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Abstract

Assign independent priorities from one common atomless law to the elements of a finite
matroid and construct its minimum-weight basis greedily. We bound every joint inclusion prob-
ability in terms of the corresponding individual marginals, with a factorial coefficient and an
explicit marginal-dependent improvement. The pair case gives a universal factor two, improving
the previously stated factor eight for random minimum spanning trees. The proof first condi-
tions on all unmarked priorities. Forcing a marked element into the basis and contracting it
yields a conditional cylinder inequality; conditional Jensen and Hélder inequalities then return
to the original one-element closure thresholds. Bernoulli sprinkling bounds these thresholds in
convex order by a beta distribution with the same mean. We obtain a sharp moment hierarchy,
characterize equality by rank-one direct summands, and derive exclusion and occupancy bounds.
Finite-cylinder limits transfer the estimates to countable finitary-matroid restriction limits and
to both free and wired minimal spanning forests. On transitive unimodular graphs this gives a
uniform exponential bound for the wired-forest degree distribution.
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order.
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1 Introduction and main result

Let M be a finite matroid on a ground set E. Assign independent priorities (Ug)ecp from one
common atomless probability law. Scan the elements in increasing priority and accept an element
when adding it preserves independence. The resulting basis B minimizes the sum of priorities. Only
their relative order matters, so its law is also obtained from independent uniform priorities on [0, 1].
We call this the random greedy basis law. Write

p.=Pe€B), ps=P(SCB).

For £ > 1 and p = (py,...,pe) € [0,1]%, put
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Empty products equal one, and Fy = 1. Each Fj is continuous on its closed cube.

Fi(p) =

Theorem 1.1 (Joint inclusion). For every finite matroid and every set of distinct elements S =
{e1,...,er},

J4
P(S C B) < Fy(peys---+De,) < 4! Hpei. (2)
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The assertion includes loops, coloops and nonrepresentable matroids. For £ > 2, equality in the first
inequality holds exactly when S contains a loop or every member of S is a coloop.

Corollary 1.2 (Pairs). For distinct e, f,

Ple,f € B) < —PPL__ <opp. (3)
VA +p) (1 +py)

Equality in the first inequality holds precisely when one element is a loop or both elements are
coloops.

The graphical specialization is a minimum spanning tree on a connected finite graph, with loops
and parallel edges allowed. Gupta [1] proves the universal pair bound 8p.p; in that setting. His
proof combines conditional Harris correlation with a moment estimate for connection thresholds,
then compares thresholds in the graph with both marked edges deleted. Here we keep the original
single-element thresholds. Conditional expectation removes the two deletion-comparison losses,
and a stronger sprinkling identity retains the denominator in (3). The conditional argument also
extends to arbitrarily many marked elements and to every finite matroid.

Random greedy bases have classical antecedents. Mayhew [2] studies their exact distribution
through linear extensions of fundamental-circuit partial orders and identifies matroids for which the
distribution is uniform. Huh, Schréter and Wang [3] prove correlation bounds for the law assigning
a basis b mass proportional to [],c, we, with prescribed positive weights. That product-weighted
law is a different model. For example, the graphical product-weighted law has negatively correlated
distinct edges, whereas positive correlations occur for random minimum spanning trees [4, 1]. The
present estimates concern the latter random-priority law.

Makowiec [5] obtains exact asymptotics for inclusion of each fixed forest in the minimum span-
ning tree of K,. Those asymptotics identify much finer complete-graph constants. Our theorem
gives finite, marginal-based control uniformly over matroids and marked sets. The shared tools
include threshold representations and Hoélder’s inequality; the conditional forcing-and-contraction
step supplies the all-orders return used here.

The threshold comparison has a useful independent formulation. If T, is the first priority level
at which the other elements span e, then ET, = p.. Its stop-loss function is bounded by that of
Beta(1,p, !t —1). Mean residual life, convex order and the linear-residual-life beta family belong to
classical reliability theory; see [6, 7]. We give direct proofs of the specific threshold admission, all
moments and equality structure.

The argument proceeds from closure thresholds and sprinkling to a conditional cylinder in-
equality. It then derives (2), dual exclusion bounds and occupancy estimates. Finally, continuous
finite-cylinder passage gives countable restriction limits and the classical free and wired minimal
spanning forests of Lyons, Peres and Schramm [4].

2 Greedy bases and conditional monotonicity

We use standard matroid definitions [8]. The rank of A C F is the maximum size of an independent
subset of A, and
cl(A)={ec E:r(AU{e}) =r(A)}

is its closure. A circuit is a minimal dependent set. A loop is in no basis and a coloop is in every
basis.



Lemma 2.1 (Greedy characterization). For distinct priorities the greedy algorithm produces the
unique minimum-weight basis. An element e is accepted exactly when

e¢cl{g#e:Uy; < U} (4)
Lowering the priority of an accepted element leaves the entire minimum basis unchanged.

Proof. After any prefix of the priority order, the accepted set is a maximal independent subset of
that prefix and hence a basis of it. It has the same closure as the prefix, proving (4). The usual
exchange argument proves optimality: if a basis omits the next greedy element, its fundamental
circuit after adding that element contains an element outside the already accepted prefix. Exchang-
ing such an element preserves a basis and replaces it by an element of smaller priority. Repeating
compares the greedy basis with any other basis and proves strict optimality when they differ.

If a minimum basis contains e, lowering U, subtracts the same amount from the cost of every
basis containing e, and subtracts nothing from costs of bases omitting e. Its unique minimum
therefore remains unchanged. O

It follows from (4) that acceptance of e is nonincreasing in U, and nondecreasing in every
competitor priority. Increasing a competitor’s priority removes it from some lighter sets, and
closure is monotone under inclusion.

We also record the exact product-measure inequality needed below.

Lemma 2.2 (Harris inequality). For a finite family of independent real coordinates, bounded co-
ordinatewise increasing functions f, g satisfy E(fg) > EfEg. If one function is increasing and the
other decreasing, the inequality reverses.

Proof. For one coordinate X and an independent copy X', twice the covariance is
E[(f(X) - f(X)(9(X) — g(X"))] = 0.

Induct on the number of coordinates. Conditional on the last coordinate, apply the induction
hypothesis to the others. Their conditional means are increasing functions of the last coordinate,
so the one-coordinate result completes the induction. Apply the increasing case to f,—g for the
reversed inequality. This is the classical product-measure inequality of Harris [9]. O

3 Closure thresholds and beta comparison

For uniform priorities define
T.=inf{t € [0,1] e € cl{g # e : Uy < t}}. (5)

The infimum of an empty family is set to 1; a loop has threshold 0. This threshold depends only
on priorities other than U.. Equation (4) gives, almost surely,

lieeBy = Y{u.<T0}s ET, = pe. (6)

Equality of the two independent variables has probability zero, including the endpoint conventions.
Lemma 3.1 (Multiplicative sprinkling). Let q(t) = P(T, > t) for 0 <t < 1, and p = ET,. Then

a(s+ (1= )) < g(s)gt), 0 <st<1, (7)

and

Rs) = [ gfu)du < pl1 - $)a(s) ®)
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Proof. The function ¢(t) is the probability that a Bernoulli(¢) subset of E\ {e} fails to span e. Take
independent Bernoulli subsets of densities s, t. Their union has density s+ (1—s)t, independently at
each element. Failure of the union to span e implies failure of both subsets, by closure monotonicity.
Independence gives (7). Integrating it in ¢ and substituting u = s + (1 — s)t gives (8), because
fol q(t)dt = p. O

The argument applies to any increasing spanning property of finite subsets. The matroid enters
through the greedy admission (6).

Theorem 3.2 (Threshold distribution and moments). For 0 < p. < 1, let Y, ~ Beta(1,p;* —1).
Then T, is smaller than Yy, in convex order. More explicitly, for 0 < s <1,

E(T. — 8)4 < pe(1 — s)"/7. (9)
For every integer m > 1,
|1
BT < — e (10)
7j=1 (1 + ]pE)

The cases pe = 0,1 have thresholds 0,1 almost surely and satisfy (10).
Proof. On the interval where R > 0, equation (8) and R’ = —q give

R'(s) < - (11_ .

almost everywhere. Integrate from 0, using R(0) = pe, to obtain (9); after the first zero of R the

bound is immediate. The beta variable has survival function (1 — s)Pe '—1 and stop-loss function
pe(1 — s)1/Pe. Both variables have mean p,.

For completeness, stop-loss domination with equal means implies convex order directly on [0, 1]:
every piecewise-linear convex function is an affine function plus a finite nonnegative linear com-
bination of (x — s)4, and every continuous convex function on this compact interval is uniformly
approximated by such functions. Thus all convex expectations have the stated order.

There is also a direct moment proof. Put a,, = ET." =m fol tm=1q(t) dt. For m > 2, multiply (8)
by s™~2 and integrate. Tonelli’s theorem gives

Qm

Am—1 a
m < Pe (mm_ 1 ;nn> ’ [1 + (m - 1)pe]am < MPep—1.

Starting from a; = p. proves (10). The mean identity (6) handles the deterministic endpoints. [J

4 A conditional cylinder inequality

Fix a marked set S C E and condition on all outside priorities W = (Uy)g¢g. Write
ac(W)=P(ee B|W), eeS.

The following statement allows arbitrary fixed distinct outside priorities in [0, 1], while marked
priorities remain independent uniforms.

Proposition 4.1 (Conditional marked inclusion). For every such outside realization,

P(SCB|W) <[] ac(W). (11)
eeS



Proof. Induct on |S|. The singleton case is equality. If S is dependent, its joint inclusion probability
is zero. Otherwise choose e € S and force its priority to —1. It is a nonloop, so it is accepted first,
and the remaining algorithm is greedy on the contracted matroid M /e, with all other priorities
unchanged. Let Ag be the event that this contracted run accepts every element of S\ {e}.

On the event that the original basis contains e, Lemma 2.1 says that lowering its priority to —1
leaves the whole basis unchanged. Consequently

liscpy = L. <1314
almost surely. Integrating U, first yields
P(SC B|W)=E[Tc1,4, | W]. (12)

As a function of the other marked priorities, T, is increasing. The event Ag is decreasing in each of
them: whenever all remaining marked elements belong to the contracted minimum basis, lowering
any one’s priority preserves that entire basis by Lemma 2.1. Harris’s inequality therefore gives

E[Tele | W] < ae(W)P<A0 ’ W),

where a.(W) = E[T¢ | W] follows by integrating its own independent priority.

Apply the induction hypothesis in M/e to the remaining marked set. If by(1¥) denotes its
contracted marginal, then P(Ag | W) < [Tjeg\ ey 0 (W). Finally, by(W) < ap(W): coupling by
lowering U, to —1 adds a competitor before f, and the closure characterization shows pointwise
that this can only decrease acceptance of f. Combining these inequalities proves (11). O

Proof of Theorem 1.1. The cases £ = 0,1 are immediate; assume ¢ > 2. Average (11) over W and
use Holder’s inequality with ¢ = |S| identical exponents:

P(S C B) <E ] ac(W) < [ (Bac(W)")"".

eeS e€eS

Each a.(W) is the conditional expectation of the original threshold T,. Conditional Jensen gives
Ea.(W)¢ < ETY. Substitute (10) and take the product to obtain (2). O

5 Sharp threshold equality and pair strictness

A parallel class of nonloops is a set whose distinct members form two-element circuits. It is a
rank-one direct summand when no circuit meets both the class and its complement.

Theorem 5.1 (Equality in threshold moments). For a nonloop e in a finite matroid, equality
in (10) for any integer m > 2 holds exactly when e lies in a rank-one direct summand. If that
summand has k + 1 elements, then

1

Q(t):(l_t)k7 pe:m-

For k > 1 its threshold is the minimum of k independent uniforms; k = 0 is a coloop. Loops have
threshold zero.



Proof. First take m = 2. The proof of its moment inequality integrates the nonnegative continuous
deficit

D(s,t) = q(s)q(t) — q(s + (1 — s)t)

against the strictly positive weight 1—s on (0, 1)2. Equality forces D = 0 there and hence everywhere
on [0,1)2. The nonloop reliability polynomial g is positive on [0, 1), since choosing no other element
has positive probability. Therefore h(x) = q(1 —e™7) is continuous, positive and satisfies h(x+y) =
h(z)h(y), with h(0) = 1. Tt follows that q(t) = (1 — t)* for some k > 0.

Differentiation at zero shows that k = —¢’(0) is the number of elements parallel to e: precisely
those singleton subsets span e. Call this set of peers P. Nonspanning implies that none of P is
chosen, giving q(t) < (1 —t)IPl. If a circuit C of size at least three contained e, it would contain no
peer of e, by minimality of circuits. For every 0 < t < 1, selecting C'\ {e} while selecting no peer
has positive probability and spans e, making this inequality strict. Thus every circuit containing e
is a parallel pair. Replacing a parallel element by e in a circuit preserves the circuit property, since
parallel elements give the same closure after either is adjoined. A circuit meeting this class and its
complement would therefore give a longer circuit containing e. The class is a direct summand.

Conversely an isolated class of size k + 1 has the stated minimum threshold and attains ev-
ery moment bound. For general m > 2, equality in the iterated positive moment recurrence of
Theorem 3.2 forces equality in the second-moment step, completing the characterization. ]

Equality in Theorem 1.1 and Corollary 1.2. Fix £ > 2. A marked loop or an all-coloop set gives
equality. If every marked marginal is positive, equality in the proof of Theorem 1.1 forces equality in
every threshold ¢th-moment bound. Theorem 5.1 therefore puts each marked element in a rank-one
direct summand. Two marked elements in one parallel class give joint probability zero. Otherwise
the classes are distinct, their choices are independent and the joint probability is the product of

their marginals. Since
/-1

[Ta+ip) <2,
j=1
with equality exactly when p; = 1, the prefactor in (1) equals one exactly when every marked
marginal is one. In a finite matroid every nonloop has positive greedy probability and every
noncoloop has probability less than one: placing it first, or last after a basis omitting it, respectively,
proves these assertions. This establishes the equality classification in Theorem 1.1.
The pair inequality and its equality statement are the case £ = 2. O

6 Exclusion and occupancy
Corollary 6.1 (Joint exclusion). For every marked set S = {ei,...,ep},

P(SNB =)< Fy(1 —pey,....1— pe,). (13)

Proof. Complements of bases of M are bases of its dual M*. Subtracting basis weight from the
total weight over E shows that F \ B is the maximum-weight dual basis. Reversing priorities
by U, = 1 — U, turns this into the minimum-weight dual basis, since every dual basis has the
same cardinality. Reversed uniform priorities are still iid, so Theorem 1.1 applies with marginals
1 — pe. O



Corollary 6.2 (Occupancy bounds). For A C E, set Z = |[BNA| and pp = > .cape- Then, for

each integer £ > 0,
Z
E<£> < pt. (14)

1 1 -
, P(Z >r)< inf %
0<z<l/p 1 —2zp

If p>0and 0 < z<1/u, then

E(1+2)7 <

— (15)

In particular P(Z > r) <2(14+1/(2u))"". If =0, then Z = 0 almost surely.

Proof. Sum the weaker bound in (2) over f-element subsets of A. The sum of their marginal
products is the elementary symmetric polynomial e;((pe)eca), and fle; < u® by expanding pu’.
This proves (14). Expand (1 4 2)? and bound its nonnegative finite sum by the geometric series.
Markov’s inequality gives (15); choose z = 1/(2u) for the stated example. O

7 Countable limits and minimal spanning forests

Proposition 7.1 (Finite-cylinder passage). Suppose finite random greedy basis laws converge in
finite-dimensional distributions on a countable labeled set E, with every finite marked set eventually
present in their ground sets. Let X C E have the limit law and p. = P(e € X). Then (2) and (13)
hold for X and every finite marked set, with these limit marginals. If A C E is countable and
=D ccaPe < 00, the occupancy conclusions (14)—(15) also hold.

Proof. Cylinder probabilities and individual marginals converge. Continuity of F; on the closed
cube passes both inequalities to the limit. Exhaust a countable A by finite sets. Its counts increase
to Z, and Tonelli gives EZ = pu, so Z is finite almost surely. Monotone convergence passes each
binomial moment and each exponential bound, using the common finite bound (1 — zp)~!. O

7.1 Finitary matroid restrictions

A matroid on a countable ground set is finitary when all its circuits are finite.

Proposition 7.2. Let M be finitary on countable E, with iid atomless priorities. Define
X = {e: e is not the largest-priority member of any circuit}. (16)

For any finite exhaustion E, T E, the greedy bases of M|E,, converge almost surely on every finite
cylinder to X. The set X is independent and satisfies the conclusions of Proposition 7.1.

Proof. Once e € E,, its acceptance indicator decreases with n by closure monotonicity. Rejection
is witnessed by a circuit containing e and only lighter elements. Every such circuit is finite and
eventually belongs to E,, so the indicator limit is exactly (16). Countability gives simultaneous
convergence. A circuit contained in X would have a largest-priority member and contradict the
definition; hence X is independent. Apply Proposition 7.1. O

In a countably infinite rank-one parallel class, every element has a lighter peer almost surely,
so this restriction limit is empty. This example describes the possible loss of maximality in the
restriction construction.



For the threshold statements choose independent uniform priorities, as permitted by order
invariance. For each e, the finite thresholds decrease to

T, = inf max Uy,
C3e feC\{e}

where C runs over finite circuits, the empty-family infimum is 1, and a loop’s empty maximum is
0. The limit is independent of U, so 1(.cx} = 1y, <7.} almost surely and E7. = p.. Bounded
convergence passes every moment and stop-loss inequality of Theorem 3.2 to this threshold.

7.2 Free and wired minimal spanning forests

Let G = (V, E) be connected and locally finite, with iid uniform labels. The free minimal spanning
forest Fy consists of edges that are not the largest-labeled member of a finite cycle. The wired
minimal spanning forest I, consists of edges that are the least-labeled member of some cut dgW
with W C V finite. These are the classical free-cycle and wired finite-cut formulations [4, Section 3].

Theorem 7.3 (Minimal spanning forests). Both Fy and F,, satisfy the joint inclusion, joint ex-
clusion and finite-mean occupancy conclusions above, using their respective actual edge marginals.
Their original one-edge path or cut thresholds satisfy the beta comparison and moment bounds of
Theorem 3.2.

Proof. Choose finite connected induced vertex sets V;, T V. The free graph G,, contains all edges
between vertices in V,,. Form G by identifying all outside vertices to one boundary vertex and
discarding resulting loops at that vertex. Retain every original edge incident to V,,, with its separate
label, so parallel boundary edges remain distinct. Local finiteness makes these finite graphs.

Their greedy bases are minimum spanning trees. For each eventually internal edge e, free
acceptance decreases to the finite-cycle condition defining Fr. Wired acceptance has the equivalent
finite cut criterion

e€ B, <= eisleast on some OgW, with W C V.

Indeed, a finite tree edge belongs to a minimum spanning tree exactly when it is the unique least
edge across some cut: its lighter-edge component gives the cut in one direction, and the exchange
argument proves the other. The side avoiding the boundary vertex is a subset of V,,, and its cut is
exactly the original cut because all boundary edges were retained. Thus wired indicators increase
to the finite-cut condition defining Fy,. This also reproduces the finite-exhaustion identification
of [4, Proposition 3.1]. Proposition 7.1 now applies to both laws.

For threshold comparison, cap all thresholds at 1. Free thresholds are the bottleneck minima
over paths connecting the endpoints in Gy, \ {e} and decrease. Wired thresholds are

" = max  min Uy,
WCV,, fedpW\{e}
e€copW

with empty minimum 1, and increase. The finite path-cut identity follows from the same minimum-
tree criterion. Both limits depend only on labels other than U, and describe acceptance by U, < Tt
almost surely. Their means equal their respective edge marginals. Bounded convergence passes
the finite moments and stop-loss bounds. Loops have threshold zero. These threshold conventions
agree with [4, Lemma 3.2]. O



Corollary 7.4 (Uniform wired-forest degree tail). Let G be an infinite transitive unimodular locally
finite graph and D, the WMSF degree at a vertex. Then

1
E(1+2)P < oo 0<z<i,  P(D,>r)<2(5/4)7".
— 2z
For r > 2 the optimized bound is
1/2 D\
P(DvZT)ST—i_ ((7“4- )> .
3 3r

Proof. The classical expected-degree theorem gives ED,, = 2 [4, Theorem 1.1]. Apply the occupancy
bound to incident edges with p = 2. The explicit exponential estimate uses z = 1/4; optimizing at
z=(r—2)/(2(r +1)) gives the last formula. O
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