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Abstract

For every sufficiently large N, we exhibit existentially a known simple N-vertex graph of
maximum degree at most three for which randomized two-sided isomorphism testing in the
incidence-query model requires Q(N') queries at one absolute positive proximity parameter. This
sharpens Dror’s maximum-degree-thirteen construction and resolves the minimum maximum-
degree threshold raised there: degree two admits size-independent query bounds. We retain
Dror’s sparse binary-code and adaptive indistinguishability framework and give a constant-size
subcubic encoding with a one-bit incidence oracle. The main new step is an arbitrary-bijection
distance bound, proved by local recognition of variable and parity components and partial
decoding outside edge defects. For every sufficiently large even order we further obtain con-
nected simple 3-regular targets, with the same promise on the input graphs, at proximity 10~°.
This uses intrinsically recognizable cubic caps, robust core recovery and symmetry-preserving
padding.

1 Introduction and statement

In the bounded-degree graph model, a tester asks for a specified neighbor of a named vertex of
an unknown graph. Reading the entire incidence description costs linearly many queries. The
fixed-target isomorphism problem asks whether the unknown graph is a relabeling of a fully known
target or is far from every such relabeling.

Dror [1] proved a linear two-sided query lower bound using targets of maximum degree thirteen.
His Remark 1.3 asks for the smallest maximum degree supporting this phenomenon. Goldreich and
Tauber [2] show that every property of degree-two graphs has a query bound depending only on
proximity. We reach the remaining endpoint.

Theorem 1. There are constants eg,c > 0 and graphs Hy for all sufficiently large integers N
such that Hy is simple, undirected, has N wvertices and maximum degree at most three, and every
randomized two-sided eg-tester for isomorphism to the known Hpy makes at least ¢N incidence
queries. Target preprocessing and computation are unrestricted. One may take g = 1075,

The following strengthening removes both connectedness and regularity qualifications, at a
possibly smaller fixed proximity.

Theorem 2. For every sufficiently large even N, there is a known connected simple 3-regular N -
vertex graph Jn such that every randomized two-sided 10™°-tester for isomorphism to Jy requires
Q(N) incidence queries. The lower bound holds even if inputs are promised connected, simple and
3-reqular. Target preprocessing and computation are unrestricted.



Odd orders are necessarily excluded for cubic graphs. Both target constructions are existential;
we make no efficient uniform construction, quantum-hardness or full-input computational-hardness
claim. Goldreich’s Open Problem 4.1 [3] explicitly asks about proximity 0.01. Our smaller fixed-
proximity theorem does not settle that literal numerical formulation. The square-root bounds for
almost all regular targets [4] are compatible with exceptional hard targets.

Contribution and ancestry. The contribution is the complete subcubic encoding and distance
transfer under arbitrary uncolored bijections, together with constant-query simulation. The sparse
matrix, code-membership lower bound and reduction architecture are due to Dror [1]. Parity gad-
gets have CFI ancestry [5]; code-distance reductions to colored graph matching already appear in
Arvind et al. [6]. Partial recovery of components under edge defects occurs in O’Donnell et al. [7];
intrinsic recognition of uncolored CFI components is studied by Chen, Flum and Liu [8]. These gen-
eral principles are not claimed as new. The older code-distance reduction assumes color-preserving
maps; bounded color-class size is not a degree bound. Standard cubic CFI nonisomorphism also
does not itself give testing-far instances: one twist changes only constantly many edges. The encod-
ing here provides the required conjunction of degree, symmetry, robustness, size and access. The
subdivided- K4 completion cap is standard; for example, Goetze, Jungeblut and Ueckerdt [9] use it
to complete subcubic graphs. We do not claim the cap or triangle expansion as new. The additional
work here is robust intrinsic deletion under arbitrary bijections, connected sparse-system selection
and flip-preserving completion at every sufficiently large even order.

2 Model and sparse-code input
All graphs are finite, simple and undirected. For N-vertex graphs set

diStiSO(G’ H) - ¢V(G)—>\1,/I%gl) bijective ‘E(G> o ¢_1(E(H))‘
For degree bound d, an input is e-far from the isomorphism class of H if this distance exceeds edN/2.
An incidence oracle on [N] x [d] returns the indicated neighbor or 0 for a missing slot. Neighbor
order is arbitrary; isomorphism is a property of the graph rather than of the slot names. A tester
accepts every representation of an isomorphic input with probability at least 2/3 and rejects every
far input with probability at least 2/3. We count worst-case queries.
The following is Dror’s Lemma 2.3 [1]; Appendix A reconstructs its proof.

Lemma 3. For some 0 > 0, every sufficiently large even n admits a matriz A € ng(nﬂ) of row

weight three and column weight sixz such that every set of at most |on| rows is independent.

Fix such A, write m = n/2 and C' = Im A, and fix independently of b an ordering (v;1, vi2, vi3)
of each row’s three distinct variables. Order each variable’s six occurrences by j = 1,...,6. All bit
additions below are in Fy. Put

distg (b, C) = rn]iFn {i: (Ax); # bi}|.
z€Fy?

Lemma 4 (Adaptive indistinguishability, following Dror). Algorithms making at most |dn| coor-
dinate queries have identical transcript laws on Az, for uniform x € F5', and on uniform b € F5.
For g =1/100, uniform b satisfies disty (b, C') > pn with probability at least 3/4 for all large n.



Proof. Fix random coins and a realized decision-tree path. The distinct rows queried so far together

with a new queried row are independent while their number is at most [dn]. Their coordinates of

Az are uniform and independent, so the next new answer remains unbiased after conditioning on

earlier answers. Repeated answers are determined. Induction proves the transcript assertion.
Since |C| < 27/2_the entropy estimate for a Hamming ball, with 0 < 8 < 1 /2, gives

[Bn]
Pr[distg (b, C) < fn] < 9—n/2 Z (n) < 9—n(1/2-Hz(B))
—o \J
7=0
For f = 1/100, Ha(B) < 9/100: use log, 100 < 7, logye < 2, and —(1 — ) In(1 — ) < B. The
probability is at most 1/4 for large n. No full-column-rank assumption is needed. O

3 Subcubic encoding
We define F} on a fixed named vertex set independent of b. For each variable v create
z(v,a,p), a €Fy, peZ/287.

For each a, join the vertices in the cycle p <» p + 1. Add the single rung {z(v,0,0), z(v,1,0)}.
Occurrence j uses position 45 on each cycle. This variable component has 56 vertices and 57
internal edges. Interchanging the two cycles preserves every occurrence position; completeness
does not require arbitrary socket permutations.
For each row i create outer vertices o(i, k,a), k € [3],a € Fa, and middle vertices q(i,u,w),
u,w € Fy. Set
t(i,u,w) = (u,w,b; +u + w).

Join q(i,u,w) to o(i,k,tx(i,u,w)) for each k. If v; has occurrence number j in row i, add
{o(i,k,a), z(vig,a,47)} for a € Fy. The internal row graph is a once-subdivided Kjy.

Designated cycle positions have degree three; other cycle vertices have degree two. Every row
vertex has degree three in the full graph. Thus

|V (Fp)| = 56m + 10n = 38n, |E(Fp)| = 93n/2.

There are 21n degree-two and 17n degree-three vertices. Distinct variables in a row and distinct
sockets for occurrences ensure simplicity. Variable and row roles are construction descriptions, not
colors supplied to an isomorphism.

Lemma 5 (Completeness). If b = Ax, then Fy = Fy,.

Proof. The map

z(v,a,p) = z(v,a + zy, p),
o(i,k,a) — o(i,k,a+ x,,, ),
Q(ia u, w) — Q(i’ U+ Loy, W+ mvm)

is bijective. Its third row bit is correct because b; = x,;, + %4, + Ty,5. Every cycle edge, rung, row
edge and external edge is preserved. O

Lemma 6 (One-bit simulation). A fized labeling and fized incidence slots permit each answer about
Fy to read at most one coordinate of b.



Proof. Cycle slots one and two return predecessor and successor. Slot three returns the rung
neighbor at p = 0, the appropriate outer neighbor at p = 45, or 0 otherwise. All are independent
of b. At an outer vertex, slot one is the external neighbor. The other two slots enumerate middle
neighbors as follows: for £ = 1 fix 4 = a and enumerate w; for k = 2 fix w = a and enumerate w; for
k = 3 enumerate u and set w = b; +a+wu. At a middle vertex, slot k returns o(i, k, t (i, u, w)). Only
the corresponding row bit can be needed. These are reciprocal adjacency lists without repeated
neighbors, and all vertex and slot names are fixed before b is known. O

4 Distance preservation under arbitrary bijections
Proposition 7. For every b,

distg (b, C) < 48 distiso(Fy, Fp).
This also holds after adding any equal number of isolates to both graphs.

Proof. Call a vertex of wvariable type if it has degree two, or has degree three and a degree-two
neighbor. Exactly variable vertices satisfy this predicate: every designated cycle position has two
degree-two neighbors, whereas no row vertex has a degree-two neighbor. The induced variable-type
components are precisely the 56-vertex variable components. The induced row-type components
are the 10-vertex row components. With padding, degree-zero vertices form a third type and are
excluded from row type.

Fix any bijection ¢ : V(F,) — V(Fp), including padding. Pull target adjacency back to the
source set and let

K = |E(F) & 6~ (B(Fy))|

Let D contain all endpoints of discrepant edges, including edges present only in the pulled target.
Then |D| < 2K. Set W = D U NFp, (D); degree at most three gives [IW| < 8K. A source variable or
row component is bad if it meets W. Their counts B,, B, obey

B, + B, < 8K, (1)

since these components are disjoint.

At each vertex outside D, the whole adjacency list agrees with its pulled-target list. At a vertex
outside W, this holds at all source neighbors too. Its degree and every neighbor’s degree agree with
their image degrees. Hence intrinsic type is preserved outside W. Extra target neighbors cannot
evade this observation, since the whole list at the vertex agrees.

A component avoiding W, called good, has exact internal adjacency, and its connected image
has one intrinsic type. Its image lies in a single target component of that type. Equal component
sizes, 56 or 10, and injectivity force the image to be that whole target component. Distinct good
components have distinct images.

The rung is the unique bridge of a variable component. A good variable component map
therefore permutes its two complete cycles. For each good source variable v, define x, so that its
bit-a cycle maps to the target bit-(a + x,) cycle. Set x, arbitrarily on bad variables. Independent
cycle reflections and changes of occurrence positions do not change this global bit interchange.

Now consider a good source row ¢ with all three incident variable components good. It maps onto
an entire target row component. Internal degree distinguishes its middle and outer vertices, with
degrees three and two. The two source outer vertices for one coordinate have external edges into the
same good source variable component. Their images have external edges into the same good target



variable component. Distinct source variables map to distinct target variable components, and the
target row uses three distinct variables. Thus source coordinate pairs map to target coordinate
pairs, permuted. External-edge preservation shows that source value a becomes a + x, in that
target pair.

Each source middle tuple has parity b;, and its image is a target middle tuple of parity zero.
Coordinate permutation preserves parity, so

bi + Ty, + Ty + Tuyg = 0.

This row is satisfied by x. No alignment of source and target row names is assumed. If independent
cycle reflections give incompatible occurrence images, the external edges of this good row cannot
all be preserved, so that attempted exception does not satisfy the hypotheses.

Every violated row is consequently bad itself or meets a bad variable. Each variable occurs six
times, and (1) gives

distz (b, C) < |{i : (Ax); # bi}| < Be + 6B, < 6(B. + B,) < 48K.

Minimize over ¢. Padding does not change the proof: outside D, degrees agree, so no good
nonisolated component maps into isolates. ]

5 Linear query hardness

Take = 1/100 and g9 = 3/10000. If distg (b, C') > [n, Proposition 7 gives distiso(Fy, Fo) > n/48.
For arbitrary sufficiently large N put

n=2|N/76], r=N-—38n€{0,...,75}.
Define Hp as Fy plus r isolates, and use the same padding on Fp. Since N < 113n for n > 1,
£0(3N/2) < 3396n,/20000 < Sn/48.

Each far vector therefore gives an eg-far graph. Codewords give isomorphic graphs, and graph
queries use at most one bit query each.

If a graph tester made at most |dn] queries, it would accept uniform Az with probability at
least 2/3. It would accept uniform b with probability at most

(3/4)(1/3) + (1/4) -1 =1/2,

using Lemma 4 and soundness. The identical transcript laws of Lemma 4 contradict this. As
n = O(N), Theorem 1 follows. The full description has 3N slots, giving the matching trivial
linear-query upper bound.

6 Connected cubic targets

We prove Theorem 2. Lemma 10 below allows the matrix in Lemma 3 to have connected bipartite
incidence support. Each variable cloud and each row cloud is internally connected, so contracting
clouds shows that every Fj is connected. The core Fp is triangle-free: its variable cycles have
length 28, its row graphs are subdivided K4’s, no two row outer vertices are adjacent, and every
outer vertex has only one variable neighbor. Consequently a triangle cannot cross between row and
variable types.



Cubic caps. Let Q5 be K4 on u,v,c,d with edge uv subdivided by a port p. The port has
degree two and the other vertices have degree three. The four nonport vertices lie in triangles
ucd and ved; p lies in no triangle and has two triangle neighbors. Let Q7 replace u by a triangle
Up, Ue, Uq, attaching its old neighbors p,c,d to the correspondingly subscripted new vertices. All
six nonport vertices lie in the new triangle or the preserved triangle ved. The port still has two
triangle neighbors and is not itself triangular.

For a triangle-free core with degrees two or three, attach one disjoint copy of Y5 or Q7 by an
edge from its port to each degree-two vertex. The result is simple and cubic, and remains connected
if the core is connected. The choice of cap sizes will be specified below. In a completed graph define
the intrinsic predicate

T(y) = [y belongs to a triangle], P(y)=T(y) or |{z€ N(y): T(2)}| > 2.

Exactly the added cap vertices satisfy P. An attachment edge is a bridge, hence is in no triangle.
Core vertices are nontriangular and their only possible cap neighbor is the nontriangular port; they
have no triangle neighbors. Every cap vertex satisfies P by construction. Deleting P therefore
recovers the induced core exactly.

Lemma 8 (Robust core recovery). Let F, F’ be equal-order triangle-free graphs of degrees two or
three, and G,G’ equal-order completions by these caps. Then

distigo (F, F') < 120 distiso (G, G').

Proof. Fix any bijection ¢ : V(G) — V(G’), pull target adjacency back to V(G), and let K be the
edge symmetric difference. Let D contain all endpoints of discrepant edges, including target-only
edges, and put W = N§2(D). Cubic radius-two balls have at most 1+ 3 + 6 = 10 vertices, so
|[W| < 20K.

At every vertex outside D its whole adjacency list agrees with the pulled target. For y ¢ W,
these lists agree at all vertices within source distance two of y. This determines T at y and all its
neighbors, and hence P(y). Full adjacency agreement excludes additional target-only candidates
for a triangle. Thus P(y) = P(¢(y)) for y ¢ W.

Set U = V(F)NW. Restricting ¢ to V(F)\ U gives an injection into V(F’). Equal core orders
allow this partial injection to be completed arbitrarily to a bijection 6 : V(F) — V(F’). Every
pair of good core vertices has adjacency exactly preserved. Therefore each core edge discrepancy
touches U in source coordinates, or §(U) on the target side. Since the cores have maximum degree
three, at most 3|U| + 3|6(U)| < 120K edges differ. Minimizing over ¢ proves the assertion. O

Write Gy for the completed Fjy. Proposition 7 and Lemma 8 give
diStH(b, C) S 5760 diStiSO(Gb, Go) (2)

The argument permits arbitrary cap/core mixing near defects and requires no rigidity or predeter-
mined correspondence of the individual caps.

Completeness, access and all even orders. With @5 at all 21n degree-two sites the order is
38n+5(21n) = 143n. These sites occur in 21n/2 pairs z(v, 0, p), z(v, 1, p), since the seven designated
positions on each 28-cycle have degree three. Choose identical cap types at the two sites in each pair.
The completeness map of Lemma 5 preserves v, p and only interchanges the bit cycles. Extending
it by identical internal cap labels is therefore an isomorphism whenever b € C.



For even N, choose the largest positive even n with 143n < N and 143n = N (mod 4). The
eligible values of n form one residue class modulo four, so

r=N —143n € {0,4,8,...,568}.

Upgrade r/4 < 142 pairs from Q5 to @7, choosing pairs in a fixed order independently of b. This is
possible for n > 14 since 21n/2 > 147. Tt adds exactly r vertices and preserves completeness. All
Gy now have order N and are connected, simple and cubic.

At each old degree-two site, slot three now returns its fixed cap port; the other old slots are
unchanged. Every cap adjacency is fixed and independent of b. Thus Lemma 6’s simulation still
uses at most one input bit per graph answer, with fixed names and slots.

For 3 =1/100 and £; = 107, the bound N < 143n + 568 < 711n gives

2133 n on

3N/2) < = 5760
e18N/2) < 555" < 576000 — 5760

Together with (2), far code words give ei-far graphs. Codewords give isomorphic graphs. The
identical-transcript argument in Section 5 applies without change and forces (n) = Q(N) queries.
Both distributions satisfy the connected-cubic promise, completing Theorem 2.

The caps create bridges, so the construction is not bridgeless. A bounded-size cap alone does
not rule out constant edge expansion; no expansion claim is needed or proved here.

7 Finite verification

The accompanying standard-library programs check finite consequences of the construction. The en-
coding verifier checks all assignments on four small (3, 6) incidence matrices, exact image distances,
fixed-slot oracle answers, actual partial decoding, exhaustive single-transposition perturbations of
selected maps, structured maps, cycle splices and padding. It rejects deliberately corrupted com-
pleteness maps, type predicates, oracle read counts and decoded bits. A separate program enumer-
ates small configuration models, compares collision moments with independent event-intersection
counts, and checks exact expansion, parity and padding arithmetic.

These computations do not exhaust arbitrary bijections, establish asymptotic row indepen-
dence on the examples, or replace the analytic proof. The constant 48 has substantial slack on
small nonzero-distance examples; eligible-row decoding and intermediate defect charging are more
diagnostic than the final numerical bound. Reader instructions describe normal and optimized
runs and recorded scope. Additional programs check cubic cap recognition, one-bit answers, com-
pleteness and partial decoding, every allowed padding residue, and the separate 120K partial-core
transfer on finite models including cap/core mixing. They also reject actual mutated parsers, oracle
reads and completed maps. These tests supplement the universal arguments above; they do not
establish asymptotic connected matrix existence by experiment.

A Reconstruction of the sparse-matrix input

We reconstruct the matrix argument of Dror [1], including an elementary proof of positive simplicity
probability. No originality of the sparse-code method is asserted.

Give each of n left vertices three labeled stubs and each of n/2 right vertices six. Match the 3n
left stubs to right stubs uniformly. Let (2)x = 2(2 —1)---(z — k+1).

Lemma 9. The probability that the configuration has no parallel edges tends to e™>.



Proof. A candidate collision specifies a left vertex, two of its stubs, a right vertex, two of its stubs,
and one of their two pairings. There are n(3)(n/2)(5)2 = 45n% candidates, each occurring with
probability 1/(3n)2. Let X count occurring candidates. Double edges contribute one event, triple
edges three; simplicity is X = 0.

Fix k. In the expansion of E(X); over ordered distinct candidate events, tuples with distinct
left vertices and distinct right vertices number (45n%)F 4+ Oy (n?*~!) and prescribe 2k distinct stub
pairings. Their contribution tends to 5.

For a remaining compatible tuple, group its distinct prescribed pairings by occupied vertex
pair, or cell. Each cell contains at least two pairings. A left vertex has three stubs and hence
belongs to at most one such cell. With ¢ cells, the numbers ¢, s of distinct left and right vertices
and the number e of pairings satisfy £ = ¢q, s < ¢, e > 2q. Equality £ + s — e = 0 forces two
pairings per cell and distinct right vertices. Each cell then determines one candidate; distinct
tuple entries put this case in the principal class already counted. Every exceptional compatible
pattern has £ + s — e < —1. There are finitely many patterns for fixed k, each with Oy (n‘*?)
realizations of probability 1/(3n)e = Og(n=¢). Their contribution is Ox(n~!). Incompatible tuples
have probability zero, so E(X); — 5* for every fixed k.

Finite Bonferroni bounds give, for fixed h,

2h+1 j 2h j
—1)JE(X); —1)VE(X);
— 4! — 4!
Jj=0 7=0
Let n — oo first and then h — co. Both bounds converge to e™. O

For a left set S with s = |S| > 2 put ¢t = |3s/2|. When t < n/2, failure of |[N(S)| > 3s/2 forces
all 3s matched stubs into some t-vertex right set. The fixed-set probability is at most

(6t)35/(3n)35 < (2t/n)%.

Thus the union bound at size s is at most

()<

for an absolute C. To see the last estimate, write z = ¢/s € [1,3/2] and apply the standard binomial
estimates to obtain [e!T%(22)37%(s/n)?7%]°. Choose § < 1/3 with Cv/§ < 1/2. For s < \/n these
summands are bounded by (Cn~1/*)%, whose sum from s = 2 is o(1); for s > \/n they are at most
27% and again sum to o(1).

By Lemma 9, simple configurations without a failing set of size 2 through dn have positive
probability for large n. Singletons have three distinct neighbors in a simple graph. For every
nonempty such S, its 3|S| edges and |[N(S)| > 3|S|/2 force a neighbor incident to exactly one edge
from S. The binary incidence matrix consequently has no zero sum of a nonempty set of at most
|0n| rows. This proves Lemma 3.

A.1 Connected support

Lemma 10. The matriz in Lemma 3 may additionally be chosen with connected bipartite incidence
support, for every sufficiently large even n.

Proof. In the same (3, 6) configuration model, a component with s left vertices has s/2 right vertices
by stub balance. If disconnected, some component has even s with 2 < s < n/2. For fixed vertex



sets of these sizes, all 3s left stubs match all 3s selected right stubs with probability 1/ @2) Hence
disconnection has probability at most

2
v O ()
3n
2<s<n/2 (33)
S even
The summand is at most [e3/2(s/n)3/?]° by elementary binomial bounds. Choose 0 < a < 1/2 with
e3/203/2 < 1/2. For s < y/n the sum is bounded by a geometric tail from s = 2 with base e3/2n—3/4,

for /n < s < an it is bounded by a tail of >°,27°. Both vanish.
For an < s < n/2, natural-log entropy H gives the bound

(3n+ 1) exp[—(3n/2)H(s/n)] < (3n+ 1) exp[—(3n/2)H (a)].

Here we used eMH&/M) /(M 41) < (]\,g[) < eMH(E/M): the lower bound follows because k is a mode
of Binomial(M, k/M) and its modal mass is at least 1/(M + 1). There are at most n terms, so
this range also vanishes. Connectedness therefore fails with probability o(1). Intersecting it with
the preceding o(1) expansion failure and simplicity probability tending to e~ still leaves positive
probability, without assuming independence. The earlier row-independence argument then applies
unchanged. O
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