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Abstract

We identify the leading bias of the population heat-kernel Sinkhorn tensor at smooth strictly posi-
tive densities on a flat torus. Its second-order quadratic-form coefficient is minus one forty-eighth of
the Wasserstein Hessian of Fisher information, with a fourth-order H® — L? remainder uniform under
every fixed order of density-parameter differentiation. An explicit density has bias directions of both
signs. A compact same-bandwidth correction removes the bias, remains positive on the full tangent com-
plement, and preserves the original completed form space and square-root range with equivalent norms.
Its sharp H” — L? rates are h'*"/? for 0 < r < 6; full L? accuracy remains first order. On immersed
finite-dimensional density families, corrected metrics and intrinsic curvature have fourth-order accuracy,
with relative fourth-order comparison of path distances restricted to a fixed compact parameter region.
Geodesic initial-value solutions and parallel transport have the same rate on fixed time intervals within
a compact parameter chart. Computational appendices give certified metric values and normalization-
inclusive approximation for prescribed analytic families close to uniform, with logarithmic per-coordinate
resolution under explicit coefficient and tail inputs.
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1 Introduction and statements

The heat-kernel Sinkhorn tensor converges to the inverse weighted Laplacian, with first-order full operator-
norm error and second-order error on smooth tangents [1]. This leaves a structural question: what is the
density-dependent second-order distortion, and can it be removed while preserving positivity on the complete
tangent space? We answer this question in the smooth positive periodic population model. The original tensor
is unchanged; the fourth-order results concern new corrected tensors.

The exact identification with Sinkhorn local geometry comes from [2]. Symmetric normalization and its
spectral accuracy have important antecedents in diffusion maps [3]. Higher-order potential expansions are
also available [4]; the cubic scale calculation used here was developed in the related dimension-three score
problem [5]. We re-establish the coefficient and required remainder in every fixed dimension.

Preprint available at https://research.luminaryoddities.com/leading-bias-positive-correction-heat-
kernel-sinkhorn-metrics/v/2.
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Richardson correction and Fisher-information bias for scalar Sinkhorn divergences already appear in [6].
Symmetric-product and modified-generator algebra are classical [7, 8, 9]; so are the Simpson and Richard-
son filters used here. Our contribution is the explicit variable-density tensor coefficient, its uniform Sobolev
remainder, and the density-dependent sandwich that makes the corrected tensor compact, positive and uni-
formly form-comparable. Generator bias under other normalizations is studied in [10]. Fisher-information
nonconvexity is also known [11]; our sign example certifies the specific coefficient in this heat-kernel nor-
malization.

The exact Sinkhorn geometry in [2] includes regularization nonmonotonicity in other models. Finite-
support tensor and curvature limits are studied in [12], and fixed-regularization geodesic discretization in
[13]. Here the vanishing-bandwidth estimates apply to smooth periodic population densities and their finite-
dimensional pullback geometry. Appendix B gives a separate deterministic approximation theorem for small
analytic families.

Saidi, Gunsilius and Mena [14] develop Hadamard differentiability, covariant differentiation and statisti-
cal inference for Sinkhorn geometry at fixed regularization. Here the parameter-differentiated estimates are
uniform in the vanishing heat bandwidth and lead to an explicit bias correction on the full tangent comple-
ment.

1.1 Model and fixed-space conventions

Let T¢ = R?/Z4 have normalized Lebesgue measure, with d > 1 fixed, and put H;, = ¢"*/2. Its Fourier
multiplier is e~ 2 hinl® et f > 0 be a smooth probability density and g = \/7 . The positive symmetric
scale satisfies

bnHu(bng) =q,  Qn=Mp,HpMp,. (D

Here M, means multiplication by v. Set

A
v==24

S S=-A2+V. O=lg)gl. J=1-T, G=38" Ti=hQa(I-0p7'|.. @
4q

The superscript T denotes inversion on g and zero on span(q). All tensors are extended by zero on this span.
The scale exists uniquely for small 4, Oy, is a positive compact selfadjoint contraction fixing ¢, and its gap
on gt is at least ch; proofs are recalled below.

The unitary map U : L>(f dx) — L?(dx), Uu = qu, gives

U™'SU=Dy/2, Dy =—f"1div(fV), U~'0,U = Py,

where Ppu = apHy(apfu) and ap, = by/q. Thus U-'GU = DJZI on density-mean-zero functions. With

entropic parameter & = 2/ and the periodic cost ¢, (x,y) = —2hlog(ky(x — y)/k(0)), the coefficient of ¢
in the debiased divergence between f dx and (f + ¢ fu) dx is (u, hP, (I — Pi)‘lu)Lz(f) [2, 1]. This fixes the
tensor normalization; the model does not use a fixed Euclidean squared cost with boundary.

For parameters, fg is jointly smooth on T¢ x Q, with Q ¢ R” open, and K € Q compact. The densities
have mass one and a common positive lower bound on a neighborhood of K. Uniform bounds on the finitely
many spatial and parameter derivatives used in each estimate are understood. Sobolev spaces H" are the
ordinary fixed periodic spaces after conjugation. We write O ¢« (gr_,72)(h®) for a bound on all parameter
derivatives of order at most k, uniform on K, between these fixed spaces. In particular derivatives include
those of the zero extension and its moving projection. Constants can depend on dimension, the lower bound
and derivative bounds.



1.2 Bias and correction

For H = Hess V, define

1
R=1 [~ div(HV) + Maivvg)q]» L =1STRS" - 5/12. 3)

The operator R is symmetric, second order and annihilates g. The bias L is defined on H? and is generally
unbounded on L?.

Theorem 1.1 (Leading tensor bias). Under the preceding hypotheses, for every fixed integer k > 0,
Th =G +h*L+O0ckgo_12)(h?). 4)

For Dy = —f~ 1 div(fHV), its density-coordinate form is

U 'RU =Dy/12, U™'LU = %D;IDHDJ:l —Dy/24. (5)
In particular the expansion is not a full L*> operator expansion.
Theorem 1.2 (Fourth-order corrections and sharp scales). On g define
= (4T, — Tan) /3, (6)
CY =T+ 2= 00U+ 00 ~ TR, ™
Ch =T+ th(l ~ 0 (I +01)~ (I +Q})™" = 2K°T}RT,. ®)

The sandwich in (7) has a bounded selfadjoint extension on L?. The main correction Cy, is compact and, for
a uniform constant M, satisfies on q*

(1-2Mh)T, < Cp < (4/3+2Mh)T. )

It is strictly positive on every nonzero tangent for sufficiently small h, but has no positive uniform L* lower
bound. The comparison operator Cg satisfies CO > (h/12)I there and equals (h/6)1 plus a compact operator,
so it is noncompact. All three corrected tensors satisfy, for every fixed k,

||T;lf = Gllerar—ro) + ||C2 = Gllekar—r2) + ||€h = Gllerar—r2) < Ck,thr/Q, 0<r<6. (10)
Each exponent for each tensor is sharp already for f = 1. The tensor T}f is compact.

The definition of C, » uses exact finite-/ operators and local density derivatives, not the limiting inverse G.
This is an analytic construction. Positivity refers to its quadratlc form on the entire L? tangent complement.

For fixed small &, define the tangent form norm on g+ by |[ull, = (u, T, i)' /2, and similarly for Ch.
Inequality (9) identifies their completions by the identity map, with equivalent norms uniformly for small 4.
Separately, Douglas’s range theorem [15, Theorem 1] gives

=12 12,

ran C =ran T

with equivalent inverse-square-root range norms. The completed form space and this range space are distinct
constructions; they are not identified with each other.



Proposition 1.3 (Bias has both signs). Write £ = log f. For every smooth periodic ¢,
24(D ¢, (UT'LU)D s )12y = —/ F[IV3¢* — 3Hess ¢ : (Hess ¢)*] dx. (11)

At the single density f(x) = e3°5C27X) /7 on T, the bias has a strictly positive smooth tangent direction and
strictly negative smooth tangent directions. Consequently neither universal ordering T, < G nor Ty, > G

holds at variable density, even when tested only on smooth tangents for sufficiently small h.

The sign formula also has a variational interpretation. Normalize Fisher information by 7 (f) =
/ fIViog fI?dx. If u = D ¢ ¢, the corresponding density tangent is fu and

(u, (U'LU)uy s = —% Hessw 7 (f)[ fu, fu]. (12)

Here Hessy means second variation along the local smooth quadratic Wasserstein geodesic. Thus (11) iden-
tifies precisely which Fisher second variation is seen by this heat-kernel tensor. The general Fisher noncon-
vexity principle is classical [11].

Corollary 1.4 (Finite-family intrinsic geometry). Suppose 6 — _fq is an immersion on a neighborhood of
K. Putn; = (0;f)/q and glf“j = (ni, Anj) for A = G, Tp, T}f, Cg, Cy,. For every fixed k,

gl =g+ Wi, Lnj) + Oci (hY),
R 0 ~
g’ — g% =0ck(h"), g —g%=0ck(h"), g -g%=0ck(h?).

The corrected matrices are positive definite for small h. For k > 2, their Christoffel symbols converge in
C*=1 and intrinsic Riemann curvature components in C*=2 at order h*. These are finite-family statements.
Corollary 1.5 gives their restricted distance and initial-value consequences.

Corollary 1.5 (Distances and geodesic initial-value problems). Under Corollary 1.4, let g = g€ and let gy,
be any of the three corrected pullback metrics. On a fixed compact parameter set K in the immersion domain,
define dg and dgh by infimizing lengths of piecewise C' paths lying in K. For every pair joined by such a
path, and all sufficiently small h,

4\1/2 3K K 4N\1/2 4K
(1-Ch"'2dX <d¥ < (1+cnh)'/2a¥.

The same factors 1 = Ch* compare infima of path energies on any fixed time interval with the same endpoints
and admissible paths.

Suppose also that a compact set of initial positions and velocities has g-geodesic phase trajectories on
[0, 7] lying in a compact subset of a parameter chart and its velocity space. Then the gj-geodesics with
the same initial data exist on this interval for small h, and their positions and velocities differ by O(h*),
uniformly in time and in these initial data. Parallel transports along the paired geodesics, expressed in this
chart with the same initial vectors, differ by O (h*) in operator norm. These statements concern the intrinsic
geometry of the density family.

Three correction constructions. The two-bandwidth Richardson tensor cancels the leading bias by com-
bining exact tensors at two scales. The Simpson comparison has an identity-floor contribution. The preferred
same-bandwidth rational correction uses an additional density sandwich to remain compact, positive on the
full tangent complement, and comparable to the original tensor. Their smooth-input rates are shared, while
their compactness and positivity mechanisms differ. Appendix B gives a separate effective theorem for pre-
scribed small analytic families, including normalization and finite resolution; its input conditions remain
independent of the general smooth-density bias theorem.
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2 Scale, gap and baseline bounds

We include the estimates needed to handle the shrinking inverse gap. They also fix precisely which second-
order results are used from [1].

Lemma 2.1 (Baseline estimates). For every fixed k, uniformly on the declared density families,

bp=e"V2+ 0k gmy (), (13)
On—e " = 0crp212)(h?) = Ockr_p2)(B), (14)
T, -G = Ock(L2_>L2)(l’l) = Ock(HZ_)LZ)(h2). (15)
Here m > d |2 is any fixed integer, with sufficient density regularity. Moreover, with Bg = I — Qp, + hlI,
1B llck(r2—12) < Ci/h. (16)

Proof. In the Sobolev algebra H™, put Fj,(b) = bHy(bq)/q — 1. Atb =1,
DFh(l) = Ml/q(l + Hh)Mq + Mth/q_] .

The first term has uniformly bounded inverse My, (I + Hh)‘qu, and the second is O(h). The second
derivative is uniformly bounded bilinearly on a fixed ball. Positive-time heat Taylor expansion of ¢~"V/2
gives residual O(h?), so quantitative Newton inversion proves (13). The same residual equation differen-
tiated inductively proves its parameter estimates, and positive-order derivatives of b, are O(h). Sobolev
embedding gives positivity. For uniqueness let w; = a;f, so w;H,w; = f. Their difference z satisfies
Hpz = —fz/(wiwy). Pairing with z contradicts positivity of Hj unless z = 0.

For the full norm comparison reduce to the symmetric product e "V/2H,e~"V/2. In a lifted Brownian
bridge from x to y = x + z, the mean difference between foh V(X;)dt and h(V(x) + V(y))/2 is bounded by
C(h|z|>+h?). Taylor expansion cancels the linear segment error, and bridge covariance t(h—t)1/h gives Ch>.
Both exponents are O (%), so replacing exponentials by one minus their arguments costs Ch”. Integrating
against the lifted heat kernel uses f |z|2k§d (z) dz = dh. Both absolute row and column errors are O (h?);
summing lifts and Schur’s test prove the first norm in (14). Parameter derivatives obey the same bound: their
linear terms replace V by a derivative, and nonlinear remainders have at least two time integrals.

For the strong norm let A = A/2, B = —-My, C = [A, B]. Removing the bounded outer factors from the
defect of F (1) = e'B/2e'4e!BI2 relative to A + B gives

t/2 t
—/ / e_’BCerBdre’A+l/ eAC A dr. (17)
0 2 Jo
Subtract Ce’4 in each integral; their integrals cancel. The remaining commutators are [C, B], a multiplier,
and [A, C], of differential order two. Their integral representations bound the defect by Ct> : H> — L. Vari-
ation of constants yields the second norm in (14). Every fixed parameter derivative has the same differential
orders; bounded-potential Duhamel controls the differentiated semigroups.

The weighted form (v, Sv) = % f fIV(v/q)|* shows that S has kernel span(g) and a uniform positive gap
on its complement by weighted Poincare. The Markov contraction Py, is unitarily conjugate to Qy,, which is
positive and compact. The full norm comparison gives [|Qp|4+|| < 1 — ch. Thus Bél =0(h™") on L2 Tts
positive-order parameter derivatives have the same bound, since d*Bg = O (h) for || > 0 and each term of
inverse differentiation has one more inverse than differentiated factors.

For E = ¢S the corresponding inverse (I — E + hIT) ! is O« (™) on L? and H?, by the gap, graph
norms, and bounded-potential differentiation. Use the exact identity

MO -0) =311 -0 - (40 (18)
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on the complement. The resolvent identity and (14) give tensor differences O () on L? and O (h?) : H> — L2,
For zero extensions the exact fixed-space expression is

3[33 M -JI+0)7'). (19)
The projected terms cancel in the comparison with E. Its scalar tensor multiplier is //(2 sinh(AA1)). The
difference from 1/(21) is bounded by both Ch and Ch*2 on the positive spectrum.

For completeness these scalar estimates retain parameter derivatives. Put Ag = S + II; it has fixed
domain H? and positive lower bound. Its positive-order parameter derivatives are bounded multipliers plus
smooth finite-rank operators. On fixed sector rays, ||(z — Ag)!|| < C/(1 + |z|). The scalar difference
gn(z) = h/(2sinh(hz)) — 1/(2z) is analytic and bounded by Ch on every strict right sector. Positive-order
derivatives of its contour formula contain at least two resolvents, so their integrals are O (%). For the strong
estimate use g5, (Ag) = h?j(hAg)Ag, where j(w) = [1/(2sinhw) — 1/(2w)]/w is bounded analytic there.
The same two-resolvent argument bounds all derivatives of j(hAp). Compression by J completes (15) on
fixed spaces. O

3 Cubic scale and positive-time local error

Lemma 3.1 (Scale to fifth-order residual). For every fixed m and k,
by = exp(=hV/2+ hc) + O ci (gmy (B°), (20)

where ; ) 5
oo Aa _AUA97/g) | (Ag)
192¢ 128¢ 38443

Proof. First identify finitely many coefficients in the formal ring of smooth functions and a scalar 4. The
equation beA(bg) = q, A = A/2, has a unique formal solution with constant term one: the unknown
coefficient b,, appears as 2¢gb,, plus known lower terms. Formal inversion gives e "4 (g/b) = bg, so b(h)~!
solves the same equation at —A. Uniqueness implies 5(—h) = b(h)~! and hence log b is odd as a formal
series. This is coeflicient algebra, not an application of an inverse heat operator to a function.

Let u = —V /2. Substitution of b = 1 + hu + h*u?/2 + h>(c + u>/6) gives cubic residual coefficient

ey

2qc+qu’ |3 — A3q/12 + A(qu?) /2.

Its cancellation gives (21). Formal oddness removes the fourth logarithmic coefficient, so p, =
exp(—hV /2 + hc) has zero residual coefficients through degree four. Positive-time heat Taylor’s integral
remainder through degree four, with sufficiently many derivatives of the fixed smooth coefficients, gives
Fn(pn) = Ockgm) (k). For example ten additional derivatives suffice for the heat remainder of a fixed
coeflicient. Every actual heat time lies in [0, 2]. The uniform Newton inverse from Lemma 2.1 converts this
residual into (20). Differentiating the exact residual equation inductively proves the parameter remainder.
This does not differentiate an uncontrolled pointwise asymptotic. O

Lemma 3.2 (Local comparison on H%). For Z = —S = A + B and R from (3),
On — "% = PR+ (ZR + RZ) + Oci o 12) (). (22)

Proof. Put C = [A,B], D = [A,C] and K, = [C, B]. The multiplier Ky commutes with B, so e "8Ce"8 —
C = rKj exactly. Changing variables in the heat commutator part of (17), its remaining expression is
2

t 1 [
—gKoetA +5 / (t —u)e"*De "4 dy. (23)
0
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Expanding the first heat factor once, and each heat factor in the integral once, gives
*Dy +2D3+0(*) : H® > L?, Dy=D/4—-Ky/8, D3=AD/12+DA/6 — KyA/8.

The omitted products A>D, ADA, D A? have order at most six; integral Taylor remainders use only nonnega-
tive times and bounded heat operators on the corresponding Sobolev spaces. Restoring outer multiplications
adds (BD,+ D3 B)/2 to the cubic defect coefficient. Variation of constants, with its left semigroup expanded
once, now proves an actual O (h’) : H® — L? remainder and cubic coefficient Ry = D/12 — K(/24. The
fourth coefficient is (ZRy + RpZ)/2. One can obtain it by inserting D,, D3; equivalently the finite formal
identity F(—h) = F(h)~! forces log F(h) = hZ + k>R + O(h’) and gives the same coefficient. The analytic
remainder has already been established by (23), independently of this formal identity.

The scale expansion inserts outer multiplications ¢"’¢. Their contribution is 2h>M.. + h*(M.Z + ZM,),
with the same remainder domain. Thus R = Ry + 2M,. in (22). Direct differentiation gives

C=-VV-V—-AV/2, [A,C]=-div(HessVV)—-A>V/4, [C,B]=]|VV|>.

Since both exact operators in (22) fix the smooth ¢, its cubic coefficient annihilates g. Its principal part
therefore determines its scalar term, giving exactly (3). Every parameter derivative preserves the displayed
differential orders and the positive-time remainder bounds. O

4 Modified generator and singular-inverse expansion

The modified operator
Sp=S—-h’R (24)

is elliptic for small 4. Indeed direct conjugation gives
U'RU=Dy/12, U 'SU=1Dfr,, My=1-"CHessV, (25)

where D ¢ ps = —f~1div(fMV). If h*||Hess V|le < 3, then M;, > I/2, S}, > S/2 as quadratic forms, and
its exact kernel is span(q). Elliptic graph norms of S, + II are uniformly equivalent to the corresponding
ordinary even Sobolev norms.

Lemma 4.1 (Modified comparison and parameter bounds). Let E; = e "Shand B, =1 - E, + hIL. Then

On — Ej, = Ocriyo_p2)(h), B, = Ockgopey(h™h). (26)
The inverse bound holds on L* as well.

Proof. One Duhamel insertion about " is h? foh e""ZRe!Z dr. Expanding its outer factors through first
order yields /R +h*(ZR+RZ)/2, with O(h’) : H® — L? remainder: the highest omitted compositions are
Z2R,ZRZ,RZ?*. The exact twice-iterated remainder has two R insertions, coefficient 4% and time-simplex
volume O (h?), hence is O(h®) : H* — L?. Uniform semigroup bounds on the required Sobolev spaces
suffice; their parameter justification is given next. Lemma 3.2 then proves the first assertion.

Parameter derivatives of S, include second-order terms, so a bounded-potential argument alone would
be insufficient. Put A;, = S;, +ITand Ay = S+1I1. On X = H%/ for each fixed needed integer j, elliptic graph
norms and selfadjoint spectral bounds give, on sectorial rays away from the positive axis,

1z = An) "l < C. 27)

C
2= Ap) Mxox £ ——.
= A~ lhex <



Consequently every positive-order parameter derivative satisfies
197 AR) (2 = An) " llx—x < Cal(1+12)7" + 17 (28)

The order-zero part comes from derivatives of A; the principal part comes with h20?R.

For 0 < ¢ < hg, use the semigroup contour with rays starting at radius 1/¢ and an arc through the left
half-plane at that radius. It avoids the positive spectrum. The exponential ¢~’? is bounded on the arc and
decays on the rays. In the resolvent difference there is a factor #R; (27) bounds it by Ch?/|z|. Arc length
and ray integration therefore give

e — 70 = O i (xx) (7). (29)

After differentiation every term retains a factor 4°R or its derivative; all other insertions are bounded by (28).
On this contour (1 +|z|)~' < Ct, so the same integration proves every fixed derivative bound. The common
finite-rank kernel adjustment cancels in the semigroup difference. Together with bounded-potential Duhamel
for §, this proves uniform differentiated semigroup bounds on the Sobolev spaces used in the twice-iterated
remainder. At 7 = h, positive-order derivatives of E} are O(h) on X.

The uniform gap and graph norms give B! = O(h™") on X. For |a| > 0, d*B. = O(h). Repeated
inverse differentiation therefore gives 09B;! = O(h~!) for every fixed derivative order. Take j = 0,3 to
obtain the stated cases. O

Proof of Theorem 1.1. Apply (19) to O, and E, . The minus-inverse difference is Bél (QOn—E;)B; I Using

Lemmas 2.1 and 4.1 gives 7 - h=! - h®> - h=! = h* from HS to L?, with all fixed parameter derivatives. The
plus-inverse difference is of higher order. Thus 7, — 7)) = O ck (g6, 1.2) (h*), where T, is the tensor of .

The scalar function )
1/(2sinhw) —1/(2w) +w/12
3

m(w) = "

is bounded analytic on every fixed strict right sector, with m2(0) = 7/720 and m(w) = O(|w|~?) at sectorial
infinity. Functional calculus on ¢+ yields

Ty = (2Sp)" = h*Sp/12 + h*m(hSy)S; . (30)

Here the final term is O cx (g6, 1 2) (h*), including parameters of the principal part. To verify this explicitly,
use Ap = Sy +11 and compress by J. Its zeroth derivative is bounded by the spectral theorem. Differentiated
contour terms contain one resolvent and relative insertions (28). Terms with only order-zero insertions have
at least two decaying resolvents and bounded integrals. A term with j > 1 second-order insertions has bound

Ch% times
/“’ min(1, [A(1 +7r)]72)
0 1+r

dr < C(1+|loghl).

Its product with 42/ is uniformly bounded. These estimates also justify differentiation on truncated contours
and passage to the limit for each & > 0. Finally A; and all fixed derivatives map H® to L? uniformly.
Compression removes its artificial eigenvalue on g and proves the remainder assertion in (30).

On g™ the exact inverse expansion is

St =851+ h* SRS + SRS RS

The last coefficient and all its fixed parameter derivatives are bounded on L? by elliptic regularity; equiv-
alently regularize by IT and then compress, using RII = TIR = 0. Also —h%S,/12 = —h*S/12 + h*R/12.
Substitution proves (4). Conjugation in (25) gives (5), including its normalization factors. O



5 Sign structure and Fisher information

Proof of Proposition 1.3. From (5), withu = D ¢ ¢,

24{u, (U_ILU)u)f:4/fHessV(V¢,V¢)—/fIVDf¢|2. 31)

Here and below integrals are over the torus. We give the weighted identity needed to simplify the second
term. Write £L = A+V{-V, w = V¢, A = Hess¢, B = Hess{. Then 6; L = Lw; + B;jw;. Weighted
Bochner, integrated componentwise, gives

[newe= [ s [ 5802

Integration by parts in the cross term gives
2/ f(LWi)Bijo = —2/ fB . AZ — 2/ fAikfijij-

Symmetry of the third derivatives turns the last term into f f[Hess A¢ + V£ - VHess€][w,w]. Adding
f f|Bw|? supplies the B term. Since 4V = Af+|V¢|?/2, their sum is 4 / f Hess V[w, w]. Substituting into
(31) proves (11).

For an explicit positive direction in dimension one, set 8 = 27x, f = ¢3°*?/Z, and prescribe

¢"(x) — e—3cos€ sin 6, (]3,()6) — e—3cos 6/(671’) -C,

where C makes ¢’ have zero unweighted mean. This gives a smooth periodic ¢ and a nonzero density-mean-
zerou = Dyg. Letw = e™3%59 ¢ = cos 6, s = sin 6 and write av for angular average. The integral inside
the leading minus sign of (11) is

(Zﬂ)z avw[(c+ 352)2 + 9cs2].

Integrating the derivatives of w sin® 6, w sin @ cos 6 and w sin 6 gives respectively

Jav(ws?) = =3av(wes?), 3av(wes?) = av(w(s® = ¢?)), 3av(ws?) = —av(we).
Expanding and applying these identities reduces the average to av(w(2 — 3¢?)) = —av(w(l +¢)) < 0.
Consequently
(27)°

(u, (U LU)uy s = av(e %1 +cosh)) > 0.

247
For negative directions take ¢,, = cos(2znx). The bracket integral in (11) is at least

3||€” || o max f

> 2rn)* >0

for large n. Thus the corresponding bias is negative at the same fixed density. Applying (4) to either fixed
smooth direction transfers its strict bias sign to 7}, — G for small 4. This ordering obstruction says nothing
by itself about positivity of the two-bandwidth Richardson tensor. O

Proof of the Fisher-Hessian identity (12). For a smooth mass-zero density perturbation g, direct variation of

1(f) = [ IVFP/F gives
I'1f1(g) = / (<2AC - [VeP)g = —8 / Ve, I"[f](g.g) =2 / FIVG/ I

9



Take f; = (Id+tV¢)s f. For sufficiently small |¢|, the displacement stays within the torus injectivity range and
I + t Hess ¢ is positive definite; this is the local smooth quadratic Wasserstein geodesic with initial velocity
V¢. Differentiating its action on smooth test functions gives

fo=—div(fVe) = fDso, fo=0:0;(fdi¢)).

The ordinary second derivative chain rule and periodic integration by parts therefore give

Hessw I(/)[fD0.fD;01 =2 [ f1VD 6 =8 [ fHessv(v0.76)

Comparison with (31) proves (12). In particular (11) is equivalent to the corresponding weighted third-
derivative formula for this Fisher Hessian; its one-dimensional antecedent is contained in[11, Lemma 8]. O

6 Uniform smoothing and positive correction

The differential sandwich cannot be justified by formal cancellation alone. The following uniform smoothing
estimate supplies its domain.

Lemma 6.1 (Two-derivative smoothing). For every fixed nonnegative integer s and k,
I Tnllck (s —msvy < Cr.s- (32)
Proof. Put
Kn=(~H/h Wy= ;> =D/h vi=q/by,  Ap=Ky+Mw, + )il
There is an exact rank-one factorization
I —Qp+hIl = hMy, ApMy, . (33)

The gap proves that A, » has a uniform positive lower bound on L2, hence a uniformly bounded inverse. The
functions Wy, v, and all fixed spatial and parameter derivatives are uniformly bounded: (13) gives W), =
V+0(h).

The inverse is uniformly bounded on each fixed H*. Indeed K; commutes with spatial derivatives. Dif-
ferentiating Apw = u j times gives the same operator on d/w, with commutators involving only lower
derivatives of w and smooth derivatives of Wj,. The finite-rank commutators are bounded on L? with smooth
ranges: move derivatives off w in scalar pairings by integration by parts. Induction using the L? inverse
bound proves the H’/ bounds. For smooth u, existence of these derivatives can first be justified at fixed &
from

w=(1/h+Wp)~ [u+Hyw/h = [vi)(vi|w].

Its right side is smooth, and its denominator is positive for small 4. The uniform estimates come from the
derivative induction, not from this last formula. Density extends them to H’ inputs. Parameter derivatives
of A, are uniformly bounded on each H/, so inverse differentiation proves all fixed parameter versions.

Let Ry = (Kj, + I)~'. On a Fourier mode with u = 472|n|?,

—hu/2
(1+pe <c
1+ (1—ehu/2)/n

For hu/2 < 1use 1 — e~ > ct; otherwise use te ™! < C. Hence H,Ry : H® — H**? is uniformly bounded.
The inverse identity R
HuA,' = HyRo+ HyRo(I - My, — |vi)(vi|) A}’

10



gives the same smoothing, including parameters, for its left side. From (33), exactly on the full space,
hQw(I = Qn)" = My, HyA,' My, — 1. (34)

The subtraction is necessary: hQp(I — Qp + hIT)~! acts as the identity on g. Finally (I + Qp)~" is uni-
formly bounded on every fixed H*, with all fixed parameter derivatives. This follows from Q, — H;, =
O ¢k (gs—ps)(h) and a Neumann perturbation of the Fourier multiplier inverse (1 + H, »)~ . Multiply (34) by
this plus inverse to obtain (32). O

Lemma 6.2 (Relative form control). Uniformly on the declared density classes, for every u € L?,
|(u,ThRThu)| < M{u,Tpu). 35)

Proof. Lemma 6.1 and selfadjoint duality give compatible uniform maps 7j, : L> — H>and T}, : H™> — L2
Interpolation gives 7, : H~' — H'. For smooth v, positivity therefore implies

1/2
1T 0113 = (v, Tyv) < ClIvIZ,o

Density extends the square root to H~! — L?; duality gives T;/ 2.1 5 H! uniformly. Since the symmetric
differential operator R is a bounded form H I g1,

2 1/2, 12

(T, RTyu)| < Cl\Tyuell?, < MIT, ul3.
This proves (35). The argument uses no parameter derivatives of a square root; it applies to the full-space
zero extension and its moving kernel pointwise in the parameter. O

Proof of Theorem 1.2. The smoothing lemma makes R7}, uniformly bounded on L2, and therefore Tj,RT}, is
uniformly bounded. Its form (Tju, RTy,v) is symmetric, proving that its extension is selfadjoint. It is compact
since its left 7}, is compact and RT}, is bounded.
Forevery0 < p <1,
hp  hl—p h(p*+4p+1)
=2 " 6l+p  6(1-p?)

Functional calculus and a uniform bound ||T;,RTy|| < M give Cg > hl/6 — 2Mh?*I > hI/12 once h <
1/(24M), in addition to the previous small-/ restrictions. The scalar expression in (36) equals

h 2h ; h .
s p2]+1+§ZP2]'

> h/6. (36)

At p = e~ this is half the classical composite Simpson approximation to fooo e~ dt. It also shows the //6
identity term plus a compact remainder; the differential sandwich is compact as already proved.
For the compact correction, its additional scalar term divided by the multiplier of 7}, is exactly

(h/3)p(1—p)/[(1+p)(1+p?)] _da -p)?
hp/(1 - p?) 3(1+p?)

Spectral calculus and Lemma 6.2 prove (9). The heat operator is injective and by, is positive, so Q and Tj,
have no null vector on ¢g*. Choosing 2Mh? < 1 gives strict positivity of C n there. The scalar added filter
is continuous on the spectrum of Qj and vanishes at zero. It is compact, as are 7j, and T, RT;,. This proves
compactness and explains why no positive uniform L? floor can hold in infinite dimension.

€ [0,1/3], O<p<l. 37

11



The scalar base has the exact identity on g*

h AT, — 2hQ* (1 — 0%)~!
Th+§Qh(1—Qh)(1+Qh)—‘<I+Qi)‘1= ! Qg( & (38)

Both sides divided by 7}, have multiplier 1 + (1 — p)?/[3(1 + p?)]. This is a rational two-step Richardson
filter constructed from one normalized operator. In general Q%l # Qo separately balancing the doubled
heat time changes the scale. Thus (38) is not a positivity theorem for the raw two-bandwidth extrapolation
TR

The two form completions are equivalent by (9). Applying Douglas’s theorem to the bounded operators

T,i/ * and C, C'/% in both directions gives their equal ranges. If a7, < C, < bTy, then on that range the

inverse-square-root norms satisfy b~ 1/2||Th_1/2v|| < IIC;I/ZVII < a‘1/2||Th_l/2v||. Taking a = 1 — 2Mh? and
b = 4/3 + 2M h? gives uniform constants for small /.
We next prove accuracy without applying R to a rough tangent. Theorem 1.1 gives

Th =G + h*(2GRG — S/12) + O (go_ 12y (h*). (39)

For the Cayley term, the exact identity between two Cayley filters uses only their plus inverses. Lemma 4.1
therefore gives

h - * £y —
s lU=0nU+0on™" = (U= ENU+ED™ = Ocupsor (h°).
The reference scalar filter is (/2/6) tanh(ASy/2), and
(h/6) tanh(hz/2) = h*z/12 + h*Z3e(hz),

where e is bounded analytic on each strict right sector, removable at zero and decaying quadratically at infinity.
The relative-insertion contour proof used for m(hAy) applies verbatim to e(hAy,): bounded insertions give
two resolvents, and j > 1 principal insertions cost 4%/ (1 + |log h|). Compressing by J gives

h
8(1 — 0T +Qn) " = hS/12+ O cr o2y (h*). (40)

Replacing Sy, by S costs only O(h*) : H> — L?; the Cayley filter vanishes on the common kernel.
The exact sandwich identity is

TnRTy, — GRG = (Th - G)RTh + GR(Th - G)

Its right side 18 O cx (g2, 12) (h?). For the first term, smoothing with s = 2 gives RT}, : H> — H? uniformly
and (15) applies. For the second, RG is bounded on L? by elliptic regularity, so its adjoint GR extends
boundedly there. The product rule handles all parameters between the same fixed domains. Thus the Cayley
term cancels —h2S/12 and the sandwich cancels 2h>GRG in (39). This proves the HS endpoint for Cg.
Substitution of (4) at & and 2/ proves that endpoint for T}}.

To pass to the compact correction, on the full fixed space exactly

~ h
Ch—C) = —EJ(I—Qh)3<I+Qh)—1(1+Q%,>“J. (41)

Indeed its Cayley addition is that of Cg multiplied by 20, (1 + Q%l)‘l, whose difference from I is —(I —
011+ Q%l)‘l. For each required integer s > 0,

I - Qh = Ock(H‘H'z—)HS)(h)‘

12



This follows from the heat multiplier estimate for / — Hy, and b, — 1 = O« (h) in the needed multiplier norms.
Parameter derivatives of positive order preserve the factor 4. Also (1 + Q%)‘1 is uniformly C* bounded on
every required H*: the identity Qfl - H,zl = (Qn—Hp)On+ Hp(Qn — Hp) is Ok (h) there, and a Neumann
perturbation of the bounded Fourier multiplier (I + Hi)‘1 proves the assertion. Compose three increments
through H® — H* — H?> — L? in (41). The plus inverses and smooth projections are uniformly bounded
with every fixed parameter derivative, so the product rule gives Cn-C 2 = Ock(H612) (h*). No square-root
differentiation is used for this estimate.

At the L? endpoint, (15) and the triangle inequality give O(h) for Richardson. For C?, its Cayley
term is O(h) and its bounded sandwich is O(h?), so the same endpoint holds. The right side of (41) is
O ck(12—12)(h), which proves the L? endpoint for 5/1 as well. Interpolation between the fixed-space end-
points gives (10) with all fixed parameter derivatives.

To prove sharpness put f = 1. Then R = 0, S = —A/2 and Qj, = ¢~ *5. On an eigenmode of S with
eigenvalue A, the errors of Richardson and the positive correction respectively are hFr(hA) and hF,(hA),
where

2 1 1

Fr(r) = - - —=-77/1 r

RO = 350h7 ~ 3smh(2) 27 /180+0(1),
1 |

F.(t) = —tanh(¢/2) - — =13 ).

W) = g + < tanh(1/2) = o = 17/360+ O ()

Choose a fixed positive ¢ with both functions nonzero and lattice frequencies
ny = (round vt/ (272h),0,...,0).

Then hd,, — t and their H” norm is of order h™" /2, Each operator error is at least ¢, h*712 for all small A.
A fixed nonzero mode additionally gives the nonzero fourth-order coefficients —743/180 and 13 /360. This
proves sharpness for these two tensors. For Ch, (38) agrees with ordinary Richardson at constant density
because Q%l = QO and R = 0. Its error function is therefore Fr and its nonzero fourth-order coefficient is
also —74°/180. The same lattice modes establish sharpness for every r € [0, 6]. O

7 Family geometry and limits

Proof of Corollary 1.4. Since (n;,q) = f 0;f = 0, all tangent contractions are on the stated complement.
Joint smoothness provides the finitely many spatial and parameter bounds on 7; required by the H® estimates.
The product rule and Theorems 1.1— 1.2 give the stated matrix expansions in C¥. The inverse weighted-
Laplacian form is strictly positive on nonzero tangents. Immersion and compactness give a uniform positive
lower bound for g€. Uniform convergence then makes the corrected matrices positive and uniformly invert-
ible. Matrix inversion is smooth on this set; the coordinate Christoffel formula uses one metric derivative
and the curvature formula uses two. The rates therefore persist in C*~! and C¥~2, respectively. O

Proof of Corollary 1.5. The uniform positive Gram margin and the C? metric estimate give
(1= ChYg(v,v) < gn(v,v) < (1+ChYg(v,v)

for every parameter tangent v on K, with a constant independent of the path. Taking square roots, inte-
grating and then taking infima proves the distance comparison, without assuming a minimizing path exists.
Integrating the quadratic forms proves the energy comparison.

For the initial-value assertion, take a compact phase neighborhood of the reference trajectories whose
base points remain inside the chart. The C? metric estimate and uniform inverse Gram bound imply I';, —=T" =
O 1 (h*) there. Thus the geodesic vector fields

Fp(0,v) = (v,-Tr(0)[v,v])
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are uniformly Lipschitz and differ by O (h*). Until a perturbed trajectory leaves this neighborhood, its differ-
ence e(t) from the reference trajectory satisfies

t
le(?)] < C/ le(s)|ds + CTh*.
0

Gronwall’s inequality gives supyg . le| < Cr h*. The reference trajectories have a positive margin inside
the chosen neighborhood, so this estimate prevents a first exit for small /4 and provides existence through-
out the interval. Along the paired trajectories, the parallel-transport coefficient matrices I';(65)[vy, - ] and
I'(8)[v, -] are bounded and differ by O(h*). Subtracting their linear matrix ODEs and applying the same
integral estimate proves the operator-norm transport bound. These are standard finite-dimensional metric
and ODE consequences of the uniform bias correction; they do not identify family distances or geodesics
with ambient optimal-transport ones. O

In density coordinates the compact positive construction is explicitly

2
Chnp=Thy+ gPh(I —Pp)(I+Py) I+ P - %Th,fDHTh,f
on L%( f), with the bounded sandwich interpretation proved above. The local Hessian of V is the density-
specific mobility defect; the scalar extrapolation filter alone does not remove it.

The topology qualifications are essential. The original tensor has an order-two bias, and fourth-order cor-
rected accuracy requires H® inputs. No fourth-order full L? estimate is possible for these constructions. The
compact correction preserves the original tensor’s completed tangent form space and square-root range up
to equivalent norms, while the Simpson comparison has a noncompact identity floor. Raw two-bandwidth
Richardson is positive at constant density. Beyond the restricted analytic construction of Appendix B, ef-
fective discretized or sample-based guarantees, ambient vanishing-bandwidth/geodesic approximation, and
extension to vanishing densities or boundary-domain fixed costs require separate arguments. The fixed-
regularization discretization theory of [13] concerns its stated fixed-regularization regime.

A A certified nonconstant computation

We give a finite continuum certificate for metric values, rather than using differences between numerical
grids as an error estimate. General normalized-diffusion refinement has established precedents [16]; the
calculation below concerns the corrected inverse tensor and its differential sandwich. The certificate concerns
metric values.

A.1 An exact scale and rational residuals
On the circle put

wg = 1 + 01 cos(2mx) + 0, cos(4nx), v=Hpwg,

Z= / wov, Sno=wev/Z, b =+wg/v.

For |6| + |62] < 1, these are positive and th(b\/?) = \/7 exactly. This is the classical symmetric
Schrodinger endpoint product construction [17]. Its Markov operator and actual parameter scores are

Pu=Hp(wu)/v, Yi=0logf=wi/w+vi/v-2Z;/Z.

14



Here and below w = wy. The density varies with 4: comparisons are always with G| fj, ¢], not G| fo.e].
Joint smoothness and positivity on compact parameter sets allow the uniform analytic estimates above to
apply along this family.

Let R, = (I — zP)~! for z = —1,, and let R| be the inverse on L(Z)( f). Scalar functional calculus gives

T = g(ygl ~R_)), Chase = 2(37{1 —5R_1 +2ReR)), (42)

where Chyse 1S the scalar part of G h,f- In particular

2

o h
gS =, CbaseYj>f -

c /fV”(TYi)’(TYj)’. (43)

The polynomial F; = wvY; = w;v + wv; — (Z;/Z)wv has degree at most four and zero mean. For any
trigonometric polynomial s, the trial x = s/w has the exact continuum residual

Yi— (I -zP)x = E/(wv), E=F;, —vs+zwHys. (44)

Thus every residual Fourier coefficient is obtained by finite, unaliasing polynomial operations. All generated
modes are retained. Project a trial to L%( f) by replacing s with s — cw, ¢ = f vs/Z. At z = 1 this leaves the
residual unchanged; at the other values it is recomputed after projection.

A.2 A computable continuum error bound

Write ) ,
wo=1-161] =62, vo=1-101le” 2" —|62]e 3™ wi =1+161]+162].

Reversibility and heat Poincaré comparison give the whole-space gap
I-P>6IonL3(f), 6= (wo/w)(1—e ™M, (45)

Indeed the Dirichlet form is (2Z)~! ffw(x)w(y)kh(x — y)(u(x) = u(y))?. It bounds w(z)/Z times the un-
weighted heat form, whereas / fu? < (w%/Z) Varg, (u) for f fu = 0. This proves (45), including the
unresolved Fourier complement.

For (44), Parseval gives

E E'|lo+L||E oo "Noo
L 1 0 1 M i o 1

VZwovg ’ VZwovg ’ wo Vo

Use the sum of squared real and imaginary polynomial norms for complex E. No discrete residual is substi-
tuted for these continuum norms. The following estimate pays for the differential sandwich.

Irlly < (46)

Lemma A.1 (Explicit residual smoothing). Set

2 2Fh*  h?
F =2 oo + ok, k2= T k= w127
Vo

Forr e L%(f),
IAPR iy < K-l IAPR -7l () < Kellrllg-

The constant K_ remains bounded as h | 0 on compact positive parameter sets.
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Proof. The Markov kernel is p(x,y) = kp(x — y)w(y)/v(x). The wrapped Gaussian score satisfies
f (kj, )2/k, < 1/h: Cauchy-Schwarz on its Gaussian translates and unfolding a period reduce this to
Gaussian Fisher information. Consequently / plox log p|* < F. Subtracting u(x) inside the differentiated
Markov integral and using reversibility yields

I(Pu)' |5 < 2 (u, (I = P)uyy.

Apply this to u = Ryr, using (u, (I — P)u)y < 5‘1||r||2 and |lull; < 67!|r|lf. Foru = R_yr, both
lul|f < |l7llr and Cu, (I — P)u)y < ||r||f follow from O < P < [. These prove the two estimates. Since
§ =< hand ¥ = O(h™"), the final assertion follows. O

For each column let 1 j,7_1 ;, r; ; be the residuals of its three trial inverses, and put U; = (h/2)(x1,; —
x_1,;). Define the computable bounds

j = 5[Ar il + -l ) + K-l jlly + Kellr-all ]
= 2 Blrully /8 +5Nr-1jll g +2lriglly)-

Then ||TY; = Ujllg1 () < e; and the error in a symmetrized trial value of (43) is at most

Yillgdj + 1Yl pdi 0>, , /
L -’2 L) ‘+€||V o (eillUjlly +ejllU; Nl + eie ) @7

For the first claim use Ry = [ + PR; and R_; = I — PR_y; retaining the identity terms accounts for the
residual derivatives. The base error uses inverse norms 6!, 1, 1 in (42). Expanding the last integral in (43)
proves the remaining terms of (47). This is a direct value certificate; no additional adjoint solve is needed.

A.3 Interval results and reproduction

Take (61, 6,) = (1/5,1/10). The supplement validated_metric_example.py freezes even trigonometric
trials as exact decimal rationals and evaluates (46)— (47) with mpmath 1.3.0 interval arithmetic at 60 decimal
digits. The 75-digit trial solve is only a proposal; the residual certificate does not assume its accuracy. Ra-
tional denominators are enclosed away from zero, and all interval endpoints are rendered outward by exact
integer division.

Quadrature uses 192 equispaced nodes and the strip | Imx| < a = 1/16. On this strip

lw|>1- cosh(27ra) - cosh(47ra) > 0,

and the corresponding bound for v is larger. Finite weighted sums Y, |s,|e2"“/" bound polynomial strip
suprema and their derivatives. Rational product bounds therefore give an explicit strip bound M for each
integrand. The trapezoidal error is bounded by 2M/(e?*%/ —1): contour shifting bounds Fourier coefficients,
and the quadrature error is their sum at nonzero multiples of J. The resulting radius is added to (47). For
evaluating V"', set [ = (w’/w +v'/v)/2anduse V"' = 1" /2 + (I')*> + 11"

Independently, if B; is the odd periodic primitive of d; f, then f¢; = —B; solves the weighted Poisson
equation; its constant flux vanishes by parity. Hence gg = / B;Bj/f, evaluated with its own quadrature
enclosure. At 42 = 0.000625, the intervals, rounded outward further for display, are

2 \
11 | [0.05599852219998459, 0.05599852219998460] | [0.05599852221282253, 0.05599852221282254]
12 | [0.00018731713055807, 0.00018731713055809] | [0.00018731698780002, 0.00018731698780003]

[0.01155401521838808, 0.01155401521838810] | [0.01155402112826470, 0.01155402112826472]
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h N certified g2C2 - ggz
0.01 20 | [-1.535438,-1.535437] 10~*
0.005 |20 | [-1.607374,-1.607373] 1073
0.0025 |20 | [-1.277676,—-1.277675] 107°
0.00125 | 28 | [-8.949553, -8.949552] 108
0.000625 | 28 | [-5.909877, —5.909876] 10~°

Table 1: Continuum value enclosures; each row uses its own f ¢.

The certified Gershgorin lower bound for this corrected matrix exceeds 0.01136669808. Table 1 gives the
matching-density 22 bias at five bandwidths; N is the maximum trial Fourier frequency. Complete intervals,
residual budgets and rational trial coefficients are in validation_results. json. These finite values illus-
trate the analytic theorem. Exact normalization isolates metric-solve error here, so no general normalization-
solver, empirical, numerical C? or runtime guarantee is inferred. The core convergence and positivity proofs
are analytic and independent of this calculation.

B Prescribed analytic densities and logarithmic resolution

The preceding example has an h-dependent density and an exact scale. We now include normalization for
a prescribed density which stays fixed as & | 0. The smallness and analyticity assumptions below are sub-
stantial. Exponential spectral approximation and uniform nonlocal limits are established principles [18];
bandwidth-independent normalization iteration also predates this work [3]. The result here concerns their spe-
cific integration with the corrected inverse tensor and its differential term. At fixed regularization, Sinkhorn
information-matrix approximation already has logarithmic tolerance dependence [19]; band-limited heat-
kernel transport with complexity estimates is also established [20]. We control the joint vanishing-bandwidth
resolution of a particular corrected local tensor, rather than uniformly approximating the entire narrow heat
kernel with logarithmic bandwidth.
For n € Z4 write |n|; = 3 j Injl, and define the Banach Fourier algebras

lulla, = > [@m)le?™, lullg, = Y (1+2lnl)la(n)]eh.

n n

Products are contractive in these norms: both weights are submultiplicative. Fourier projections and Hj, are
contractions. If 0 < p’ < p and |a| = j > 1, then

. SR
0y ulla, < (27)’ (m) llulla,- (48)

It follows by maximizing ¢/ e~ ©=°")t,

Theorem B.1 (Fixed prescribed densities). Fixd > 1, hg = 1/100, p,n > 0 and a compact real parameter
box K C RP. Suppose fg = 1 + gg has integral one, is independent of h, and extends holomorphically to the
complex polydisc neighborhood K,, with

sup ||goll, < 1/8. (49)

0ek;,

For real parameters assume real Fourier symmetry. For every fixed integer k > 0, there is a symmetric finite
matrix construction My, with

IMn = g | cr ey < AP, I1Mn = g N er (k) < Ciht?
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Jor 0 < h < hy, in the entrywise matrix norm. The first bound refers to exact evaluation of the finite construc-
tion; a separately enclosed evaluation error at most h* changes it to 2h*. The Fourier numerator degrees in
each coordinate, normalization and root iteration counts, and quadrature resolution in each coordinate are
O« (1+1log(1/h)). Thus total retained modes and quadrature nodes are Oy ((1+1og(1/h))?), with constants
depending on d.

Finite execution requires exact or certified input Fourier coefficients on K, with the norm/tail informa-
tion in (49); nonpolynomial inputs are not assumed to arrive with a free coefficient oracle.

We prove the theorem and give sufficient integer choices. The proof separates normalization, the shrink-
ing inverse, density/score changes, root truncation and integration. In particular it does not replace normal-
ization at f silently by normalization at a different density.

B.1 Normalization and its finite approximation
Set
1-1/V2
r= ——,
2
The Fourier multiplier of L; has modulus at most one, so it is a contraction on both algebras. The map

A=2r<1, Lp=(+H,) "

®p,(u) = Ly(g — uHpu) (30

preserves the closed B, ball of radius r, since 1/8 + r?> = r, and is A-Lipschitz there. Its unique fixed point
is holomorphic in parameters by uniform holomorphic iteration. Put

w=1+uy, v=Hyw, wv=f, Z=/wv=1.

For real parameters w,v > 0, and b = +/w/v is the exact scale. Thus this construction normalizes the
prescribed fixed density.
Let Py retain |n|. < N, and form

to =0, tjis1 = Pn®Op(t)). (5D

Every iterate has degree at most NV in each coordinate and norm at most ». Comparing the exact and projected
fixed points and then iterating the contraction gives, for p; = 3p/4,

ref(pfpl )N

— rak. (52)

lun —tLllB,, <&en:=
Indeed the exact fixed-point tail is at most re~ =PV the remaining difference is absorbed by 1 — 1. The
iteration error from zero is at most A%, Only the retained input coefficients enter (51); certified coefficient
uncertainty adds its separately enclosed budget.
Write w; = 1 +t7, v; = Hyw;, Z; = f weve and f; = wyve/Z;. Generally f; # f and Z, # 1. Their
changes will be paid for below. On K3,,/4, parameter Cauchy estimates give

Iwills,, . I(wo)ills, < Bo:=4r/n, lwi = (we)ills,, <4en/n. (53)
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B.2 A uniform scaled inverse on a fixed complex neighborhood

For this step let w = 1 + u be any complex element with ”””Bm <R=1/5 Setv=Hywand Z = / wv.
WithU =1+ R, zg = 1 - 2R — R?, we have

11/ Wlla, > 11/vlla, < A=R)7 |ZI 220> 0.

These follow from geometric series and |Z — 1| < 2R + R.
The transformed root equation is again

L,(w)s=vs—zwHps =F, x=s/w, F=wvY, ze{l,-1,i,—i}.

Put e, = e~ 27 hInl} and D, = diag(1 — ze,). For z = 1 omit the zero Fourier row and column and choose
5o = 0. The full zero row vanishes identically, and Fyp = 0 is exactly compatibility. Since |wg| > 1 — R, this
gauge is transverse to the true kernel span(w). Write £, = D, (I + E,(w)). The constant perturbation ug is
retained in &,. Forn =m +a # 0,

2 2
— alj, —|m
lea=eml o 1,M <1+2al;. (54)
l—en |n|2

For the first inequality use e 4 — e 8| < 1 — e~ 14=Bl and (1 — e~%)/(1 — ¢=*) < max(1,¢/s). For the
second use m = n —a and |n|, > 1. Weighted column summation therefore gives

€114, -4,

<R |l&:llay—a, S2R (z=-Li.-i). (55)

The latter uses |1 — ze,| = 1 and |e, — ze,| < 2. The B norm controls coefficients; the inverse bounds are
on A, not on B with an unaccounted shift weight.
2
Set co = (1 — e~27%"10)/hy. Then

1RO < gty ALy < [eo(l =R 1L < (1 -2R) ™! (2= —1,i,—i).
To select invariant mean zero, replace s/w by s/w — f vs/Z. This map from s has norm at most
Cp=(1-R)""+U/z. (56)

All estimates hold on the same complex parameter neighborhood. The map w +— &;(w) is linear, with
difference norm at most ||w — w|| B,, for z = 1, and twice that bound for the stable roots. The resolvent
identity for / + & therefore gives uniform Lipschitz bounds for hLl‘l. For example, at fixed compatible F its
difference is at most
lw=wllg, IFlla,,
co(1 = R)?2

This cancellation avoids an unnecessary 4~ normalization-error loss. It also supplies the complex bounds
needed for parameter differentiation; a real spectral gap alone would not suffice.

B.3 An explicit stability and integration ledger

We give conservative constants to make every cutoff below definite. For w; of norm one, the actual score
forcing is

Y, =w;/w+Hpw;/v-2;]Z, Fi=wyv+wHpw; — (Z;/Z)wv, |Zi| <£2U|willa,,-
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Define
Ky =U?/z0, Ky =2/(1 = R) +2U/z,
Kr =2U(1 + U?*/zp), Kx = CpKpmax{[co(1 = R)]™", ho/(1 - 2R)}.

Thus every mean-zero scaled root 2R, Y; has A norm at most Kx ||w;|| By the same bound holds for the finite
projected iterates below. Put o = p/4, p» = p/2, p3 = p/4, and

D;=Qn)[j/(ec))! (1<j<4), Lo=-log(1-R),
Ky =d* [AD4Lo+ (D5 + D D3)L]] .

To verify Kg, let £ = (log w+log v)/2 up to its spatially constant normalization. Then V = (A{+V{-V¢) /2 and
(48) bounds each Hessian entry by Ky /d. Summing products with two gradients bounds the full integrand
by dK HD% times their undifferentiated norms.

The holomorphic extension of the scalar base uses all four roots:

T = g(Rl -R_1), Chase = %(3R1 —5R_1+ R +Ry).

On the real slice this agrees with (42). Taking a real part on complex parameters would not be holomorphic.
The complete metric expression is

h2
gij(w) = / waiCbaseYj - E / wa(TYi)T Hess VV(TY_/')’ fw=wv/Z. (57)
Define

>

2
B, =K; [gKyKX + 0aK, D2KY

Bo = B.Bj, Cr = 2Bg, Cs=B. B}/(R~-r)+8Bo/n|,
Ar = k!'max(1,2/n)*.
Here B, bounds the A, metric integrand for unit parameter directions, uniformly on the complex B,,, ball of

radius R. Cauchy’s estimate in that Banach ball bounds its derivative in w, at norm at most r, by B../(R —r).
The expression is bilinear in w;, w;. Applying (53) therefore gives the explicit transfer bound

sup [gij(w) —gij(w,)| < Csen. (58)
K317/4

This includes the changes in density, mass, scores, reciprocal factors and invariant mean. Parameter Cauchy
estimates on radius 77/2 multiply this bound by at most Ay for derivatives of order at most k. The ledger
gives a conservative bound.

B.4 Finite root solves and the total error budget

For w, use one fixed Fourier cube and iterate on the scaled unknown a = hs:
ap=0,  aju =Py[hD;'F; - E(wi)a;]. (59)

Omit n = 0 for z = 1. Products are formed at their full degree before projection. The contraction is at most
2R. The exact scaled solution is uniformly bounded on A, . Comparing projected and exact fixed points on
A,, and iterating gives a root error at most

-oM

_e
" 1-2R

KxBo¢, & +(2R)’,

20



after division and invariant-mean projection. For the scaled polynomial this projection is explicitly a «
a—wy f via/Z;. The numerator degree is at most max(M, N) in each coordinate. An unprojected iteration
could increase degree by N at every step; (59) avoids that logarithm-squared degree.

Use the direct root combinations in (57), and symmetrize the finite matrix. The error in 7 is at most
KxBé, and in the scalar base at most SKx Bo& /3. Paying the additional strip loss from p; to p3 for gradient
errors, the sandwich difference is bounded by the sum of one-error/one-field products. Both exact and trial
root norms are at most Kx By, so the entrywise error is at most Cgé. This proves the root part of the ledger
without an adjoint solve or nonpolynomial forcing oracle.

All finite metric integrands have A,, norm at most Bp on K3,,/4. For a product trapezoidal rule with Q
nodes in each coordinate, the error is at most BQe‘p3Q. Indeed only Fourier coefficients in QZ< \ {0} alias
into the integral, and their |n|; is at least Q. This weighted-norm version of exponential periodic quadrature
[21] avoids an additional lattice-sum constant. Consequently, with exact finite evaluation,

1My, = g Uk ey < Ax [Csen + Cré + Boe 2] . (60)

For example choose positive integers satisfying

N 4
o o (L= A< M
6ACsr 6ACsr
_ (1 -2R)n* n*
S v R < Gace
k“R k“R
o M
-3 < .
¢ > 3A.Bg

Taking ceilings of the corresponding logarithms, with a lower bound of one, makes every choice O (1 +
log(1/h)) and proves the first bound in Theorem B.1. Theorem 1.2 gives the second. Parameter estimates
are applied to holomorphic functions with cutoffs fixed at each £, not by differentiating the integer cutoffs or
a scalar norm bound. Initially the second bound holds for sufficiently small 4. It extends, with a larger Cg,
to 0 < h < hp: on any remaining compact positive 4 interval the normalization, root bounds and smooth
coeflicients above uniformly bound both exact metrics and their fixed parameter derivatives.

For polynomial input, the construction uses only finite convolutions, projections, heat multipliers,
nonzero scalar divisions and rational point evaluations. Input-enclosure error and arithmetic error must
be added separately to (60). At a fixed & the finite operations and strict reciprocal/inverse margins permit
validated precision to be increased until the chosen finite-evaluation budget is met. Numerical parameter-jet
validation likewise requires enclosures of those jets, not just a real-parameter scalar interval. No uniform
bit-complexity statement follows. For nonpolynomial input the coefficient/tail information stated in the
theorem remains an explicit input requirement.

B.5 A fixed-density certificate and finite-family geometry
On the circle take
fo =1+ 0 cos(2mx) + 6, cos(4nx), |61] < .02, |6, < .005.

With p = .2 and complex thickening 7 = .0005, 3(.0205)e% + 5(.0055)e* < 1/8, so the theorem applies to
these fixed prescribed densities. The supplement fixed_normalization_example.py supplies interval
normalization certificates at (.02,.005) and & = .01,.00125,.00015625, using cutoff 32 and 28 iterations.
For a polynomial trial ¢ in the radius-r ball, the full continuum fixed-point residual gives

lun —tllB, < 1P (1) —1llB,/(1 = 4).
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Every generated mode through twice the cutoff is included. At 2 = .00125 the resulting w error is below
3.787 10~%2, and the sup error in b = \/w/Hpw is below 6.023 10~*2. An independent cosine-convolution in-
terval reconstruction includes the omitted modes, which account for almost the entire residual. The complete
rational trials and bounds are in fixed_normalization_results. json. This validates normalization at
the stated points, not a full fixed-density metric, parameter-box or curvature computation.

For this fixed family an explicit limiting Gram margin is
|c|?

G T L
86(c:0) 2 35 3 025)

The density perturbation is ¢ = ¢1 cos(27x) + ¢; cos(4nx). The variational inverse weighted-Laplacian form
is at least || lefrl /1.025, and its two modes give this bound. For general immersed finite families compact-
ness supplies a positive limiting Gram margin. Sufficiently accurate symmetric My, are therefore positive for
small /; inversion and the coordinate formulas give fourth-order connection and intrinsic-curvature approx-
imation in C¥~! and C¥=2 for k > 2. These are finite-family analytic consequences, not ambient curvature,
ambient distance, numerical curvature certificates or a general-density normalization theorem without (49).
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