qualiﬁed_ two-point reserve). Let n = max;x; |B; j|2, and use the same actual pencil
at sy =5/4, s, =3/2. With D from Theorem 5.5,

a Ay D(n/16)

X — .

j=1.2 a®> ~ 7

Proof. Let n; be the maximum normalized squared coherence of My, . Its diagonal entries are 1 + (s; —
1)pi € [1,s;]. Since B = 2M, — Mj,, every off-diagonal pair satisfies

|Bik| < 2s14/m1 + s24/m2 < 4max{~+/n1, Vn2}.

Hence some n7; > n/16. Normalize that matrix diagonally and apply Theorem 5.5. The defect-to-squared-
permanent ratio is unchanged by normalization, and F(s;) > a by its nonnegative coefficients. Mono-
tonicity of D proves the claim. O

The favorable index depends on the pencil. The proposition gives one reserve among two points, not
separate lower bounds at both. At n = 0 it supplies only zero. The factor 16 is conservative and this
statement alone does not pay the generic compensation budget. The arguments throughout these sections
preserve complex phases and singular limits; no conditioning cutoff is used.

8 Ordinary occupation constrains the actual variance

The ordinary occupation polynomial and the cofactor-weighted variance have the same Gram factors. The
following bound retains this relation without a unit-row or small-order hypothesis. The polynomial here
is F, not the residual polynomial G ; of Proposition 3.1.

For this section let n > 1, w; = V*e; be arbitrary vectors and z be unit. Use the conjugate-linear-first
inner product and put

2
Bij=(wi,wj), xi=Wwi2), pi=Ix", Pi=ww;, ri=-2z7")P;z.

With the actual transposed cofactor matrix L of |B|?, define E = Y, j Lij(ri,rj) as before. Thus E =
7*Uz — p " Lp also for nonunit rows. Write

n
F(s):per(H+sX):Zajsj, H=B-xx">0, X=uxx", p:npi.
7=0 i

The occupation expansion gives a; > 0, F(1) =a, F'(1) =t = z'Tz and @, = n!p.

Theorem 8.1 (Sharp occupation—variance coupling). For arbitrary complex Gram vectors and unit z, in

every ordern > 1,
n

E>pna-t)= % Z(n - Jaj. (46)
=

The universal coefficient 1 is optimal in each fixed order n > 2. At order one the inequality is equality.
The statement includes zero occupations, singular factors and all ambient kernel components.

Proof. If p = 0, the right side is zero and the cofactor Gram identity gives E > 0. Suppose p > 0. Phase
gauges leave P; and E unchanged, so arrange

wi =pi(z+Yi), yilz
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Thenr; = p;y;. Setd; = w; ®w; and let g; be the averaged symmetric tensor product of the n — 1 doubled
vectors other than i; the empty product is the vacuum. Their Gram matrix is L/(n — 1)!. Consequently

Y=>req E=@m-DIY|

Regroup the doubled slots into ordinary and conjugate legs, a unitary identification. Contract every con-
jugate omitted leg with Z. On a single doubled factor this contraction gives p;(z+y;). It commutes with
simultaneous permutation of the paired slots. Thus the contracted tensor is exactly

pZ,  Z=Y yioSym,_ R)z+y),  E=(n-1)pZ|P
i J#i

Put f = Sym, (X),;(z + y;) and let f; be its component with exactly / factors in z*. Likewise write
Z = -, Z; by total perpendicular occupation, including the distinguished first slot. These are orthogonal
components. For full ordinary symmetrization S, expansion counts each /-perpendicular monomial /
times, giving

SnZ =1f;.

On the fully symmetric total-/ sector, the first-slot perpendicular projection P(Ll) satisfies

!
S.PVs, = -1

Indeed all = slot projections have equal compression and their sum is the perpendicular number operator,
with eigenvalue /. The adjoint output is symmetric in the remaining n — 1 slots. Hence the restriction of
Sy, to first-slot-perpendicular tensors in this sector has squared operator norm //n, and

n
1Z:11* = 7||Snzl||2 = nl| fill*.

The ordinary sector normalization is a,_; = n!p|| f;]|*>. Summing gives

I=1

Eznp? Y AP =p ) (n- ey,
Jj=0

proving (46).

For sharpness, take all w; equal to the same unit vector w and choose unit z with |[(w, z)|*> = ¢ € (0, 1).
Thena =n!,t =nn!qand E = nn!q(1 — q), whereas p(na —t) = nn!q" (1 — g). Their ratio g' =" tends to
one as ¢ T 1, excluding every larger universal coefficient. At n = 1, directly E = p;(||w1||> = p1), which
is equality. O

The sharpness family proves an all-Gram coefficient assertion. The ingredients are the classical co-
factor tensor and symmetric occupation geometry, here applied to one common omitted residual.

Theorem 8.2 (Occupation-resolved constraint). Keep the same vectors and scale only their selected
mode:
wi(s) = (I — z2")w; + Vs zz*w;, s 2 0.

Let Ly be the actual cofactor matrix of |H + sX|?, and let E be the variance formed from these scaled
vectors and the same unit z. There are nonnegative coefficients 8, such that

Ey= ) Bus™,  Buj2pn—ja; (0<j<n-1). 47)

Equivalently, Es — ps" [nF(s) — sF’(s)] has nonnegative coefficients. No diagonal normalization of the
scaled vectors is made.
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Proof. The residual of the scaled row is r;(s) = /sr;. In the tensor Y above, let Y, ; be its orthogonal
component with k selected occupations in the ordinary omitted legs and / in their conjugate legs, where
0 < k,l < n—1. The distinguished residual slot is perpendicular and is not counted in k. The common
mode scaling gives the exact identity

n-1

Es=(n-1! Y syl
k,1=0

Only orthogonality of the two number decompositions is used; independent permutation invariance of Y
is not assumed. This proves nonnegativity of every .

For p > 0, the fully occupied conjugate component with ordinary occupation j is exactly pZ,_;
under contraction with %"~ The restricted symmetrization estimate in the preceding proof therefore
gives

:8n+j > (n— 1)!”Yj,n—l||2
> nlp*(n = j)| fa=jlI* = p(n - j)a;.

For p = 0 the claimed lower bounds are zero. This proves the coefficient statement, including all zero-
occupation boundaries. O

In particular a two-endpoint ordinary polynomial still forces 8, > npag. These are constraints on
jointly realizable ordinary and paired-variance occupations. Merely optimizing E separately does not
improve (46): for s > 1 use Eg < s2=1E and for0 < s < 1 use E; < sE;. Combining either bound
with Theorem 8.2 gives a lower bound for £ maximized at s = 1. Further use must retain these aligned
coeflicients with their actual forward defect.

8.1 Comparison with the trace-sector reserve

At six rows (46) gives

Q6
> —(6a—1t).
E_720(6a t)

This can improve the named trace-sector lower cost substantially. Take orthonormal vectors z, eq, ..., e

and
wi=+qz++1l—-qe;, q =9/10.

Then B = (1 — ¢)Is + qJe has rank six and o; = (?)j!qf(l — ¢)%/. Exact values are

17104189 1250058357 0 6312407836869
= 740000 1T T s00000 0 P T 250000000000

For these actual data, the trace variance and frame variance are both 6¢(1 — g) = 27/50, the support
dimension is six and 7 = 6g/(1 + 5¢g) = 54/55. Substituting these quantities into 5! times the right-hand
side of (29) gives exactly 83/9930. Thus the new floor exceeds 25, whereas that named cost is less than
1/100. This compares specific valid lower bounds on the same data, not all earlier methods or newly
covered Chollet instances. The bounds are generally incomparable: if p = 0 the new floor can vanish
while the earlier trace-variance floor is positive. Their maximum is always a valid lower bound; their sum
requires a separate proof that the charged components do not overlap.

Nor does the new reserve alone close the forward budget. For the unit binary six-root family w; =
(eg + wiel)/\/z 0<i<5 w=1 primitive), with selected mode z = e,

F(s)=§(1+s6), a+t=90, F(V2)=405/4.

The positive ordinary squared loss is 34425/16, while the new variance floor is only 135/128. Multiplying
that floor by 2(V2 — 1) gives less than two. This failure of a lower-bound certificate is not failure of
the actual finite-forward budget or a counterexample to Chollet; the actual transformed defect remains
available.
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8.2 The stronger forward budget reduces to active directions

Return to six unit Gram rows and the finite-forward remainder of Proposition 7.3. Put 4 = V2 — 1 and
J(z) = (a+1)* = C.(1+h) +2hE(z) = D(2) = Ry(z),  Co(1+s)=per|B+s(Vz)(Vz)*|*.
Thus J > 0 is the sufficient budget (43), with the nonnegative remainder discarded. Let H,e = (ker V)*.

Proposition 8.3 (Curvature credit under kernel thinning). For active unit w, kernel unit x, 0 < g < 1
and arbitrary real 0, put 74 = \[qgw + e'?\/1 — q k. There are actual nonnegative coefficients r», . . ., 112,
independent of q, 0, such that

12

Ri(zg) = ) rmd"™, (48)
m=2
12
J(zg) = (1= "6 + g (w) + 2atwg(1 = @) + ) rm(q® — g™, (49)
m=3

where t,, = w*Tw. Consequently J(w) > 0 implies J(z4) > 0. For g > 0, the function J(zq)/q2 is
nonincreasing in q.

Proof. Since Vk =0, X, = Xy, 1ty = qty, ug = qUiy,, g = g*¢,, and E, = qu,, —g%¢,,. The PSD-pencil
proof of Proposition 7.3 gives

12
CW(1+s)=Zcmsm, cm=0, co=c, ci1=2u,, c2=0b.

m=0

Because C;,, (1+h) = Cy,(1+ hq), (48) holds with r; = h*(cs —4,,) and r,, = K" c,, for m > 3. Subtract
it from D(z4) = 6 + 2at,,q + (2, — £,,)g* to obtain (49). All extra terms are nonnegative, using § > 0
from Lemma 5.3 and ¢,, > 0. Furthermore

12

J(z¢g) & 2at ) D)
" :?+ qw +tW—£’W—Zrmqm ,

m=2

whose derivative is —26/q°> - 2at,, /q* — Zinzﬁ (m—=2)r,g™ > < 0. The endpoints g = 0, 1 follow directly

from the exact identity. O

Every unit vector decomposes by its active projection with weight g = || P4y, z||*; the ¢ = 0 budget is
J =6 > 0. Hence nonnegativity of J on all active unit directions is equivalent to its nonnegativity in every
ambient kernel enlargement, including every positive border Schur slack. A negative mixture would force
a negative active endpoint. On rank-six bases that endpoint has rank(B — X,,) = 5; on rank-five bases it
has rank four. This removes the mixture parameter, without proving the remaining sign.

For completeness, there is an actual reconstruction chart for the remaining active problem. If every
x; is nonzero, set D = diag(1/x;). Then DXD* = Jg and K = D(B — X)D* > 0. All terms in J scale
by the same positive factor | det D|*: a,t scale by |det D|?, and ¢, u, ¢, E by |det D|*. Thus the sign is
unchanged. Conversely, any K > 0 with X = Js is realized by Gram rows (y;, 1) and the unit border
selecting the final coordinate; dividing row i by V1 + K;; restores diagonal one. To specify active status
require rank(K + Jg) = rank K + 1: the rank-six active chart has ranks rank K = 5, rank(K + Jg) = 6,
and the rank-five chart has ranks four and five. The nonzero-occupation locus is dense in the active unit
sphere, being the complement of finitely many proper complex hyperplanes, and J is continuous. A proof
on all of this actual chart would therefore include zero occupations by continuity. The all-order variance
constraint and this active reduction preserve complex phases and singular boundaries. They do not settle
the generic active rank-six budget or the unrestricted Chollet conjecture.
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9 Projection overlap couples trace and occupation

Here the rows w; are unit, n > 2, and z is any ambient unit vector. Let S be an r-dimensional containing
support of the rows, m = n — 1, 7 = ||Psz||>, P; = w;wy, and r; = (I — zz")P;z. On the omitted
Hilbert—Schmidt factors put

Y = Zr,- ® Sym,, ®Pj, E=m!||Y|>.
i

J#

Symmetrization permutes the paired factors simultaneously. Put e = Is/+/r. Let P project the omitted
factors onto sectors with at most k traceless slots and all remaining slots equal to e, for 0 < k < m. Let
Q project every conjugate omitted leg onto z. Both leave the distinguished residual untouched.

Theorem 9.1 (Exact overlap and safe envelope). The overlap is

k
I1PQI* = v; = (;) > (?)(r - 1)/ (50)

J=0

IfA < m||PY||> and M < m!||QY||*> are nonnegative proved floors, then E > H,, (A, M), where for
O0<y<l

max(A, M), min(A, M) < y*> max(A, M),

1
(A+M - 2yVAM) /(1 —y?), otherwise. G

H (A M) = {

The endpoint conventions are Hy = A + M and H; = max(A, M).

Proof. If = 0, the overlap is zero. Otherwise set v = Pgz/+/m. After identifying the selected conjugate
output with a scalar, compression of one trace projector is Ay = |Psz){Psz|/r on the ordinary slot.
Compression of the Hilbert—Schmidt identity supported on S is 7 /g, so the compressed traceless projector
is mls — Ag. Consequently QP Q is the sum of commuting tensor products with at most k£ copies of
nls — Ao, the other copies being Ap. On a sector with / ordinary slots perpendicular to v, its eigenvalue

is zero if [ > k, and otherwise is
k-1
am m—1 b
rm—lZ( b )(r_l) ‘
b=0

Writing B(d, h) = X1 (%) (r—1)?, the identity B(d, h) —rB(d—1,h—1) = (") (r— 1) > 0 compares
consecutive [ and places the maximum at/ = 0. The all-v tensor attains it and is simultaneously symmetric.
Thus the symmetry restriction and the residual identity do not change the norm. At r = 1 the traceless
subspace is zero and the same formula holds with 0° = 1.

For arbitrary orthogonal projections P, Q with ||PQ|| < vy, the Gram matrix of the synthesis map
from ran P & ran Q gives, for c,d > 0,

c+d++/(c—d)?+dcdy?
5 )

In the second branch of (51), choose ¢ = (1 —y+/M/A)/(1 =y?) and d = (1 —y~+/A/M)/(1 = y?). Both
are positive, the displayed upper bound is one, and cA + dM is the asserted expression. In the first branch
one projection alone suffices. Zero floors and endpoints follow directly. This is classical two-projection
geometry; (50) supplies its actual common-Gram overlap. O

llcP +dQ| <

Theorem 8.1 gives M = p(na —t). Theorem 5.9 supplies a floor A supported entirely in $;Y, namely
m! times the right side of (29), with its stated zero-denominator convention. Thus these floors can be
combined using 712 = (n/r)™[1 + m(r — 1)]. For six rows and active z, this is 26/7776 at r = 6 and
21/3125 at r = 5. The zero-trace floor A = m!A/r™ instead uses y(z) = (m/r)™. One may take the
maximum of valid choices. One may not add the floors without paying their overlap, nor apply the second
branch of (51) outside its stated range. Higher k require a proved floor in that actual sector.
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9.1 Cofactor occupations and sharp retained curvature

For this section the rows need not be unit. Keep H = B — X > 0, X = xx*, p; = |x;|?

write

.p = TI; pi» and

n
F(v) =per(H+vX) = Zakvk, C(v) =per|H+vX|?, W=pp'.

k=0
Define
2n-2
N(v) = Dper(JH +vX)[W] = > vk,
k=0

For the actual scaled rows w;(v) = (I — zz*)w; + /v zz*w;, without renormalizing them, let E,, be their
variance. Their selected occupations are vp;. Putc = C(1),£ = N(1),u = C’(1)/2,and, fors = 1+h > 1,
Ry, = C(s) — ¢ — 2hu — h*¢.

Theorem 9.2 (Cofactor occupation constraints). All vy are nonnegative. For n > 2,

Vno2sk 2 2pkag (1 <k <n), (52)

Van-2 = pna, = nnlp?, Van-3 =2p(n - Day-1. (53)
Forn =1, N(v) = p%. These statements retain all complex phases, zero occupations and singular factors.

Proof. The pencil |[H+vX|> = Ag+vA;+v>W has PSD coefficients Ag = HoH and A; = HoX+HoX, by

the Schur product theorem. Expanding the mixed permanent in orthogonally labeled Gram sectors gives

nonnegative coefficients, also after taking the derivative in the PSD direction W. This proves v; > 0.
Suppose first p > 0 and gauge w; = /p;(z + i), y; L z. Set

di(v) = (i + W2 ® (3 + W2, Z() = ) Sym, Q) d;(v).

J#i

The omitted-tensor Gram identity gives N(v) = (n — 1)!p?||Z(v)||>. The ordinary/conjugate selected-
occupation sectors (a, b) are orthogonal, and contribute to degree a + b. Let f = Sym, (X),(z + y;)
and let f; have k selected factors. Then ay = n!p|fi]|>. The sum of ordinary omitted products is
g = 2 Sym,_; X jii(z +yj) = ncontr; f. On the symmetric k-selected sector, first-slot selected
projection compresses to k/n; hence ||gx_1||> = nk|| fx||>. The (k — 1,n — 1) sector of Z is exactly gx_1,
and contributes pkay to degree n — 2 + k. Its swapped conjugate sector has the same norm and is distinct
for k < n. This gives (52). At k = n the sectors coincide, giving the first identity in (53); at total degree
2n — 3 only the two displayed sectors exist, giving the second identity. If p = 0, inequalities follow from
coeflicient positivity, while the two identities follow by polynomial continuity. The order-one case is
direct. O

Theorem 9.3 (Integral reserve and sharp top credit). For every s > 1,

S Ev S
C(s)—c—(s2-1)t= 2/ — dv + 2/ v[N(v) = N(1)] dv = 2hE + Ry,. (54)
1 1
Moreover
az
Ry > —7[s2" - 1-n(s*-1)]. (55)
n!

The coefficient is optimal over arbitrary Gram data. For six unit rows and s = V2, Ry, > (19/ 240)02;
the constant remains optimal on active rank-six and active rank-five bases.

Proof. Differentiation of the actual Gram pencil gives E, = vC’(v)/2 — v>N(v), because the actual
cofactor term is v>N (v). Integrating C’(v) = 2E, /v + 2vN(v) proves the first equality in (54); u = E + €
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proves the second. By Theorem 8.2, £, = 35 ,ijj with B; > 0,s0 E, /v > E forv > 1. Subtract 2hE
in (54) and retain only the top coefficient of N, given by (53). This gives

2n_1
_(Sz_l) 5

Ry, > nn!p?

which is (55). The bracket is nonnegative by Bernoulli’s inequality. Equality holds when H = 0: then
E, =0and N(v) = nn!p?v>"~2. This includes the zero coefficient at n = 1 or i = 0.
For the rank-six assertion put I1 = I — Jg/6 and, for 0 < € < 1,

He=€ll, X.=(1-5¢/6)Js, Be=cels+(1—¢€)Js.

The residual/base ranks are 5/6, the diagonal is one and the selected direction is active. Ase | 0, H — 0,
X — Jg and @g — 720, so polynomial continuity makes Rj/ cyg — 19/240. For rank five take t =
(1,1,1,-1,-1,-1)T, II5 = Is — (Js+11*) /6, He = €Ils and X, = (1 —2¢/3)Js. These have diagonal one
and ranks 4/5, with the same limiting ratio. One can retain genuinely complex, noncirculant examples
by replacing H, in either family by €Il, + €’I1.i(Ej; — E»1)I1.. The perturbation has zero diagonal,
annihilates the same kernel and has operator norm at most €2, so positivity and ranks persist. Writing
b=1-€eand§ = €, the imaginary part of Bj; B3B3 is b%6 — 63 /54 for I, and b6 — 63 /27 for Ils.
It is nonzero for sufficiently small €, excluding a gauge-real matrix. The ratio limit is unchanged. The
sharpness assertion permits complex phases and the stated conditioning range. O

Here is an occupation-resolved replacement for the reserve. Define

s -1 21

wji(s) =2(s' = )/j, T(s)=2 j+2 2

Let O > p(na —t) be any proved floor for E, for example a maximum of the overlap envelopes above and
the occupation floor. Then

—_

n—

2hE + Ry 2 2h0 + ) [wny;(s) —2h]p(n - j)a;

<
Il
(=]

n-1

+ 3 2pkarT-21i(s) + pnanTan-a(s). (56)
k=1

Indeed Theorem 8.2 reserves mandatory masses S,4+; > p(n — j)aj; every remaining coeflicient has
weight at least w; = 2h in 2 f E, /v. The second integral in (54) equals >, viTx(s), and (52)—(53) give
its displayed floor. These are two separate integrals, so their credits add. The result replaces 2hE + Rp;
it must not be added to that exact quantity again. In particular it cannot repair a failed exact-curvature
certificate with the same variance floor simply by counting curvature twice.

10 A uniform boundary band and an order-seven consequence
Use six unit Gram rows, any ambient unit z, and the preceding pencil. Put P = F(1) + F'(1) = a + 1,

s=V2,h=s5s-1,and
G=P —c-¢, As = F(5)* = C(s).

Lemma 5.3 gives Ay > 0. The exact compensation identity is

G = P> — F(s)? + Ay + 2hE + R, = P> = C(s) + 2hE + Ry, (57)
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Theorem 10.1 (Uniform small-coordinate compensation). If min; p; < 1/401, then G > 0. On the
positive-loss part F(N2) > P of this band,

_ (401/232)"

G > (1 = kK)P*+2hE + Ry,
> ( K)P~ + + Ry, 720

< 1.
On the nested band min; p; < 1/626, positive loss gives the stronger G > (2/3)P?+2hE + Ry,. No phase,
rank or conditioning restriction is imposed.

Proof. If F(s) < P, (57) proves the assertion. If some p; = 0, then g = 0,and j+1 > 2//2for0 < j < 5
implies F(s) < P. We may therefore assume positive loss and all p; > 0. Gauge w; = (z+y;) /1 + ||v:||?
with y; L zand p; = (1 + [ly;I)~". For e;(y) = X7z Sym; Q);; yi» orthogonality of the selected

placements gives
720p

-1 = L ller (I
(7)
Putg;=j+1- 2//2 Then gy = 0, g¢ = —1, and gj > 0for1 < j < 5. Positive loss is ag > Zi.:lgja/j.
Thus, for [ = 1, ..., 5, the respective upper bounds on ||e;(y)]||? are

6
6—4V2

All are less than 18: the tight first comparison reduces to 17 > 12V2, whose square is 289 > 288.
Consequently ||e;(y)|| < 9/2 for these five degrees.
Let Ry = max; ||y;|| and choose a unit v along a maximizing row. Set x; = (v, y;). One x; = Ry and
all |x;] < Ry. Contraction against v® gives |e;(x)| < 9/2. Evaluating [];(T — x;) at the actual root R
yields, for Rg > 1,
[ [

4

15, 5(2+V2), 15, 3(2+V2).

>R8 1-

9/2]
Ro—1]|

This uses only a finite geometric sum and holds for arbitrary complex roots. On the full band Ry > 20,
the bracket is at least 29/38. Every |x;| therefore exceeds 29R( /38, since all the other factors are at most
Ry. It follows that

1444 361 1
<

841R2 84100 _ 29
< < <, =
1444 + 841R2 ~ 84461 200

2 > —.
1444(1+ R2) ~ 144761 ~ 50

Pi gi = (v, wi)|* >

Projection of the actual symmetric Gram product onto v®® gives a > 720[]; ¢; > 720(29/50)°. For
M = B+ hX > 0, the diagonal satisfies M;; = 1 + hp; < 401/400, since h < 1/2. Its two-by-two PSD
minors give |M;;| < 401/400. The classical Carlen—Lieb—Loss inequality [19], applied to |M |2, gives

720

C(s) <UcLL(M) = 216

Z |M;j|* < 720(401/400)'2.

J

Since P > a, C(s)/P? < k < 1; the last comparison is the exact integer inequality 401'> < 72023212
Equation (57) proves the stated margin.

On the nested band Ry > 25, the same bracket is at least 13/16. Thus p; < 256/105881 < 1/400
and g; > 105625/160256 > 13/20. Now M;; < 801/800 and

C(s)/P? < (801/520)'2/720 < 1/3,

where the last comparison is 801'> < 240520'2. This proves the stronger margin. No inverse or lower
eigenvalue bound entered either argument. O
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10.1 Retaining the joint coefficient budget and coherent product

The preceding 1/401 band can be enlarged by retaining the joint coefficient constraint and the product of
the coherent projections. The stronger 1/626 margin in Theorem 10.1 remains useful.

Theorem 10.2 (Joint root-product compensation). For six unit complex Gram rows and any ambient unit
Z)

1
inp; <— — G=>0.
Y
On the positive-loss part F(N2) > P of this band,
P2
c(V2) < k3 P?, G> 20+ 2hE + Ry, (58)

where

- 377 12 404 8243206936713178643875538610721 19
3171360) 7209% T 8743646238954786127872000000000 20'

All ranks, complex phases, singular limits and ambient kernel components are permitted.

Proof. If F(s) < P, identity (57), with A, E, R;, > 0, proves G > 0. If some p; = 0, then @g = 0 and
j+1>2/2for0 < j < 5forces F(s) < P. We may therefore assume positive loss and all p; > 0. As
before, gauge

wi=vpiz+y), vilz pi=(+lyl® p=]]nr:
i

For ¢;(y) = Zm:l Sym; (X);; vi, the exact ordinary sector identity gives ae—; = 720p||el(y)||2/(?). Put
gi=Jj+1- 2712 Since g9 =0, g6 = —1 and g1, ..., g5 > 0, positive loss gives the joint bound

W

5—mmw<L (59)

= ()

Let Ry = max; ||y;|| and choose a unit v along a maximizing row. The hypothesis implies R? > 30.
Define &; = (v,y;); one & = Ry and every |¢;| < Ry. Contracting against the unit tensors v& preserves
(59) with ¢;(¢) in place of ¢;(y). Evaluate [ [, (T — &;) atits root Ry. The triangle inequality and weighted
Cauchy-Schwarz give

5
|2 RS = D le(€)IRS™
=1

> RS [1 - 1/S(Rg)] , (60)

where the exact reciprocal weights yield

1 1 1
9+6s+_5+ 0+5s+_5 6+ 3s -

S(q) = ,
q? 7’ ¢

All coeflicients are positive, so S decreases on ¢ > 0. Using s < 99/70, justified by 9800 < 9801, gives

48614177 961 1139 (31)2

RY) < = 1600 ~ 40
$(Ro) = SG9) < 57000000 ~ 1600 ~ 2531250 ~ (20

Thus (60) gives | []; &| > (9/ 40)R8. This argument applies to complex scalar roots without any real-
rootedness or stability assumption.
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Projection of the actual symmetrized six-row product onto v®® now gives the product bound

ﬂfl-

For the actual PSD forward matrix M = H + sX, every two-by-two PSD minor gives |M;; 1> < M;;M;;.
Each of the 720 permutation terms of per |M|? is therefore at most []; Mlzl Since M;; = pi(s + |lyill?),

2

a>720 | Iv,wi)? =720p > 720p(9/40)*R)2.

C(s) <720 [ | M2 =7200% [ [(s + Iyill)? < 720p%(s + R2)'™2.
i i

Combining this elementary PSD bound with P > a yields

C(s) (1+s/RH)? o (L+5/30)" . (377)12 40* 19
20°

< S —_— —_— = < —
P2 " 720(9/40)% ~ 720(9/40)* ~\360/ 7209% !

Here s < 17/12 is used only for 1 + 5/30 < 377/360; it is too coarse for the earlier estimate of S(30).
For the displayed reduced numerator N and denominator D of k31, the final comparison is the positive
integer identity

19D — 20N = 1265139805877363552057227785580 > 0.

Identity (57) proves (58). The proof uses the actual common factors and an elementary PSD upper bound;
it does not require a generic capacity bridge or a lower Gram eigenvalue. O

Corollary 10.3 (One weak pair at order seven). Let A > 0 have order seven and positive diagonal. If
some i # j satisfies |A,-j|2/(A,~iAjj) < 1/31, then

per |A|> < (per A)>.

If both order-seven PSD matrices A, D have such a pair, possibly different pairs, then per(A o D) <
per A per D. A zero diagonal in either factor is a trivial zero-row endpoint.

Proof. Positive diagonal congruence normalizes A to a correlation matrix and scales both sides equally.
Realize it by seven unit vectors and use the j endpoint of the weak pair as the border z. The other six
rows have one occupation at most 1/31. Border expansion gives exactly per A = a+¢ and per |A|> = c+¢,
so Theorem 10.2 applies. An ambient kernel component in z is allowed, so this includes full-rank order
seven. For two factors, permutation Cauchy—Schwarz gives

| per(A o D)| < \/per|A|2 per|D|? < per A per D.

The Schur product is PSD and its permanent nonnegative. Each self-bound was used, so both factors must
satisfy the stated sufficient condition. A zero diagonal in a PSD matrix forces a zero row and column. O

Any unresolved positive-loss six-row instance must have every p; > 1/31. In the gauge-normalized
residual chart K;; = Hij/\/Iij, this gives 0 < K;; < 30. The closure K > 0, K;; < 30 is compact by
the PSD entry bound. Its singular boundaries remain included. In particular, a hypothetical order-seven
self-conjugate counterexample must have every normalized off-diagonal squared modulus strictly greater
than 1/31.

10.2 Balanced capacity and coherent-column domains

These are further sufficient conditions on actual six-row pencils, now allowing nonunit rows. Set M =
H+V2X,Q = |M|* entrywise, and P = F(1) + F’(1). Suppose M has positive diagonal; a zero diagonal
is already a zero-row permanent endpoint. Classical CLL and matrix scaling [19, 20] give the following
useful normalization.
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Proposition 10.4 (Weighted CLL and symmetric scaling). For positive v,

10 [TT;(Qv);

c(V2) < I\ T

10 - [1:(Qv)
Uopt(M) := 3 veap Q, capQ= ig% ﬁ]—v]l
There is a unique positive d with d;(Qd); = 1, and Uyp (M) = (10/3)/1; d;. Congruence M — DM D*
scales Uqp and P? by the same factor [1; |D;;|*.

Proof. Apply CLL to |M|?* diag(y/v) and divide its permanent by [] j /v to get the first inequality. For
existence and uniqueness of d, minimize

fx) = % Z Qjje*i™i — in-
i 7

Positive diagonal makes its Hessian positive definite: diagonal terms contribute 2Q;;e>*, and other terms
contribute positive multiples of (e; +e;)(e; +e j)T. Furthermore f(x) > 3;[(Qii/2)e* —x;] is coercive,
since every summand is bounded below and diverges at either endpoint. The unique minimizer satisfies
e*i 3 Qije™ = 1. Thus Q = diag(d)Q diag(d) is doubly stochastic, including when Q is reducible.
Weighted AM-GM gives Hi(év)i > [1, v, with equality at v = 1. So capé =landcapQ =[I; di‘z.
Finally Q — RQOR, R = diag(|D;;|*), changes capacity by []; |D;:|%, proving covariance. O

Scale the actual rows by dl.1 / 4, so that Q henceforth is doubly stochastic and Uyp = 10/3. This does
not preserve unit row norms; F(v) and P scale by [[; Vd;, while G, E, Ry, C scale by []; d;. All margins
below are in these balanced units.

Theorem 10.5 (Balanced coherent columns). If, for some column j,

119070 [ [ i > 03, (61)

then P? > Uopt = C(V2) and G > 2hE + Ry, > 0. If every Qij 2 1/9, then more precisely
F(N2) 2 10/3, P=35/12, G >745/144+2hE + Ry,  Ugn/P* < 96/245.

Proof. Let u; be actual Gram vectors for M and choose v = u /||u||. Projection onto v®0 gives

F(V2) = per M > 720 ]—[ (v, ui)|? = 720—”11;/%’.
! JJj
The denominator is positive and zero off-diagonal entries simply give a zero floor. Coeflicient positivity
and (k +1)/2%/2 > 7/8 for 0 < k < 6 give P > TF(V2)/8. Squaring gives P> > 396900 [T, 0i/Q3;3
condition (61) makes this at least 10/3. Equation (57) proves the compensation statement. If Q;; > 1/9,
a column sum gives Q;; < 4/9; thus the projection floor is at least 720(1/9)3/(4/9)3/% = 10/3. The
remaining constants follow from (35/12)% — 10/3 = 745/144 and (10/3)/(35/12)% = 96/245. O

Corollary 10.6 (Spectral and trace deficit domains). Let Acount count six independent categorical vari-
ables whose row probabilities are the rows of balanced Q. Define

D =1-Jsg/6 - Cov(Acount), Weount = Tr D /2.

Either Amax (D) < 1/225 or Weoune < 1/450 implies every Q;j > 1/9, hence all the conclusions of
Theorem 10.5. The spectral sufficient domain strictly contains the trace sufficient domain even on actual
positive-definite Gram pencils.
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Proof. Independence gives Cov(Acount) = 1 — Q7Q. ForT = Q — Js/6 and I1 = I — Js/6, double
stochasticity yields 7 = TITIT and D = T'T > 0. Therefore

17371 < ITes T llopliTTe 1| = 3V Amax (D).

The spectral threshold gives |T;;| < 1/18 and thus Q;; > 1/9. The trace threshold implies the spectral
threshold by D > 0.

For strictness take O = Jg/6 + I1/20, whose diagonal is 5/24 and whose off-diagonal entries are
19/120. Then D =I1/400, so Apax (D) = 1/400 < 1/225, whereas Weoune = 1/160 > 1/450. It is actual
Gram data: put do = (5/24)'/4, by = (19/120)'/4,

do+5b
M = (d() - b())1+ b().]é, H= (d() - bo)n, X = u]&
6V2

Then H+V2X = M , M |4 = @, and B = H + X is positive definite, with residual rank five and an active
selected direction. Its common diagonal can be normalized to unit rows, after which balancing returns
this same Q. Strictness concerns the covariance-statistic domains; the point already belongs to the direct
entry and column domains. O

The auxiliary generating polynomial []; 3} ; Q;;v; is normalized homogeneous real stable: each row
linear form has strictly positive imaginary part when all variables do. This is an actual independent
categorical law. It does not make the ordinary occupation polynomial F' stable, and no statistical-distance
theorem is needed for the deterministic norm bound above. The CLL and scaling ingredients are classical;
their application here provides explicit sufficient domains. Existing sufficient-domain work, including
correlation-matrix annular conditions [21], remains relevant. The new column and deficit tests do not
follow merely from F(V2) > P. The missing generic estimate is still the same-pencil payment

Az +2(V2-DE+Ry | > F(V2)* - P?

on the uncovered compact chart, including its rank-five and complex-phase boundaries. All displayed
reserves and capacity tests remain sufficient conditions rather than a proof of that unrestricted statement.

Part 111
Actual capacity certificates and adaptive
occupations

11 Explicit certificates on the compact residual chart

The weak-pair theorem leaves an actual bounded residual chart. We now give an explicit near-rigidity
certificate, a small-positive-loss corollary of the retained curvature, and a limitation of a coarser envelope.
These are sufficient conditions.

11.1 Gauge, envelopes and actual tensor masses

Assume all selected occupations are positive and gauge the actual rows as

wi=Vpiz+y), vtz p=|[]|pi K=Gram(y), J=Js
i

The gauge core uses Hy = K, Xo = J and

Fo(v) =per(K +vJ), Po=Fo(1)+Fj(1), Mo=K+V2J, Co(v)=per|K+vJ|.

33



In this section Py denotes the actual core value, not an ideal comparison value. Actual P = pPy; the
corresponding G, C, E, Ry, scale by p2. Write s = V2, h = s — 1, and use the same actual variance and
retained curvature as in (57). The core identity is

Go = P} — Co(s) +2hEo + Ryo = Py — Fo(s)* + As 0+ 2hEo + Ry, (62)

where Ag o, Eo, Rpo = 0 by the through-six scalar theorem and the actual reserve identities already
proved.
For six-row M define the finite unweighted CLL envelope

1/2
6 /

10 A
Ui(M) = 3 l_[ Z | M|
i=1

J=1

Proposition 10.4 gives Co(s) < Ugp(Mo) < Ui(Mp). Only Uy is covariant under positive diagonal
congruence; a comparison with U; below is made in the displayed core.
Let Sym, be averaged symmetrization and put

ez(y>=|;18yml(§§>yi, Re=maxyill. 7= max i)l
= AS]

The actual core occupation coefficients satisfy

720
VO TR (v) = ——lles(D)II. (63)

()

Indeed, in the averaged symmetric product of the y; + y/vz, the sector with / perpendicular factors is
the averaged placement of ¢;(y) and 6 — [ copies of z. Its squared norm is ||e;(y)||*/ (?), because the
distinct slot sets are orthogonal. The Gram permanent is 6! times the squared symmetric-product norm.
Thus these masses are constraints of the same Gram data, not independent scalar variables. They include
singular factors without inversion.

11.2 Quantitative near-rigidity

Theorem 11.1 (An explicit small-intermediate-tensor domain). If 1/2 < R, < V30 and n < 2750, then
Py — Uy (Mp) > 3-2%.

Consequently P> > p?U;(My) > Uopt(H + sX) and G > 0. The assertion allows arbitrary complex
phases and singular residual Gram matrices, including active rank-six and rank-five boundaries. The
threshold and margin are explicit sufficient constants.

Proof. We first treat 7 = 0. In the polynomial symmetric algebra of the span of the y;, write L; for
the linear form corresponding to y;. The vanishing intermediate tensors give [1,(T + L;) = T + es.
Substituting 7' = —L; gives L? = —eg. The polynomial algebra is an integral domain. Factoring L? - L?
over C shows that all nonzero L; are sixth-root multiples of one nonzero form; such a form exists because
R. > 1/2. Over its fraction field T + e has distinct roots, so the six multiples are all distinct. Hence,
after a common phase choice, y; = R.{;v for a unit v and the six distinct sixth roots ;. The exact-orbit
estimate below then applies directly.

Assume henceforth 0 < < 2780, Put u; = y;/R,, choose a maximizing unit v = uj,, and write the
orthogonal decompositions u; = r;v +a;, a; L v. Thenr;, =1, a;, =0 and |r;| < 1. Also

lesw)ll <2'p <32n (1<1<5).

Contraction against v® implies |e;(r)| < 32n. The five intermediate coefficients of f(T’)
therefore have modulus at most 327. Its root at 1 controls its constant coefficient c¢: |¢ + 1]

[1,(T —ri)
160n.

A
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On each circle |T — £| = 1/8 about a sixth root,

5
|£(T) - (T® - 1)| < 327 Z(9/8)’< +1607 <4807, |[T°—1] > 1(7/8)° > L.
k=1

Here (9/8)° < 2 and 16807 > 16384. Since n < 273, 4805 < 1/16. Rouché’s theorem gives one
root in each disjoint disk. For completeness its applicable classical argument uses the boundary-nonzero
homotopy (7 — 1) + ¢t[f(T) — (T® — 1)]: its argument-principle count is a continuous integer, hence
constant. This separated-simple-root mechanism is classical; quantitative scalar perturbation estimates
also appear in [1]. Relabel so |r; — ;| < 1/8 and rj, = {;, = 1. Thus |r; —rj| > 3/4 wheni # j. Ata
root, |r;| < 1 gives |rf’ — 1| < 320n; the five other factors |r; — {;| exceed 7/8. Hence

lri — | < 320m(8/7)° < 640n. (64)

We now recover the vector factors, rather than inferring their conditioning from scalar continuity. The
component of ¢;(u) with exactly one factor in v* is the averaged placement of

bl:Zal‘el—l(rlv~'-s7;i’~"ar6)

i

and [ — 1 copies of v. Its squared norm is ||b;]|?/1, since its [ placements are orthogonal. Thus ||b;]| <
Vi2l < 961y for 1 < I < 5. The vector polynomial

AT =Y a| [ -rp

i J#i

has coeflicients by, —b;, b3, —by4, bs in degrees five through one. Its constant coefficient is the negative
sum of those coeflicients, because A(1) = 0: every summand vanishes there, including the iy summand
since a;, = 0. The constant coefficient has norm < 4807. Therefore ||A(r;)|| < 9607, and evaluation
gives
A(ry) = a; l_[(r,- -7j), l|a;|| < 96077(4/3)5 < 40967.
j#i
Combining with (64) and R. < 6, the ideal orbit y; = R.{;v satisfies

llyi = yill < 6(4096 + 640)n < 2. (65)

This divides only by proved scalar root separations, not by Gram eigenvalues.
Write starred quantities for the exact orbit and # = R*. Its only ordinary occupations are the bottom
and top ones, so
F.(v) =720 + R1?), P, =720(7+1%).

The entries of its forward matrix are s + R2(;{ ;. Summing their fourth powers of moduli over a row gives
6(s* +45°R* + R®) = 6(4 + 8t + t?). Consequently

Uy (M.) = Ugp(M.) = 720(£* + 8t +4)° =: U..
The equality for optimized capacity follows also from the equal-row-sum case of Proposition 10.4. For

u=r+71 < u?3, and AM-GM gives u > 2V7 1372, hence u?/? > 283 > (8/3)t for t > 0. Also
4 < 2u?83 since u > 7. Therefore 1% + 87 + 4 < 6u?/3 and

P2 10 ) 7 ) "
<> P2 - U, > —5040% = 17781120 > 2**. 66
U. 3 10 (66)

This also proves the earlier = 0 case.
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It remains to pay the explicit perturbation. Let K., be the ideal Gram matrix. Both factor families have
norm at most R, < 6, so
|Kij — (K.)ij| < 1225 <22 =: 4.

Both actual and starred entries of K +J and K + sJ have modulus < 32. Telescoping each permutation
product, and then each derivative product, gives

| per(K +J) —per(K, +J)| < 720-6-32°d < 2384,

|D per(K +J)[J] = Dper(K. +J)[J]] <720-6-5-32%d < 2%4.
Thus |Py — P.| < 2*°d. Both nonnegative values are less than 720(32% + 6 - 32%) < 2*!| whence

|P2 - P?| <284, (67)

For the row factors b; = (2; |(Mo); i1/ and b, the reverse triangle inequality applied to the vectors
of squared moduli gives
b;, b < V6322, |b; — b| < V664d.

Telescoping their sixfold product therefore gives
10
U1 (Mo) = U < — 6(V664d)(V632%)° =720 12-321d < 294.

Together with (67), the total error is < (281 +26%)d < 2192 < 222, Subtracting from (66) proves the
margin. Finally Proposition 10.4 transfers the optimized comparison by the factor p?, and (62) gives
actual compensation. O

The neighboring scales have separate certificates. If R, < 1/2, then Py > 7 - 720 = 5040 by the
top occupation, while PSD minors give U;(My) < 720(s + R?)'? < 720 - 2'> < 5040°. If R? > 30
and the ordinary loss is positive, the joint root-product proof of Theorem 10.2 applies directly to these
factors: its unit-row assumption inferred this scale from a weak pair, but its joint coefficient, root and
coherent-product estimates require no unit row norm once the scale is specified. It gives P> > Uy /K31

for Uy = 720 []; Ml.zl. and k31 < 19/20. Here the valid envelope comparison is Uyp (M) < Up. Indeed,
for a; = M;; > 0, PSD minors imply Q;; = |Mij|4 < afa?. The feasible weights v; = ai‘2 give
(Qv); < 6a%, hence

capQ < 6° 1_[ a?, Uopt (M) <720 l_[ a%.
i i

11.3 A uniform strip of small positive ordinary loss

Corollary 11.2 (Actual compensation near zero ordinary loss). On the actual core chart K > 0, K;; < 30,
put Lo = Fo(V2) — Po. If 0 < Lo < 2728, then

G > 24656, G > 24656p>.

This is actual compensation.

Proof. Theorem 9.3, specifically (55), gives R, o > (19/240)720° = 41040, since the core top coefficient
1s720. Equation (62) gives
Go = —Lo[Fo(s) + Py] +41040.

PSD minors give |K;;| < 30, so the forward entries have modulus < 32. The720 permanent products and
the 720 - 6 derivative products yield

Fy(s) <720-32° <240 Py < 720320 +6-32%) < 2%, Fy(s) + Py < 2*2.

For positive Ly < 2728, its payment is strictly below 2'4, so Go > 41040 — 2'* = 24656. At Ly = 0,
instead Go > 41040 > 24656. Actual scaling proves the claim. The same actual reserves were used once;
no capacity estimate or extra curvature credit enters. O

36



11.4 An exact obstruction to the elementary diagonal envelope

The diagonal envelope sufficient in the weak-pair theorem cannot replace C () uniformly on the remaining
chart, even if the true reserves are kept.

Proposition 11.3 (Failure of the coarse sufficient route). There are actual complex noncirculant active
base-rank-six and base-rank-five pencils with positive ordinary loss and every normalized p; > 1/31
such that

Up > 10P?,  P*— Uy +2hE + R, < —8P?,

whereas G > 9P?/10 and Uopt (M) < P?/12. Thus this is not a counterexample to compensation, opti-
mized capacity, or Chollet.

Proof. We specify finite exact witnesses and their exact-arithmetic verification. Initially use the core
X =J,q = 7/4, and H consisting of three blocks g (!, 7'). It is the Gram matrix of three opposite
residual pairs. Direct expansion gives

4172833 1725
=12 F(s)-P=—=>0.

F(v) = 720v° + 144¢*v* + 24¢*v* + 845, ,
() v q°v g v +38q 512 7

The base rank is four and all normalized p; = 4/11. Exact deleted-minor and permanent evaluation gives

¢ | 522284634689/2097152

¢ 22379527683/65536

E 8610709779/32768
C(s) | 3708108067425/2097152

G | 138061852446567/2097152

The elementary envelope is Uy = 720(g + s)'2. Exact squaring comparisons in Q(V2) give Uy > 10P?
and G + C(s) — Uy < —8P2. The latter equals the repaired expression in the statement by (62). On the
other hand, Q = |H + sJ|* has row sum
14881
r=(q+9)"+(g—9)+4s* =2¢* + 244> + 24 = BTTR
Thus Uy = Uy = (10/3)r® = 16476552799205/3145728 < P?/12.
To obtain the stated active ranks, let I1 be either the rank-two projector

Mij = 31y — 5 (0<ij<59),

or the rank-one projector vv*/8, where v = (1, 1,4,i,—1 —i,—1 —i)T. Both are orthogonal to the selected
all-ones vector and to the three opposite-pair sign modes. Let J. have entries (J.)o = i, (J¢)20 = —i,
(J¢)oo = 1, all others zero, and put

e = 1/1000, He=H+ell+€TJ I, Be=He+J.

The Hermitian compression has norm at most2. Since 2e < 1, the added term is positive definite on
ranII. The orthogonal decomposition therefore gives residual/base ranks five/six or four/five, with an
active selected unit direction. All entries before unit normalization are Gaussian rational.

Here is a reproducible finite arithmetic proof of the strict comparisons for both lifts. Reconstruct F(v)
by subset permanent expansion, and reconstruct C(v) from the entry polynomials |H;; |>+2vRe H; i+ V2.
For any matrix of polynomial entries the recursion starts with Dy = 1 and, for a subset S with |S| = k,
accumulates

Dgsyyjy += DsAx; (j ¢5).

The full-set value is its permanent. Apply the same recursion to every five-row deleted minor of |B.|? to
obtain ¢, and their contractions with Re B, to obtain u. Then E = u—{ and Rj, = C(s) —c —2hu— h*€ are
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actual quantities. The standalone verify_compact_envelope.py implements these exact recursions,
Gaussian-rational rank elimination and quadratic-field sign tests. For each of the two displayed rational
lifts it verifies precisely

F(s)—=P>0, minB;'>1/31, E>0, R,>0,
1

G >9P?/10, Uy > 10P>, G +C(s)—Uy < —-8P?,
100
> ]_[ Z |M;;|* < P*/144.
i

The last inequality is the squared feasible bound U; (M) < P?/12; all squared comparisons have positive
sides. The field test for a + b2 compares rational squares ¢ and 2b> when the signs oppose, so no
floating sign or numerical rank is used. The same reconstruction also verifies a nonreal triangle product
and differing multisets {|B;;|*/(B;;B;;) : j # i} for different rows. These respectively certify genuine
complex phases and exclude permutation circulant form after unit normalization. The code keeps ev-
ery acceptance check active under optimization. This finite exact certificate proves only the displayed
witnesses; it is not a sampled universal sign argument.

Finally unit normalization uses D; = Bl._l.l/z. It scales P by []; Bl._l.1 and G,Uy,C,{, E, Ry, Uy by
I1; Bl.‘l.z, with the selected coordinate transformed as well. The finite U itself is not covariant. Its feasible
comparison transfers with weights v} = Bfl.: if R; = Bi‘iz, then Q' = diag(R;)Q diag(R;) and

Ug (V') = (]—[ B;’

The checker verifies this identity exactly. Thus every comparison in the statement survives normalization
with these weights. O

Uo(1).

11.5 Nonempty strata, provenance and the remaining obligation

The companion verify_compact_rigidity.py reconstructs exact complex noncirculant active-rank-
six and rank-five examples satisfying Theorem 11.1, outside the 1/31 band, using residual perturbation
27312 The companion verify_compact_strip.py constructs exact examples in Corollary 11.2 outside
both the weak-pair and tiny-tensor domains, by approaching the opposite-pair zero-loss threshold and
adding a rank lift of size 2723, These are finite nonvacuity checks; the universal assertions follow from the
analytic proofs. The former uses the credited cyclotomic helper in verify_root_product.py, and the
latter the Gaussian-rational helper in verify_compact_envelope.py. These are disclosed arithmetic
reuse, not unrelated independent field implementations.
Any still-uncovered positive-loss actual instance can now be restricted to

K >0, maxK; <30, R.>1/2, p>2% 272 <p1,<720.
1

Indeed (63) and ordinary coefficient positivity give

5 —
Lo (7-1)—20-D/2
720 = ! —g ol <1
= 1

Each mass is determined by the same Gram matrix via (63). Closing the strict inequalities gives a com-
pact semialgebraic relaxation over Q(V2), using squared norms and principal-minor PSD constraints.
Exact-rank strata themselves need not be closed; singular and rank-five boundaries must not be discarded.
The obstruction shows why replacing the actual forward squared permanent by the coarse Uy cannot be
uniform even after retaining the true reserves.

The explicit neighborhood is a quantitative application of classical root-localization tools combined
with the actual vector reconstruction and permanent estimates above. The strip is a corollary of the sharp
existing reserve; the obstruction limits a sufficient proof route.
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12 Weighted occupation projection and a two-mode capacity region

We develop a conditional finite certificate for the ordinary derivative itself, then prove a separate stronger
capacity comparison on a two-Fourier-mode family and a uniform noncirculant neighborhood. The
Fourier proof uses the actual P, not the projection lower bound introduced first. All quantities in this sec-
tion initially use the core X = Js, H = K > 0, F(v) = per(K +vJ), P = F(1) + F'(1) and M = K + V2J.
They agree with the core quantities of Section 11.

12.1 An actual weighted coherent Gram certificate

Let w; = z+y; with zunitand y; L z, so K;; = (y;, y;). Use the conjugate-linear-first inner product. In
the symmetric sixth tensor power put

f=SymgQwi,  A=N.+1,
i

where N, counts selected z factors. Orthogonal selected-mode sectors give
P =T20(f,Af). (68)
The operator A has eigenvalues 1, . . ., 7, independently of the Gram rank. For finite tests g ;, set ¢; = qj.%,

hj=A"'2t; and g = AY2f. Define

Cjk = (hj, hk), bj=<hj,g>=l—[<qj',wi>-
i
The spectral identity A~! = /01 tN= dt gives the explicit Gram

1
i = /0 g (1 = 22)qe) + g )z ai)]® dr. (69)

These are tests of the same actual state, not free PSD entries. Completing the square gives, for every finite
complex vector c,
P > 720[2Re(c*D) — c*Cc], P > 720b"C*b. (70)

Indeed the difference in the first inequality is 720||g — X ; ¢ jh; ||%. If ¢ € ker C then 2jcjhj =0, whence
¢*b = 0. Thus b € ran C, proving the second inequality and justifying the pseudoinverse even on singular
boundaries. The finite dual requires no inversion or numerical eigenvalue cutoff. These are classical
Hilbert projection facts applied to the weighted permanent state; symmetric-state and coherent-product
constructions are standard [6, 7].

Choose go = zand g; = w; for 1 < j < 6. Then Cop = Cp; = 1/7 and by = 1. Deflating hg

orthogonally leaves
S ()
D = d
I ; 7-d

Here powers are entrywise. The deflated test Gram is D, and its actual overlap is 3, so

K4, ﬁj:n(1+Kji)—1. (71)

P > ®(K) := 5040 + 7208*D* . (72)

In particular, each finite ¢ € C® gives the inversion-free bound P > 5040 + 720[2Re(c*B) — ¢*Dc].
The selected contribution is exactly 720/(1/7) = 5040; the remaining tests have had that contribution
removed, rather than counted again. The Schur-product theorem also proves D > 0 directly from (71),
but actual Gram origin is what guarantees range consistency.

The joint projection can exceed every single-test floor. An additional actual deflated test of squared
norm a, Gram cross-column d and overlap b, gives the extra squared projection mass

|bnew - d*D+ﬁ|2
a—-d*D*d
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when its denominator is positive. This follows by orthogonalizing that test against the previous span.
If the denominator vanishes, the actual residual test is zero and its numerator vanishes too. This is the
usual Gram Schur complement, not an independent extra reserve. If y; = A;v for a unit v, with six distinct
nonzero A;, the seven tests z, wi, . . ., wg span the seven-dimensional symmetric sixth power of span(z, v):
their coefficient matrix is a Vandermonde matrix on 0, A1, . . ., 6. Applying the invertible A~!/? preserves
that span, which contains g. Hence @ = P on this specified subfamily. Repeated scalars require the next
argument instead.

12.2 Occupation-resolved projection
Proposition 12.1 (A stronger actual lower certificate). For 1 < d < 6 set

Gg =K, (ba)j =ea(Kj1,...,Kje), mqg=b,Ghbg.
Here the scalar ey is the elementary symmetric polynomial. Then

8 7-d
P> W(K) = 5040+720 ) —

d=1 \d

mg > O(K). (73)

Every mq may instead be replaced by the finite dual 2Re(c;bg)—c},G qcq for any complex c 4. At residual
rank at most one, ¥ = P, including repeated or zero residual scalars. The d = 1 projection is exact in
every residual rank.

Proof. The actual coherent residual tests y‘?d have Gram G 4 and inner products with e;(y) equal to (bg) ,

by tensor contraction. Thus their projection mass is mg < ||e4(y)||?, with range consistency at singular
G 4 proved exactly as above. Equation (63) and the selected occupation weights give the identity

7-d
lea()I?.

6
P = 5040 + 720 Z _
d=1 d)

This proves the first inequality and all finite-dual replacements.

For the second inequality, decompose g into its orthogonal selected-mode occupations. In sector d,
the part of each mixed test A~'/2w®® is a scalar multiple of the averaged placement of y?d with 6 — d
copies of z. Therefore the mixed test span defining @ is contained in the direct sum of the separately
resolved test spaces defining W, together with the already paid selected sector. Orthogonal projection
onto a larger subspace has at least as much squared norm. The coefficient (7 — d)/ (2) is the actual sector
weight; replacing it by one would not be this argument.

If the residual span is one-dimensional and nonzero, each e4(y) lies in the span of any nonzero y?d;
all six projections are exact. If all y; = 0, both P and W are5040. In arbitrary rank, e; = ; y; lies in the

first test span. Additionally Newton identities in the symmetric algebra give e, = —% i y?z when e; =0,
and e3 = % i yli@3 when e; = ep = 0. These conditional sectors are exact as well. They are actual tensor
identities, not independent occupation assumptions. O

For the same K set Q = |K + sJ|* and take any explicit positive v. Let B be the maximum of zero and
any finite dual lower bound for P from either projection. Proposition 10.4 gives

U) = 13—0, /I]H(_vi) > Ugpt(M).

Consequently B> > U(v) proves the strong capacity comparison; B> + 41040 > U(v) proves actual
compensation by the sharp core curvature floor and £ > 0. The latter has the finite equivalent test

9(B2 +41040)* [ v 2 100] (Qv):. (74)
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The sides being squared are positive. These are exact sufficient tests for the same actual K, not a uniform
choice of ¢4, v on all PSD cores. The41040 replaces the retained Rj once; it is not added to another
already counted copy of that curvature. Rational proposed dual vectors and positive rational weights
can be accepted by rigorous arithmetic in (74); numerical proposals alone are not certificates. Positive
diagonal congruence transfers the optimized comparison and actual quantities, not an untransformed finite
U,.

The standalone verify_capacity_projection.py reconstructs the actual polynomials, D, 8, G4, by,
and exact range-consistent solves on five finite Gaussian-rational cores. It checks ® < ¥ < P, both
rank-one exactness statements under their respective hypotheses, and finite capacity tests. On the
opposite-pair core of Proposition 11.3, ¥ = 7245 > 12474000/2363 = ®, while P = 4172833 /512.
This demonstrates a stricter lower certificate. The checker reuses the local
verify_compact_envelope.py arithmetic explicitly; it is not an unrelated field implementation.

12.3 A full-amplitude two-Fourier-mode theorem

Let w = ¢™/3. For a, b > 0 put
K;; = aw'™ +bo®™) (0<i,j<5), F.(v) = per(K* +vJ), P.=F.(1)+F.(1).

This is PSD: under the present inner product the residual vectors (va w™, Vb w™%) realize it. Residual
and base ranks are at most two and three, respectively.

Theorem 12.2 (Sevenfold capacity comparison on two modes). For every a, b > 0, including both axes,
F.(V2) > P. = P?>TUpu(K"+V2J) = TU (K" +V2J).

There is no amplitude cutoff. This is a stronger auxiliary-envelope comparison on a structured compen-
sation family, not a generic rank-six theorem.

Proof. The polynomial in orthogonal selected and residual variables is

5
]—[(z +Aw' + Bw¥) = 75 +273B% =972 A?B% + 6ZA*B — AS + BS.
i=0
To verify it, pair indices 7, + 3. With & = w? the factors become Z2 + (2ZB — A?)¢' + B>¢% fori = 0, 1, 2.
Apply [17(x + y&' + z¢%) = x> + y* + 23 — 3xyz and expand. Each orthogonal occupation contributes

its squared coefficient multiplied by its three occupation factorials to the Gram permanent. Substituting
selected amplitude /v and residual amplitudes va, Vb yields

F.(v) = 720v° + 144b3V? + 6484°b>v? + 864a*bv + 720(a® + b°),
P.(u, b) = 5040 + 576b° + 1944ub* + 1728u*b + 720(u> + b°), u=a’
L, = F.(s) — P, = 720 — 144(4 — 25)b> — 648ub® — 864(2 — s)u’b.

These identities use the actual ordinary derivative, not ® or .
Every row of Q, = |K* + sJ|* has the same positive sum

r(u,b) =24 +48(u + b?) + 6(u® + b*) + 24ub” + 24sub.
Indeed the Fourier coefficients of |s + aw’ + bw?/|* are co = 5% + a*> + b?, cs1 = a(s + b) and c4» = sb.
Discrete Parseval on six points gives r = 6(03 + 20% + 203), which expands to the displayed expression.
Since Q./r is doubly stochastic, weighted AM~GM gives cap Q. = r®. Thus Uy, = U; = (10/3)r?
exactly.

Let
144 - 41

35

864 - 41

Ao(u,b) = b® + 648ub” + u’b.
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The strict bound s < 99/70 shows that L, > 0 implies Ag < 720: if b > 0 its cubic term is strictly

relaxed from the actual subtracted sum, which is at most720; if b = 0, Ag = 0. Thus b < 2, because

Ap(0,2) > 720 and all coeflicients are nonnegative. Define the increasing rational polynomial

24-99
70

For0 < b < 2,7 < 6u”+212u + 312. If u > 16, then 7/u* < 655/32 and

F(u,b) =24 + 48(u + b>) + 6(u? + b*) + 24ub” +

ub > r(u,b).

70
?(655/32)3 < 720, P, > 720u°.

This proves P2 > (70/3)r> = TUopt on the whole unbounded tail.
For completeness the remaining finite rational certificate is specified exactly, rather than replaced by
samples. Cover [0, 16] X [0, 2] by closed boxes. For a box [ug, u#1] X [bg, b1]:

1. Exclude it if Ag(ug, bg) > 720.
2. Otherwise certify it if P, (ug, bo)> > (70/3)7(uy, b1)>.

3. Otherwise bisect its longer side at the exact midpoint, retaining both closed children; break a tie by
bisecting the u side.

Both P, and 7 have nonnegative coeflicients, so the corner comparison proves the inequality throughout
each certified box. Exclusion uses a necessary constraint and cannot remove a nonnegative-loss point. The
two children cover their parent including shared boundaries. The standalone verify_two_mode.py exe-
cutes these Fraction-only recursions, completing with934 certified boxes,331 excluded boxes, maximum
depth25 and no unresolved box. Every certified endpoint difference is strictly positive (indeed greater
than one). Depth and resource guards throw errors rather than accepting unresolved boxes. The file inde-
pendently reconstructs both displayed polynomials by exact subset permanent expansion and sixth-root
arithmetic, and checks the tail constants. This complete finite rational certificate, together with the an-
alytic tail, proves the universal claim on this restricted family. It is a computer-assisted covering proof.
Exact subdivision/complete-search principles are classical [18], as are Fourier expansion and the CLL
input [19]. O

12.4 A uniform noncirculant capacity neighborhood

Theorem 12.3 (An explicit entrywise tube). Let K* be as in Theorem 12.2, with a+b < 30 and F.(s) > P..
If K > 0 is any complex Hermitian six-by-six matrix with K;; < 30 and

d = max |K;; - K;;| < 27,
ij

then, for its actual core derivative P,
P2 - U (K +sJ) >3-2%2.

In particular P*> > Uopt(K + sJ) and actual compensation holds. No positive-loss assumption on the
perturbed K, rank restriction or Gram eigenvalue lower bound is needed. Arbitrary complex phases and
noncirculant perturbations, including singular/rank-five boundaries, remain allowed.

Proof. Theorem 12.2 and the top coefficient720 give
P, > 5040, P2 —U(K* +sJ) > (6/T)P? > (6/7)5040° > 224,

At d = 0 this already proves the claim. Otherwise PSD minors and both diagonal bounds imply all
relevant entries of K +J,K* +J, K + sJ, K* + sJ have modulus < 32. Product telescoping exactly as in
Theorem 11.1 gives

|P-P,| <2¥d, 0<P P, <2, |P>-P? <2%4.
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More explicitly the permanent difference is at most 720 - 6 - 32°d < 2384, and the derivative difference is
atmost 720 - 6 - 5 - 32*d < 2%d. For row factors r; = (X ; |M;;|*)'/* and r},

riori < V6322, |ri—ri] < V664d.

The reverse triangle inequality on vectors of squared entry moduli proves the second bound. Telescoping
the six row factors gives

U1 (K +sJ) = U (K* +sJ)| <720-12-32"d < 2%%4.

The total error is < (28! +2%%)d < 2824 < 222, Subtracting from the strict reference margin proves the
result. Only actual core polynomials and a finite feasible envelope were compared; no inverse Gram or
differentiability of optimized capacity was used. O

For original rows w; = \/p;(z + y;), p; > 0, the optimized comparison transfers to

Pazlctual - Uopt(Mactual) >3- 222P2-
This uses Proposition 10.4, not direct covariance of U;. The identity G = P> — C(s) + 2hE + Rj, and
C(s) < Uop then prove strict compensation without charging curvature twice.
The companion verify_two_mode_neighborhood.py checks constants and exact nonempty
active-rank-six and rank-five strata. Here is its actual construction. Take a = 1,b = 1/2, let v; = ',
w; = w? and t; = (=1)%, and set

K'=w+ww*/2, Tg=1-J+w" +ww")/6, IlIs=1Ils—1t"/6.

These are Hermitian orthogonal projections of ranks three and two, orthogonal to K* and the selected
all-ones direction. Let J. have entries (J.)o1 = iV3, (Je)10 = —iV3 and zero otherwise. For € = 2-80 put

K =K* +e€ll, + €ILJ.II, (r=6o0r5).

Since ||J.|| = V3 < 2and 2¢ < 1, the added term is strictly positive on ran IT,. Orthogonal decomposition
gives residual/base ranks five/six or four/five. The reference ordinary loss is —378 + 468V2 > 0. The
checker verifies the entrywise tube bound, diagonal conditions, actual moderate positive loss above 2728,
a tensor norm above 278, all normalized occupations above 1/31, nonreal cycle products, noncirculant
normalized row patterns, and the strict core margin by exact squared comparisons. It reuses the disclosed
local sixth-root helper verify_root_product.py, not an unrelated field engine. Thus these regions
have actual nonempty strata outside the three specified boundary/strip/tiny-tensor domains.

The new uniform capacity region is stronger than pointwise continuity and allows noncirculant active
ranks absent from the reference family. Its radius is deliberately conservative. Actual compensation on the
structured family was already covered. The weighted projection inequalities are conditional certificates,
while the Fourier and tube theorems use the actual P. Classical projection, Schur-complement, Newton,
Fourier and complete-box tools are attributed as inputs.

13 Uniform occupation control and additional capacity regions

We next control the difference between the actual ordinary derivative and its occupation-resolved pro-
jection. Applications certify that projection itself near orthogonal opposite pairs and on another full-
amplitude Fourier family. Exact failures of two fixed dual recipes explain why these partial results do not
give a global coefficient choice. All quantities initially use the actual core K = Gram(y;) > 0, X = Jg,
F(v) = per(K+vJ), P = F(1)+F’(1) and s = V2. Use the same ey, G 4, ba, my, ¥ as in Proposition 12.1,
and write wg = (7 — d)/(g).
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13.1 A uniform Newton bound for the missing projection mass

In the commutative averaged symmetric tensor algebra let p; = 3 ; y?d. Its multiplication is contrac-
tive: ||uv|| < ||lu|l||]v]l, because it is orthogonal symmetrization of the ordinary tensor product. This is
the symmetric algebra, not the algebra of arbitrary unsymmetrized tensor words invariant under label
permutations.

Theorem 13.1 (Fourth-order occupation-projection defect). For arbitrary complex residual vectors, put
n =maxigz<s le/(V). If0 <n < 1, then

364373 ,

0L<P-Y¥Y< .
< < 5 n

No bound on residual norms, eg, rank, Gram eigenvalues or conditioning is required. There is also a

fixed finite dual Dy satisfying
364373

P- nt<Dn<¥ <P

Proof. The actual test space V; = span{yf’d} has Gram G4 and overlap b;. Best approximation therefore
gives, for any t4 € Vg4,
0 < [leqll®* = ma < lleq — tall*.

Choose t4 = (=1)?~p4/d. Newton’s classical identities in this commutative algebra follow by logarith-
mically differentiating [;(1 + y;t) = 3, eqt?:

d-1

pa= ) (D) erpa—r+(-1)4"dey.
=1

To specify every error used, let r; = e4 — t4. Expanding the recurrence gives

2

1
ry = 09 rp = Eel,
1.3
r3=ejex — 3€q,
_1,4_ 2 1,2
rq4 = € €1€2+€1€3+262,
r's= -~ %e? + e?e2 - 3%33 - 316% +ejeq + eres,
re = ée? - 6?82 + 6?83 + %e%e% - e%e4 —2ejere;
1,3 1,2
+ejes —ze; +ereq + 5e3.
Every monomial has at least two factors among ej, . . ., es; the linear e4 term cancels. Contractivity and
n < 1yield
2 14 11 26 19
Irall < Can®,  (C1,...,C6) = (0,3, 3, 7> 5> 7)

by summing absolute coefficients. The actual weighted sector identities give

364373
—n .

6
P-%=720% wa(lleall’ = ma) <720 )" waCin* = 5

d=1 d

Explicitly the coefficient sum is 60 + 256 + 1089 + 162240/25 + 64980 = 364373/5. The finite coherent
duals with coefficients c4; = (—1)?~!/d represent these 74. Completing their six squares shows exactly

DN:P—DOthWﬂZSY
d

and proves the remaining bounds. This also handles = 0 directly, without factor classification, root
separation or a pseudoinverse limit. O
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The standalone verify_newton_occupation.py reconstructs the formal rational recurrence, can-
cellation of each top elementary tensor, weighted degrees, coefficient sums and the exact defect constant.
The theorem is a quantitative completeness statement for the projection, not uniform factor recovery. On
the already proved tiny-tensor core domain, P < 2*! and ¥ < P give

364373
< 242T'74'

This can transfer the established capacity margin there to . Positive ordinary loss alone does not force
n < 1 or make this error small.

PZ_\_PZ

13.2 Full unequal opposite-pair amplitudes

Take three orthogonal opposite residual pairs

where the u ; are orthonormal.

Theorem 13.2 (An unequal-pair projection-capacity comparison). For this entire closed amplitude fam-
ily,
F(s)2P = Y(K)*>3Ui(K+sJ) 2 3Uop(K +sJ).

The zero-loss endpoint and all zero-amplitude boundaries are included. The residual/base ranks are at
most three/four.

Proof. Putt; = q?, S=2tj, T =% jcktjty and V = t115t3. The actual symmetric product is Hj(zz -
q juﬁ). Its nonzero residual sectors have
lleall* = S, lleall® = T/6, lles|® = V/90.

The factors 1/6 and 1/90 are averaged-placement norms of respectively two-two and two-two-two orthog-
onal occupations. Thus

F(v) = 72000 + 48Sv* + 8Tv? + 8V, P = 5040 + 2408 + 24T + 8V, F(s) — P = 720 — 48S — 8T.

Nonnegative loss implies 65 + T < 90, in particular § < 15. The quadratic tensor — >’ ; g juf’z lies
in the row-power test span, with squared projection mass S. The fourth and sixth tensors use mixed
orthogonal modes and are perpendicular to every pure row fourth or sixth power. Odd tensors vanish.
These statements persist when amplitudes are zero, without division. Hence

¥ = 5040 + 240S.

Each row in pair j has fourth-modulus row sum r; = 2(t§ + 12t +12). With f(r) = t? + 12t + 12, each
row sum occurs twice, so Uy = (80/3) []; f(;). Unequal amplitudes need not give equal row sums; no
optimized-capacity equality is assumed here. Since

Ff=(f)*=-22-24r-120<0 (1 >0),
Jensen gives []; f(t;) < £(S/3)3 and

p2 _ 2160(S +21)?
U~ f(8/3)3
This last function decreases for § > 0O: its logarithmic derivative has the sign of

2£(S/3) — (S +21)(25/3 + 12) = —452/9 — 185 — 228 < 0.

At S = 15 its value is 2799360/912673 > 3, since the numerator exceeds three times the denominator by
61341. This proves the strict result on the whole loss-constrained family, including all stated endpoints.
O
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13.3 A finite-dual noncirculant neighborhood for the projection

For any actual K, define a; = ||e1||?, a2 = ||e2||*> and
B(K) = 5040 + 720a, + 240a, — 60a% < Y¥Y(K). (75)

Indeed, the degree-one coeflicients all one represent e exactly, while the degree-two coeflicients all
—1/2 represent —p, /2. Newton gives e + p/2 = e%/2, whose squared norm is a%/4. Their finite dual is
therefore (75). In ordered-index form it is the real polynomial

B(K) = 5040+ 720 )" Kij+240 |-Re Y ea(Kj1, ... Kjo) = § Y K% |- (76)
ij J Jk
Hermitian symmetry makes the last double sum real. These are two valid ways to reconstruct the same

actual finite dual, not independent reserves.

Theorem 13.3 (A uniform occupation-capacity tube). Let K* be an opposite-pair reference from Theo-
rem 13.2with F.(s) > P.. Let K, K* > 0 have diagonals at most 30, and suppose max; |K,-J-—K;‘j| <274,
Then

Y(K)? - U (K +sJ) >3-2%2

This includes arbitrary complex noncirculant perturbations, singular boundaries, active ranks six and
five, and kernel mixtures satisfying the actual Gram hypotheses. No spectral lower bound is imposed.

Proof. At the reference, ¢; = 0, so B(K*) = W(K*) > 5040. The preceding theorem gives
B(K")? = U (K* +sJ) > (2/3)5040 = 16934400 > 2%*.

Set the fixed positive allowance § = 27*%. PSD minors give |K; ils |K;kj| < 30. Each of the 15 degree-two
products in a six-entry row changes by at most 606. Applying this also to sz.k in (76) gives

|IB(K) — B(K*)| < [720 - 36 +240(6 - 15 - 60 + 36 - 60/4)]6 = 14515206 < 2°'5.
Direct absolute bounds give
|B(K)|, |B(K*)| < 5040 + 720 - 1080 + 240(81000 + 8100) < 2%,

so the squared-B error is < 2476. Also B(K) > 0, since its reference is at least 5040 and its change
is < 2727, Both forward matrices have entry moduli < 32. The row squared-modulus reverse triangle
inequality and product telescope used earlier give

|U\(K +sJ) = U (K* + sJ)| <720- 123215 < 29%.

The total error is < 270§ = 222, Subtracting it from the strict reference margin and using ¥ > B > 0
proves the theorem. Because ¢ is a fixed positive allowance, these strict comparisons also apply when the
actual entrywise distance is zero. There is no continuity assumption on the pseudoinverse or the rank of
a test space. O

Original positive row gauges transfer the optimized comparison via PEZlcmal > p?¥(K)? and
Uopt(Macral) = pZUopt(K + sJ). The finite U is used only in the core. The same actual compensation
identity then proves G > 0 without another curvature credit.

The standalone verify_occupation_pair_tube.py supplies exact nonempty complex noncircu-
lant active-rank-six/rank-five strata. It uses the opposite-pair reference g; = 7/4, the orthogonal pair-
complement projections and Hermitian compression of Proposition 11.3, now at € = 27%4. Orthogonality
and 2e < 1 prove PSD and the actual residual/base ranks; exact elimination corroborates them. The
reader verifies distance at most 2748, actual loss above 2728, a tensor norm above 2739, selected occu-
pations above 1/31, nonreal cycle products and noncirculant normalized row patterns. It reconstructs B
both from (76) and the actual coefficients, and verifies B>~ U; > 3-2%2 by sign-safe exact squaring. These
finite witnesses prove nonvacuity, not the universal tube by sampling. The reader reuses the disclosed

local Gaussian-rational helper verify_compact_envelope.py.
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13.4 The true occupation certificate on opposite Fourier modes

Consider, for all a, b > 0,
Kij = aw* ) 4+ b)) w=e™3,
It is PSD, realized in the conjugate-linear-first convention by residual vectors (vVa w™%, Vb w™>).

Theorem 13.4 (A full-amplitude opposite-mode comparison). On this specified family, including its axes,
origin and zero-loss boundary,

F(s) 2P = Y(K)*> 2Uon(K +sJ).

Every amplitude is included; residual/base ranks are at most two/three. The proof is a complete finite
rational certificate plus an analytic unbounded tail, not a generic rank-six extremal reduction.

Proof. Pairing opposite indices in the orthogonal-mode product, with ¢ = w?, gives three factors Z2 +
2ZAE + (A% — B?)£% . The cubic-root identity used earlier yields

5
]—[(z + Aw? + Bw ) =70 +27°3A3 + 6Z3AB* + A® — 3A*B? + 3A%B* — BS.
i=0

Let ¢ = a® + 3ab? and ag = 720(a® + b®) + 432(a*b? + a®b*). Occupation factorial norms then give
F(v) = 720v% + 144¢v® + 9, P =5040+576¢ + ag, L =720 — 144(4 - 2s)c.

Only e3, eg can be nonzero, and ||e3||> = 4¢. Since e; = e, = 0, Newton gives e3 = p3/3, so the third
projection is exact.
For completeness the sixth projection is also determined exactly. The scalar row elementary polyno-
mial is
]—[(T + Koj) = TO +2¢T3 + (a® - b?)°.
J

Rows are permutations, so b3, bg are constant vectors with entries 2¢ and 8 = (a” —b?)3. The correspond-
ing row sums of K°3, K°® are 6¢, 6D, where

D =a®+15a*b* + 15a°b* + b°.
The constant vector is a Gram eigenvector. Its projection mass is 6|b 4, ; |2 /r4 when the row eigenvalue 4
is positive; when it vanishes, actual range consistency forces the overlap to vanish. Hence

2 _ 1,2\6
W = 5040 + 576¢ + 720%, 7

with the last fraction defined as zero at the origin, where all factors vanish. This is an actual projection
identity, not an assumed invertible Gram.
The fourth-modulus row sum is

r=6[a*+b* + 6a’b> + 84> + 8b% +4].

Indeed |s + aw? + bw>7 |? has Fourier coefficients s2 + a® + b? at zero, sa at +2, sb at +1, and 2ab at the

self-conjugate frequency 3. Parseval gives the displayed r. The row-regular matrix |K + sJ|*/r is doubly
stochastic, so Uy = Uy = (10/ 3)r3 exactly. Nonnegative loss implies

5

5
i M SR

239
56’

where s < 99/70. In particular @ < 2; the strict rational relaxation holds also at loss zero.
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For b > 4, ¢ > 3ab® gives a < (3/2)/b* and x = a*/b* < 9/16384 < 1/1000. The sixth projection
obeys
me (1-x)° 1
_ = > -,
b 1+ 15x+15x2+x3 2
by substituting 1/1000 in the decreasing numerator and increasing denominator and checking the resulting
rational inequality. Also

LA B 8+x) 4
6b* b? b*
It follows that ¥ > 3605° and W2 > 360%56'2 > (20/3)123b'2 > (20/3)r3. This treats the whole
unbounded tail without truncation.
On the remaining closed rectangle [0,2] X [0,4], use boxes [ag,a1] X [bo, b1]. Exclude a box if
ag +3agb? > 239/56. Otherwise put

< 2.

6
7206

50 = 0,a — b2, b — a?), Wow = 5040 + 576(a’ + 3agh?) + ———>—.
o = max(0, a; by —ay) | + (ay +3ao 0)+D(a1,b1)

Define the correction as zero if the upper denominator vanishes, which occurs only at the origin. This
is a lower bound on (77): the distance between the squared-amplitude intervals is at least dg, and D is
coordinatewise increasing. Certify the entire box if ‘1‘120 w > (20/3)r(ay, b 1)3. Squaring is safe since
Wiow > 5040. If neither test succeeds, bisect the longer side at its exact midpoint, breaking ties on the a
side and retaining both closed children. Monotonicity justifies the upper row bound and exclusion; closed
children cover all shared boundaries and axes.

The standalone verify_occupation_modes.py reconstructs the actual ordinary, scalar-row ele-
mentary, Gram-power and fourth-modulus polynomials with exact sixth-root arithmetic; it checks every
tail constant and executes this Fraction-only cover. It completes with 141 certified boxes, 68 excluded
boxes, maximum depth 16 and no unresolved box. Depth and resource guards throw errors rather than
accept an incomplete cover. Together with the analytic tail, this finite certificate proves the theorem for the
full specified family. Its field primitives are disclosed reuse. Fourier and complete-search tools remain
classical [18]. O

13.5 Exact limits of fixed Newton and lower-sector recipes

The Newton theorem does not make its fixed test globally sufficient for capacity. We give explicit actual
obstructions, while an adaptive finite occupation dual succeeds on the same matrices.

In the preceding Fourier family take a = 3/5, b = 3/2. Then residual/base ranks are two/three, the
normalized selected occupations are 10/31 > 1/31, and K;; = 21/10 < 30. Exact identities give

208066869 _ 153576V2 - 217152 .
12500 B 125

2133

5 > 1.

0, N = llesll” =

Here ey = ey = e4 = es =0 and pg = 3e§ — 6eg. Only the sixth Newton test loses mass, with error e%/Z.
Thus
Dy = P - 180]|e3]1%.

In orthonormal residual modes the cubic is 2a>/2A3 + 6y/a b Sym(AB?). Its square has occupations six,
four-two and two-four, of averaged norms squared 1, 1/15, 1/15. Consequently

173100987

192 432

2012 6 4,2 2,4

=16 —a b+ —a’b”, Dy =
lles]l a’ + 5 a + a N 12500

0.
5 <

The valid nonnegative lower certificate is max(0, Dy) = 0; its negative value cannot be squared as a lower
bound for P2
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This clipped recipe cannot be repaired by only the sharp constant curvature credit 41040. For positive-
diagonal M > 0, every positive v satisfies (Qv); > Q;;v;, hence

10
Uop (M) = U M>.

Here all forward diagonals are a + b + 5 > 3, so Uy, > (10/3)3'2 = 1771470 > 41040. Thus
max (0, DN)2 + 41040 < Uqp. This example has 7 > 1, while Theorem 13.1 assumes 7 < 1.

The lower-sector polynomial (75) also fails as a global recipe at this reference: B = 5040, the exact
regular row sum is 1047963/5000, and

65600561520028449
12500000000

Uopt — B> — 41040 =

This last comparison uses the exact row-regular capacity, not a loose upper bound. It limits this particular
fixed polynomial, not every possible algebraic certificate.

By contrast, degree-three coefficients c3 = 1/3 are exact, and with D = a% + 15a*b? + 15a%b* + b°
the finite degree-six coeflicients
( a2 _ b2)3 1

6D
attain the true reference sixth projection. The resulting positive adaptive dual has square > 22U, by
Theorem 13.4. This is an obstruction to one fixed coefficient choice, not to ¥, the actual capacity bridge,
compensation or Chollet.

There are also exact complex noncirculant active-rank-six and rank-five fixed-Newton obstructions
with a successful finite adaptive dual. To specify them, let v; = w?, w; = w>, and use the projector
1 = I - (J+vv*+ww*)/6 of rank three, or additionally subtract #*/6, t; = (1), to obtain rank two. Let
J. have entries (J.)o1 = —1 + 2w, its conjugate at (1,0), (J.)go = 1, and zero elsewhere. It is Hermitian
with norm < 3. For € = 1076 put

Ce =

K = K + €l + €>T1J,I1.

Orthogonality and 3e < 1 prove PSD, residual/base ranks five/six or four/five, and an active selected
direction. The standalone verify_newton_obstruction.py reconstructs their actual ordinary coeffi-
cients and all six fixed duals by elementary row contractions. It verifies Dy < 0, all forward diagonals
> 3, loss > 2728 all normalized selected occupations > 1/31, and K;; < 30. Nonreal cycle products and
distinct normalized row-coherence multisets certify phases and noncirculant form. The same reference
c3, 6 give a positive finite adaptive dual A with A> > 2U,; on each lift; the reader checks this by exact
sign-safe quadratic-field squaring. The inner row contractions on complex perturbed cores use their actual
real parts, including the coefficient of w, rather than assuming them real. The explicit low-sector failure
above is a reference comparison. Arithmetic reuse of the local verify_root_product.py helper is
explicit. These finite counterexamples prove only their stated failed sufficient recipes, not failure of the
adaptive projection.

13.6 Scope and the remaining uniform obligation

The Newton identity, best approximation, log-concavity and finite polynomial error estimates are classical
tools. Their use here gives quantitative actual-projection control and explicit sufficient regions, with finite
exact obstructions to two global recipes. Actual scalar compensation on the structured reference families
was already covered; the new objective is the stronger occupation-projection capacity certificate. The
quantified tube includes actual higher-rank noncirculant strata but its small radius does not localize every
difficult matrix near an opposite-pair configuration.

A failure of a particular finite dual does not refute ¥; a failure of ¥ would not by itself refute the
actual P or compensated budget.
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14 Adaptive occupation control around two third-root orbits

We now extend the opposite-mode slice to two third-root orbits with unequal norms and arbitrary complex
overlap. Two different reference inequalities are useful: a factor-two comparison for the true projection,
and a smaller factor for an explicit lower floor. The latter pays for a bounded adaptive dual in a higher-rank
neighborhood. This does not place every remaining generic core near this family.

Let £ = ¢>™/3 and take the six actual residual factors

w, lu, CPu, v, Ev, Ev.
Use the conjugate-linear-first inner product and set
3

x=ul® y=IvIA k=), z=|hl, p=x, q=y, k=, r=kl=2.

The shared PSD constraint is z> < xy, equivalently 7> < pq. All quantities initially use K = Gram(y;)
for these six factors, X = J, F(¢) = per(K +1J), P = F(1) + F’(1) and s = V2. No normalization of the
six row diagonals is imposed.

14.1 Actual projection and optimized capacity, including endpoints

Lemma 14.1. Put A=p+q+2Rek. Then

1440pqr?

F(s)—P=720-36(4-25)A, ¥ =5040+ 1444 + -~
pPq +r

with zero correction at zero denominator. For f(t) = t> + 8t + 4,

Uopt(K + 5J) =90 [f(zz) + () f(?)

These are actual tensor and capacity identities at all zero, orthogonal and collinear endpoints, not inde-
pendently assigned scalar data.

3
. (78)

Proof. The commutative symmetric product is (7> + u®) (T3 + v®). Only residual occupations three and
six survive: ez = u+v3, ||le3]|? = A and eg = Sym (1> ®v?). Equation (63) gives a3 = 36A, a = 720; the
constant ordinary coefficient cancels from F(s) — P. Moreover p3 = 3es, so the third coherent projection
is exact.

The sixth-power tests span u®, v®. Their actual Gram and overlaps are

C= Bz 51> b= p_) .
k g gk
When pg + r? > 0, direct multiplication shows that

gk pk
Tpart T pgr?

Cu

solve Cc = b. Their attained projection mass is b*c = 2pgr?/(pq + r*). No division by the possibly
vanishing factor pg —r? of the determinant occurs, so singular collinearity is included. If the denominator
is zero, r = 0 and b = 0, giving zero projection mass. The actual occupation weights then give the stated
Y formula.

Third-root averaging gives

2
Dls+agl |t =3(s* +45%|al? + |al).
j=0
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Indeed the nonconstant Fourier frequencies are +1, +2, whose sums vanish. Within the first orbit, within
the second and across them the fourth-modulus row sums are consequently

ag =3f(x*),  bo=3f().  co=3f().
They are strictly positive, including zero residual factors, and are independent of arg 4. Choose symmetric
scaling constants d,,, d, > 0 constant on each three-row group. The row equations are
apd? +cod,d, =1,  bod> +codyd, = 1.

They give d,,/d, = \/bg/ap and d,d,, = 1/(cg ++/apbp). These constants make the full scaled matrix
doubly stochastic. Weighted AM—GM, as in Proposition 10.4, therefore gives

10 _ 10
Uopt = ?(dudv) 3= ?(CQ + VaQbQ)3,

which is (78). No numerical balancing or equality with an arbitrary unweighted envelope is used. O

14.2 A full-amplitude lower-floor comparison

Set
Amin = p +q —22°, w=(p+q)/2, Bo = 5040 + 144 A i + 72025.

PSD gives Apin > 0, A > Apin and 2pgr?/(pq +r?) > r?. Thus ¥ > By > 5040.
Theorem 14.2 (All-amplitude explicit floor). For the entire two-third-root-orbit family,
F(s)2P = Bj>3Usy, 9> 32Uy

All norms and overlap phases, including zero-loss and singular endpoints, are included. The statement
about By, not merely the statement about ¥, is needed below.

Proof. Fort >0, f > 0is increasing and f” f — (f’)* = —=2t> — 16t — 56 < 0. Hence log f is increasing
and concave. Composing it with the increasing concave map a + a*/ preserves concavity, including
zero by continuity. Jensen applied to p = x3, ¢ = y3 yields

VIO L) < fFWh,  Uep < 90[£(2%) + fF(WH]? = T.

This is a capacity upper relaxation. Nonnegative actual loss gives A < 5(2 + ), so
0<w =2 = Amin/2 < 3(2+5) <239/28 < 9. (79)

The strict rational bound follows from s < 99/70, including at actual loss zero.
If z > 4, (79) implies w < (6/5)z, since (6/5)> > 1 +9/64. Therefore, with H = f(w?) + f(z°),
H 8 8
— < (36/25)* + 1+ —(36/25+1) + — < 5.
5 < (36/25) + 1+ 12(36/25+ 1) + 7=
Thus U < 11250z'% while B > 720°z'? > (3/2)11250z!2. This proves the entire unbounded tail.
For 0 < z < 4, the scalar constraint gives w < 5. The following exact cover treats the whole closed
rectangle [0,4], x [0, 5],,. For abox [zo,z1] X [wo, w1], exclude it only if w| < zg or wg - z? > 239/28.
Otherwise use the rigorous bounds

Biow = 5040 + 288 max(0, wg — 23) +720z5,  Hyp = f(w?) + f(2D).

Certify it if Bfow > 135H3p. Every actual scalar point in the box has By > Bjow > 0 and H < Hyp, so this

proves B(z) > (3/2)U there. If neither test passes, bisect the longer side at its exact midpoint, breaking ties
on z, and retain both closed children. Their union is the parent, including all axes and shared boundaries.
The standalone verify_occupation_orbits.py executes this Fraction-only recursion with 48 cer-
tified and 30 excluded boxes, maximum depth 13, and no unresolved box. It checks the displayed tail
and rational constants. Resource/depth guards throw exceptions and never accept incompleteness. This
exact complete finite certificate plus the analytic tail proves the theorem over the relaxed domain (79),

and hence the actual family.
]
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14.3 The full factor-two comparison for the true projection

Theorem 14.3 (All-amplitude two-orbit occupation comparison). For every actual two-third-root-orbit
core with F(s) > P,
P2 > 2Up.

This includes arbitrary unequal norms, overlap phase, axes, orthogonal and collinear limits, and all
unbounded amplitudes. Residual/base ranks of the reference family remain at most two/three.

Proof. For fixed x, y, z, capacity is independent of phase and ¥ increases with A. It therefore suffices to
use the hardest phase A = Apin = X+ y3 —273 > 0. If the original phase is admissible, A, < A <
5(2 + ) < 239/14, so that hardest phase is admissible too. No equal-norm minimizer assumption is
made.

First let x,y < 30, so PSD implies z < 30. Symmetry under exchange of the two orbits allows
x > y; this swaps x, y, conjugates %, and preserves all target quantities. Cover [0, 30]® by closed boxes
[x0,x1] X [v0,¥1] X [z0,z1]. Exclude a box if z(z) > X1y1, Or max(O,xS + yg - 2z?) > 239/14, or
X1 < yo. These remove only boxes with no PSD, loss-admissible, symmetry-half-domain representative
respectively. Equality on the PSD or symmetry boundaries is retained. For other boxes put

3 3 3 3.3 6
Ajow = maX(O,xO +Yo— 221)7 Tiow = XYy Ziow = Zg»

14'4'0T10W Zlow

low T Zlow .

Define the correction as zero at zero denominator. The function 2TZ/(T + Z) is increasing in both
nonnegative arguments and continuous at the origin. These are valid lower bounds on admissible points
even when a corner itself is not PSD. Let ap(¢) = 3(4 + t* + 8¢?) and bound the capacity base by

Yiow = 5040 + 144 A10w +

Hyp = ag(z1) +sqrtyp(ag(x)ag(yr)).

The radical upper bound is rational with denominator 23°: take the integer square root after scaling, then
increment its numerator if its squared value is too small. The defining squared upper inequality is checked
exactly. Certify the box if ‘1’120 w > (20/ 3)H3p. All quantities being squared are positive. Monotonicity
of the row functions and the lower bounds justify the comparison throughout the box. Otherwise bisect a
longest side at the exact midpoint, breaking ties in x, y, z order, and retain both closed children.

The same standalone verify_occupation_orbits.py completes this second exact rational cover
with 586 certified and 455 excluded closed boxes, maximum depth 31, and no unresolved box. Every
leaf is certified or excluded by the stated valid tests; guards fail on an unresolved region. This proves the
bounded admissible symmetry half-domain, including axes and shared boundaries.

It remains to treat every point outside that bounded part. If max(x, y) > 30, then w> = (x> +y%)/2 >
13500. Equation (79) gives z° > 13491 > 64, hence z > 4. The Jensen/tail estimate in the preceding
proof gives Ugpe < 11250z'2. Actual PSD gives pq > r?, so the sixth projection is at least z® and
¥ > 7205, Thus W2 > 720°z!2 > 22500z!2 > 2U,. This covers the entire outside-amplitude tail, with
no cutoff or numerical extrapolation. Together with the complete bounded cover it proves the claim. The
exact arithmetic checks corroborate a computer-assisted restricted-family proof, not a generic extremal
reduction; complete search remains classical [18]. O

Theorem 14.3 does not replace Theorem 14.2: a bound for the true ¥ alone does not bound the loss
incurred when a small reference test is discarded. That distinction is used in the next theorem.
14.4 A uniform adaptive higher-rank tube

Theorem 14.4 (Bounded reference-dependent occupation duals). Let K* be a reference two-orbit core
with x,y < 30 and nonnegative reference ordinary loss. Let K > 0 be any complex Hermitian six-by-six
core with K;; < 30. If

n}?x |Kij - K;;| <6= 27100,
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then
W (K)* — Uope(K + sJ) > 2%
No positive-loss assumption on the perturbed K, rank restriction, Gram eigenvalue lower bound or dif-

ferentiability of a pseudoinverse is needed.

Proof. Keep the reference notation p, ¢, k,r and A = ||e3||>. Nonnegative reference loss implies A <
5(2 +s) < 18. Use coefficients c3; = 1/3 on all six tests and no other tests except possibly degree six.
The cubic reference projection is exact.

If r2 < 1/4, set all sixth coefficients to zero. The reference finite dual is 7, = 5040 + 144A > 5040,
and T, > By — 180 because the discarded part of the FLOOR is 720r2. Also By < 5040+ 144-18+180 =
7812 < 23, If Ti. < By, then B} — T2 < 360By; otherwise there is no loss. The floor theorem therefore
gives in either case

T? — U, > 5040%/3 = 360 - 213 > 272, U, = Uopt(K* + 8J). (80)

If 2 > 1/4, assign each of the three first-orbit rows coefficient c, /3 in degree six, and each second-
orbit row coefficient ¢,,/3, with ¢, ¢,, from Lemma 14.1. Sixth powers are constant within an orbit, so
this captures the full reference sixth projection, even at singular collinearity. Then 7, = ¥(K*) > By, and
its margin is > 50402 /3 > 223, stronger than (80). Crucially these coefficients have uniform bounds:

leul < q/(2r) < 27000, |cy| < p/(2r) < 27000, |ce.| < 9000 < 24, Z lce.i| < 2.
i
Here pg > r2,r > 1/2and p, g < 30°. The low branch avoids unstable inverse coeflicients near vanishing
overlap.
For the actual perturbed K, hold these SAME reference coeflicients fixed. Let T(K) be their aggregate

degree-three/six finite dual plus5040. The actual occupation projection gives ¥ (K) > T(K) for every K.
PSD diagonal bounds give |K;;|, |K ;‘j| < 30. Polynomial telescoping implies, for degree d,

6
|Aeg(row)| < ( d)d30d‘16, |AK{| < d30%7 6.

In degree three the coefficient one-norm is2, so the true weight144 yields
|AT3| < 144[2-2-20-3-30% +4 - 3-30%]6 = 326592005 < 2%°6.

In degree six use 6 - 30° < 2?8 and the coefficient bounds. Before its weight720, linear and quadratic
errors are respectively < 2466 and < 2626. Since 223 + 720(2 +262) < 273,

IT(K)-T,| <276 =277,

Thus T(K) > 0 BEFORE squaring. Finite duals are at most their actual P, and both nonnegative ordinary
derivatives are < 720(32° + 6 - 325) < 24! It follows that

IT(K)*-T?| <2'56. (81)

To transfer reference capacity, hold fixed the positive reference-optimal weights

v=_(tt11,1,1), t:,/bQ/aQ.

Indeed direct multiplication gives (apt + cg)(cot + bo)/t = (co + \/aQbQ)Z, so its feasible envelope
equals U, at the reference. Since £(900)/f(0) = 204301 < 2'8, both r and 1/¢ are < 2°; all weight ratios
are t, 1/t or one, not their squares. For Q = |K + sJ|*, put H; = (Qv);/v; and likewise H?. The positive
diagonal contribution gives H;, H; > 4, and

Hi, H <6-2°-32* < 2%, |AH;| < 6-2°-4.3235 < 2%%.
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Hence |AVH;| < |AH;|/4 < 2%76 and VH;, VH! < 216 Telescoping the six factors in the feasible
envelope gives

10
|Uo(v) = Ug-(v)] < 3 6-227.2805 < 21126, (82)

At the reference Ug+(v) = U., while for the perturbation U,y < Ug(v). Thus no continuity or derivative
of the optimizer, and no unweighted-envelope covariance, is being assumed.

At 6 = 2719 the errors in (81)—(82) sum to less than 2% + 212 < 216 Subtracting from (80) gives
T(K)?-Ugp(v) > 222 -216 > 22! Since ¥ > T(K) > 0 and Ugy < Ug(v), this proves the theorem. O

Positive original row gauges transfer the optimized comparison by p?, using Pacal = pW¥(K) and
optimized-capacity covariance. The actual compensation identity and nonnegative E, Rj, then give strict
compensation.

14.5 Exact nonempty strata and predecessor relationship

The standalone verify_occupation_adaptive_tube.py checks all integer constants above and four
exact complex noncirculant fixtures, with active residual/base ranks five/six and four/five in BOTH coef-
ficient branches. For low overlap choose u = (1,0), v = (1/2,1/2), givingx =1,y = 1/2,h = 1/2,r% =
1/64. For high overlap choose u = (3/2,0), v = (=1,1/2), giving x = 9/4,y = 5/4,h = =3/2,r* =
729/64 and A = 211/32. The actual orbit rows may use negative powers of £, merely a within-orbit
relabeling.

To specify the lift, let

by=(1,£,£%,0,0,0)T, by=(0,0,0,1,£, 75T, b3=(1,2%¢,0,0,0)T.

The orthogonal projector IT = I—J/6—(b b} +b2b}) /3 has rank three and is orthogonal to the selected and
reference column modes. For the rank-five case subtract b3b%/3, leaving rank two. The code explicitly

verifies these identities. Perturb the reference by eIl + €2I1ETI, € = 27120, where Eg3 = iV3, E3y =
—iV3, Eoo = 1 and all other entries vanish. This Hermitian compression has norm at most V3+1 < 3.
Orthogonality and 3e < 1 prove PSD and the actual ranks; exact elimination corroborates them. The
reader checks entry distance < 27!% diagonal bounds, actual moderate loss, selected occupations above
1/31, nonreal cycles and noncirculant normalized row patterns. It keeps the SAME reference c3, cg,
checks 0 < T < P, and verifies the stronger fixture inequality T2 — U; > 2%! by sign-safe exact squaring.
The universal theorem uses bounded optimal reference weights; fixtures happen to pass with v = 1,
and these facts are not conflated. The reader explicitly reuses the local verify_root_product.py
cyclotomic arithmetic, not an unrelated engine. Finite examples establish nonvacuity; the analytic proof
supplies the uniform tube.

For comparison with Theorem 13.4, split its modes-two/five factors by index parity. After a within-
orbit relabeling they are two third-root orbits with

u:(\/E,\/E), v:(\/aw_z,\/zw_S), x=y=a+b, h’=(a-b)’.

Thus that earlier factor-two result is a slice of the present unequal-norm, arbitrary-phase theorem. No
containment of all other sufficient regions, including the distinct three-opposite-pair family, is inferred.
The scalar compensation of the reference low-rank families was already covered; the new objective is the
stronger true occupation/capacity comparison and its bounded adaptive higher-rank extension.

Projection, Gram systems, balancing, Jensen concavity and exact complete covers remain classical
inputs [6, 19, 20, 18]. The new quantified regions have the stated local hypotheses. No finite observation
list is used as a universal premise.
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Part IV
Sharp occupation geometry and directional limits

15 Sharp occupation geometry and an intrinsic capacity region

The statements in this section concern the actual six-factor selected core, rather than independently as-
signed occupation coefficients. Let K > 0 be any complex Hermitian 6 X 6 matrix, let / = 11%, and
put

6
s=V2, F(t)=per(K+tJ)=Za/jtj,
Jj=0
P=F(1)+F (1), L=F(s)- P, D = P +3L - 7200.

The actual occupation expansion gives a; > 0 and e = 720. Set Q;; = |K;; + s|* and

Uopt = ?\/cap 0, capQ = inf M

v; >0 I_L' Vi
The weighted CLL bound established above gives C(s) = per |K + sJ|*> < Uqpt. Its feasible value at
v = 1is (10/3)4/I1; 2, Qij- All margins below are selected-core margins. For the original positive

selected occupations they acquire the factor p?; a zero selected occupation uses the separately proved
nonpositive-loss argument.

Theorem 15.1 (Sharp occupation constraint and equality geometry). For every such actual Gram core,
P+3L > 7200.

On 0 < L < 720, equality holds precisely when its residual vectors, up to permutation, are
(u,iu, —u, —iu,0,0) for a nonzero vector u. At L = 720, equality holds precisely for K = 0. Every
L € [0,720] is attained by an equality core.

Proof. Direct expansion gives
D=ay+ (3s —4)ay + (6s — 8)asz +2a4 + (125 — 12)as5 > 0. (83)

For residual Gram vectors y;, write ¢; () for the elementary tensor of degree /, with averaged symmetriza-

tion. The normalization is
720

(7)

If D = 0, the tensors eg, €5, €3, €3, e; vanish. In the symmetric algebra of the finite residual span, a
polynomial ring over C, eg = []; y; = 0 forces one factor to be zero. Then es = 0 forces another
zero factor. If L < 720, the remaining coefficient a, is nonzero, so exactly four factors remain and

their monic product is 7% + e4. Substitution at each root yields y;.‘ = —e4. The integral-domain identity
y? - y‘l1 = [Iz4=1(yi — {y1) forces each remaining factor to be a fourth-root multiple of y;. Unique

g1 = ——lles (1.

factorization of 7% — y‘l‘ gives the four distinct multiples. Conversely, for ||u|| = R this configuration gives
F(1) = 720¢% + 48R%2, L =720-48R%, P =5040+ 144R3.

It realizes every stated loss. If L = 720 and D = 0, then a; = O also; ey, . . ., eg all vanishand [ [;(T+y;) =
T implies all y; = 0. O

The equality classification concerns this occupation line. It does not classify minimizers of the capac-
ity slack.
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Corollary 15.2 (A cutoff-free actual compensation strip). For 0 < L < 4, the actual core compensation
satisfies G > 2136. No diagonal, rank, phase or conditioning restriction is needed.

Proof. The attributed order-six self-conjugate bound gives C(s) < F(s)2. The established whole vari-
ance/curvature reserve gives, in this core,

[':'=2(s—1)E+ Rs_1 > 14P + 16L — 41040.
This replaces the whole reserve once in G = P2 — C(s) + I'. Consequently
G > (14 - 2L)P + 16L — L? — 41040.
On 0 < L < 4 its coefficient of P is nonnegative, so Theorem 15.1 gives
G > 59760 — 14426L + 5L* > 2136.

The final quadratic is decreasing on this interval. This proves actual compensation, not the stronger
capacity target throughout the strip. O

Theorem 15.3 (A wide fourth-root capacity tube). Let v = (1,—i,—1,1i,0, O)T, K. = qvv*, where g > 0
and g* < 15. Every actual K > 0 satisfying max;; |K;; — (K.)ij| < 1/32 obeys

P2 = Uy > 27,
No loss condition on the perturbed matrix is required.

Proof. The four nonzero-reference rows of |K, +sJ|* have common sum 24+ 3242 +4¢* < 216, while the
remaining row sums equal24. Here ¢ < 2. Both reference and perturbed forward entries have modulus
less than4. The reverse triangle inequality and fourth-power factorization therefore give a per-entry error
at most 256/32 and a row-sum error at most48. Thus

10
Uopi < 5 2642 72 = 16727040.

The top occupation alone gives P > 7ag = 5040, whence P? — Uqpt > 8674560 > 223, O

This reference family differs from the earlier two-mode tube; the two radius statements are not a com-
parison for the same family. Row phases are retained relative to J, rather than gauged away independently.

Lemma 15.4 (Two small residual rows). If, after permutation, four diagonals of K are at most2 and the
other two are at most 24, then
P? = Upp > 2",

This holds without a loss, phase or rank assumption.

Proof. Put § = 2714, PSD Cauchy—Schwarz bounds the three entry blocks by 2, V26 = 5/128 and 6,
respectively. The four large Q-row sums are at most a and the other two at most b, where

9403728385
_ 4 4 _
a=4(2+5)" +2[5(129/128)]" = 2 mmm + 1925,
b =4[s(129/128)]* + 2(s + 27 %)%

_ 882917738077487105 536870913

~36028797018963968 " 549755813888

The exact quadratic-field comparison

1
?Oazb < 5040% — 219

finishes the feasible-weight capacity bound. For a reproducible rational check, substitute the strict upper
bound s < 1414213562373096/10'3 in the positive expressions a, b; ordinary integer arithmetic verifies
the same strict inequality. O
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Theorem 15.5 (Intrinsic occupation-defect localization). For any actual complex PSD core, if L > 0
and D < 27190 then all six diagonals are strictly below2 and at least two are strictly below 27, In
particular P> — Uopt > 219 There is no initial diagonal cutoff or positive eigenvalue hypothesis.

Proof. Each coefficient of ||e;||% in (83), for I = 1,2, 3, 5, 6, exceeds one. Set & = 27%; then ||¢;|| < & for
these five degrees. Moreover

L=720-> (j+1-s)a; 20

5
Jj=1

and all five weights are positive. In particular a; < 720, so |le4]|*> < 15 and ||e4]| < 31/8.

Let R = max; ||ly;||]. If R > 0, project every row onto the unit direction of a maximizing row. The
scalar projections x; have one entry equal to R and satisfy |e;(x)| < |le;(y)||. Evaluate their monic
characteristic polynomial at R. If R > V2, division by R® gives

lleall 1, p2, p-3 . p-5. p-6y _ O
15F+3(R +R“+R7+R°+R )<§+53<1.

Thus R? < 2, including the trivial R = 0 case.
We use the classical creation proof of the permanent Hadamard inequality in the averaged convention.
If fj € Sym*~! H has exactly j occupations in the direction of y, then

j+1

I Symy(y ® f;)II* = IIyIIZTIIijIZ-

Indeed the ratio of normalized placement counts is (k_.l) /( k ) = (j + 1)/k. Orthogonal summation and
J J+1
iteration give, also for zero or singular factors,

2
k| Symy &, yill” = TT; lyall>. (84)
Order the norms r; < --- < rg. Suppose 2 > 27, Since D > ag = per K, (84) gives

<[ |risVD<e, <27
i

This division is made only under the stated positive assumption on r;. The fourth elementary tensor e},
on the other five rows has norm at most SR* < 20. Isolating their product in es(y) yields

| Syms QC, yil| < & +20r,.

Using (84) with k = 5, we obtain

6
r; < nr,- <11(e+20r) < 112789 420.27%) < 231.27% <2737 < 275,
i=2
contradicting rg > 2733 Hence r, < 277, and Lemma 15.4 applies. O

The last theorem localizes to an anisotropic diagonal region. Its threshold is conservative.

Corollary 15.6 (A strict three-quarter self-bound on the proved regions). Under the two-small-row hy-
pothesis of Lemma 15.4,
C(s) < 3F(s)* - 5888.

The same conclusion follows from L > 0, D < 271 Under the fourth-root tube hypothesis of Theo-

rem 15.3, the stronger margin is
C(s) < 3F(s5)* - 8156160.

The diagonal-region and tube statements require no loss assumption.
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Proof. The top coefficient gives F(s) > 720s° = 5760 for every actual core. For the diagonal region,
C(s) < Ugpr < 50407 — 2% = 357607 - 5888 < 3F(s5)? - 5888.

The intrinsic theorem supplies that diagonal region under its stated hypotheses. The tube proof instead
gives Ugpe < 167270405 subtract this from (3 /4)5760° = 24883200 to obtain 8156160. O

All three capacity statements include arbitrary complex phases, residual/base ranks 5/6 and 4/5, and
5/5 kernel mixtures. They imply strict actual compensation, and on L > 0 also imply the full-occupation
sufficient comparison

P2+ 16F(s) — 2P — 41040 > Ugp,

because the added reserve bound 14P + 16L — 41040 is positive there.

The remaining generic positive-loss compensation and capacity problems are open outside the stated
sufficient regions. The classical creation, PSD and CLL ingredients are used here for the particular sharp
occupation geometry and constructive localization.

16 A uniform row reserve and limits of sparse descent

We now obtain control of a row of the strong auxiliary target, without a selected-occupation, rank or
conditioning restriction. This is a fixed-order statement. For a complex Hermitian K > 0O of order six,
put
J=11*, s=1V2, Fx(v) = per(K +vJ),
Px = Fg(1) + Fi(1), Cg =per|K+sJ]>, Dk =P% - Ck. (85)

Here |M|?> = M o M throughout. These quantities use the unnormalized residual core K, rather than a
correlation normalization.

Theorem 16.1 (Uniform six-row reserve). For every complex Hermitian PSD matrix K of order six and
every index i,
Pk > (K;; + s)per(K (i | i) + sJs5) > 0. (86)

On every feasible interval obtained by varying just K;;, Dk is strictly increasing and strictly convex.

Proof. Use the bosonic creation normalization in which the squared norm of a product of creations is
the permanent of its physical Gram matrix. With the conjugate-linear-first convention used above, choose
vectors yi, . . ., ye with physical Gram K and a unit vector e perpendicular to them. Conjugating the Gram
does not change its permanent. Let N count the particles in the e mode, and set

F=TTehmeld  r=lvl @ =R +ch yi=vru.

J#

If » = 0, an unused perpendicular unit mode u can be adjoined isometrically. Orthogonal anchor occupa-
tions give the exact identities

Pxg ={a"f,(1+N)a"f), per(K(i | i) +sJs) = (f.s™ f).
The vector f is nonzero because its all-anchor component is nonzero. It suffices to prove that
B, =a(l+N)a* — (r +s)s™ (87)

is positive definite on the entire symmetric degree-five space.

Fix the total number k of particles in span{u, e}, where 0 < k < 5. The other 5 — k particles
form spectator multiplicity spaces. In the normalized two-mode basis indexed by the anchor occupation
Jj =0,...,k, the restriction of B, is a real symmetric Jacobi matrix with diagonal

bij(r)=r[(k—j+ DG+ —s/|+(G+D(+2) - s/ (88)
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and off-diagonal entry v/ (j +2)/(k — j)(j + 1) between j and j + 1. These formulas follow from the
creation amplitudes +/occupation + 1; the output weight is 1 + N. In particular no factorial or spectator
occupation is discarded.

For completeness, the exact finite positivity certificate is specified by the leading-minor recurrence

Aro=1, Ak,1 = bio(r),
At jst = b j(DAKj =r(j+ 1Pk = j+ 1) j Ao, 1<j<k (89)

Every nonzero coefficient of these polynomials in r is strictly positive in Q(V2), and their constant coef-
ficients are strictly positive. The following table records the complete finite range:

k Leading minors Positive coefficients Degree of full determinant
0 1 1 0
1 2 5 2
2 3 9 3
3 4 14 4
4 5 20 5
5 6 27 6

The supplied verify_row_sparse.py reconstructs every coeflicient from (89), using rational pairs
(a,b) for a + bV2. Tts sign test uses only rational comparisons: if a, b have opposite signs, it compares
a® with 2b? in the appropriate direction. Thus this is a complete finite arithmetic check of all 21 leading
minors and 76 coeflicients, not eigenvalue sampling. Sylvester’s criterion proves positivity of each block
for every r > 0. The spectator direct sum has the same property. Applying (87) to the nonzero f proves
(86).
For the derivative consequence, fix all entries except x = K;; and put
Fs(v) =per(K(i | i) +vJs), Ps=Fs(1)+F{(1), As=Fs(s), Cs=per|K(i|i)+ sJ5|2.

The coefficients of Fs are nonnegative. Its highest coefficient is 120, s0 j + 1 > s/ for 0 < j < 5, with
6 > s°, gives Ps > As > 0. The through-five inequality of Lemma 5.3 gives Cs < Ag. Exact diagonal
differentiation now yields

dD
K 2Pk Ps - 2(x+5)Cs > 0,
dx
d*Dg
e 2(P3 - Cs) > 0. (90)
The strict first inequality uses (86) and x + s > 0. O

The theorem includes all complex phases, zero residual rows and singular cores. It is order-specific:
on a degree-six input the coefficient of  at k = j = 6 in (88) would be 7 — s® = —1, so this operator
inequality has no such automatic extension. Ordinary Chollet diagonal closure, for the different defect
per(A)? — per |A|?, also follows from the border permanent lower bound and the smaller principal in-
equality; see, for example, [22, Proposition 2]. The new conclusion concerns Dk in (85), whose ordinary
quantity is Fg (1) + F(1).

A negative D at a positive-definite residual core would remain negative when one diagonal is de-
creased to its PSD endpoint. Also d(Fg(s) — Px)/dx = As — Ps < 0, so decreasing that diagonal
preserves positive loss. The endpoint may still have residual rank five, which is precisely an unresolved
case. This supplies no further automatic rank reduction or transport of the full compensated defect.
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16.1 The upper coefficients of a two-coordinate pencil

The row theorem leaves off-diagonal phase coupling unresolved. The following supporting calculation
separates the two easy upper terms of the corresponding quartic from its first and middle terms.

Proposition 16.2. Let K > 0 be complex Hermitian of order six, and let u be supported on at most two
coordinates. Write

4
Pgituwr = po+ pit +P2I2, Ck+tuw = Z thk-
k=0
Then
€3 < p1p2, c4 < 3p3. 91)

No positive-loss or rank hypothesis is required.

Proof. Take support indices i, j, put M = K + sJ and define
a=ul*, b=|u;|*>, c=wuu;, w=ab, A=M;, B=M;, Z=M;,
R=aB+bA +2Re(Zc) > 0.

Indeed, if the physical Gram of z, ..., ze is M, then R = lluiz; +u;zi||*. Let Fa(v) = per(K[I] + vlJs),
where I = {1,...,6} \ {i, j}, and put P4 = Fy(1) + F;(1) and C4 = per |M[I]]?. Only permutations
mapping the support pair onto itself contribute the cubic or quartic terms. Expanding their two local
assignments gives

c3 = 2WRC4, Cq = 2W2C4, P2 = 2WP4.

For F(v,t) = per(K + vJ + tuu®), the linear coefficient F(v) = [t]F (v, t) has nonnegative coefficients
and degree at most five. At v = s it is the permanent of the five-vector Gram obtained by replacing the
support pair by u;z; + u;z;. The standard creation identity ||c’2f||2 = lzIIPIL£1I? + llc. f? therefore gives
Fi(s) > RF4(s). Nonnegative occupations and j + 1 > s/ through degree five give

p1 = Fi(s) = RFy(s), Py > Fy(s).

Finally, Lemma 5.3 gives C; < F4(s)>. Combining these nonnegative factors proves (91). If either
support coordinate vanishes, w = p» = c3 = c4 = 0; no division or nonsingularity assumption was
used. O

Thus the cubic and leading coefficients of D gy, are at least pyp, and p% /2, respectively. The
unresolved payments are

c1 < 2pop1, cy < p% +2pop2. (92)

The term pop, and the phases of the common four-row background cannot be discarded. Neither a full
quartic sign nor an endpoint principle follows from Proposition 16.2 alone.

16.2 A three-coordinate obstruction to PSD-order monotonicity

The diagonal theorem cannot be promoted to arbitrary PSD directions. This is a statement about the
strong auxiliary target, not a counterexample to Chollet’s inequality.

Proposition 16.3. There exist complex PSD matrices A < B of order six such that
rank A =rank B =4, rank(A+J) =rank(B+J) =35,

O<FA(S)—PA<720, 0<FB(S)—PB<720, Dy>Dpg>0.

The difference B — A has rank one and support on three coordinates.
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Proof. Using columns and writing i> = —1, set

v=(1,-1,i,-,2,-2)T,

u=(-2+1i,0,1,0,1-1,0)T,
wi=(1,1,-1,-1,0,0)", w,=1(0,0,1,1,-1,-1)T,
Ko =2"%w* + 2_20(W1WT +waw3),

A =Ko+ 27w, B=A+23 "

Positivity and A < B follow from these positive rank-one sums. Exact Gaussian elimination gives
rank[v, wi, wa,u] = 4 and rank[v, wy, wa, u, 1] = 5; the strictly positive weights then give the asserted
matrix ranks. Direct permanent expansion in Q(i) and Q(V?2) gives the following rational enclosures,

certified by the supplied verify_row_sparse.py:

5040 < P4, Pp < 5041,
719 < FA(S) — Py, FB(S) - Pp < 720,
25356099 < D4, Dp < 25356100,

26 <D Dp < 27

109~ AT TR T 100
The checker constructs the displayed matrices afresh, expands all 720 ordinary permutation polynomials
and all 720 paired permutation terms, and uses exact rational quadratic-field sign comparisons for each
endpoint. It also verifies a nonreal cycle product at each matrix, so these phases cannot all be removed

by diagonal unitary gauges. This finite arithmetic certificate proves the claimed strict inequalities. O

The example rules out PSD-order monotonicity of Dk, while preserving the diagonal result and leav-
ing the two-coordinate question open. At residual rank five, a range-preserving rank-one subtraction may
use a vector on two coordinates; at a generic rank-four core its two-dimensional kernel usually requires at
least three coordinates. Consequently a possible two-coordinate descent cannot simply be iterated using
unrestricted monotonicity. For the intended rank-preserving problem, only directions # € range K are
relevant; arbitrary violations outside this range would not refute that restricted statement.

17 Scope and reproducibility

The sharp theorem is analytic. The sector refinement uses classical Schur weights and content eigenval-
ues; its specialization and mixed-permanent evaluation produce the stated coupled bound. The moment
relaxation and thinning algebra are classical tools. The cofactor PSD construction in Proposition 3.3 is
credited to the existing omitted-tensor method; its role here is the residual coefficient cancellation.

The standalone standard-library program verify . py reconstructs the displayed factors, exact ranks,
phase witnesses, mixed permanents, occupation coefficients, Newton defects and strict scalar margins. It
uses rational arithmetic and explicit checks that remain active under python -0. No private computa-
tional files are needed.

The extensions use classical reciprocal-linear-form independence, bosonic creation calculus,
numerical-range convexity and rigorous partition methods. Their role is the explicit variance geometry,
relative-factor transfer and actual-quartic certificate. The finite adaptive example improves a two-leaf
bound over the corresponding single full-box bound, while the exact shifted cofactor surrogate also
passes that example. It is not a separation from that surrogate. The standalone verify_adaptive.py
checks the supplied rational tree certificates, scalar constants and rejection tests. The standalone
verify_uniform.py checks the restricted contraction norm, a genuinely mixed six-operator tensor
fixture, exact permutation counts, rational reserve constants and the sharp quadratic degeneration. The
analytic arguments, rather than those finite checks, establish the uniform statements. The trace-one
extension uses the actual operator variance; its Bernoulli specialization is restricted to rank-one factors.
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The order-five hypothesis in the earlier occupied-vertex transfer is discharged by Lemma 5.3; the public
adaptive geometric checker conservatively retains its two-high-row rule.

The standalone verify_coupling.py corroborates the orthogonal trace sectors, support-identity
kernel correction, frame-box conditions, secant constants and inherited-reserve arithmetic using exact
examples and rejection controls. The universal theorems follow from the displayed proofs. The new
compensation domains are sufficient conditions; their complements are not counterexamples and are not
certified by sampling. The standalone verify_forward.py checks the new rational thresholds, actual
Gram fixtures, finite-forward identity and defect-transfer obstruction. Finite checks corroborate the ex-
amples. The standalone verify_occupation.py reconstructs the new all-order product bound and
occupation-resolved coeflicients on exact finite examples, the named earlier-floor comparison and the
kernel-ray identities. These checks support the normalizations and examples; the universal theorems
follow from the displayed proofs. The conclusions in [8] concern Haar averages.

The standalone verify_reserves.py checks exact constants, cofactor occupation fixtures, curva-
ture and projection normalizations, and the balanced-domain arithmetic. It corroborates finite identities
and examples; the boundary band, overlap envelope and sharpness assertions follow from the analytic
proofs in Sections 9-10.2. Classical CLL and matrix scaling are credited as inputs, rather than claimed
as new results. The standalone verify_root_product.py checks the joint root-product constants and
actual complex Gram fixtures, including active rank-six and singular rank-five examples. These finite
checks corroborate normalizations and exact examples; Theorem 10.2 follows from its displayed analytic
proof, which retains the weighted occupation budget and coherent product. Its 1/31 domain reduces
the positive-loss chart under consideration to K;; < 30. The four compact-chart checkers corroborate
explicit constant arithmetic, the exact diagonal-envelope obstruction, and nonempty complex rank-six
and rank-five strata in the two new certified domains. The universal local theorem and small-loss corol-
lary follow from the displayed analytic proofs in Section 11; the obstruction uses the explicit finite exact
certificate in Proposition 11.3. The small-loss corollary establishes actual compensation. The projec-
tion and two-mode checkers reconstruct finite actual Gram identities and nonempty singular/full-rank
strata. The standalone verify_two_mode.py also supplies the complete closed rational box certificate
and unbounded-amplitude tail for Theorem 12.2; it is a computer-assisted restricted-family proof, not
sampling. The uniform tube follows from the displayed analytic error estimates. The weighted pro-
jection is a conditional certificate. The new Newton and unequal-pair statements in Section 13 follow
from their analytic tensor and log-concavity proofs. The occupation-pair tube follows from a fixed finite
dual and explicit uniform errors. The standalone verify_occupation_modes.py supplies a complete
rational cover and unbounded tail for its distinct modes-two/five theorem; it proves more than finitely
sampled amplitudes. The other new readers corroborate constants, actual nonempty strata and explicit
fixed-dual failures. A failure of a particular fixed dual is distinct from a failure of ¥. The standalone
verify_occupation_orbits.py supplies both complete rational covers and analytic-tail constants for
Theorems 14.2 and 14.3. The adaptive-tube reader checks its exact constants and low/high-branch active-
rank-six/rank-five examples. The universal tube follows from the displayed analytic bounded-dual and
feasible-weight error estimates. The row reserve in Section 16 uses a complete finite Jacobi-block pos-
itivity certificate on the whole degree-five symmetric sector. The standalone verify_row_sparse.py
reconstructs its exact continuants and the named PSD-direction obstruction. These computations support
the specified operator proof and exact example; they do not certify a generic rank-six bound. Ordinary
Chollet diagonal closure is an earlier result [22, Proposition 2]; the transformed deficit studied here has a
different permanent denominator and requires the separate row reserve.

Al assistance

Al tools assisted mathematical exploration, drafting and checking. The author is responsible for the
statements and presentation.
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