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Abstract

Monotone center averaging makes the complete Riemann theta product moment matrix pos-
itive definite through degree eight, under the corresponding moment-integrability hypothesis.
The lower-degree conclusions retain their weaker hypotheses, and every finite physical parame-
ter is included. The proof separates positive mean Schur residuals from variance reserves, with
complete-theta tail and finite-interval certificates.

This finite positivity has a quantitative extension but an all-order boundary. At every fixed
degree N, the local moment Gram has a 99/100 reserve in normalized Hermite coordinates for
X > 1000N2. In contrast, every sufficiently large center cutoff admits negative rational polyno-
mial squares in both parities, of degree at most [A31/4]. At A = 23/2, explicit witnesses have
degrees 4096 and 4097, with certified complete-theta moment signs. Positive, strictly increasing
bounded real-analytic center weights also yield negative polynomial squares. The local physical
consequences include fixed configurations of at most nine points. Classical Schur, approxima-
tion and quadrature tools are identified as inputs; the complete-theta estimates, witnesses and
quantitative domains are the results studied here.

1 Finite positivity and polynomial failure

Averaging over the center can restore positivity to low-degree signed moment forms of the Riemann
theta product. The question is how far this restoration extends. We prove full degree-eight positivity
for a monotone cone of center weights, while retaining the weaker hypotheses needed at degrees five
through seven. The common mechanism is a Schur decomposition whose mean residual and variance
are controlled separately.

Finite-degree positivity and all-order positivity have different quantifiers. At every fixed finite
degree, a sufficiently remote center is positive; an explicit normalized Hermite estimate gives the
threshold X > 1000N2. Nevertheless, upper-center-tail weights admit negative polynomial squares
at sufficiently high degrees. The two main statements below present the finite positive regime
and the eventual obstruction before their proofs. Exact witnesses at A = 23/2 and quantitative
eventual degree bounds are constructed later. Physical kernel consequences retain a fixed parameter
and point configuration before their local scale is chosen.

2 Definitions and main results

The complete theta density is
P(s) = 2(271'2714698 - 37m2655)e*”"264s. (1)

n>1



Jacobi symmetry makes it smooth, positive and even on R; for s > 0 all summands are positive.
Put X = me*® and

palt) = 2 E tﬁgzgs ), haj(s) = (=1)p*(0),  hgj41 = 0.

The polynomial variable z is distinct from X. In the raw odd basis set
h
Gs = he T , Ts= 0 , Ss=hiw, Bs= Gs_lrm 0s = Ss — TgGgl?”s- (2)
hy hg

Global invertibility is proved below. Write dmg = s2®(s)?ds. An admissible weight is a finite-
valued measurable nonnegative nondecreasing function W on [0, 00), not zero almost everywhere,
such that

/W (1+ X(5)7) dimg(s) < oo. (3)

Let Zw = [ W dmg, duw = W dmo/Zw, and use Eyy for expectation. Define Ly (2%) = Ey ho;
through j = 5, with odd moments zero.
The physical center weight is H,(s) = sinh(2ys)/(2ys), continuously defined as one at ys = 0.

2.1 Full degree-eight positivity

Assume the same sign, monotonicity, measurability and nonzero conditions on W, now with

/W (1+ X(5)%) dimg(s) < oo. (4)

Extend Ly through hig and put
Eg(s) = (hait2j(s))} j—o; / Es(s) dmo(s).

Let Cg have columns the coefficient vectors, in (1,22, 24, 25, 28), of

=1, g = (2% — 47) /64,
= (2% — 2752% 4 6419) /8192,

g3 = (2% — 7032 + 9897622 — 1557845) /2097152,
= (2% — 139925 + 5127722" — 4959589122 + 598408111)/1073741824.

Theorem 1. For every finite a > 0, Tg(a) > 0. Uniformly on 0 < a < 7/100,

1
cr ( / Ex(s) dmo(s)) Cyg > I/100000. (5)

On that interval one also has the raw monomial bound Tg(a) = I5/400000. For every W satisfy-
ing (4), the full degree-eight moment matriz Hgs = (Ly (2 Zﬂ))g _o 15 positive definite. Every fized
finite physical y > 0 is included, with the normalized endpoint y = 0.

The proof is given in Section 6; its lower-degree components retain their weaker moment hy-
potheses.



2.2 The all-order obstruction

For A > m write a(A) = +log(A/7) and define the unnormalized tail kernel and its raw moments
by

JA(t):/:)32¢(5+t/2)q>(3—t/2)ds, max(A) = (=T (0),  maogs1 = 0.

Our Fourier convention is J () = [pJ(t)e™ dt. The raw polynomial functional is Qa(P) =
- pipimisi(A) for P(z) =Y. p;z*; no centerwise optimization is interchanged with its integral.
1, J J K2

Theorem 2 (Uniform eventual cutoff obstruction). Put d = 7/log?2 and

5A
A)=1[2]|— 1)d.
= (2[5 +)
There exists a finite Ag such that, for every real A > Ay,
J4(27(A)) < 0.

For each such cutoff there is a finite nonzero polynomial with rational coefficients for which Q4 (P) <
0. At least one parity admits such a polynomial. Any such polynomial degree N satisfies N >

/AJ1000.

The threshold Ay and these polynomial coefficients are not numerically specified by this asymp-
totic theorem. Thus the weight W = 1(4(4) ) disproves the stronger all-order monotone-weight
assertion, while satisfying every finite moment-integrability condition.

2.3 Quantitative witnesses in both parities

For e = 0,1 let N.(A) be the least degree of a negative real polynomial of parity € for Q4, when
one exists.

Theorem 3. There is a finite Ay such that, for every real A > A1, both parities have rational

negative witnesses and
VA/1000 < N.(A) < [43Y4],  e=0,1.

The constructive proof is given in Section 11, after the Fourier and approximation ingredients.

3 Schur decomposition and the degree-five mechanism

Theorem 4. For every admissible W, the matriz of Ly on {z,23,2°} is positive definite. More
precisely, with

G=EwG,, 7=Ewr, B=G'r,
one has
Ay =EwS, — 7 G 7 = Ewd,s + Viw, (6)
Viv == Ew|[(8s — 8)"Gs(Bs — §)) >0,  Ewds > 0.
Let a = % log(ay /), where
3.64888758188562 < a1 < 3.64888758188563
is the first fized-center quintic transition of [1]. If W(a) > 0, then

2 w
By, 2000000 W (a) -
Zw



Corollary 5. For Hy(s) = sinh(2ys)/(2ys), continuously defined as 1 when ys = 0, Theorem 4
holds for every finite y > 0. Moreover

Eods > 17000 000 000, V, > 1000000000 (0<y<1).

Here Z, = [ H,dmg > 0 defines normalization also at y = 0.

For y > 0 the customary unnormalized physical kernel has central value 4yZ,; its value vanishes
at y = 0 and is never used as a denominator there. The normalized law has the displayed continuous
endpoint.

The earlier bounded-parameter odd-quintic certificate [2] gave a stronger numerical estimate for
Ay on [0,1]. The advance here is the full parameter half-line, the monotone-weight cone, and the
separation of two strictly positive mechanisms.

The moment hypotheses will remain distinct. The fifth-moment assumption (3) suffices for the
full degree-five conclusion in Corollary 11. The degree-six theorem in Section 4 assumes [ W (1 +
X%)dmg < oo and adds the even polynomial 28, Its new local sign, complete matrix tail and positive
baseline are proved separately; positivity of one finite moment level is not extrapolated to the next.
Section 5 adds degree seven under its own seventh-moment condition, with a different upper-tail
matrix argument.

3.1 Classical algebra and the new theta inputs
The Schur identity (6) is completion of squares. Indeed, integrate

Sy — 26T + 6T Gb = 5, + (b— Bs)TGs(b— Bs)

and minimize over b. This is classical matrix-fractional geometry [4]; its positive variance alone
does not determine the sign of the mean local innovation. For example, two equally weighted scalar
prefixes G1 = G9 = 1, columns 71 = 2,79 = —2, and S; = S9 = 3 have local innovations —1 but
averaged innovation 3.

The following elementary single-crossing statement is also classical; stronger integral versions
occur in [7].

Lemma 6. Suppose f < 0 on [0,a], f > 0 on [a,00) and [ fdm > 0. For a nonnegative nonde-
creasing W with the necessary absolute integrability,

/Wfdmz W(a)/fdm.

If W(a) =0, W is eventually bounded below by a positive constant, and f is strictly positive on a
final half-line of positive measure, then [ W fdm > 0 as well.

Proof. The function (W (s)—W(a))f(s) is nonnegative on both sides of a. If W (a) = 0, monotonicity
makes W vanish before a, and its eventual positivity makes a strictly positive final contribution. [

We use one authenticated published result rather than reprove the entire compact classification.

Proposition 7 (Compact fixed-center premise from [1]). For the exact density (1) and the exact
signed derivatives used here, the full fized-center moment matrix through degree four is positive
definite on 3 < X < 12. The minimum negative-square degree is five before ay, at least six after ay
through 12, and the degree-five matriz is positive semidefinite at aq.



This is the relevant portion of the published classification theorem, including its endpoint state-
ment. Because parity separates odd and even blocks and G > 0, it implies

0s<0 (m<X<a), 6:=0 (X=a1), 6s>0 (a1 <X <12). (8)

The new deductions that complete the argument are a global lower prefix, a positive full-theta tail
beyond 12, and the independently integrated positive baseline. We provide their proofs and finite-
arithmetic specifications below. Associated theta kernels and generalized Laguerre inequalities have
a broader classical literature [3].

3.2 The complete-theta positive tail
Proposition 8. For X > 12, the full odd matriz M, = (h2i+2j+2)12,j:0 satisfies

M, = diag(16X,16384X3,67108864X°). (9)

63001
Consequently 65 > (671088640/63001)X° > 0 there.

Proof. The common e°® factor cancels in the paired derivative. Put

2k ' 2]{3
Ro(z) =223, Rya(2) = 2:(Ry(2) — Ry(2), Qk<X>=Z<—1>’“+J( j)Rj<X>R2M<X>.
=0

For the first atom, hox = Q1/(2X — 3)?, and exact cancellation gives deg Q) < k + 2 for k < 5. Its
odd matrix determinant is

6039797760.X5 Py (X)
(2X — 3)6 ’

where

Py(X) =1024X° — 12544X® 4 81216 X" — 331200X5 + 902736 X°
— 1668960 X4 4 2026620 X3 — 1519020X 2 4 637875X — 127575.

The first two leading-minor numerator polynomials, and Py — 256X?, have strictly positive coef-
ficients after X = 12 4+ v. Thus the head matrix is positive definite with determinant at least
24159191040X°. For d = (4,128,8192) and D = diag(d; X"*1/2)2_, its congruence by D! has
determinant at least 45/32768. Its trace is at most

22:2 [X7]Qai41[127- D72 256401048845 _ 13
(2—3/12)2d2 99883155456 ~ 5

i=0 j

Hence its least eigenvalue exceeds 1/5000 by Apin > det / tr2.
We now bound every omitted atom. If r;; = [2!|R;, put

Cj=) lrall2 7Y, B;=2%%
l

For X > 12, n?|Rj(n?X)| < C;X7Tn%+4 For n > 2 the successive majorant ratio is at most
(3/2)%4e=60 < 1/2 for j < 10. Therefore the derivative tail after removing the common head
exponential is at most BjC’jXJ+le_3X . Both cross terms and the tail-tail term in the paired



product are retained. Set e = 20712 > ¢736. The error in the kth moment after division by X,
before the full theta denominator correction, is bounded by

12k¢

Bl ::(2-3/12)2j

2k o
( j >Cj02k—j(2B2k—j + BjBQk—jg)-
=0

Here X*e=3X and (2 —3/X)~2 decrease for X > 12, k < 5. Symmetry in j accounts for both cross
terms. The symmetric matrix perturbation norm is at most

3 ma Eirin 5312409501805455073001503693 < 1
max = .
iy did; 148635648000000000000000000000000 25000

Writing @ = ®(1 + R), the denominator correction is exactly (1 + R)? and 0 < R < 1/250
(Appendix A). Thus

(1+R)?>D™'M,D™! = (1/5000 — 1/25000)1 = I/6250.

Since (14 R)? < (251/250)2, this proves (9). Minimizing the quadratic form with its monic fifth-
degree coefficient fixed to one proves the Schur bound. O

Combining (8) with Proposition 8 gives one global negative-to-nonnegative crossing at s =
a. Later higher-degree transitions in the compact classification do not change this fixed quintic
conclusion.

3.3 Positive baseline and independent variance reserve

Proposition 9. For the full theta density,

1 00
/ ds dmg > 2000 000, Iy := / ds dmg > 2000 000, Iy/Zy > 17000000 000.
0 0

Proof. The first assertion is a finite interval certificate with the full inverse penalty, described in
Appendix B. It gives the stronger raw lower bound 2300747. The second follows by dropping
the strictly positive tail s > 1, since me? > 12. The third uses the independently enclosed full
normalizer. This argument does not infer a positive local mean from a known positive averaged
Schur complement. ]

For two disjoint regions A, B, let Q4 = Ew[14G,] and ¢4 = Q;llIEW[lArS}, and similarly for
B. Completion of squares within the regions and minimization over the global coefficient give the
classical parallel-sum lower bound [5, 6]

[u" (ca — cB))?
u(Q4' + Q5N
The final inequality is matrix Cauchy—Schwarz, valid without commutativity. For the numerical
estimate, use the fixed shifted basis of Appendix B, which preserves V,; in this paragraph cy4, cp are

the corresponding coefficient vectors. For A = [0,3/16], B = [3/16,1], u = (0,1)T, the certificate
encloses the matrices and columns directly over eight closed y bins and proves

Viv > (ca —ep) Q) + Q1) M (ca —cp) > (10)

V, > 1916442774 > 10° (0<y<1). (11)

The complement has nonnegative variance and is discarded. This is a physical-region computation,
not the difference of two separately computed total innovations.



3.4 Proof of the global weighted theorem

The prefix proof in Appendix A gives G, > 0, hy > 21, and det G, > 4 -10° for every s. The paired
polynomial formulas in Section 3.2 give

ha;(s)
X7

— (2 -8 (1< j<5). (12)

Indeed the head numerator has degree j + 2, and the full higher-atom correction after division by
X7 is O(X7e3%). Put v = 8X. Then det Gs/v* — 6 and the explicit inverse gives

225 — 315 105 — 45

— 10.
v2_> 6 v 6 0

Thus 31/X? — —960 and B2/X — 80. In particular I G5 'ry = O(X?®). Smoothness on compact
intervals and (3) make all the expectations in (6) absolutely convergent. Positive averaging makes
G > 0.

The global single crossing and Proposition 9 allow Lemma 6 with f = §,, proving Eyds > 0
and (7). If Viy = 0, positive definiteness forces 85 = 3 almost everywhere for pyy. Every admissible
nonzero nondecreasing weight is bounded below by a positive constant on a half-line. Continuity
then forces 35 constant on that entire tail, contradicting 82/X — 80. Hence Vjy > 0. Identity (6)
and the Schur criterion prove Theorem 4, also for complex polynomial coefficient vectors.

Finally H, is nondecreasing because z cosh z—sinh z vanishes at zero and has derivative zsinh z >

0. Its growth is at most €2¥%; the theta density has superexponential decay. Thus (3) holds for every

fixed finite y. Propositions 9 and (11) finish Corollary 5.

3.5 The even block and full degree-five consequence

Proposition 10. The complete even matriz M, = (h2i+2]’)7/2’j:0 is positive definite for every center.
On X > 12,

1
= —diag(1,1 21 4.
M, = 1000 diag(1,1024X=, 1048576 .X")

Proof. Use the recurrence of Section 3.2, adding Qo = (2X — 3)2. The first-atom even determinant
numerator is 393216 X3 Py(X), where

Py = 2048X° — 22016 X3 + 120960X7 — 407232X° + 875808 X°
— 1201680X* + 986904 X3 — 424980X2 + 80190X — 8505.

The first two leading-minor numerators have positive coefficients after X = 12 + v, as does
393216 X° Py — 3145728 X%(2X — 3)°.

With D, = diag(1, 32X, 1024X?), the head congruence has determinant at least 3/1024 and trace
at most 1420942925/520224768. Its least eigenvalue is therefore at least

792872488009728
2019078796107555625

The complete head-tail calculation of Section 3.2, now for k = 0,...,4 with d = (1, 32,1024), gives
perturbation norm at most

5415087591445761969320387
6193152000000000000000000000000

> 1/3000.

< 1/1000000.
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The zeroth entry is included: before dividing by (1 + R)?, it changes from 1 to (1 + R)2. Thus
the tail bound follows from (1/3000 — 1/1000000)(250/251)? > 1/4000. For 7 < X < 12, the even
block is a principal submatrix of the positive My in Proposition 7. Even reflection covers negative
centers. O

Corollary 11. For every admissible W and every nonzero complex polynomial P of degree at most
five, Ly (|P|?) > 0. In particular this holds for every physical weight H,, 0<y<oo.

Proof. Positive averaging preserves the pointwise strictly positive even block. Odd moments vanish,
so a permutation of the full degree-five matrix is the direct sum of that even block and the odd
block in Theorem 4. ]

The even block on {1,22, 2%} alone permits arbitrary nonnegative center weights with finite
required moments; this does not extend the odd or even-sextic conclusions to arbitrary weights.

4 The even sextic and full degree-six theorem

Suppose, in addition to the stated measurability, sign, monotonicity and nonzero conditions on W,
that

/000 W(s)(1+ X (5)%) dmg(s) < oo. (13)

Extend Ly by Ly (2'?) = Eyhia, retaining zero odd moments. Use a distinct notation for the
even prefix and its next column:

As = (h2i+2j)7,27j:07 Cs = (h67 h87 th)T7 bs = A;1037 Ns = h12 - CZAglcs-
Proposition 10 proves A > 0 at every center.

Theorem 12. For every W satisfying (13), the full moment matriz Hs = (Lw (2"77))§_q is positive
definite. With b= (Eyw Ag) 'Eycs, its even Schur complement satisfies

A6,W = IEW77s + EW[(bs - E)TAS(bS - l_))]a (14)

and both terms on the right are strictly positive. In particular the theorem holds for every fized finite
physical parameter y > 0, including the normalized endpoint y = 0. Moreover

o0
/ ns dmg > 250000000, Egns > 2000000000000. (15)
0

Let a = % log(az/), where
4.11304745500471102656 < az < 4.11304745500471102658.

If W(a) > 0, then
250000000 W (a)
Zw ‘

]EVVns > (16)



4.1 The local sign and the initial obstruction

The compact classification in [1], with the normalization of Proposition 7, has minimum negative-
square degree six on (a1, az), at least seven on (ag, 12], and a positive-semidefinite degree-six matrix
at ag. The degree-six crossing has zero even Schur complement. Before a1, minimum negative degree
five alone does not settle the sign of the even sextic. We supply that missing interval directly.

Proposition 13. For the actual fized-center functional, the monic polynomial
P(z) = 25 — 1672% — 724322 + 303062
satisfies Lx(P?) < 0 for every 157/50 < X < 73/20.

Proof. The exact whole-cell construction in Appendix D encloses this contraction on 256 closed cells,
retaining all theta atoms, and gives a strictly negative upper endpoint on each cell. No point-sample
or first-atom approximation is used. O

Since m > 157/50 and a; < 73/20, Schur minimization with As > 0 gives s < Lx(P?) < 0 on
[7,a1]. On (a1, as2), every square of degree at most five is nonnegative by the compact classification.
Thus its negative degree-six square must have a negative even component: the odd component has
degree at most five, and cross parity vanishes. The positive even prefix then implies 1, < 0. At a9
one has ny, = 0, and after ay through 12 the degree-six matrix is positive semidefinite, so ns > 0.

Proposition 14. For every X > 12, the complete even matrix Fg = (h2i+2j)?,j:0 satisfies

1 .
Es = 5505 diag(1,1024X?, 1048576 X*, 1073741824 X°). (17)

In particular ns > (1073741824/25000) X% > 0 there.

Proof. Appendix C proves the full half-line bound by a first-atom determinant reserve, exact second-
atom paired cancellation and a geometric enclosure of every remaining atom. Minimizing (17) with
the coefficient of 2% equal to one gives the innovation bound. O

Consequently 7, has the negative-to-nonnegative crossing required by Lemma 6, at s = a, and
is strictly positive on a final half-line. The fixed-center obstruction of Proposition 13 is not a
counterexample to the averaged theorem.

4.2 Integrability, baseline and proof of Theorem 12

For each fixed k < 6, paired differentiation gives ho, = O(X*) as X — co. One direct justification
is to factor the leading atom’s paired product as

e—QX(cosh(Qt)_1) (2X62t — 3)(2X672t - 3)
(2X —3)2

Its 2kth coefficient is a polynomial of degree at most k£ in X, times bounded amplitude derivatives.
The complete remaining paired atoms are O(X?*e=3X) after head-square normalization; their dif-
ferentiated series is uniformly summable for X > w. Thus Proposition 10 gives

h3
10242

h2
10
1048576 X4

A7 e, <4000 (hé + - ) = 0(X°).



Compact continuity and positive definiteness give a bounded inverse on every bounded center inter-
val. Therefore all terms of (14) are absolutely integrable under (13).

The direct local-innovation integration in Appendix D gives a raw lower bound greater than
262225959 on 0 < s < 1. The remaining innovation is positive by Proposition 14; the complete
normalizer upper bound then gives (15). This computation retains the whole inverse penalty; it
does not obtain the local mean by subtracting a variance from an averaged innovation.

Apply Lemma 6 to ns. If W(a) > 0, it gives (16). If W (a) = 0, monotonicity makes W vanish
before a and bounds it below by a positive constant on a final half-line, which supplies a strictly
positive integral. Completion of squares proves (14), and its positive mean proves the averaged
even block positive definite. The sixth-moment hypothesis implies (3); Theorem 4 supplies the odd
block. Parity therefore proves Hg > 0, also for complex coefficient vectors.

For strict variance, the leading moments satisfy ho/X"* — (2k — 1)!18*. In scaled coordinates,
the regression problem converges to the positive Gaussian moment problem of variance 8. Its monic
sixth Hermite polynomial gives

bo/X3 — 7680,  b1/X? — —2880,  by/X — 120.

If the variance vanished, positive definiteness of A, would give b, = b almost everywhere on the
final half-line where W is bounded below. Continuity would make bs; constant there, contradicting
the last limit. Finally, H, < e?%$ and the superexponential theta decay imply (13) for every fixed
finite . This completes the theorem.

5 The odd septic and full degree-seven theorem

Assume now

/W (1+ X(s)7) dmo(s) < oo, (18)

with the same sign, measurability, monotonicity and nonzero conditions as before. Extend Ly
through hi4. Put

oo
Mi(s) = (hasaya(s)i o Tr(a) = [ Mrls) (o).
a
Let C have columns equal to the coefficient vectors of

q(z) = 2/8, q1(2) = (2% —1392) /1024,
g2(2) = (2° — 46123 + 322002) /262144,
g3(2) = (27 — 10152° + 24264523 — 115768322) /67108864

in the monomial basis (z, 2%, 2%, 27). Thus q(z) = CT(z, 23, 2%, 2")T and C is invertible.

Theorem 15. Every finite a > 0 satisfies T7(a) > 0. More quantitatively,

1
o7 </ Mi(s) dmo(s)> Cx 50(1)0014 (0 < a < 7/100). (19)

For every W satisfying (18), the full moment matriz Hy = (Lw (2°77))! j—o U8 positive definite. This
includes every fized finite physical y > 0, with the normalized endpomt y=0.

10



The new ingredient is the odd block on four monomials. The corresponding pointwise three-
monomial odd prefix is indefinite near the initial center, so its inverse cannot serve as a positive
local metric. The proof uses integrated upper tails instead.

Proposition 16. For X > 12 the complete theta matriz satisfies

My(s) > diag(16X, 16384 X3, 67108864X°, 1099511627776 X 7). (20)

150000

Appendix E proves this whole-halfline estimate and (19), with all atoms and derivatives through
order fourteen. The compact fixed-center classification [1] has minimum negative-square degree at
least nine on [ag, 12], including its third transition, where

a3 < 414157658489452707553 /10%°.
This implies M7 = 0 there. The exact bridge
Te?8/100 5 414157658489452707553 /10%°

is checked by the compact script. Consequently M7(s) = 0 for every s > 7/100, and it is strictly
positive definite on a terminal halfline.

Proof of Theorem 15. For a < 7/100, add the nonnegative integral over s > 1 to (19). For a >
7/100, the entire tail is nonnegative, and (20) makes its quadratic form strictly positive on a terminal
interval of positive dmg measure for every nonzero vector. Thus T7(a) > 0 for every finite cutoff.

For every fixed k, the paired first-atom argument used in Section 4 gives ho, = O(XF): its
amplitude derivatives remain bounded after division by (2X —3)2, and its opposite-shift exponential
has coefficient of degree at most k. Every remaining paired atom has polynomial growth of fixed
order and a relative factor at most e 3% its differentiated all-atom series is uniformly summable
for X > 7. Hence all entries through h14 are absolutely integrable under (18).

For a nonzero real vector u, use the classical layer-cake identity

W(s) :/o Liw (s)>1y dt.

A nonempty superlevel set of a nondecreasing function is a terminal interval, up to an irrelevant
endpoint. Its quadratic-form integral equals u” T7(a)u > 0 at a finite cutoff. Absolute integrability
justifies signed Fubini. Since W is not zero almost everywhere, a positive-measure set of levels
has such a nonempty tail. Therefore [ Wul Myudmg > 0. This is the usual directional upper-tail
criterion for the positive-semidefinite matrix cone. Theorem 12 supplies the even block under the
stronger seventh-moment assumption. Parity proves H7y > 0, also for complex coefficient vectors.
Finally H, < e and the theta decay pay (18) for every fixed finite y. O

5.1 A stronger two-column local-residual theorem

Retain the genuinely positive pointwise prefix G5 on U = (2, 23), and add V = (2°,27). Write

_ (Gs Bs _ (he hs _ (h1o hi2 . pTA-l
M7 - (Bg Ds> ’ BS - (hS hl()) ’ DS - (th h14 ’ RS - DS BS GS BS'

Proposition 17. Every finite cutoff satisfies faoo Rsdmg > 0. Consequently Ew Rs > 0 for every
weight in Theorem 15.

11



Proof. Modulo the prefix U, the last two ¢ columns have output transformation

o _ (1/262144 —1015/67108864
B 0 1/67108864

The Schur residual in the ¢ basis is exactly ST R,S: invertible prefix changes and addition of prefix
columns cancel in a residual. The direct whole-cell checker in Appendix E encloses, uniformly for

0 <a < 7/100, the raw matrix
1
ST ( / R, dm0> S.

Its first diagonal exceeds 3/100000 and its determinant exceeds 2399/10'2, so it is positive definite.
For s > 7/100, the pointwise PSD classification and (20), together with G > 0, imply R, > 0 and
strict positivity on a terminal halfline. This joins the compact certificate to every finite tail. The
growth B'G;1B; = O(X") entrywise follows from the scaled Gaussian limit below; it also pays
absolute integrability of the residual. The same layer-cake argument completes the claim. O

The integrated odd Schur complement therefore has two positive mechanisms. With 8, = G ! B;
and 8 = (EwGs) 'Ey B, completion of squares gives

EwDs — (EwBs)" (EwGs) "EwBs = Ew Ry + Ew|[(8s — B)T Gs(8s — B)]- (21)

This variable-metric least-squares identity is classical; see [4] and the explicit averaging formulation
in [9]. Positivity of the old scalar diagonal alone would not control the new coupling. Proposition 17
pays the entire residual matrix independently.

5.2 Strict variance for any finite higher odd output list

The next statement concerns variance only and does not require a monotone density weight.
Proposition 18. Fiz distinct integers 2 < ki < --- < ky,, take outputs z2%*1 against the prefiz
U = (2,2%), and form Bs and Bs = G;'Bs from their actual theta moments. Let W be any

nonnegative measurable density weight, positive on a set of positive dmg measure, with
/W(s)(l + X (s)%mH) dmg(s) < 0.
Then the m by m regression variance
Vi = Ewl(8s — B)T Gs(Bs — B)]
1s strictly positive definite.

Proof. For 7 = 8X, the complete paired first-atom expression gives hoy /7% — (2k — 1)!! for every
fixed k. Equivalently, after t = u/ V/8X the normalized paired expression tends locally uniformly on
complex compact u sets to e~%/2. The remaining atoms and their fixed derivatives are exponentially
small; Cauchy’s formula gives the moment limit. This is a fixed-order asymptotic.

The leading Gaussian prefix is
G (T 372
07 \3r2 157%)°

For ¢, = (2k+1)!1, the cross column is (cx75*L, (2k +3)cp7#2)T. Inversion gives the actual leading

limits
B,k B2,k
K k1

— (1 — k)ck, — kck/?). (22)
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Indeed congruence by diag(Tl/ 2 73/ 2) makes the prefix converge to (%) > 0, so inversion is

justified. The inverse-energy entry for outputs 7,75 is O(X***i+1); the highest displayed moment
pays every entry and the square identity. Compact continuity handles bounded centers.

The complete theta sum is real analytic locally around each positive real center, by normal
convergence on a sufficiently small complex neighborhood. Positivity of ® and det G5 makes S,
real analytic on (0,00). If 27 Vya = 0, the positive metric forces B,z = Bx almost everywhere
where W > (. Some finite interior interval contains a positive-measure subset of this support. The
real-analytic identity theorem extends this equality to every s > 0. Divide its second row by 7Fm~1
and pass to infinity in (22); the nonzero leading coefficient gives z,, = 0. Descending through the
distinct powers gives every z; = 0. Thus Vi > 0. ]

For a single atomic center the variance is zero; a density-support hypothesis cannot be omitted.
The proposition supplies no uniform-in-order eigenvalue bound and does not dominate a negative
residual mean at higher degree. For the two outputs 2°, 27, the Gaussian leading regression is

_ 2 _ 3
i) = (Tlor Joner ) deta(r) — fo(r) = 5250 - )"

Thus actual full-rank contrasts occur at sufficiently large separated centers. A useful quantitative
regional bound still requires paid regional masses and errors. In particular a nonmonotone compactly
supported density need not charge such distant regions; its strictness above follows from analyticity
instead. Applied to (21), Proposition 18 makes the second term strictly positive as well as the first.

5.3 All associated indices at a fixed finite moment degree

For an integer n > 1 define the associated kernel in the normalization of [3] by

o0
Kn(t) = / O(s+1)®(s — t)s*" ds, Jn(t) = / §2" (s +1/2)®(s — t/2) ds.
R 0
Corollary 19. Every n > 1 has a positive-definite normalized derivative-moment matriz of degree
seven at the origin for K,. If On(J,) denotes the raw odd-four moment block of J,,, then

2n—2
CTOn(Jn)C' — w

I,. 9
= 50000 * (23)

Proof. Take W (s) = s2"~2, with W = 1 for n = 1. Every such weight is admissible under (18).
Evenness gives exactly J,,(t) = K, (t/2)/2. Normalized moments differ by the positive diagonal
congruence diag(2~/ );:0, so Theorem 15 proves the jet claim. For n = 1, (23) is the cutoff-zero
reserve. For p = 2n — 2 > 0, signed Fubini and the positive Stieltjes representation of sP give

On(Jn):/ paP~ Ty (a) da.
0

Insert the congruent reserve for 0 < a < 7/100 and drop the PSD remaining tails. Their early scalar
mass is (7/100)P. O

Here n ranges over associated indices, not derivative orders. The theorem uses associated indices
n > 1. The case n = 0 would require W = s72; its classical autocorrelation positivity has a different
proof. Csordas’s Theorem 4.5 gives admissibility of the associated theta kernels, while Theorem 4.6
and Open Problem 4.7 address global positive definiteness and Fourier/Laguerre inequalities. The
positive- K1, negative- Ko example there uses a different Gaussian-polynomial density.
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6 The even octic and full degree-eight theorem

The notation and main statement are given in Theorem 1. We prove that theorem after the lower-
degree blocks required by its argument.

Proposition 20. For X > 12 the complete even-five matrixz satisfies

1
Eals) = ——
3(5) = 2500000

Proof of Theorem 1. Appendix F proves (5) by whole-cell integration of all fifteen symmetric entries,
retaining every theta atom through derivative sixteen. Proposition 20 is proved there by a new strict
head determinant reserve and complete error budget. The compact classification [1] gives Eg = 0 on
a3 < X <12, because the minimum negative-square degree is at least nine. The exact bridge past
as in Section 5 therefore gives Fg(s) = 0 for every s > 7/100, with strict positivity on a terminal
halfline. For a < 7/100, add the nonnegative s > 1 tail to (5); for larger a, integrate the PSD
matrix with its strictly positive terminal part. This proves every finite upper tail PD.
The exact basis has

diag(1,1024X2,1048576X %, 4294967296 X ®, 70368744177664.X°%). (24)

870866245054201579 <
288230376151711744

From C{TCs = 5l one obtains T = n(CsCq)~" = nl/||Cs||2,, proving the conservative raw
1/400000 floor. A normalized weighted floor would require division by Zyy .

The fixed-order bound hgr = O(X*) also holds for k& = 8. Thus (4) pays entrywise absolute
integrability through hig. The signed layer-cake argument in Theorem 15, applied now to T3, gives
a strictly positive weighted even-five matrix for every admitted W. Its odd-four block is already
PD by Theorem 15, since the eighth-moment hypothesis implies the seventh. Parity proves full
Hg > 0, also for complex coefficients. The superexponential theta tail pays (4) for every finite
physical parameter. O

det Cg = 2770, HCgH% =

6.1 Two added even columns and a positive residual mean

Let Ag be the globally PD even-three prefix on U = (1,22,2%) from Proposition 10, and take
V = (2%, 2%). Write
As B _
Eg = <B} Di) ,  Rss=Ds— BIA;'B,.
S
Proposition 21. Every finite a > 0 satisfies [~ Rgsdmo(s) > 0. Hence EwRgs > 0 for every
weight in Theorem 1.

Proof. Modulo U, the last two ¢ columns have output transformation

o _ (1/2097152 —1399/1073741824
5 0 1/1073741824

The transformed local Schur residual is SST Rg sSs. The separate complete-theta whole-cell certificate
in Appendix F directly bounds its integral from a to 1 for every 0 < a < 7/100. Its first diagonal
exceeds 1/10000 and its determinant exceeds 1/100000000. It retains all three-by-three inverse-
prefix terms and the output cross coupling. There is no subtraction of an estimated variance to
infer this mean. For s > 7/100, the full matrix PSD statement and A > 0 imply Rg s >~ 0, strict
on a terminal halfline. Add this tail and apply layer cake. Gaussian scaling gives inverse-energy
entries O(X%),0(X7),0(X?®); compact inverse continuity, including s = 0, and (4) pay absolute
integrability. O

14



With 3s = A;!B, and B = (Ey As) "' Eyy By, the integrated even Schur complement is

EwRss + Ew((8s — B)T As(Bs — B)).

The first term is PD by Proposition 21. The second is PD by the following common rigidity
mechanism. It does not by itself settle the sign of a mean residual at higher degree.

Proposition 22 (Parity-prefix regression rigidity). Let e € {0,1} and an integer p > 0, and suppose
the actual pointwise moment matriz G on U = (2¢, 22%€, ..., 22P%€) is PD for every s > 0, including
the endpoint. For distinct integers k; > p, take outputs 22kite and their regression Bs = G;'Bs. If
W > 0 is any measurable density weight positive on a set of positive dmgy measure, and

/ W (s)(1 4+ X ()2Em+) dimo(s) < oo,

then its integrated regression variance is PD. Monotonicity is not required for this variance state-
ment.

Proof. Put 7 = 8X. The scaled prefix converges to the positive Gaussian parity Gram, so its inverse
converges. Gaussian integration by parts gives

d!
d —_ 21 _ 0
E[z“He,(z)] SN2 ((d— 1)) E[He;] = r!
when d > r has the same parity. Only the highest retained Hermite polynomial contributes to the
highest monomial coefficient. Therefore the actual last regression row satisfies

Bp.k (2k + €)!
Th=p (2p + €)! 2k—P(k — p)!

> 0.

Its inverse-energy entry for columns 4, j is O(X"*%i%€). The displayed moment pays integrability at
infinity. The assumed PD at s = 0, as well as all positive centers, bounds the inverse on each closed
compact interval. Positivity merely on the open halfline would not by itself supply that endpoint
bound.

As in Proposition 18, a variance-null vector makes sz constant on a positive-measure set and
hence everywhere on (0,00) by real analyticity. The last-row asymptotics, divided successively by
the largest remaining distinct power, eliminate every output coefficient. This proves strictness. The
theorem applies to the averaged weights specified in its hypotheses. ]

The verified even-three prefix gives last-row limits 157, 21072 for outputs 2%, 28. The odd-two
special case gives 107, 10572 for 2°, 2”. No globally positive longer prefix is inferred from an averaged
theorem or from eventual positivity alone.

Corollary 23. For every integer n > 1, the associated kernel K, in Corollary 19 has a positive-
definite normalized degree-eight derivative-moment matriz at the origin. Its raw even-five block for
JIn(t) = K, (t/2)/2 obeys

(7/100)2"—2
5.

100000

Proof. Use W = s?"=2 with W = 1 for n = 1, exactly as in Corollary 19. The eighth-moment
integrability follows from theta decay. The early Stieltjes mass on 0 < a < 7/100 is (7/100)?"2;
the remaining tails are PSD. The identity J,(t) = K, (t/2)/2 pays both the half-line factor and the
positive diagonal dilation of derivative jets. O

CgOeven,n (Jn)CS t

This covers every associated index at one finite derivative degree. The global positive-definiteness
criterion requires the stated all-derivative-order premise.
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7 An explicit degree-dependent theorem at every finite order

Define the pointwise signed functional fs(2/) = hj(s). No positive measure representing all its
moments is assumed. Write He; for the monic probabilists” Hermite polynomials, generated by

euz—u2/2 — Zj Hej(Z)Uj/]'
Theorem 24. For every integer N > 1 and every complete-theta center X > 1000N?, set

He, (=/v/BX)

Then 99
(Cs(PPy)) =0 = Tool: (25)

Thus the full local monomial moment matriz through degree N is PD on this explicit final halfline.
Every upper-tail integral beginning there is PD. The basis depends on the center and the threshold
on the degree; this is mot positivity of every order at any one finite center.

The theorem gives a common quantitative formula beyond unspecified fixed-order Gaussian
convergence. Hermite approximations in the Jensen-polynomial setting [10, 11] concern a different
global coefficient sequence and do not imply the present raw center-moment estimate. We claim no
superiority over their degree/shift regions.

Lemma 25 (Hermite coefficient row bound). Let M(t) =3, m;tJ /5! be analytic on a neighborhood
of |t| < 4V/'N, with mg = 1 and real coefficients. For its signed polynomial functional put f(t) =
M(t)e /2 and B = max|t|:4\/ﬁ|f(t) — 1|. Its normalized Hermite Gram matriz Gy satisfies
IGN —I|lop < B if B>0, and Gy =1 if B=0.

Proof. The product generating function is e’ f(u +v). Write f =1+ )" - apt™. Forr+s=m
and [ =17 —r =j— s >0, the contribution to entry i, j is

n(T) 5 = an (M) VG

For a fixed row and m, each admissible r determines at most one j, and the factorial factor is at
most N™/2. Terms m > 2N cannot enter. Hence the absolute row sum of Gy — I is bounded by

2N
> lam|(2VN)™.
m=1

Cauchy’s estimate gives |an,| < B/(4v N)™, and the resulting geometric sum is strictly less than
B. Real symmetry bounds the operator norm by this row norm. This is coefficient algebra and
Cauchy’s inequality, with no positivity premise on the signed functional. O

Proof of Theorem 24. Take Mx(t) = ps(it/v/8X), whose moments are hgy/(8X)¥, and set

t
=——, §=+/8N/X < 1/10.
W= / /

On |t| < 4v/N, the shifted atom arguments are Xe™™, and the elementary exponential series gives

et — 1] < 1/9, Ret™ >8/9, |eF| < 10/9.
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The theta series therefore converges normally on a neighborhood of the closed disc; the first-atom
amplitudes have no zero there.
The first-atom generating function is exactly

4X2 — 12X cosw + 9
(2X —3)2

My(t) = A(t)e*XUmcosw) - A(t) =

For fi = Mye /2 = AeP, one has E = 2X(1 — cosw — w?/2). The complex cosine remainder and
coshd < 10/9 give

[t|*coshd 4 160N 1
Bl <2200 o 2 A-1|< <
Els —Rx S | = 3x7 < Too00
Since e < (1 —7)"tfor 0 <r <1,
1627 270027
—1 < < .
=Usseme W= Z6sa00

To pay every higher atom, put Z = Xe?, |z| <. For n > 2,

n?(2n?Z — 3)
27 -3

‘ <ont, RZ>X/2

Thus the complete relative remainder obeys

IR(2)] <2 ntem ™ =DX/2 < 64673%/2 < 1/100000.
n>2

The consecutive-term ratio is at most (3/2)*™>X/2 < 1/2; the conservative last bound already
follows for X > 20 from e > 2. It applies to both shifted remainders and the real central Ry > 0.
Full normalization is fx = f1Q, where

(14+Ry)(1+R_) 200001

= — 1| <4b+20* = ———— b= 1/100000.
@ (14 Ro)? ’ @ s db+ 5000000000’ /
Consequently, throughout the disc,
1627 270027 200001 8189005670027 1

-1 < = < —.
x < 268400 * 268400 5000000000  1342000000000000 100

Lemma 25 gives (25). The exact rational constants and a separate finite generic-coefficient recon-
struction are reproducible with verify_hermite_tail.py. ]

For each fixed N, positive averaging also allows any nonnegative density weight supported
in X > 1000N?2, positive on a set of positive measure, with the necessary Nth moment. This
qualitative averaged conclusion does not preserve a 99/100 floor in one fixed monomial basis. The
order-dependent initial region is not covered. A complementary terminating finite-order certificate
algorithm is given in Appendix G; it often supplies much smaller low-order thresholds than the
uniform formula.
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8 Local positivity for at most nine physical kernel points

Define, only for the physical weights and each fixed finite y > 0,

1

ky(t) = 7 /000 s*H,(5)®(s +1/2)®(s — t/2) ds.

For y > 0 this is the customary physical kernel divided by its nonzero central value. At y = 0 it is
Q1(t)/Q1(0), where Q1 (t) =2 [ s*®(s +t/2)®(s — t/2) ds.

Corollary 26. Fiz 1 <n <9 and distinct real numbers rg,...,rn—1. For every fixed finite y > 0
there exists eg > 0 such that

[y (e(ri =520 >0 (0 < el < co).

With V(r) = HK].(rj —ri) and Hy,—1 = (Ey(zi+j))n—1

4,j=0’
=DV (r)2 det H,,_4
det[k, (e(r; — ;)] = S (),
’ ’ I1;=0 (3)?

The denominator is 1194393600 for n = 6 and 619173642240000 for n = T7.

Proof. For every fixed derivative order j and u > 1, the complete derivative-polynomial series
gives |®U) (u)| < Cje(4j+9)“6_”e4u. For |t| < T and s > T/2+ 1, the differentiated paired product is
therefore bounded by ijTeste*CTe“, with cp = 2me 2T > 0. The factor s2H,(s) < s%e* preserves
integrability. On the remaining compact interval smooth theta convergence supplies domination.
Consequently k, is smooth, real and even, k,(0) =1, and kg(/ZJ)(O) = (=1)7Ly(z%).

Put m =n—1 < 8. We give the classical Taylor-confluence argument using the leading moment
matrix Hy,. Let Vi, = r¢ for 0 < i,a < m and C, = diag(1,e},...,e ™)V 1. Taylor expansion
through order 2m has remainder o(¢2>™) and bivariate terms

pap (—l)qk?(f’“) (0)

i olg] , p+q < 2m.

Multiplication by V~! maps the evaluation vector of degree p < m to its coordinate vector. For
p > m, its coordinate a < m acquires a factor =% tending to zero; p, ¢ cannot both exceed m. The
scaled remainder is o(1) since a + b < 2m. Hence the real congruence of the kernel matrix tends

entrywise to
-1 bk(a+b) m
(()a'yb'(O) = JH,,J", J = diag(i*/a!)l",.

a,b=0

This is positive definite by Theorem 1; the complex phases express a real matrix because cross-parity
moments vanish. Openness of positive definiteness and invertibility of C¢ prove the claim. Finally
det C, = e ™m+1/2 /Y(r), proving the determinant asymptotic. O

This classical consequence concerns the stated local point configuration. It is asserted only for
the physical family, whose locally uniform shifted-derivative domination through order sixteen was
just proved.
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9 Why generic log-concavity is insufficient

Arbitrary nonnegative weights are excluded: the known negative fixed-center square near X = 13/4
remains negative under a smooth bump supported in a sufficiently small neighborhood. More
fundamentally, even smooth positive even log-concavity of a density does not imply the averaged
odd-quintic gate.

Proposition 27. The density p(s) = e~ (1+cos(4s)/10) is positive, even, Schwartz and uniformly
strictly log-concave. Aty = 0 its actual normalized averaged paired-moment functional has a positive
odd two-by-two prefix but gives a negative square to

P(z) = 2° — 4523 + 59z2.

Proof. For ¢ = cos(4s) and € = 1/10,

+e€
log o) = —2 — 16— _ < _2/9.
(log ¢) Ares = /

If ¢ + € > 0 this is immediate; otherwise the positive correction is at most 16¢/(1 —€) = 16/9. Let
J(t) = [ s*o(s+t/2)p(s—t/2) ds and F(§) = [ ¢(s)e™® ds. The substitution a = s+t/2,b = s—t/2
has Jacobian one and gives

~

7€) = AF©P - FOF'€)., FE=va <662/4 N

e_(§_4)2/4 _|_ 6_(£+4)2/4
20 '

All operations are justified for Schwartz functions. Up to a common positive factor the signed
Fourier density is
-8\ ,—¢£2/2 —(£-4)?/2 —(£+4)2/2
V(€)= (53— e Ve &/ + g5 le (€472 4 o= (e+7/2y

For J/J(0) the polynomial moment functional equals [ P?v/ [v. Evenness makes this the same
normalized half-line y = 0 functional. Variance-one Gaussians with means 0,2, 4 give respectively

EP? = 11191, 334171, 2544391.

Thus the numerator in Gaussian units, with ¢ = e™2, is

_ 4782591 1002513 33573 4

N —1600.
(2) 400 0 47 gy ¢ <1600

The positive Taylor series for e? through degree 20, with omitted-term ratio at most 2/22, proves
1353/10000 < g < 677/5000. Substitution of these rational endpoints proves the strict displayed
inequality. The same exact Gaussian moment calculation gives mass > 2/5, unnormalized second
moment > 1/3, and odd prefix determinant > 5/2. Division by the positive mass preserves its
definiteness and the negative square. These explicit checks are included in the companion arithmetic
script. O

This example does not refute the actual theta result or stronger curvature criteria for three-point
positivity. The associated-kernel Fourier identities are classical [3]; the example serves to distinguish
their hypotheses from generic log-concavity.
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10 The all-order monotone cone fails

The positive conclusions above have a genuine quantifier boundary. For every fixed degree there is
a positive terminal center region. There is nevertheless no theorem making every upper tail positive
at every degree. The result below concerns the complete theta density, not a finite-atom surrogate.

The tail kernel, raw polynomial functional and main obstruction are defined in Theorem 2 above.
We now establish the complete-theta Fourier estimate and its polynomial consequence.

10.1 Exact grouping of all atom products
Write X = we*®. The nth theta atom is
®,(s) = %’ (2nX — 3)6_”2X.

For ¢ = nm, Y = ¢X and u = 2t+log(n/m), the paired exponential is e2¥ 2% and its polynomial

factor is 4Y2 —12Y cosh u+9. The standard integral representation of K [13] gives the exact Fourier
factor

emilos/ Mg (V) H(Y) = (AY?2 4+ 9)K;r(2Y) 4+ 6Y Oy Kir (2Y), x =27
Here 6Y 0y K;(2Y) = 12Y K|_(2Y'); the prime differentiates the Bessel argument. Also

3/2 1 g2
$2n2et0s ds = X" log™ (X/m) dX.
64+\/7

Define the real divisor phase sum and tail integral

Dy(r) = e s/ D] <d(q) < g,

nm=q

I,(r,b) = / Y3/21og2<;;> oY) dY.

b

Then

647 Ja(27) = > ¢/ Dy(7)I,(7, qA). (26)
g>1

All sum/integral interchanges are absolute: before oscillatory cancellation the pair transform is
bounded by (4Y?2 + 9)Ky(2Y) + 12Y K;(2Y). Its lower endpoint is qA, its other factors have
polynomial /logarithmic growth, and its exponential decay sums over all ¢q. This argument does not
discard atoms whose shifted arguments are negative.

10.2 Complete Mellin mass and a uniform oscillatory subtraction

For 1 > 0 the classical Mellin formula [13, 10.43.19], with the 2Y scaling retained, is

My(7) = /0 Ty @) dY = A0+ i) /2T — i7)/2).

Integration by parts and the gamma recurrence give

Fu(1) = /OOO YA I, (YV)dY = AMypo + (9 —6p)M, = [(p — 3)% + TQ]Mu.
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Logarithmic differentiation under the convergent integrals yields
I‘I(Tv 0) = (a,u - IOg(qﬂ-))QFH(T) ‘“:5/2'

Set
B(r) = 27’[‘(7’/2)7/26_7”—/2 log? 7 > 0.

Differentiated Stirling asymptotics, locally uniform near p = 5/2, imply I;(7,0)/B(r) = 1 +
O(1/log ) for each fixed ¢. In particular F5j = (72/4 4+ 1/16)|T'(5/4 + i7/2)|?, fixing the lead-
ing sign and constant.

We require a uniform estimate for the lower incomplete integral. For each fixed r» < 1, u > 0,
and integer 0 <[ < 2,

r7/2
/ YH L ogh(Y/ (qm)) Kir (2Y) dY = o(e*”/%#*ﬂu +log T)l> . (27)
0

The constants are uniform when the upper ratio varies in a fixed compact subset of (0,1). Here and
below ¢ is fixed when this estimate is used.

For completeness we specify the classical large-order interface needed for this endpoint estimate.
On 0 < z <7 < 1, the oscillatory branches in Dunster’s Theorem 1, equations (17)—(19), (25)—(27)
of [12], together with the exact I-K connection [13, 10.27.4], give

T2 (72) = /2 (1 — 22"V cos(rip(z) — /) + O(r2), (28)

uniformly down to z = 0, where ¢(z) = arcosh(1/z) — V1 — 22 and ¥'(z) = —v/1 — 22/z. This is
the oscillatory I-branch continuation, not an application of the recessive K formula across a turning
point. In the source notation the differential error functions Fy are O(2?) at zero and the error-path
differential has size O(dz/z); hence their products are integrable there. The integrated coefficients
FEs need not vanish at zero. The source remainder integrals and connection normalizers therefore
have uniform O(1/7) relative error on 0 < z < r. This yields the absolute remainder in (28) without
differentiating it.

After Y = 72/2, integrate the leading cosine once by parts using ¢/’. The lower endpoint vanishes
because z#(1 + |log z|)! — 0, and the derivative of amplitude divided by ¢’ is integrable on (0, r].
The remainder in (28) is integrated absolutely. Both terms give (27).

For H.,, integrate its derivative-K term by parts on the lower finite interval first. The resulting
integrals have = 9/2,5/2 and logarithmic powers at most two. The retained endpoint is

6b°/% log?(b/ (7)) Kir (20),

which is O(e~""/27210og? 1) when 2b/7 stays below turning. Consequently, uniformly for 19/100 <
A/ < 21/100,
I (7,qA)/B(7) =1+ 0(1/log7) + O(r7'/?),  ¢=1,2, (29)

Their lower ratios lie in [.38,.42] and [.76,.84]. Only the subtracted incomplete integrals use the
below-turning expansion; the exact complete Mellin expression already includes the turning region.

10.3 A uniform bound for the entire omitted product sum

Choose one fixed contour angle

v = arcsin(7/8), ¢ =cosv =V15/8.
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Shifting the defining K integral by iv gives
‘KZT(2Y)‘ S €_TUK0(26Y), yame—(2Y)’ S 2€_TUK1(26Y).

The vertical sides vanish exponentially; |cosh(u + iv)| < coshu pays the differentiated amplitude.
For ¢ > 3 and A/7 > 19/100, the exponent at Y > ¢A is at least 7(v 4+ 19¢gc¢/50). At the first
omitted product its gap above 77/2 is strictly greater than 7/960. Indeed, for ov = arccos(7/8),

4 130787 - 7
151875 8’

cos(8/15) < 1 — 1(8/15)* + £ (8/15)

so a < 8/15, whereas 57/15/400 > 171/320 and 171/320 — 8/15 = 1/960. Each further ¢ gains an
exponent exceeding 577/320.

The elementary Gaussian bounds for K, K at large positive argument, together with d(q) < ¢,
now bound the complete ¢ > 3 sum by a polynomial in 7,log 7 times e~ (7/2+1/960)7 " Constants are
uniform for A/7 € [.19,.21]: after Y = gA + w, the logarithm is log(A/7) + log(1 + w/(qA)), and
the remaining powers of ¢ are dominated by the geometric exponent just proved. In particular the
diagonal product ¢ = 4 is included in this negligible remainder.

Proof of Theorem 2. The nearest odd grid point obeys |7(A) — 5A| < d and cos(7(A)log2) = —1,
ties included. Since d < 6, for A > 26 one has A/7(A) € [.19,.21]. This numerical bound establishes
uniformity only, not negativity already at 26.

In (26), D1 = 1 and Dy = 2cos(7log2). Equation (29) and the infinite remainder estimate
imply, uniformly along this piecewise constant frequency choice,

64y/7 Ja(27(A))
B(r(A))

=1-vV2+0(1/log7(A) +O0(r(A)"?) <0

for every sufficiently large A. Section 10.4 proves the finite-polynomial consequence. Finally, if
A > 1000N?2, the proved local degree-N theorem makes its raw integral over the entire tail strictly
positive. Any negative degree therefore satisfies A < 1000/N2. O

10.4 Why a Fourier sign forces a finite polynomial failure

For each fixed A > 7, J4 is real even, integrable on the real axis, and analytic in |Imt| < 7/4.
On compact subsets of this strip, cos(2Imt) > 0 gives normally convergent shifted theta sums and
superexponential domination in the center integral. Evenness and theta decay also pay the real-¢
integral. Moreover J4(0) > 0.

Suppose every finite matrix of the normalized moments my(A)/J4(0) were PSD. The Hamburger
moment theorem supplies a positive probability measure with those moments. Cauchy’s estimate
for the actual analytic germ gives mgy/J4(0) < C(2k)!r=2F for some r > 0. Monotone convergence
applied to the series for cosh gives an exponential moment at each smaller rate. The representing
characteristic function is therefore analytic in a strip and has exactly the same derivatives at zero
as Ja/J4(0). Local equality and analytic continuation give equality everywhere on the real axis.
Thus J4 would be positive definite; its continuous Fourier transform would be nonnegative, a
contradiction.

Some finite real quadratic form is therefore strictly negative. Rational coefficient vectors
are dense, so rational approximation preserves strict negativity. Odd moments vanish, so split-
ting a polynomial into its even and odd parts leaves at least one negative parity square. The
moment /positive-definite bridge is classical; the complete-theta Fourier sign is the new input.
Related associated-kernel questions are formulated in [3, Sections 3-4].
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10.5 An explicit certified complete-theta Fourier obstruction
Proposition 28. For the exact cutoff A = 23/2,
—8-107% < Ju(154) < —3-107%.
For every x in the closed interval [769999/5000, 770001/5000],
—10~% < Ja(z) < =107,
The same interval conclusion holds after reflection about zero.

Here is the full certification mechanism, implemented in the two portable supplements. Scale
(26) by ¢™/2 and retain ¢ = 1, ..., 8 through Y = 256. After one integration by parts, the retained
approximation to each integral is

256
/ Y3/2{(4Y? — 6)L? — 12L} K7 (2Y) dY — 6(qA)*?1log?(A/m) Kir(2q4), L =log(Y/(qm)).
qA

Outward Arb analytic quadrature at 256 bits evaluates this expression at 7 = 77. Its analytic call-
back requires ReY > 0, paying the logarithm, square-root and Bessel branches. A finite enclosure
is used regardless of whether requested integration tolerances are met; only the strict enclosure gate

accepts a sign.
For both discarded tails, shift by i7w/3. For Y > 1,

2K (2Y)] < e™/0\/T/(2Y )e Y,

and for Y > 2 its Y derivative is at most four times this envelope. The full H amplitude is then at
most 37Y? times the envelope. Using L? < (Y/(qm))?, d(q) < q, [, Y?e™YdY < 2b%e™" for b > 11,
and the geometric ratio (10/9)%e™4 < 1/2, the total scaled error is at most

B — 148y 7T/QAs Q4 mT/6-94

q 2 g

By = 222\/277/22565&7/6—256.
s

The second bound also pays the integrated-by-parts integrand, whose smaller amplitude constant
is 22; 2221 ¢ 3% < 3. At 77, E, < 1077 and By < 1078, The resulting unscaled endpoints
are approximately —7.351 - 104 and —3.166 - 10~%°, proving the point bounds. A distinct imple-
mentation uses the original H integrand and 0y K7 (2Y) = —K;7—1(2Y) — K;74+1(2Y), without the
endpoint integration by parts, and independently certifies strict negativity.

To pay the interval statement rather than assume a bandwidth from plots, put S(7) =
64\/776”/2@1(27') and let T be its retained finite-Y, finite-q part. Fix v = 3/2, ¢ = cosv,
0 = m/2 — v. Shifting the full-line K integral and differentiating the scaled transform give, for
76 <17 <78,

‘eﬂT/zKiT(QY)‘ < e785—2cY /71_/(401/)’
10, ("2 K (2Y))] < 78072 {5/ /(4eY ) + (2¢Y) LY.

These follow from the Gaussian zeroth and first absolute moments on the shifted contour, not from
differentiating a Bessel asymptotic. Also ]D;| < qlogq. Let b=qA, dy =log(A/m) — 1> 0,

o -1 _ _—2c¢b . n! bJ
C, = (logq +8)\/7/(4c) + (2¢)7%,  Gn(b) =e ;ﬂ@W“f
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Concavity gives L <Y/(qA) + dyp. The absolute derivative of each retained integral is bounded by
22,/qe™Cy{G5(b)/(aA)? + 2doGa(b)/(gA) + dgG3(b)}
Its endpoint derivative is at most
6b°/2 log? (A /m)\/qe™ =2 (log q + 8)\/7/ (4cb) + (2¢b) 1}

Summing these positive bounds gives |T’| < 10045000000. The program checks this strict compar-
ison with outward arithmetic. For h = 1/10000, add hsup |T’| + 2(E,4(78) + Ey (78)) to the point
enclosure of S(77), then multiply by the positive factor e=77/2/(64,/7) over T € [77—h, 77+h]. The
resulting endpoints lie strictly between —107%® and —107°°. This proves the stated closed interval
with every infinite remainder paid.

Proposition 28 proves finite rational polynomial existence at a specific cutoff via Section 10.4.
Section 11 goes further: it supplies exact coefficient witnesses in both parities and bounds the
eventual failing-degree growth. Neither result identifies a first failing degree at a specified cutoff. A
rigorous finite-atom prefix check or a numerical no-hit at a large degree must not be substituted for
complete-theta positivity.

10.6 Comparison and the remaining physical question

The classical associated-kernel program [3] and correlation identities [19] concern different global
kernels or Wronskians. Planat’s phase-aligned decomposition [18] proves negative individual blocks
and cancellation between sectors of the physical growth derivative. Conversely our step-weight ob-
struction does not determine the sign for physical H,. The imaginary-order Bessel asymptotics,
Mellin transforms, contour shifts and moment bridge are classical ingredients. The contribution is
their complete-theta product grouping, uniform cutoff synchronization and actual total-tail obstruc-
tion, including the certified explicit point.
For physical weights, if F(z) = [ ®(s)e”**ds = £((1 + iz)/2)/4, then

_ OylF(z +iy)?

, > 0.
8y Y

Jy(x)
The known zero strip and paired canonical product give strict positivity for every y > 1, a classical
zero-free-half-plane consequence [20]. Hence the remaining physical all-order parameter window is
0 <y < 1, with the continuous normalized endpoint. The negative step weights of this section do
not belong to that family. We assert neither global physical positivity nor its negation.

11 Constructive and quantitative polynomial obstructions

The Fourier obstruction can be made constructive in the polynomial variable. We first give exact
rational witnesses at a specified cutoff, with a complete continuous-integral certificate. We then
bound the first failing degree in both parities for every sufficiently large cutoff. The positive refer-
ence measure, Meixner—Pollaczek identities and analytic approximation mechanisms used below are
classical. In particular, Bizeul and Klartag [14, Section 1.1, Lemma 7; Section 2, Lemma 9] treat the
same convolution family of reference measures and the imaginary-shift approximation mechanism,
including its cost for narrow Gaussians. Our assertions concern the complete theta functional to
which these tools are applied.
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11.1 A positive reference measure and a complete strip bound

Put ,
Vie) =[] (2 + (45 +2)?), Z.=4'81=10321920, w(x)
7=0

V@
47, cosh(mz/4)

(30)

This is a positive even probability density. Its rational Meixner—Pollaczek polynomials, at parameter
A =9/2 and scale four, are

n+8
0=l @=2/2 D = /20— e Tl = ("5 = 6D

The normalization follows either from the classical gamma-weight orthogonality [13, Sections 18.19,
18.23], using the gamma recurrence, or from its generating function

D qnl@)t" = (1 —it) 2T (L 4 )02/, (32)
n>0
The polynomial variable in this basis can equally be denoted z when used in Q4.

Lemma 29. For every A > 11, g4 = jA is analytic on a neighborhood of the closed strip |Im z| < 1,
and
lga(z + iy)| < 10max(1, |z|/2)"2e ™1/ < Mw(z), |yl <1, M =1612800.  (33)

Also |(logw)'| <2 on R.

Proof. By symmetry take x > 0, write 7 = (z + iy)/2 = t + iw, and set T' = max(1,t). Shift the
full-line Bessel integral by 6, where cosf = 1/T. Since |w| < 1/2, its modulus is bounded using
K1/5(2Y/T); the argument derivative is bounded using K3/5(2Y/T'). The elementary formulas

Kyjo(u) = v/7/(2u)e™™, K3)o(u) = Ky jo(u)(1+1/u)

follow as well by positive-integral domination of cosh(wu) and cosh u cosh(wu). The scaling penalty
is at most €™?2: for t > 1 this uses tarcsin(1/t) < 7/2, and for t < 1 use 6 = 0.
For Y > 11, after factoring /2 ﬁTS/ 2y3/2¢=Y/T the bound for H, has coefficient at most

2
e_y/T{2+6/Y+(9/2)/Y L3 }§2 6 15 _,

T y?
For complex 7, |Dy(7)| < d(q)\/q. Combining (26) with log?(Y/(qr)) < Y?/(qm)?, extending the
positive majorant to Y = 0, and using

> ﬂ;f) =((2)? <3, / Yoe YTy = 1207°

=1 q 0
proves the first inequality in (33), since 360e™2((2)?/(6472) < 10. Local uniform absolute con-
vergence also pays analyticity and the contour interchanges. A slight enlargement of any compact
subset of the strip is dominated in the same way, with harmless polynomial changes in ¢ against its
exponential lower-end decay.
For |z| > 2, V(z) > 28 gives the reference constant 407, /256 = M; for |z| < 2 use V(x) > 16802,
giving a smaller constant. Finally

3

1 T
1 < — <2
o= <32 g5+ 1 <
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11.2 Exact rational witnesses at one finite cutoff

Let By,..., By be the entire integer coefficient list in the public supplement theta_witness_
even. json, and define the ordinary rational polynomials

4096

Po(z) =107 " Bugn(z),  Po(z) = 2Pe(x). (34)
n=0

All odd B,, vanish and Byggg # 0. Thus these degrees and parities are exact, not numerical degree

estimates. The file theta_witness_odd. json also gives the full rational-basis coefficient list of P,.

Theorem 30 (Explicit complete-theta polynomial witnesses). At A = 23/2, the polynomials (34)
have degrees 4096 and 4097, respectively, and

Jz P ) dx 2

107 2 oyde © 100 T O% (35)

In particular Qa(Pe) < 0 and Qa(P,) < 0 for the complete theta density.

The coefficients are specified in a rational polynomial basis to avoid the conditioning and size
of an unnecessary monomial expansion. Their finite lists define the polynomials exactly; a floating
eigenvector or numerical selection procedure is not a hypothesis of the theorem. We give the entire
continuous-integral certification below. The portable verifier verify_theta_polynomial.py checks
the finite ball data and exact integer identities; its recomputation option evaluates the underlying
grid afresh using theta_witness_fourier.py.

Complete Fourier values from Mellin mass minus a lower series
At the positive grid points below, 7 = /2 > 0. Define
K (Y) ="K (2Y),  Gr=e™/?L(ir), My = 1" 0 ((n+i7)/2)]%
With z = (u + i7)/2, the full first and second logarithmic moments are
Mt = Mu{Ret(2) —log(qm)}, Myl = My, [{Rew(2) —log(qm)}? + 5 Rewn(2)] . (36)

These are derivatives of the classical complete Mellin formula, so their gamma and scale factors are
fixed exactly.

Put b= gA, Lo = log(A/7), ¢; = b* /[j!(1 —iT);], and d,, ; = 1+ 2j —i7. The nonintegral-order
Bessel connection formula [13, Section 10.27] gives the convergent expansion

. Y2i
K(Y)=Re |G, Y7 _—
) ’ ;J!(l—”)j
The lower logarithmic moments are consequently
- L 1
Msh = Re |G ¢ (do — d2> : (37)
§>0 d o]

. L3 2L 2
b —iT § : 0 0
M;’Q = b“ Re Gq—b Cj (d - dT + dg)

>0 1225
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Absolute convergence on each finite interval justifies the integrations. Write U, ; = Mfun M;lz
The exact scaled group integral is

eﬂT/QIq(Tv qA) = 4Ugy2 9 — 6Us/22 — 12U591 — 655/2L%)Kr(b)~ (38)
The last sign is the lower boundary from integration by parts, not an omitted endpoint correction.
Here is an explicit absolute remainder for every series used. After retaining j =0, ..., J, require

r=0b%/(J+2)? < 1/2 and put

Ry = [Cr41]
1—r

, v, =p+2(J +1).

All subsequent coefficient ratios are at most r. The tails in (37) are bounded by
Eu1 = |G-|0"Ry(Lo/v, + 1/v7),
Eu2 = |G|V Ry(L§/v. + 2Lo/v: +2/v)),  Ex =|G-|Ry.
Thus the total series error in (38) is at most
4Bg99 + 6Es595 + 12E5)5 1 + 6b°/2L3E

The evaluator makes this < 10714 for each retained group. Outward arithmetic radii are retained
in addition to this analytic error.
For a retained cutoff @, let g9 = @Q + 1. The complete omitted product sum has scaled absolute

bound .

7148\/@145614@%7/6—%%‘ (qo * 1) e A < 1 (39)

w2 0 ’ qo 2

This is the same 7 /3 contour and incomplete-gamma bound used in Section 10.5, with its starting
group left variable. The grid evaluator chooses an adaptive retained cutoff near 77/(6A) + 13;
all acceptance bounds are computed for the actual retained integer, so a choice of cutoff is never
substituted for a tail proof. Equations (26) and (39) give the complete Fourier enclosure without
an unbounded-Y quadrature omission.

E>Q ==

A strip rule with a paid infinite-sample error

For a real polynomial P of degree at most N, put H = ||P||2, > 0 and F(z) = P(2)?ga(z)/H. From

(32)7
i\ v/4
n(z +iy) = Zak Jank(@), D ary)tt = Gtzi) '

k>0

For |y| < 1, the absolute numerator coefficient sum is at most two and each denominator coefficient
is at most one. Hence ), -y |ar(y)| < 2(N +1). Increasing v, makes each lowering coefficient shift
a contraction in the weighted coefficient norm. Therefore

I1P(-+iy)llw < 2(N + D[P, / |F(z +iy)lde < Ly = 4M(N +1)*.
R

The strip trapezoidal bound [15, Theorem 5.1], or directly the shifted Fourier contours and their
geometric alias sum, now gives

/ v)de —hY_ F(h(k+1/2))| <

kEZ

2LN

The half-grid contributes only unit-modulus alias phases. The vertical contour ends vanish because
a fixed polynomial times (33) decays uniformly in the strip. The certificate uses the proved finite-
frequency estimates.
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A paid tail for the omitted discrete samples

We need only a conservative remote bound. For ¢t = |z|/2 > 1 and A > 11, define

_ log?(A/7) + 2log(A/7) + 2.

Ia 1
A complete positive majorant gives
ga(z) Z.e"14 —7t —5/2 96 —7/2 9 —9/2
< 1 6t —t —t . 41
=) | S 8oz e toa T (41)

For completeness, keep the distinct exponential rates in the contour estimates:

€7Tt/2|7‘[t(Y)| < 67r/2\/7;[(2y3/2+ (9/2)Y—1/2)t1/2€—2Y/t
n 12(6\[2)—1753/21/—1/26—1//1&]'

They follow from Ko(u) < /7/(2u)e™ and Ki(u) < 2(eu) 'Ko(u/2). The elementary lattice
bounds
Z gte ™ < 48275, Zq%‘qz <4z7% (2>0)

g1 g>1

can be obtained as follows. A nonnegative unimodal f satisfies Zqu flg) < fooo f+supf, by
counting integer points in its interval superlevel sets. Applied to u™e™*" this proves the stated
constants for z < 4 when m = 4, and z < 2 when m = 2, using e > 8/3. For the remaining ranges
use the exact sums 7(1+ 117 + 1172 4+73) /(1 —7)® and r(1+7)/(1 —r)3, respectively, with r < 1/50
or r < 9/64, and 2™ le=% < (m + 1) *Tle=(m+1) The resulting rational comparisons are strictly
below48 and4.

With d(q) < 2,/q, these imply

Y dl@)qPe " <9670 Y d(q)g? e <8270,

Substitute Y = ¢X in the full nonnegative Fourier majorant and keep log?(X /) exactly. Every
remaining integral is fjo X~2log?(X/m)dX = I,. Dividing the resulting bound by (30), using
V(2t) > 256t%, proves (41). Its right side decreases with ¢; at A = 23/2, || > 320, it is <
0.062918 < 0.063.

Let w = P?’w/H, B = 7999/20, and let the omitted samples have |h(k + 1/2)| > 400. Their
cells lie in |z| > B. Averaging the fundamental-theorem-of-calculus bound on each cell gives

h > w(h(k+1/2)) §/|>Bw+h/|>B .

omitted
Put
|z P2, |z P2, 1 +log(N + 16) aso D./azs + 16,/a3g
agg = ——7, ap=-—7 -, D= y 0= 559, S1= .
H H 2 B32 B16

Differentiation of (32) yields odd lowering coefficients (—1)*~1/2/(2k), so |R|le < (1 +
logd)||R||w/2 for degree at most d > 1. Apply this to R = z'°P and use 2P’ = R’ — 162'°P.
Weighted Cauchy—Schwarz and |(log w)’| < 2 then pay the complete omitted actual sample sum by

Eample = 0.063{(1 + 2h)to + 2h/tgs1}. (42)
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All norms needed here are exact integer coefficient calculations: orthogonality gives || > bnqnl|? =
3" v,b2, and multiplication by z sends each coefficient by, to 2(n-+1)b,, in position n+1 and 2(n+8)b,,
in position n—1. This reconstructs the degree-30 and degree-32 moment norms without a numerical
integration assumption.

Completion of Theorem 30. For k = 0,...,3999 use the exact nodes z; = (2k + 1)/20. The public
grid data enclose the terms
Pe(xx)*w(wy) ga(zy)

1Pell% w(ak)

The polynomial recurrence is evaluated outward at 2048 bits and the complete Mellin evaluator at
1024 bits. Four disjoint data ranges cover every index exactly once. Outward serialization preserves
every term enclosure. The verifier sums the actual term balls, recomputes all exact integer norms
and powers of the Jacobi action, and adds (40) and (42). The following deliberately rounded bounds
suffice:

2h

P, P, = zP,
finite symmetric sum | [~2.559513, —2.559511]10~7 [—2.609432, —2.609430]10~"
Esample < 6.87410~ 1 < 3.83510°10
Eqlias <1.11810713 <1.11810713

For the odd companion, multiply each even summand by z7 and by || P.||?/|| P, and recompute
its own tail moments and degree-4097 alias bound. Both resulting continuous-integral enclosures
satisfy (35). Fourier inversion and the exponential envelope give

1

T or

Qu(P) /R P(x)2ga()dz,

so the moment-functional signs follow. Every theta atom, real-frequency tail, discrete sampling tail
and rounding error has been included. O

Corollary 31 (Positive analytic monotone weights also fail). There are bounded, strictly positive,
strictly increasing real-analytic center weights satisfying every finite moment-integrability condition
for which both P. and P, have negative averaged moment squares.

Proof. Let a = Llog((23/2)/7) and Wy(s) = [L + e ®(~9]~L. Then 0 < W, < 1 and W,, — 1(4,00)
away from one point. For either fixed polynomial the complete raw signed center integrand is
absolutely integrable: compact smoothness and the superexponential theta decay dominate its
finite derivative order. Dominated convergence therefore retains each strictly negative tail value for
all sufficiently large k. Choose one k working for both polynomials. Dividing by the positive center
normalization changes no sign. O

11.3 Polynomial degree growth in both parities
We now prove Theorem 3, stated with both parity degree bounds in Section 2.

Proof. Write 19 = 7(A) from Theorem 2 and x4 = 279 ~ 10A. Uniformly for |v] < 1, the two
retained leading products in (26) have coefficient

1 —v2cos(vlog2) < —57/1000.

29



Indeed log2 < 7/10 and v/2 > 7/5 give v/2cos(vlog?2) > (7/5)(151/200) = 1057/1000. For suf-
ficiently large A, all ratios A/(79 + v) remain in [.19,.21]. The incomplete-Mellin and complete
omitted-group bounds used in Theorem 2 are therefore uniform on this whole band. On

Es= [xA — 2,%,4—1—2] U [—xA —2,—:(1,44—2]
they give, for constants independent of A,
ga(z)/w(x) < —na, na = cA™Y/? log? A > 0. (43)

Here the Mellin scale is A7/2log? A e~™#/4 whereas V (z) = O(A®) on the band. Globally the same
ratio has absolute value at most M by Lemma 29.

We give the polynomial approximation step explicitly, with classical credit to [14]. The nor-
malized polynomials e, = ¢,//v, form a complete basis of L?(w). To see completeness, an anni-
hilator f defines the finite measure fw dx with an exponential moment at every rate below 7/8,
by Cauchy—Schwarz. Its Fourier transform is analytic in a strip, with all derivatives zero at zero;
Fourier uniqueness gives f = 0.

The Meixner—Pollaczek difference equation [13, 18.22.17-18] is

(Df)(x) = L{(X —iz/4) f(x + 4i) + (X +iz/4) f(x — 40)} — Af(2), De,, = nep, A=9/2.

It is symmetric against polynomial tests for the packets constructed below. In u = z/4, the gamma
weight W (u) = I'(A + iu)['(A — iu) obeys

A=1—iuw)W(u—1i) = (A+iu)W(u), A =14+ iu)W(u+1i) = (A —iu)W(u).

Shift contours by +i; the nearest weight poles have height A > 1, and the packets below are analytic
and decay uniformly on the required closed shift strip. Thus vertical edges vanish. If Il denotes
orthogonal projection through degree IV, Bessel’s inequality and completeness yield

1D f |
If =Tnflle < 577 (44)

We use a classical Kaiser—Bessel packet [16, 17], deriving the needed bounds rather than import-
ing a concentration asymptotic. Fix R = 2. For B > 1 set

. B
bp(v) = sinh(Bv R? — UQ) _ 1/ I(R /B2 _ w2)€ivw dw.
B

R? — 2 2/

The apparent singularities at R are removable, and the entire series is > >0 B¥TYR2 —v?)7 /(25 +

1)!. To prove the integral formula, integrate ePf€1+Bv¢ on the unit sphere. Azimuthal integration
gives the Ij integral; the spherical exponential integral is 47 sinh(Bv R? — v?)/(BvV R? — v?). Both
identities extend from their power series. Hence ¢ p is bandlimited to [—B, B] and

105+ iy)ll2 < "Wl 2. (45)

For |v| > R, [¢5(v)|* < min(B?, (v? — R?)~!). Splitting the outside integral at R + B~2? and R+ 1
bounds its energy by Cr(1+1log B). On |v| < B~Y/2 VR?2 —v2 > R —v?/R gives [¢¥p(v)| > creBF
for large B. Therefore

110> rYBlI3

lvBl13

B3 > cpB~'/2e*BE, < CrVB(1 + log B)e 2BE,
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The damped packet ¢p(v) = e~V 1 p(v) has comparable norm and the same outside-fraction bound:
inside [—R, R] the squared damping is at least e*2R2, and the original inside fraction tends one.
The Gaussian factor also pays all polynomial moments and contour edges.

Cancel the reference before projection. The gamma representation of w is analytic and nonzero
in |Imz| < 18; it has an even analytic square root, chosen positive on the real axis. The gamma
recurrence gives, for real u = x/4,

w(r+4i) A—iu  w(@)
w(z) — A—-l+iu’ oo (z & 4i)| sl (46)
Define
folx) = ¢p(x — l‘A);’(i)B(JC + JL‘A)’ filz) = ¢p(r — $A)w_<zi)3($ + xA)'

These functions are analytic on the needed closed shift strip and have the indicated parity. Their
weighted norms are exactly the unweighted norms of their numerators. The two center bands are
disjoint. If eg denotes the one-packet outside fraction, partitioning the cross inner product into one
center band and its complement bounds its absolute value by 2,/5||¢5|/3. Thus both signed norms
are comparable to 2||¢p|3, including the odd difference, and the mass outside E4 is O(ep) of the
total.

Choose B = (9/8) log A, normalize either fc to norm one, and write e4 = ||1gy g, fel|%,. Then

€4 = O(A*9/2\/log A(1 +loglog A)) = o(na). (47)

To bound the operator cost, put v = x — 4. The exact shifted Gaussian modulus is 616_”2, and
(A + |z|/4)e™"" < C(1 4 x.4). Equations (45) and (46) therefore give

I F ia/4)f(- £ 40) o < CL+ 2a)e* B fillor [Dfllw = O(A™2).

The inverse square root of the gamma weight has at most exponential /polynomial growth along
these contours; the Gaussian damping dominates it. Thus the contour argument for (44) applies to
these reference-cancelled functions, without requiring them to be entire.

Take N = [A3Y/4] and P, = Ily f.. Parity is preserved and (44) gives

5 = ||Pe = fellw = O(A™*) = o(\/a).

It is useful to transfer concentration quadratically rather than bound the whole signed-form per-
turbation linearly. Since [|Pe|]| > 1 — 04 and ||1g\g, Pel| < /€4 + 4, the actual signed density
satisfies

‘/fwé—mﬂ—%9+@“WMWm+Mf<0
R

eventually, by (47). Rational approximation in the same finite-dimensional parity space preserves
the strict sign and degree. The lower degree bound is the already proved X > 1000N? local theorem,
integrated over the complete tail, as in Theorem 2. ]

The generic reference, contour-shift energy, reference cancellation and bandlimited concentration
tools in this proof are established mechanisms [14, 16, 17]. The quantitative moving-band and both-
parity consequences use the actual complete-theta obstruction.
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12 Conclusions

The monotone-weight condition is sufficient. Degrees five through eight retain their respective
integrability hypotheses. Every finite physical parameter is included; physical local fixed-shape
positivity extends to nine points with a shape- and parameter-dependent scale. The positive-prefix
rigidity theorem assumes a genuinely PD pointwise prefix, including the zero center, and proves
variance strictness for density weights; it does not pay a negative mean residual. Associated-kernel
corollaries range over all indices at fixed finite derivative degree.

The general Hermite theorem supplies a degree-dependent far-center region X > 1000N?2, not
all orders at one fixed center. Its moving-basis reserve must not be read as a common mono-
mial eigenvalue floor. The exact finite-order algorithm gives constructive tail certificates, not an
all-order averaged theorem. The stronger all-order monotone-weight target is disproved by The-
orems 2 and 30. The latter supplies exact rational coefficient witnesses at one specified cutoff;
Corollary 31 also excludes a repair based only on positivity, strict monotonicity and real analyticity
of the weight. Theorem 3 bounds the eventual first failing degrees in both parities. These results are
consistent with the positive terminal region at every fixed degree. Classical Schur, layer-cake, Her-
mite/Cauchy, Meixner—Pollaczek approximation, strip quadrature, coefficient-shift, analytic-rigidity
and confluence mechanisms are credited.

A Global lower prefix: finite and unbounded enclosures

We give the analytic bounds behind the lower-prefix certificate. All derivatives in this appendix
are physical s derivatives unless polynomial arguments are displayed. Let b = 3/2, 7, = n? — 1,
® = P;(1+ R), and ¢ =log ®. Algebra gives the positive Laplace representation

R = / e X do(v), do= Z (n457n + 27T s dv) .
3 n>2

Define Py = 1, Pj1(2) = z(P; — P}). The physical derivative of e X is (—4)7 Pj(vX)e "X, For
j < 6, both P;j(9 + w) and [(2? — Pj(2))].=9+w have nonnegative coefficients; so do the shifted
ordinary derivatives of P4, Ps. Hence the derivatives R; alternate in sign and are bounded by the
highest Laplace moments.

For every n > 2 their majorants are

M, j(X) =4 XIe™X

,

J . =l
4_j 2 J\_ m
n'r) 4 bn Tnz (l)(X—b)l“] .

=0

They decrease on X > 3 for j < 6. Their complete n > 3 tails are bounded by

T, = Gt =127 [ 1+ Z 11(2/27)! qj = (4/3)% /20" < 1
)T 20— gy J |
The ratio bound retains every atom. In particular

|R1| < 1104/8000 + (100/99)24 - 3%/2%* < 1/4,
0 < Ry < 44736/8000 + (100/99)288 - 38/2%* < 6,
|R3| < My3(3)e” /8000 4 T3 = 34736311628179317/147622497952000 < 256,
R < 28/8000 4 2 - 3%/[20%(1 — (4/3)*/207)] < 1/250.
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Here e? > 20 follows from its Taylor polynomial through degree eight. The first two weaker tails
use e~2* < 272 and ratio < 1/100.
Set U =1+ R. For the leading atom

0 = —16[X + To(b/X)], € = —256[X + Ty(b/X)], 69 = —4096[X + Ts(b/X)],

where

_ r(1+426r 4 66r2 + 2603 + 1)
(1 —1r)6 '

The fourth logarithmic correction is
(logU)" = R4/U — (4R R3 + 3R3) /U + 12R3Ry /U — 6 R JU*.

It is at most R4 + 9/2. The qualitative sign ¢”” < 0 is also proved in Umihara [8]; we include the
quantitative independent bounds needed here. The positive decreasing n = 2 fourth contribution is
Cy(X)e 3X, where

18 < 1 x \
C;(X) =47 |16P;(3X) 7bZPJ( <Xb>] (j = 4,6).
=0

Indeed (Py— P})(9+w) = 1162+ 921w+ 241w? +26w3 +w? > 0, so its integrated fourth contribution
decreases. Its n > 3 fourth tail is less than

100 62208 - 32 14348907
99 208 = 11000000 ~

The exact endpoint coefficients are C4(3) = 43140096, C4(16/5) = 42636828818522112/887410625,
C4(7/2) = 59421432 and Cy(4) = 278436163584 /3125. Direct substitution yields

X interval upper for Cy(X)e 3% lower for 256[X + Ty(b/X)]

3,16/5] 5393 5430
[16/5,7/2] 3337 3801
[7/2,4] 1748 2557
[4, 00) 557 1024

The exponential lower bounds are respectively 8000, 14400, 34000, 160000. They follow from e3 > 20,
e3/5 > 9/5, €3/2 > 17/4. Each final column exceeds the middle column plus 2 4+ 9/2.
For the determinant, put A = —¢", d = —¢"" > 0, e = ¢(®). Direct paired differentiation gives

hy = —5”/2, hy = (5//// + 6@”2)/8, he = —(6(6) + 300" " + 606"3)/32,

64 det G = 24A* — 18A%d — d* — Ae. (48)

The fourth logarithmic error budget is 46595/128. Expanding log(1 + R) through order six and
dropping its negative groups gives

(logU)®) < Rg + (15/8) Ry + 841095/16.

The constants follow respectively from 4(1/4)256 + 3 - 62 4 6(1/4)* and 120(1/4)6 - 256 + 30 - 63 +
360(1/4)46. For a cell [L, H], bound R4 below by C4(H)e 3 and above by Cy(L)e™3 +T;. Bound
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Rg above by C’gr (L, H)e 3L + T, where Cgr replaces polynomial arguments by 3H, denominators
by L — b, and X/(X —b) by L/(L — b). Positive shifted derivative coefficients justify the enclosure.
With these bounds 74 _, 74 1,764 define

A_ = 16[L + Tx(b/H)] — 6, A, = 16[H + Ty(b/L)] + 1/16,
dy = 256[H + Ty(b/L)] — r4._ /(251/250) + 46595/128,
e = —4096[L + Ts(b/H)] + 16,1 + (15/8)r4 4+ + 841095/16.

On the 96 closed cells L = 3 + j/32, H = L + 1/32, rational arithmetic proves A_ > 0, dy > 0,
A% >3d, /8 and

24A% —1842d; — d% — (A4 if e; > 0 else A_)ey > 256000000.

The minimum lower floor is 264806350, and the minimum guard floor is 3928. The guard justifies
the monotonic substitution in A; the other signs justify every remaining substitution. Exponential
enclosures here use Zfio ¢’ /j! and its remainder (¢8!/81!)/(1 — q/82) for 0 < ¢ < 18. For X > 6,
the sixth envelope at 6 gives e < 150000; also 16X —6 < A < 16X + 33 and d < 256X + 782. The
resulting lower polynomial in v = X — 6 has coefficients

(1211952476, 958667264, 274580480, 34209792, 1572864),

and its monotonicity guard has coefficients (28923 /4,2784,256). These are positive. Equation (48)
proves globally det G > 4 -10% and hy > 21. Thus both the finite interval and the remaining
unbounded domain are covered.

B Whole-cell baseline and regional certificate

The separate baseline uses 1024 closed cells [j/1024, (j + 1)/1024], not point evaluations. Work in
the unit-triangular basis

U=z V=2>-1392, R=2"—14612%+ 32200z.

The scalar monic innovation and matrix-weighted residual variance are invariant under these fixed
lower-degree basis shifts. Let b(s) = me®~X and use tildes for moment numerators multiplied by
®2/b?. Then

2025, = s2b*(S — FLG). (49)

This exact cancellation avoids division by a small density.
To specify the complete derivative enclosures, use qo(z) = 2z — 3, gj4+1(2) = (5 + 420, — 42)q;(2)
through j = 10. The head derivative is

3
d; = Zn2qj(n2X)e_("2_1)X.
n=1

For a whole cell with X € [X_, Xy], the omitted derivative tail is bounded by the sum over
monomials qjlzl of

X221/ [1 = (5742420
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Every denominator is positive. The paired head moment polynomial is formed before interval
evaluation:

~ (n,m) (—1)* * (2K o 2 2 2 24m2-2)X
i = S 1 (% ) ey 0l X e 0
=0

summed for 1 < n < m < 3 with multiplicity two off the diagonal. With head and tail derivative
bounds, the absolute moment error is

2k 2%
7Ry (j. >(|djt2k—j + ty]dog—j| + titor_j)-
=0

All cross terms are retained. The six fields are the linear combinations

a = ma,
b=my — 139msy,
c=mg— 278my4 + 19321my,
r1 = mg — 461my + 32200me,
ro = mg — 600mg + 96279my4 — 4475800meo,
S =mqyo — 922mg + 276921mg — 29688400m4 + 1036840000m.5.

All are formed at numerator level before enclosure. Absolute errors are combined using absolute
coefficients. On every cell the lower bounds for a and ac — b? are positive. The inverse penalty is
at most the upper bound of (cr? — 2brirg + ar3)/(ac — b?), and also at most 2(cr? + ar?)/(ac — b?)
with absolute upper bounds. Use the smaller of these valid upper bounds, and subtract it from the
lower endpoint for S in (49). Integrating the resulting interval times s2b? proves the baseline. The
recorded rational lower exceeds 2300747; no adaptive subdivision is needed.

For normalization, By = 81/40 and the positive theta series give, for s > 1,

®(s) <2BomXe™ X, Hy(s) <€ (0<y <)

Indeed [2n2X — 3| < Byn2X for X > 120, and 3 nte~(*~DX < 2 by the successive ratio 16e 3% <
1/2. Therefore
s*H,®? < 4B} 4452205 =6e™

Since e > 40 and €3 > 20, 20s — 6e** < —220 — 940(s — 1) and e~22Y < 20~ 3. The full normalizer

tail is at most
4B24% (1 2 2
+ + . (50)

207\ 940 ' 9402 ' 9403
The compact denominator interval for the whole bin 0 <y < 1/8 contains Z after adding this tail.
Interval division of the baseline by this full denominator proves the 17 billion bound.

For the variance, integrate the five fields of G, separately on A = [0,3/16] and B = [3/16, 1],
with the common factor s?b?H,. Use the eight closed bins j/8 <y < (j +1)/8, 5 = 0,...,T.
Regional interval inverses have positive determinant. FEnclose the second-coordinate contrast in
(10), square its minimum absolute value, and divide by upper bounds for the inverse sum and full
Z,. The binwise gain floors exceed, respectively,

1966012227, 1955643969, 1946391148, 1938242732,
1931186825, 1925210688, 1920300777, 1916442774.
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This includes the 1/Z, scaling of raw regional matrices. It certifies (11) independently of a total
averaged innovation.

The interval script uses exact rational operations with outward rounding at 80 decimal places;
the other finite checks use exact rational polynomial arithmetic. Pi is enclosed by the Machin
alternating series; exponentials use a positive Taylor series after range reduction, with an explicit
geometric remainder; the hyperbolic quotient uses its positive series. They reconstruct polynomials
and tails instead of reading stored numerical enclosures. Explicit exception gates, active also under
optimized Python, require raw baseline > 2-10°, normalized baseline > 17 -10%, and every variance
bound > 10°. The public scripts are verify_prefix.py (lower-order controls and the 96-cell prefix),
verify_tail.py (odd complete tail), verify_even.py (even complete tail), verify_separated.py
(baseline and regional variance), and verify_counterexample.py (signed Gaussian control). The
accompanying README specifies exact commands. Arithmetic checking supports the displayed
analytic proof; the compact classification theorem is a cited input. These finite checks support the
analytic argument.

C Complete even-sextic tail certificate

Use Rj,Qy from Section 3.2, now through j = 12 and k = 6, and Qp = (2X — 3)2. The first-atom
even determinant numerator is

det(Qi4;)} j—o = 4638564679680.X° Pr4(X),
where

Py = 131072X 1 — 2293760X 13 + 20570112X 12 — 120004608 X 1*
+ 493764096 X 10 — 1486503936.X Y + 3312458496 X — 5440255488 X 7
+ 6483101760 X% — 5448021120X° 4 3089651040X* — 1112123520X 3
+ 247531950X2 — 39803400X + 3444525.

After X = 12+ v, each of its first three leading-minor numerators has nonnegative coefficients with
a positive constant coefficient. The reserve polynomial

det(Qirj)i -0 — 20X 12(2X = 3)°

also has nonnegative shifted coefficients. These exact coefficient checks prove the head matrix
positive definite and its determinant at least 2°°X'? on the whole half-line. They do not infer
definiteness from a determinant alone.

Let D = diag(1,32X,1024X?2,32768X?), with constant factors d = (1, 32,1024, 32768). For the
preconditioned head, the determinant is at least 1/1024 and the trace is at most

‘ Q2z‘12l 21—
T = ZZ BEVITIEY: " < 8003,

The product of the other three positive eigenvalues is at most (7'/3)3. Hence its least eigenvalue is
at least

27 2905790377975168091802036781455507456 1

= > .
102473 58394607561635613985907354403273651574229 = 21000
Here and below T denotes the displayed exact rational sum, before its decimal upper bound.
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To retain enough cancellation at X = 12, treat the second atom by its paired polynomials rather

than by absolute derivative products. Put

_22 kﬂ( >RJ, (X) Rope_j2(X),

Bi(X) = 16@k<4x>.

The additional retained numerator is exactly Ci(X)e X + By(X)e 6. both ordered cross pairs
and the diagonal second-atom pair are included once. Write

e = (3/8)3, = (3/8)% Zy NRj[12-9—1
Hj = Z\ JR;|(1+22+2)1207771 py = 2. 3%+,

The elementary inequality e > 8/3 gives e 3% < £ and e 8% < gg for X > 12. The retained
two-atom derivative head is bounded by HjXJ“. For the remaining atoms n > 3, the ratio of

successive n? *46*(”2*1))( terms is at most
(4/3)%e7™ < (4/3)%(3/8)% <1/2  (j <12).

Thus their complete derivative tail is at most bjc; X JHle—8X
For k£ =0,...,6, define the rational numerator-error bound

% = 3312 3/12 {EZ| NCy|12tk= 2—|—52Z| By|12! %2
i o%
+ 12 682 j [Hjbgk_jCQk_j +bjCjH2k_j

+ bjbgk_jcjc%_j&‘g] }

This bounds the omitted moment numerator after division by X*(2X — 3)2. The first line retains
the exact second-atom cancellation; the remaining lines retain both head-tail terms and the tail-
tail term. Every normalized monomial X% 3% arising in the first line decreases from 12, since
a < k < 6; the terms with e~ 6X also decrease. The other terms use the decreasing functions
XFe 8% and X*e~16X_ These facts justify the uniform substitution X = 12, rather than merely an
endpoint test.

The symmetric preconditioned perturbation consequently has norm at most

€itj 1
N=4 .
051555 did; ~ 180000

The exact value is approximately 0.00000529965257745. The zeroth moment is included in this
bound. As in the earlier tails, before the full denominator is restored its zeroth entry is (1 + R)?,
not one. For the denominator itself,

0<R< 32e 3% < 1/250.

2X -3
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The geometric ratio here is bounded by (3/2)?8e=5% < 1/2; the exponent 28 safely covers the zeroth
derivative as well. Both rational endpoint ratio checks use e > 8/3. Therefore

1 1 250\ 2 1
D 'E¢D™! - — 2500 -—1,
21000 180000/ \ 251 25000

which proves Proposition 14. The standalone checker verify_sextic_tail.py reconstructs the
polynomials, leading minors, determinant reserve and every rational bound in this appendix.

D Whole-cell sextic sign and mean certificates

The arithmetic uses the interval method and paired-polynomial construction of Appendix B, ex-
tended through physical derivative twelve and moments my,...,m2. In particular gj41 = (5 +
420, — 4z)q; is now continued through j = 12; the same geometric formula encloses every n > 4
derivative. Every head-tail and tail-tail product remains in the moment error. The zeroth moment
is treated by the same calculation.

For Proposition 13, divide [157/50,73/20] into 256 equal closed X intervals. The coefficients of
the square of the displayed monic polynomial, in ascending even powers, are

91846575844, —4390156132, —48761659, 3025286,
13403, —334, 1.

Combine these with the paired moment polynomials before enclosure. On every whole cell, the sum
of its head upper bound and its full absolute tail error is strictly negative. Dividing by the positive
complete density square proves the stated fixed-center sign. The script verify_sextic_initial.py
supplies the exact upper bound and rejects empty partitions.

For the mean, use the fixed scaled basis

Vo=1,

Vi=2%/64—1,

Vo = 24/4096 — 622 /64 + 3,

Vs = 2%/262144 — 152 /4096 + 4522 /64 — 15.

The residual innovation for V3 is 7,/2621442. Lower-degree shifts do not affect this residual, and
the scaling is restored at the end. Work in raw paired numerators as in (49). If their prefix is

B a b c
A=|b d e], ¢= (u,v,w)7T,
c e f

its six adjugate entries are
df — €%, ce—bf, be—cd, af—c* bc—ae, ad— b

The whole-cell lower endpoints of a, ad — b*> and det A are positive. Contract the interval adjugate
with (u,v,w) on both sides to obtain a numerator upper bound U. If D_ > 0 is the determinant
lower bound, then

" A7 < max(0,U)/D_.
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Subtract this entire inverse penalty from the lower top-square endpoint, multiply by the interval for

$2m2e10572X and the cell width, and sum. Exact outward arithmetic on the 1024 closed intervals

[7/1024, (j + 1)/1024] gives, after multiplication by 2621442,

1
/ ns dmg > 262225959 > 250000000.
0

The positive remainder for s > 1 follows from Proposition 14. An independent compact normalizer
enclosure plus the full tail (50) gives

f 01 Nls dmO

7 > 2049676440449 > 2000000000000.
0

The checker verify_sextic_mean.py, run with argument 1024, reconstructs these enclosures with
the same outward 80-decimal rational arithmetic, Machin bound for pi and Taylor/geometric bounds
for exponentials. Explicit exception gates retain all prefix signs and require the conservative raw
and normalized thresholds in (15). All three new scripts may be run normally and under optimized
Python. The paired recurrences, infinite tails, sign transfer and inverse-energy arguments above are
the analytic justification for their finite checks.

E Complete odd-septic and all-cutoff certificates

E.1 The entire local tail beyond twelve

Cancel the e factors in the opposite paired shifts. Set

2k
2k
Ro(X)=2X -3, Rj1=2X(Rj-R)j), Qr=> (-1} ( ; >R]~ng_j 0<k<T).
=0
The first-atom matrix has entries Q;4j1+1/(2X — 3)%, with deg@Qr < k + 2. Exact arithmetic

reconstructs

det(Qitj+1) = 1994953897436774400X ' Py4(X),

where the ascending coefficients of P4 are

442047375, —3150592200, 11194876350, —25569432000,
39943380960, —44288622720, 35956699200, —21886364160,
10134653184, —3589152768, 967872000, —195207168,
28237824, —2686976, 131072.

After X = 12+, the first three leading-minor numerators have nonnegative coefficients and positive
constants. The polynomial
det(Qiyjr1) — 20X10(2X - 3)°

also has nonnegative shifted coefficients. Sylvester’s criterion and this reserve give head PD and
normalized determinant at least 208 X16.

Let d = (4,128,8192,1048576) and D = diag(d; X'*'/2)3_,. The preconditioned head determi-
nant is at least 1/65536, and its trace is bounded by

T_ 23: > |[X']Qaira127%73  46528533188040845
e (2-3/12)2d2 14728370570919936
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The product of the other three positive eigenvalues is at most (7/3)3, so the least eigenvalue exceeds
27/(65536T3) > 1/80000.
Retain the second atom in paired form. Put R;,, = n?R;(n?X) and

Cy = QZ k+]< )Rj,1R2k: —j.2, By, = 16Q1(4X).

The additional numerator is Cre 3% + Bre 6X. Its normalized degrees are at most k, so every
monomial times the relevant exponential decreases for X > 12. With € = (3/8)3% and eg = (3/8)%,
the exact inequality e > 8/3 supplies the endpoint majorant

—eZy |Cp 128+ 2+622| | Bj|128+=2.
For 0 < j < 14, define

Z| JR;[12!=971,
H; Z! TRj(1+ 22 12!07 by =23%H
The retained derivative head is bounded by H ij+1. The entire n > 3 derivative tail is bounded

by bjc; X H1e 8% its successive-atom ratio is at most (4/3)32e~7* < (4/3)3%(3/8)% < 1/2. This
pays every atom through derivative fourteen. Both cross terms and the tail-tail product remain in

2k
F. = 12k68 Z <‘7 ) (Hij]g_jCQk;_j +bjciHop_j + bjbgk_jcjc%_jeg) .
=0

Set e, = (A + F},)/(2 — 3/12)%. A symmetric four-by-four entry bound gives the operator error

€itj+l 1
N =4 < .
0219<3 dgd; 200000

All comparisons are exact rational gates, not rounded decimal tests. Finally, writing ® = ®;(1+ R),
the positive zeroth tail has

<
R_QX—?)

The geometric test (3/2)%2(3/8)%Y < 1/2 pays that zeroth sum. Restoring (1 + R)~2 after the
perturbation yields

32e73% < 1/250.

1/80000 — 1,/200000
(14 1/250)2
which proves (20). The standalone checker verify_septic_tail.py reconstructs these polynomials,
shifted minors and rational budgets.

> 1/150000,

E.2 Every real short cutoff, rather than sampled cutoffs

For the compact integrators use the physical derivative recurrence gjy1 = (5 + 4X0x — 4X)g;
through j = 14, beginning at go = 2X — 3, as in Appendix B. Retain atoms 1,2, 3, combine ordered
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pairs and the fixed ¢;(z) basis products exactly before evaluating intervals, and enclose every n > 4

derivative monomial using ratio
(5/4)2l+2€—9X <1

on its entire cell. The exponent reaches 32 at derivative fourteen. Head-tail and tail-tail errors are
retained for every moment. Removing the common factor me?*~X from each derivative leaves the
raw integration weight s?w2e!%~2X; the normalized ®? cancels, so no small normalizer is inverted.

Write F(s) = s2®(s)2CT M7(s)C. On each of the 1024 closed cells [j/1024, (j + 1)/1024], whole-
cell interval arithmetic encloses every entry f;; by [f—, f4+]. If that cell overlaps [0,7/100] in width
w, its contribution to any removed initial segment foa fij» 0 < a <7/100, is contained in

[wmin(0, f—), wmax(0, f4)].

Indeed the selected portion has any length from zero to w; the signed enclosure covers all choices.
Summing gives simultaneous loss intervals for every real cutoff. Subtract them from the indepen-
dently enclosed entries of fol F'. Discarding correlation weakens the bound safely. For the resulting
symmetric interval matrix, each Gershgorin row reserve exceeds 1/50000; the smallest exceeds
33/10°. This proves (19). The checker verify_septic_compact.py 1024 also verifies the exact
bridge past as.

For the second certificate use the same basis and raw fields, but split the cell containing 7/100
and form the local odd-two residual. If its prefix is (¢ ), cross columns are (u,w)”, (z,t)7, and

output entries are di1, di2, dos, the three residual entries are

cu? — 2buw + aw?

diy —
11 ac — b2 )
cuz — b(ut + wz) + awt
diz — 3 ;
ac—1b
cz? — 2bzt + at?
doo — 5
ac—1b

Both a and ac — b? are checked positive on every entire cell, with subdivision if needed. Apply the
same signed-loss construction to the three weighted residual entries. Exact lower bounds for its first
diagonal and determinant exceed 3/100000 and 2399/10'2 respectively. This proves the finite input
of Proposition 17; verify_septic_residual.py 1024 reconstructs it. These two representations
share the outward rational interval engine, not independent arithmetic implementations. The com-
plete tail, compact-classification dependency, layer-cake step and variance arguments supply the
analytic lifting beyond the finite checks.

F Complete even-octic certificates

F.1 A sharper exponential envelope for the unbounded tail

Use the paired polynomials R;,Qj from Appendix E, now through derivative sixteen and k£ < 8.
Put
D = diag(1,32X,1024X2,65536X3, 8388608 X ).

All four preceding leading-minor numerators are strictly positive after shifting X = 12 + v. The
exact reserve polynomial
det(Qis) ;o — 29X (2X - 3)10
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has nonnegative shifted coefficients, with a positive constant. Thus the head is PD and has normal-
ized determinant at least 289 X2, Its D-congruent trace is bounded by 5.292776831925055. .. (an
exact rational computed by the checker). AM—GM on the other four eigenvalues gives

256 det(D ' Eg 1 D)
)\min 2 —1 —1\4
tI‘(D E&ID )

> 1/2000000.

Here Fg ; is the first-atom block; its determinant is at least 289 /(1-32-1024 - 65536 - 8388608)? after
congruence.
For P(L+v) =3, cjv? and ¢ > 0, define

Env(P,L,¢) = 3 lesl(31/(80)),

J

with the zeroth factor 1. It bounds |P(L +v)|e~ for every v > 0, since supv/e = = (j/(ce))’ and
e > 8/3. Shifting before taking absolute values retains useful cancellation.
For the exact second-atom increment Cre 3% + Bre X of Appendix E, with L = 12 and
e =(3/8)3, use
e Env(Cy,12,3) + €2 Env(By, 12, 6)
12k+2

This bounds the increment divided by X*+2 on the whole halfline without losing the near-endpoint
paired cancellation. Continue the same complete n > 3 derivative-tail construction through j = 16.
Its maximal atom power is 36, and

(4/3)%0(3/8)%* < 1/2.

Both cross terms and the tail-tail product remain. The exact symmetric five-by-five preconditioned
error norm is

5max 2 = 0.000000008356726546345431 . . . < 1,/100000000.
ij aidj

The positive central denominator has R < 1/250, with ratio check (3/2)36(3/8)%° < 1/2. Therefore
D1EgD~! > (1/2000000 — 1/100000000)(250/251)21 > I/2500000.

This proves Proposition 20. The exact polynomial, ratio and normalization inequalities are recon-
structed by verify_octic_tail.py.

F.2 The compact full matrix and the separate local residual

Extend the whole-cell recurrence of Appendix E through order sixteen. There are now fifteen
symmetric fields from the five even basis polynomials. Moment index zero is retained: there is no
odd-basis index shift. The n > 4 monomial ratio has maximal power 36, and every complete paired
error remains. On 1024 closed cells, the signed-loss construction gives simultaneous enclosures of
every fal Egdmg, 0 < a < 7/100. Each congruent Gershgorin row reserve exceeds 1/100000; the
smallest exceeds 9/100000. The checker verify_octic_compact.py 1024 also verifies the bridge
past az. The determinant det Cy = 2~ "% and the displayed Frobenius bound follow by direct rational
calculation from the stated basis.
For the residual, let the raw even-three prefix be

B a b c
A=1b d e
c e f
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Use all six adjugate entries df — e?, ce —bf, be —cd, af — c?, bc— ae, ad —b?. For cross-output columns
u,w and top entries di1, di2, dos, subtract

uWTadj(Au  uTadj(Ad)w  wT adj(A)w
det A det A ' det A

from those three entries. Whole-cell Sylvester gates are a > 0, ad — b*> > 0 and det A>0. Homoge-
neous Schur scaling restores the same raw weight s272e!0572X: it loses no ®2 factor. Split the cell
containing 7/100, retain full interval dependency errors and use the signed initial-loss intervals. The
resulting two-by-two matrix has first diagonal > 1/10000 and determinant > 1/100000000. The
checker verify_octic_residual.py 1024 reconstructs the certificate and enforces its PD signs.
These two compact representations share an interval engine, not independent arithmetic implemen-
tations. Their analytic terminal PSD and strictness premises were proved separately above.

G A terminating effective finite-order tail algorithm
For input N > 0 and parity € € {0, 1}, omit empty blocks and set
re=|(N—-¢)/2]+1, B.= (h2¢+2j+26)§fj_:10, K=r(r—1)+er

The checker verify_finite_order_tail.py N tests successive integers L > max(3,N + 1) and
returns rational bounds proving both parity blocks PD for every X > L. We give a computable
termination bound, rather than assume eventual numerical success.

For g = (2k — 1)!18%, go = 1, paired cancellation gives deg Qr < k + 2 and leading coefficient
4g;.. Gaussian parity Hermite norms give

r—1

Gaer =85 [J(2i+ ), k= Gau/4
=0

The head determinant numerator has degree K + 2r and leading coefficient 4"Gget > 0. Thus the
reserve polynomial

Pres = det(@i+j+e) - HXK(QX — 3)27"

and every preceding leading minor have positive leading coefficient. If P(z) = Zldzo a;z! with ag > 0,
then every coefficient of P(L + v) is strictly positive whenever

L > B(P):= {HZZZZ‘”W.

Indeed [v/]P(L+v) > ((Ji) L7 agL =3, la]) > 0 for j < d; the leading coefficient is unchanged.
Let Bpeaq be the maximum over these finitely many polynomials for both parities.

Choose d; to be the least power of two with d? > g2i1e and put D, = diag(diXi+€/2). For L > 3,
a trace bound is

l . | —2{—e—2
() = 3 R < T

Once the shifted leading minors and determinant reserve pass, the head lower bound is

(r—1)""1x '
(L, d0PTe(m)r—1 = 0 = mine(3) > 0.

’Ye(L) =
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For r = 1, the omitted eigenvalue product and zeroth powers are defined as 1
Use the exact second-atom envelope of Appendix F. For j < 2N set

Z X Ry L1,
Z| R | 1 + 22l+2)Ll Jj— 1 b] — 232‘7‘-"-4'
The full n > 3 derivative tail and all paired errors follow the same formula as Appendix E, with 12
replaced by L and k < N. Both needed geometric ratios are < 1/2 for L > N + 1:
(3/2)"VH(3/8)°F < 1/2,  (4/3)"VH(3/8)™F < 1/2.

The same inequality makes the remaining polynomial-exponential tails decrease from L. Let ey (L)
be the complete normalized paired error, including the second-atom envelope and division by (2 —
3/L)%. The block error is bounded by

€itjte(L)
L) = Citjtel),
ee(L) THZ;?X did,

The central ratio is bounded by p(L) = [2L/(2L — 3)]32(3/8)3E. If e.(L) < ~.(L)/2, return

(L) — (L
2W>0 (X >L).

Every acceptance comparison uses exact rational arithmetic.
To bound when this must happen, write ¢j =, [ XYR;| and Hi=3% [ X!R;|(1+42%+2), and

define
I P|Z< ) a5

The zeroth factor is 1. The shifted envelope divided by LF*2 is at most LFA.(P) for the degrees
occurring here. Put

B.(X) = D(X)

R = A3(Cy) + Ag(Br)

2k * k * * k%
+ Z <j )[Hj bok—jCon—j + bjci Hop_j + bibar—jcjeay ),
§=0

Ry = maxrmax R4 j1e/(did;).
€ 1,

Then e.(L) < &% LN (3/8)3L. For L > max(1, N?), the elementary log L < /L gives NlogL < L,
and hence
LN (3/8)3L < el (3/8)3 < (27/128) < 47 L.

Choose an integer ¢ > 1 with 49 > 28}, /~0. This is computable without logarithms: if the latter
rational has positive numerator u in lowest terms, take ¢ = max(1, [bitlength(u)/2]). Therefore

Lsafe - max(3, N + 17 N27 Bheada Q)

pays every head, ratio and perturbation test. The successive-integer search must halt no later than
this finite bound.
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For illustration, exact normal/optimized checks returned

0 8 10
B

7
9 11 17

N 1 4
L 4 7
with corresponding conservative safe bounds 12,18, 2608,2007039, 125672971, 298569113120. The
closed-form 1000N? theorem is the cleaner symbolic estimate; this exact search can certify much

smaller low-order instances. Neither the finite cases nor the terminating order-dependent search
settles all orders at any fixed center.
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