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Abstract

We obtain a joint finite-rank approximation law for the complete Birman–Schwinger fam-
ily of a constrained theta-weighted Weil operator. At each fixed absolute error tolerance, the
required rank is at most C exp(C

√
log(1/ε)) as the positive resolvent parameter ε tends to

zero. The construction pays the complete paired arithmetic tail, high-frequency block and
mixed localization errors. It gives a corresponding bound on the entire negative spectral pro-
jection and implies that the negative eigenvalue magnitudes decay as C exp[−c log2(n + 1)].
Thus the full negative part belongs to every Schatten class. We separate two arithmetic cut-
off regimes. Effective simultaneous prime-phase returns give signed high-frequency saturation
when the retained cutoff grows sufficiently slowly. In the faster regime of the rank construction,
theta confinement and compressed-shift estimates instead give a strict high-block norm gap: its
normalized upper bound is at most three quarters for every positive limiting arithmetic ratio,
with a stronger branch above the theta-overlap threshold. Both arguments retain the original
constraints, weighted norms and complete localization errors.

1 Introduction and results
Global conclusion and cutoff regimes The global spectral conclusion uses joint arithmetic,
frequency, spatial and approximation cutoffs. Each parameter pays a different remainder. The slow-
regime saturation and the fast-regime high-block gap therefore belong in a separate comparison:
saturation of one slow block does not establish an optimal global rank law. Approximation rank,
carrier height and a frequency-limit constant have different roles.

The spectral effect of an arithmetic truncation depends on the resolvent parameter against
which its error is measured. A fixed-cutoff approximation theorem therefore needs a joint parameter
analysis before it gives information about eigenvalues accumulating at a threshold. We perform
that analysis for the constrained theta-weighted realization introduced in [1]. The new recipient is
the entire negative part of the original operator, rather than its output on a prescribed null space.

Write H = A+B for the precise minimal-form realization defined in Section 2, with A ≥ 0 and
B bounded selfadjoint. For ε > 0 put

Kε = (A+ ε)−1/2(−B)(A+ ε)−1/2, n−(H; −ε) = rank 1(−∞,−ε)(H).

The negative part is H− = max(−H, 0) in the spectral calculus. The first theorem gives the
main spectral conclusion. The second identifies a strict distinction between the fast cutoff family
used in its proof and the slower saturation family.
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Theorem 1.1 (Joint rank and negative-spectrum decay). For every fixed 0 < η ≤ 1 and 0 < ε ≤ 1,
the complete operator Kε has a selfadjoint finite-rank approximant with norm error less than η. Its
rank is at most the explicit integer N(ε, η) in (11). For each fixed η there is Cη such that

N(ε, η) ≤ Cη exp
(
Cη

√
log(1/ε)

)
.

There are constants C, c > 0 such that

n−(H; −ε) ≤ C exp
(
C
√

log(1/ε)
)
, (1)

λn(H−) ≤ C exp[−c log2(n+ 1)]. (2)

Here the negative eigenvalue magnitudes are ordered nonincreasingly, repeated with multiplicity,
and padded by zeros if finite. In particular H− ∈ Sp for every p > 0.

For the regime comparison write Jε = Ms(A+ ε)−1/2 and

Khi(M, ε, L) = J∗
ε (I −QL)VM (I −QL)Jε,

where VM and its coefficient dM are defined in Section 3.

Theorem 1.2 (Fast-regime high-block gap). Suppose q → ∞, ε = e−q, M/q → C > 0, and
logL/√q → K with 0 < K < ∞. Then

lim sup
q→∞

a(L)‖Khi(M, ε, L)‖
dM

≤ min
{3

4
,
1
2

+ 1
4
√
πC

}
< 1. (3)

The positive spectral edge obeys the same upper bound. For the explicit cutoff family of Theorem 1.1,
C = 1/ log 10, and the stronger branch is 1

2 + 1
4
√

log 10/π.

The rank bound includes the growing retained arithmetic set and all localization remainders.
The parameter η is fixed in the displayed asymptotic; the explicit formula governs its simultaneous
variation. The finite-rank construction contains the actual resolvent rows, so the theorem is an
approximation-rank statement rather than an estimate for the arithmetic cost of evaluating those
rows.

The proof uses the frequency-first enclosure from [1], which we reproduce below in the exact
form needed. An elementary Chebyshev estimate removes an unnecessary logarithm from the re-
tained arithmetic coefficient. The form-domain Birman–Schwinger correspondence and finite-rank
min–max then control the whole negative spectrum. These spectral tools and Schatten theory are
classical; see [3, 4]. Related logarithmic-symbol spectral estimates include [5], whose finite-measure
Dirichlet setting differs from the full-line theta-multiplication reference used here. Weighted arith-
metic realizations and fixed-depth localization arguments also appear in [6]. The contribution here
is the joint cutoff law and its quantitative consequence for H− in the specified realization.

Section 6 proves saturation uniformly in a slow-growing arithmetic regime, paying every-interval
prime-phase coverage and the original packet norm. Section 7 then proves Theorem 1.2: a smooth
highpass transfers the theta-induced spatial confinement without a false sharp-cutoff commuta-
tor estimate, and medium and long translations have smaller correlations on that confined core.
Thus the fast rank regime genuinely fails to saturate the fixed-cutoff high-band coefficient. This
comparison concerns that retained block.
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The finite observation-norm estimate used for the smooth transfer was developed in the author’s
working note [7]; we reproduce its required upper proof in Lemma 2.2. The compact-window
autocorrelation half bound has a direct predecessor in [8, Lemma 1] and [10, Lemmas 1 and 1′].
The square-zero numerical-radius estimate is a special case of the classical theorem of Haagerup and
de la Harpe [9]; its elementary proof and the projection bounds are included. The prime number
theorem used to evaluate the arithmetic mass is the classical unconditional theorem [2, §§25.16,27.2].
The new fast-regime conclusion is the transfer of these ingredients through the complete weighted
receiver and its joint scales.

2 Exact realization and inherited budgets
Inner products are conjugate-linear first, and

f̂(ξ) =
∫
R
e−iuξf(u) du, ‖f‖2 =

∫
R

|f̂(ξ)|2 dξ
2π
.

Use the full theta kernel

ψ(u) = 2
∑
n≥1

(2π2n4e9u/2 − 3πn2e5u/2)e−πn2e2u
. (4)

The locally uniformly differentiable series is even and strictly positive. For normalization, with
ϑ(x) =

∑
n∈Z e

−πn2x and b(u) = eu/2(ϑ(e2u) − 1), Poisson summation gives b(u) − b(−u) = e−u/2 −
eu/2 and ψ = 1

2(∂2
u − 1/4)b. Positivity follows from the individual terms on u ≥ 0, then reflection.

Put c(u) = cosh(u/2), w = ψc, s =
√
ψ/c, and

K = {h ∈ L2(R) : 〈
√
w, h〉 = 〈

√
w tanh(u/2), h〉 = 0}.

The two rows are smooth, in L2, and linearly independent. The weighted unitary coordinate is
h =

√
w g, with ψg = sh.

Writing ψ0 = Γ′/Γ, define

m0 = ψ0(1/4) − log π < 0, a(ξ) = <ψ0(1/4 + iξ/2) − ψ0(1/4).

The digamma series and asymptotic [2, §§5.7,5.11] give

a(ξ) =
∑
j≥0

t2

(j + 1/4)((j + 1/4)2 + t2)
, t = |ξ|/2, a(ξ) = log |ξ| +O(1). (5)

It is even, positive away from zero, and increasing in |ξ|.
On C = C∞

c (R) ∩ K define

a[h] =
∫
a(ξ)|ŝh(ξ)|2 dξ

2π
.

The core is dense: compact smooth approximation followed by correction using two fixed
compact smooth vectors with invertible row matrix proves this. The maximal graph map h 7→
a(D)1/2(sh) is closed, so its restriction is closable. Let V be the closure of C in ‖h‖2 + a[h], and
let A be its associated nonnegative selfadjoint operator. This chosen core closure specifies the
realization.

Let Sbf(u) = f(u+ b) and cn = Λ(n)/
√
n. The complete bounded perturbation is
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B = PK

m0M
2
s −

∑
n≥2

cnMs(Slog n + S− log n)Ms

 ∣∣
K. (6)

The paired series converges in norm by the estimate below. Thus H = A+ B is selfadjoint on
DomA, with form domain V.

Lemma 2.1 (Source bounds). The following complete-kernel bounds hold:

‖s‖∞ ≤ 1, sup
|u|>R

s(u) ≤ σR := min{1, 13e2R−(3/2)e2R}, (7)

‖B −BM ‖ ≤ δM := 640(M + 1)2/20M+1, (8)
|m0| < 6, a(L) ≥ 1

2 log(2L) (L ≥ 1/2), a(ξ) ≤ 5 + log(1 + |ξ|). (9)

Here BM retains the same diagonal term and all n ≤ M .

Proof. The elementary full-series proof of the unit bound in [1, Lemma 2.1] gives the stronger
explicit value ψ(u) < 11161963/11500000 < 1. We use this published estimate with exactly the
normalization (4). Its companion envelope is

ψ(u) ≤ 8π2e9u/2−πe2u
, s(u)2 ≤ 16π2e4u−πe2u (u ≥ 0).

For completeness, the first follows by bounding the theta sum after its first exponential using∑
n≥1

n4qn−1 < 2, q = e−3π < 1/100.

Division by c(u) ≥ eu/2/2 gives the second. Its square root, reflection and π > 3, 4π < 13 give
(7).

For a shift b ≥ 0, write v = |u| + |u + b| ≥ b. The envelopes and arithmetic–geometric mean
give

‖MsSbMs‖ = sup
u
s(u)s(u+ b)

≤ 16π2e2b−πeb
.

Indeed the intermediate exponent is at most 2v− πev, decreasing for v ≥ 0. Since cn ≤ 1, both
directions beyond M cost at most 32π2∑

n>M n2e−πn. For k = M + 1 ≥ 2, use e−π < 1/20 and∑
n≥k

n2e−πn ≤ k220−k
∑
j≥0

(j + 1)220−j < 2k220−k.

This proves (8) with π2 < 10. The classical quarter-argument digamma value gives |m0| < 6.
Retaining the terms 0 ≤ j ≤ bL/2−1/4c in (5) gives the lower bound in (9) by comparison with the
reciprocal integral. For the upper bound, the summand decreases in its denominator variable. Its
first term is at most4 and its remaining integral is 1

2 log(1 + 4ξ2). Hence a(ξ) ≤ 4+ 1
2 log(1 + 4ξ2) ≤

5 + log(1 + |ξ|).
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Lemma 2.2 (Finite observation bound). For the chosen constrained reference and 0 < ε ≤ 1,

j(ε) := ‖Ms(A+ ε)−1/2‖ ≤ min{ε−1/2, 4 log(log(1/ε) + 4)}.

Proof. We reproduce the upper estimate from [7]. Let f = sh for h ∈ V. For spatial and frequency
cutoffs R, ℓ > 0, direct integration gives ‖PRQℓ‖ ≤

√
2Rℓ/π =: ρ. If ρ < 1, the identity

f = PRQℓf + (I − PR)f + PR(I −Qℓ)f

and the full tails imply
(1 − ρ)‖f‖ ≤ σR‖h‖ + a(ℓ)−1/2

√
a[h].

Cauchy–Schwarz against the two energies therefore gives

‖sh‖2 ≤ σ2
R/ε+ 1/a(ℓ)

(1 − ρ)2 (a[h] + ε‖h‖2).

The statement extends from the core to its chosen closure, and spectral calculus identifies the best
quotient with j(ε)2. The first term of (5) gives a(ξ) ≥ 16ξ2/(1 + 4ξ2), hence a(ξ) ≥ (16/5)ξ2 for
|ξ| ≤ 1. Put q = log(1/ε), R = log(q + 4) > 1, and ℓ = π/(8R) < 1. Then ρ = 1/2. With
t = q + 4 ≥ 4, the theta tail gives

σ2
R/ε ≤ 169t4e−3t2+t−4 < 1.

The logarithmic derivative 4/t−6t+1 is negative on [4,∞), and its endpoint value is 43264e−48 < 1.
It follows that

j(ε)2 ≤ 4(1 + 20R2/π2) < 16R2.

The independent cap j ≤ ε−1/2 follows from ‖s‖ ≤ 1.

3 A complete finite-rank enclosure
For ε > 0 put Rε = (A+ ε)−1/2 and J = MsRε. For unit h ∈ K,

‖Jh‖ ≤ ε−1/2,

∫
a(ξ)|Ĵh(ξ)|2 dξ

2π
≤ 1.

Define

VM = −m0I +
∑

2≤n≤M

cn(Slog n + S− log n), dM = |m0| + 2
∑

2≤n≤M

cn.

Its Fourier multiplier is vM (ξ) = −m0 + 2
∑
cn cos(ξ logn), and ‖VM ‖ ≤ dM . Let QL denote

the band projection and PR the spatial projection. For d ≥ 0 define

Êdf(ξ) = 1[−L,L](ξ)
d∑

k=0

(−iξ)k

k!

∫ R

−R
ukf(u) du, Fd = EdJ, F = F ∗

dVMFd.

It is selfadjoint of rank at most d+ 1.
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Lemma 3.1 (Full error). For M ≥ 1, R,L > 0, and integer d ≥ 0,

‖Kε − F‖ ≤ δM

ε
+ dM

a(L)
+ dMτ(2/

√
ε+ τ), (10)

τ = (σR + bd)/
√
ε, bd =

√
2/π (RL)d+3/2

(2d+ 3)(d+ 1)!
.

Proof. The arithmetic tail costs δM/ε. The retained sandwich is J∗VMJ . Since VM commutes with
QL, it is the sum of (QLJ)∗VM (QLJ) and ((I −QL)J)∗VM ((I −QL)J), with zero cross-frequency
blocks. The high block has norm at most dM/a(L) by the energy bound. The real-phase Taylor
remainder, integrated on the space–frequency rectangle, gives ‖QLPR − Ed‖ ≤ bd. Consequently

QLJ − Fd = QL(I − PR)J + (QLPR − Ed)J
has norm at most τ , and ‖Fd‖ ≤ ε−1/2 +τ . Expanding the difference of the two low-band signed

products gives the last term of (10). This proves the bound on the entire receiving space.

4 Joint cutoff selection
We first sharpen the arithmetic coefficient with an elementary prime-power count.

Lemma 4.1 (Square-root arithmetic bound). For integer M ≥ 1, dM ≤ 18
√
M .

Proof. Let Ψ(x) =
∑

n≤x Λ(n). Every prime power pj ∈ (n, 2n] contributes one unit to the corre-
sponding summand b2n/pjc−2bn/pjc in the valuation of

(2n
n

)
; all other summands are nonnegative.

Thus

Ψ(2n) − Ψ(n) ≤ log
(

2n
n

)
≤ 2n log 2.

Summing along powers of two gives Ψ(2r) < 2r+1 log 2. If 2r−1 < x ≤ 2r, then Ψ(x) < 4x log 2 <
3x; at x = 1 it is zero. Stieltjes partial summation yields

∑
n≤M

Λ(n)√
n

= Ψ(M)√
M

+ 1
2

∫ M

1
Ψ(t)t−3/2 dt ≤ 6

√
M − 3 ≤ 6

√
M.

Together with |m0| < 6, this gives dM ≤ 6 + 12
√
M ≤ 18

√
M .

For 0 < ε, η ≤ 1 define the following positive quantities:

k = max
{

4,
⌈ log(1920/(εη))

log 10

⌉}
, M = k − 1, D = 18

√
M,

L = exp(6D/η), X0 = log 312D
εη

, R = 1
2 log(2X0),

z = RL, b = εη

24D
,

N(ε, η) = max
{

1, d6ze,
⌈

log(
√
z/b)

log 2

⌉}
, d = N(ε, η) − 1. (11)
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These formulas, including their integer ceilings, specify the joint approximation.

Proposition 4.2. The cutoffs (11) make the full error (10) strictly less than η. For fixed η,
logN(ε, η) = Oη(

√
log(1/ε)) as ε ↓ 0.

Proof. For integers k ≥ 4, k2 ≤ 2k by induction, starting at4. Thus δM ≤ 640 10−k ≤ εη/3, which
pays the arithmetic term. Next, a(L) ≥ 1

2 log(2L) > 3D/η pays the high-frequency term by less
than η/3.

Since e2R = 2X0,

σR ≤ 26X0e
−3X0 ≤ 13e−X0 = b,

using 2X0 ≤ e2X0 . Write n = d + 1 = N(ε, η). Stirling’s elementary factorial lower bound
n! ≥ (n/e)n and n ≥ 6z, e < 3 give

bn−1 ≤
√
z(ez/n)n ≤

√
z 2−n ≤ b.

The last inequality is precisely the logarithmic ceiling in (11). Hence τ ≤ η
√
ε/(12D), and the

last error term is at most

D
η
√
ε

12D

(
2√
ε

+ η
√
ε

12D

)
= η

6
+ η2ε

144D
<
η

3
.

This proves the strict total error. All quantities in the formulas are finite, with M ≥ 3, X0 > 1,
R > 0 and z > 1.

For the rank asymptotic put u = log(1/ε). At fixed η, M is comparable to u for large u,
D = Oη(

√
u), logL = Oη(

√
u) and R = Oη(log u). The third cutoff for n is Oη(u+ log z), whereas

z = R exp(6D/η) eventually dominates every fixed power of u. Thus logn = Oη(
√
u). Enlarging

the multiplicative constant on a remaining compact interval of ε proves the rank assertion in
Theorem 1.1.

5 The entire negative part
Proof of the spectral conclusions. The preceding norm approximations, with arbitrary positive ac-
curacy, imply that Kε is compact selfadjoint. Fix η = 1/2 and a rank-N approximant F with
error less than η. If the spectral subspace of Kε for (1,∞) had dimension greater than N , it would
intersect ker F nontrivially. On that intersection its Rayleigh quotient is strictly greater than1, but
Fu = 0 and the norm error bound make it at most η. This contradiction bounds that dimension
by N(ε, 1/2).

The map h = (A+ ε)−1/2u is a bijection from K onto the chosen form domain V, with its form
topology, and

〈h, (H + ε)h〉form = ‖u‖2 − 〈u,Kεu〉.

Transporting finite-dimensional strictly negative form subspaces in both directions proves equal-
ity of the two negative indices. The spectral theorem identifies the form index of H + ε with
rank 1(−∞,−ε)(H). This proves (1) from Proposition 4.2, without replacing a form-domain state-
ment by a finite compression.
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Since B is bounded and A ≥ 0, H is bounded below. Finiteness of every negative-depth
projection makes its negative spectrum discrete with finite multiplicities and possible accumulation
only at zero. If the count is bounded by A0 exp(B0

√
log(1/ε)), take, for large n,

εn = exp
[
−
( log(n/(2A0))

B0

)2]
.

The number of eigenvalue magnitudes strictly larger than εn is at most n/2, so the nth magni-
tude is at most εn. Adjusting constants for finitely many remaining indices proves (2), including
finite or empty spectra by zero padding. Every positive power of this bound is summable: for
fixed p > 0, eventually cp log2(n+ 1) > 2 log(n+ 1). Hence

∑
n λn(H−)p < ∞, proving the stated

Schatten conclusion.

6 Effective phase returns and growing-cutoff sharpness
For the retained operator define

Khi(M, ε, L) = J∗(I −QL)VM (I −QL)J, bM (L) = max
{

0, sup
|ξ|>L

vM (ξ)
a(ξ)

}
.

The energy estimate gives ‖Khi‖ ≤ dM/a(L) and bM (L) ≤ dM/a(L).

Theorem 6.1 (Uniform growing-cutoff saturation). Let X = log log logL for sufficiently large L,
and let ω(L) ≥ log 2 be any specified envelope satisfying ω(L) = o(X). Uniformly over integers
2 ≤ M ≤ eω(L) and 0 < ε ≤ 1,

a(L) supσ(Khi(M, ε, L))
dM

−→ 1, a(L)‖Khi(M, ε, L)‖
dM

−→ 1.

The scalar caps also satisfy a(L)bM (L)/dM → 1 uniformly in that range.

6.1 Explicit every-interval prime-phase coverage

Lemma 6.2. Let p1, . . . , pm be the primes at most M ≥ 2, and put P =
∏
pj. For 0 < ρ < 1

define

h = d256(m+ 1)2ρ−4e, T = 8P h(2h+ 1)m.

Every real interval of length T contains N such that maxp≤M |eiN log p − 1| < ρ.

Proof. The nonnegative trigonometric polynomial

F (t) =
∏

p≤M

(1 + cos(t log p)
2

)h

has nonnegative Fourier coefficients summing to1. Its constant coefficient is
Ah = [

(2h
h

)
/4h]m ≥ (2h + 1)−m. Every other frequency is

∑
kp log p, with |kp| ≤ h. Unique

factorization makes it nonzero. Write it as log(A/B), where A,B are distinct positive integers at
most P h. The inequality log(A/B) ≥ (A−B)/A for A > B gives absolute frequency at least P−h.
Thus the average of F on any interval of length T differs from Ah by at most 2P h/T = 1/[4(2h+1)m].
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If one prime phase has distance at least ρ from1, then F (t) ≤ (1 − ρ2/4)h. This is less than
1/[2(2h+1)m]. To check the constants put B0 = (m+1)2ρ−4 ≥ 1. Then h ≤ 257B0, 2h+1 ≤ 515B0,
and

hρ2/4 ≥ 64(m+ 1)2ρ−2 > log 2 +m log(2h+ 1).

For the last comparison use log 515 < 7, log(m + 1) ≤ m + 1 and log(1/ρ) ≤ 1/ρ to bound its
right side by (1 + 13m + 2m2)ρ−2. The exponential inequality 1 − x ≤ e−x now proves the claim.
The average lower bound 3/[4(2h + 1)m] exceeds the proposed pointwise failure ceiling, so some
point of every interval has all phases within ρ.

6.2 Packets with their original weighted norm

Fix once and for all f0 ∈ C∞
c (−1, 1) with ‖f0‖ = 1, and write D0 = ‖f ′

0‖. For R ≥ 1 let
fR(u) = R−1/2f0(u/R). Then ∫

|ξ|>r
|f̂R(ξ)|2 dξ

2π
≤ D2

0/(R2r2). (12)

On |u| ≤ R the first positive theta term gives

s(u)2 ≥ e−4e2R
, ‖fR/s‖ ≤ e2e2R

. (13)

Indeed 4x2 − 6x ≥ 2x2 for x ≥ π > 3 implies ψ(u) ≥ 2π2e9u/2−πe2u for u ≥ 0. Divide by
cosh(u/2) ≤ eu/2, use π < 4, and reflect.

Choose fixed compact smooth repair vectors χ0, χ1 with invertible two-row matrix U . The exact
identities

√
w/s = cosh(u/2),

√
w tanh(u/2)/s = sinh(u/2)

make the constraint integrals of eiNufR/s those of eiNufR against cosh and sinh. One integration
by parts therefore gives a correction rN,R with vN,R = eiNufR/s− rN,R ∈ C and

‖rN,R‖ + ‖srN,R‖ +
√
a[rN,R] ≤ C0e

R/2√
R/N =: κ. (14)

For an explicit fixed constant, put gj = ‖χj‖ + ‖sχj‖ +
√
a[χj ] and take

C0 = 2(1/2 +D0)‖U−1‖op
(∑

g2
j

)1/2
.

The derivative L1 norms of each row integrand are at most
√

2(1/2+D0)eR/2√
R; multiplication

by U−1 and Cauchy–Schwarz against the fixed vector norms prove (14). The form expression on a
repair vector here denotes the same ambient nonnegative Fourier integral; it is defined for compact
smooth functions without imposing the two rows.

The symbol upper bound in Lemma 2.1 and Plancherel give the uniform energy estimate

a[eiNufR/s] ≤ log(1 +N) + 6 +D2
0/R

2.

Use 1 + |N + ζ| ≤ (1 + N)(1 + |ζ|) and log(1 + |ζ|) ≤ 1 + ζ2 for this comparison. Form
Cauchy–Schwarz then gives
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a[vN,R] ≤ [
√

log(1 +N) + 6 +D2
0/R

2 + κ]2,

‖vN,R‖ ≤ e2e2R + κ. (15)

The inverse-theta input norm remains in the second bound.

6.3 A joint Rayleigh bound and the uniform limit

Fix 0 < θ ≤ 1/8 and let

kM = dlog2Me, ρ = θ/(2kM ), r = θ/(2 logM), R = max{1, D0/(r
√
θ)}.

Choose the return N ∈ [L + r + 1, L + r + 1 + T ] from Lemma 6.2. Each retained nonzero
channel is n = pk, k ≤ kM . Thus |eiN log n − 1| ≤ θ/2, and the additional phase on a window |t| ≤ r
is at most θ/2. Consequently vM (N + t) ≥ (1 − θ)dM throughout that window. It lies entirely
above L, and (12) puts at least 1 − θ of the carrier mass there. On the rest of the high band use
vM ≥ −dM . Applying the correction bound yields

〈svN,R, (I −QL)VM (I −QL)svN,R〉 ≥ dM (1 − 3θ − 2κ− κ2).

No frequency mass outside the central window is assigned an unproved positive sign.
Put

κL = C0e
R/2√

R/L, EL = log(1 + L+ r + 1 + T ) + 6 +D2
0,

DL = (
√
EL + κL)2 + ε(e2e2R + κL)2.

When κL ≤ 1/8, the numerator below is positive. Normalizing vN,R by the actual reference
form, as u = (A+ ε)1/2vN,R/

√
a[vN,R] + ε‖vN,R‖2, and using (15) gives

supσ(Khi) ≥ dM (1 − 3θ − 2κL − κ2
L)/DL. (16)

Proof of Theorem 6.1. Take θ = [(1 + ω(L))/X]1/3 for large L, so θ → 0 and eventually θ ≤ 1/8.
The preceding choices give

R = O(
√
X(1 + ω(L)) + 1) = o(X).

Since the number of retained primes is at most M , logP ≤ m logM , and the explicit phase
budget gives

log T ≤ C(M + 1)3(logM + 1)5θ−4 ≤ eO(ω(L))(1 + ω(L))5X4/3.

The logarithm of this last bound is o(X), so log T = eo(X), whereas logL = eeX . Therefore
T/L → 0 and κL → 0 uniformly over the declared range. The normalization term is also paid
uniformly for 0 < ε ≤ 1, because

log
(
e4e2R

logL

)
= 4e2R − log logL = eo(X) − eX −→ −∞.
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Thus DL/ logL → 1 uniformly. Combine (16) with a(L)/ logL → 1 and the universal upper
dM/a(L) to prove both operator limits. For the scalar cap, the same returns give vM (N) ≥
(1 − θ)dM , N/L → 1 and a(N)/a(L) → 1. This proves its lower limit; its upper bound is again
dM/a(L).

7 Fast cutoffs and a strict high-block gap
The proof uses medium as well as disjoint spatial translations. We give the projection facts before
transferring them to the original weighted output.

Lemma 7.1 (Projected compact-core correlations). Let F be supported in I = [−R,R] and let Q
be an orthogonal projection on L2(R). For b > R,

|〈F,QSbF 〉| ≤ 3
4‖F‖2.

For b > 2R the upper coefficient can be replaced by 1/2. If Q commutes with translations, the same
bounds apply to 〈QF, SbQF 〉.

Proof. The compression Ab = PISbPI on L2(I) is a contraction. For b > R it satisfies A2
b = 0,

since u, u+ b, u+ 2b cannot all belong to I. The compact-window half bound is also recorded in [8,
Lemma 1] and [10, Lemmas 1 and 1′]; it is the order-two case of [9, Theorem 1]. Here is a direct
proof. Decompose L2(I) = kerAb ⊕ (kerAb)⊥. Since RanAb ⊂ kerAb, for F = (x, y) one has

|〈F,AbF 〉| ≤ ‖x‖‖y‖ ≤ 1
2‖F‖2.

Now 2Q− I is unitary, so

|〈F,QSbF 〉| ≤ 1
2(|〈F, SbF 〉| + ‖F‖2) ≤ 3

4‖F‖2.

If b > 2R, F and SbF are orthogonal. For normalized orthogonal vectors F,G put α = 〈F,QF 〉,
β = 〈G,QG〉. The squared cross term is bounded both by αβ and (1 − α)(1 − β), using projection
Cauchy–Schwarz and 〈F,QG〉 = −〈F, (I −Q)G〉. At least one product is at most 1/4, according as
α + β ≤ 1 or α + β ≥ 1. This proves the stronger half bound. Finally, commutation and Q2 = Q
give 〈QF, SbQF 〉 = 〈F,QSbF 〉.

Fix a spatial margin δ > 0. For large q put

Rw = 1
2 log(q/π), R0 = Rw + δ/2, R1 = Rw + δ.

Choose real even χq ∈ C∞
c , with 0 ≤ χq ≤ 1, equal to1 on [−R0, R0] and supported in [−R1, R1].

A fixed transition of width δ/2 gives Lipχq ≤ Cδ independently of q. Fix real even η0 ∈ C∞
c with

0 ≤ η0 ≤ 1, equal to1 on [−1/2, 1/2] and zero outside [−1, 1]. Let BL have Fourier multiplier
1 − η0(ξ/L), and set

k(x) = 1
2π

∫
eixξη0(ξ) dξ, Cη0 =

∫
|x||k(x)| dx < ∞.

The multiplier is a contraction, vanishes below L/2, and satisfies (I − QL)BL = I − QL exactly.
The identity part of BL commutes with χq; the remaining commutator kernel, up to sign, is

Lk(L(u− v))(χq(v) − χq(u)).
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Its row and column absolute integrals are each at most CδCη0/L. The integral Schur test proves

‖[BL, χq]‖ ≤ CδCη0/L. (17)

This estimate concerns the smooth multiplier BL.
For any unit input h ∈ K, let v = (A + ε)−1/2h, f = sv, g = BLf and F = χqg. The original

input satisfies ‖v‖ ≤ eq/2 when ε = e−q. The sharper envelope in the proof of Lemma 2.1 gives

sup
|u|>R

s(u) ≤ 4πe2R−(π/2)e2R
.

At R0 this bounds ‖(1 − χq)f‖ by 4qeδ exp[−q(eδ − 1)/2]. Commuting BL and χq with (17), and
using Lemma 2.2 for ‖f‖, yields the full error

‖g − F‖ ≤ eq := 4qeδe−q(eδ−1)/2 + 4CδCη0 log(q + 4)
L

. (18)

Both terms are uniform in the unit input. The two different norms have distinct roles: eq/2 pays the
original spatial tail, and the smaller observation norm pays only the commutator. Since g vanishes
in the frequency interval [−L/2, L/2], its complete reference energy gives

(I −QL)g = (I −QL)f, ‖g‖2 ≤ 1/a(L/2), ‖F‖ ≤ ‖g‖. (19)

Thus the sharp highpass output is compared to a confined smooth-highpass core without assuming
that the sharp projection itself preserves support.

Define the medium-and-long and long arithmetic masses

S1 =
∑

2≤n≤M
log n>R1

cn, S2 =
∑

2≤n≤M
log n>2R1

cn.

Apply Lemma 7.1 with Q = I−QL. Each short paired channel costs at most 2cn‖F‖2, each medium
channel costs 3

2cn‖F‖2, and each long channel costs cn‖F‖2. The constant term costs (−m0)‖F‖2.
Therefore

|〈F, (I −QL)VM (I −QL)F 〉| ≤ (dM − 1
2S1 − 1

2S2)‖F‖2.

The coefficient is positive, since S1, S2 ≤
∑
cn. The bounded signed multiplier and (18)–(19) now

imply the whole-input norm estimate

‖Khi‖ ≤
dM − 1

2S1 − 1
2S2

a(L/2)
+ dMeq

(
2√

a(L/2)
+ eq

)
. (20)

Indeed the difference of the g and F quadratic forms is bounded by the second term, including all
mixed terms. The identity in (19) returns this to the original high block, and a uniform absolute
quadratic bound on a selfadjoint operator bounds its norm.

Proof of Theorem 1.2. The classical unconditional prime number theorem gives

Ψ(x) =
∑
n≤x

Λ(n) = x+ o(x);

see [2, 25.16.3 and 27.2.3]. Abel summation gives

A1(x) :=
∑
n≤x

cn = Ψ(x)√
x

+ 1
2

∫ x

1
Ψ(t)t−3/2 dt = 2

√
x+ o(

√
x).
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For the error, split the integral at any fixed threshold beyond which |Ψ(t) − t| ≤ τt, bound the
remainder by a constant times τ

√
x, then send τ to zero. No uniform quantitative PNT error is

required.
Since M ∼ Cq, dM ∼ 4

√
Cq. Also eR1 = eδ

√
q/π, so A1(eR1) = Oδ(q1/4). Consequently

S1/dM → 1/2 for every fixed C > 0. Put Aδ = e2δ/π. If C > Aδ, subtraction of the two prefix
asymptotics gives S2/dM → 1

2(1 −
√
Aδ/C). If C < Aδ, this mass is eventually zero. At equality it

is still o(dM ), since the positive part of the difference of the two prefix asymptotics is o(√q). Thus
in all cases

S2
dM

−→ 1
2(1 −

√
Aδ/C)+.

Under logL ∼ K
√
q, a(L)/a(L/2) → 1 and

√
a(L)eq → 0: the first error term decays exponentially

in q at fixed δ, and the second is Oδ(log q/L). Multiplying (20) by a(L)/dM therefore gives

lim sup a(L)‖Khi‖
dM

≤ 3
4

− 1
4

(1 −
√
Aδ/C)+.

The target is independent of δ and this holds for every fixed positive δ. Sending δ ↓ 0 after the
q limsup proves (3), including C = 1/π. The positive spectral edge is at most the norm. For the
explicit cutoffs (11) at fixed η, M/q → 1/ log 10 and logL/√q → 108/(η

√
log 10), which proves the

stated specialization.

8 Parameter regimes and further applications
Theorem 1.1 selects M � log(1/ε) and logL �

√
log(1/ε) at fixed approximation tolerance. The-

orem 6.1 proves high-block saturation in the slower range logM = o(log log logL). Theorem 1.2
now shows a strict failure of saturation throughout the fast rank scale, including the critical theta-
overlap ratio. Thus extending the fixed-cutoff sharpness constant to that scale would be incorrect.
The high-block upper coefficient there has a genuine reserve; the finite bound (20) states how its
medium and long arithmetic masses enter before the asymptotic evaluation.

The optimal approximation rank depends on the low-frequency map and complete arithmetic
remainder as well as the retained-block gap. A natural further refinement is a joint bound on the
arithmetic sum before separately maximizing its channel correlations. Such a bound must preserve
the actual confined smooth-highpass range and its full weighted input norm.

The new negative-spectrum conclusion concerns H− itself. It uses no identification of an entire
kernel or derivative-null closure. Structured finite signed certificates can address individual lower
thresholds through a different reference and computational task. The rank theorem and the joint
saturation theorem provide analytic information about the full operator family across parameter
ranges.

Disclosure. AI tools assisted with mathematical development, source preparation and verifica-
tion. The author is responsible for the statements and proofs. The author declares no competing
interests.
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