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Abstract

We study the degree needed for polynomial squares to recover negative directions of a signed
measure. For a fixed number of negative atoms collapsing at arbitrary relative rates, we de-
termine the Gaussian minimax degree of every fixed negative index from the corresponding
Vandermonde eigenvalue, with leading coefficient 1/(8cd?). A discrete monic minimax formu-
lation identifies the separate geometric scales, and an exponential-tail counterpart determines
their logarithmic recovery exponent. A Gaussian extension permits a shrinking negative proba-
bility measure with continuous or mixed support. Without a support gap, a local mass bound
of order Rr? yields sharp degree orders Rr/lae=1I for tails e“l*” with p > 2, and a sharp
logarithmic degree order R/? at p = 1, for every ¢ > 0. We give constructive upper bounds
for 1 < p < 2, where a matching lower bound remains open in the present treatment. Clas-
sical orthogonal-polynomial and Christoffel estimates are separated from the signed-measure
minimax deductions; exact rational finite controls accompany the proofs.

1 Introduction

A negative atom can be hidden from low-degree polynomial tests by a positive or signed background.
Tail decay controls how far a polynomial can localize without excessive cost. The geometry of
several negative atoms controls how many independent directions can be recovered at that cost. If
background mass is allowed arbitrarily close to a negative atom, a local nonconcentration condition
becomes a separate resource.

This paper develops these two mechanisms. Section 2 resolves every fixed negative index in
a finite collapsing packet, including unequal collision scales, and extends the Gaussian result to a
negative probability measure. Section 4 replaces the gap by a local mass bound and proves the
stated sharp recovery orders. Statements are minimax assertions over explicitly budgeted measure
classes. They are not uniform asymptotics for every individual background.

The predecessors [4, 3] establish sharp single-defect and collision barriers and the subexponential
masking construction. We retain their normalization of ordinary polynomial degree: a degree-IN
certificate is the square of a polynomial of degree at most IN. The present geometric contribution
is the index-by-index dependence on the actual packet, rather than a single separation statistic or
only the last negative direction. The local-mass contribution concerns a different admissible class
and includes a critical exponential lower bound for all real ¢ > 0. Orthogonal-polynomial identities,
reproducing-kernel variational principles, and established Christoffel estimates are classical inputs,
not new claims here. No result asserts a running-time bound, a sign theorem for a particular theta
measure, or a solution of a spectral positivity problem without verifying its hypotheses.



2 Exact geometry and recovery of each negative index

For a real signed measure with all absolute moments, let
0,(P) = /P2 du,  me(p) = imf{N : ind_(Qulpy) = s}

Here Py denotes real polynomials of ordinary degree at most IV, inf @ = oo, and negative index
counts strictly negative directions. In particular, a null square is not a negative direction. All
recovery statements below concern the original measure and its complete square form, including
mixed polynomial terms.

Fix k > 2, s € {2,...,k}, m = s — 1, and B,¢,d > 0. For a vector of distinct nodes b =
(bi,...,b) € [—B, B]k, write

V()= () 1<ick, M) > > A(b) > 0
0<j<k

for the decreasing eigenvalues of V(b)V(b)T. The monomial basis in this definition is fixed. An

equivalent geometry statistic is

tj(b) = jmin max |A(b:)l,  0<j<k (1)
deg A=j

In particular £y = 1 and ¢; > 0. We will use both descriptions, proving their uniform equivalence
rather than assuming that a small minimum separation describes every recovery stage.
The Gaussian exact-node class G(R;b) consists of

L
M:—Ezébi+V, R>1, suppv C ({|z — bi| > d}, (2)
i=1 i
vl < R, /6”2 dy| <CR,  C> e, (3)
Let DS (R;b) = SUPLeg(rwp) Ms(1). For the exponential class £(R;b) we instead use

“:‘2;5@”’ suppv & [ Wl = bif = d), [elau <ca+r,  cxet @)

and put DF(R;b) = SUD,ee(mp) Ms(i). There is no additional remainder-mass condition in (4).
Both upper classes allow signed v. These two budget conventions are different and are retained
throughout the proofs.

Theorem 2.1 (Exact-node recovery hierarchy). Fiz the declared parameters and s € {2,...,k}.
Along every sequence of distinct node vectors with max;|b;| — 0, and arbitrary jointly varying
R>1,

DY (R;b) 1
[log(R/Xs(D))]? T Bed®’ (5)
log DY (R;b) o

— —. 6
log(R/ts—1(b)?) 2cd (©)
In (5) one may replace \s by t2_1; in (6) one may replace t2_, by Xs. For each lower bound, a
positive reference law can be fixed before the contrast and node geometry vary within its stated small
interval.



Thus no fixed scaled cluster shape or bound on relative gap ratios is required. The result is a
minimax at the exact nodes, not an asymptotic for every individual background. It is not uniform
in k or s, does not cover several noncollapsing cluster centers, and does not assert the same limit at
fixed non-small nodes as R — oo. Since V' (b) tends to a rank-one matrix, As(b) — 0 for s > 2; also
ts_1 < (max; |b;|)*~!. All displayed logarithmic scales therefore diverge on the allowed sequences.

The preceding minimum-separation results in [4, 3] concern the last negative direction over a
coarse geometry class. Theorem 2.1 distinguishes every fixed stage at each exact geometry. Finite-
rank kernel formulas, orthogonal-polynomial extremality and clustered Vandermonde spectra are
classical subjects; see [5, 10, 8, 9]. The statements here additionally require degree-uniform esti-
mates for the original signed-measure recovery problem. A fixed-degree confluent kernel expansion
alone does not provide those estimates.

2.1 The spectral and finite minimax descriptions

Proposition 2.2 (Uniform geometry bridge). Let r = max; |b;| — 0, with k fized and the nodes dis-
tinct. In the unnormalized inner product Y; P(b;)Q(b;), let m; be the monic orthogonal polynomial
of degree 7 < k and UJQ =3 Wj(bi)Q. Then, uniformly over all relative spacings,

As(b)
Ugfl

— 1, t5(b) < u; < Vkt;(b). (7)

Consequently log(R/\s) = log(R/t2_1) + O(1) uniformly for R > 1 and all sufficiently small r.

Proof. The monic orthogonal polynomial minimizes the discrete square norm. The trial polynomial
xmj_q gives u; < ruj_i. For r < 1, the column norms wuo, ..., u;—; are therefore decreasing; in
this unnormalized convention ug = Vk. Every zero of 7; lies in the convex hull of the nodes, since
j < k and the discrete positive inner product is nondegenerate through that degree. This is the
usual orthogonality sign-change argument [5, Chapter III].

Let A have as columns the monomial coefficients of 7y, ..., mx_1. It is triangular with diagonal
one. The coefficient of z* in 7j, £ < j, has magnitude at most (z)rj —¢, by its root factorization.
Thus ||A — I|| = Ok(r), uniformly in the spacings, and both ||A|| and ||[A~Y|| are 1 + Og(r). The
columns of V A are orthogonal with lengths u;. Singular-value product inequalities give

2

P S VD S AT P

This is a multiplicative comparison even for the smallest eigenvalues. Finally the Euclidean norm
of a k-vector lies between its maximum norm and vk times that norm. Apply this to the two
monic minimization problems to get the second assertion in (7). O

Only a fixed nonsingular change of the monomial basis is harmless in the limiting logarithms. A
singular node-dependent rescaling would change the normalization and is not part of the theorem.
For the last index, an especially simple scalar statistic survives. If

¢ = H(bi — )7, S(b) = ZC?,
j#i i
then
Ap(0)S(b) — 1 (8)



uniformly as r — 0. Indeed, the last row of V! is (¢;);, so [|[V7L|?2 > S. Every lower row is

bounded componentwise by (k;.l)rj |ci| for the corresponding missing degree j. Hence

k—1 2
k—1 ~
1+ Z ( . > r2 .
=1\
The statistic S describes the last stage, whereas the other A\ or ts_1 are needed for intermediate
stages.

S<A < IVTE <SS

2.2 Reference kernels and original negative index

Lemma 2.3 (Finite-section kernel criterion). Let G > 0 be the Gram matrix of a positive reference
measure T on Py, in any fived basis. Let E be evaluation at the nodes and let W = diag(w;) > 0.
The original form of RT — >, w;0p, has negative index equal to the number of eigenvalues of

WY2Ea-tETWwL/2
strictly greater than R. Its nullity is the number equal to R.

Proof. The original matrix is RG — ETWE. Congruence by G~1/2 gives RI — BTB, with B =
WY2EG=1/2. The nonzero eigenvalues of BTB and BB agree. Extra zero eigenvalues do not
affect comparisons with R > 0. Sylvester’s law of inertia proves both statements. This is the usual
finite-rank kernel interface; compare [10]. O

Let p be a positive probability with all moments and infinite support in [D?, 00), and write
K,i(z,2) = Zé’:o Ip;(2)|? for its orthonormal evaluation kernel. At real points this is the squared
evaluation norm:

|H (t)]?
K,;(t,t) = sup . 9
pi(t:1) ozHep, [ H?dp ©)

Write K; = K,,;(0,0) and let 7 be the even lift & = £/v, v ~ p, with fair signs.

Lemma 2.4 (Uniform evaluation in the reference gap). For 0 <t < D?,
Kvp,l(tat) < D72Kp,l(t,t) < DiQKZ.

For every real P € Py and |z| < h < D,
|P(x)]> < (14 h?/D*) K|y /P2 dr,. (10)

Proof. The first inequality follows from v > D? and (9). All roots r; of p; lie in [D? 00). Thus
for 0 <t < D2, |pj(t)/pj(0)] = [1;(1 — t/r;) < 1, proving the second inequality. Write P(x) =
F(z%) + xH(z?%). Tts positive reference norm is [ F?dp + [vH?dp. Apply the two evaluation
bounds, then Cauchy—Schwarz on this direct sum, to obtain (10). Enlarging the degree of H to
| N/2] only enlarges its evaluation bound. O

We will also use two standard Laguerre facts, with their normalization specified:

Ln<u>:§<z>(—ﬁ)J’ | Lakie du = La@l e @z0. ()



The envelope is the classical Laguerre inequality [2, Eq. 18.14.8]; see also [5]. For each fixed a > 0,

log L, (—a) = 2y/an + O, (log(n + 2)), (12)
logZLj(—a)2 = 4y/an + Oy (log(n + 2)). (13)
=0

Here is a short proof of the amount of asymptotics needed. Coefficient positivity and (?) < nl/j!
bound Ly,(—a) by 3 ;5¢(na)’/(j)?* < e?V@_ The last inequality follows by comparing the even
coefficients of the exponential and using (2JJ ) < 47. For a lower bound retain the term j = [\/na.
For large n, j < n/2and () > nie=3*/m /1 since log(1—u) > —2u on [0,1/2]. Stirling’s logarithmic
formula for this term gives 2y/na+ Oy (log(n+2)). The kernel sum is between its last term squared
and (n 4 1)e*Ve", proving (13).

2.3 Gaussian upper bound retaining the spectrum

Fix 0 < v < cand 0 < rp < d/2. For nodes with r = max; |b;| < rg, every background point
satisfies |x| > d — r. Use the single common window

H,(x) = Ly (y[z* — (d —1)%), ag = y(d* — 2drg) > 0.

For p,(x) = ?;01 u;z?, the background envelope gives
k—1 ‘ )
[ou)?dlv) < ARJul, A= Csup [ 0¥ | e <o, (14

The discarded factor e=7(4=")” is at most one. This pays every polynomial multiplier and mixed
coefficient term. At every atom, y[b? — (d — r)?] < —ag, so Hy,(b;) > L,(—ag) > 0. With D,, =
diag(Hy (bi)),

VIDIV > L,(—ao)*V'V.

Select the top s coefficient eigenspace of the matrix on the left. On that whole space, the original
signed form obeys

OulpuHn) < [AR — 3 Lu(~a0)As(0)|
Multiplication by the nonzero polynomial H,, is injective. It therefore suffices that
Ly (—ag)? > 2kAR/)(b). (15)
Writing Xs = R/As(b), equation (12) shows that, for fixed § > 0, the integer

- {(1 + 6)(log XS)Q-‘

16a0

satisfies (15) for all sufficiently large X;. Its ordinary degree is at most 2n + k — 1. The threshold
is uniform over the factorization of X into contrast and geometry. First take the sequence limit,
then 6 | 0, 79 | 0 and v T ¢. This proves the upper coefficient in (5).



The construction has a strict common margin. When the input data are certified computable,
it can be replaced by a rational basis without evaluating original moments. Indeed, with J =
2 . .
e“B” 4 CR a coefficient error >_j €27 has norm at most

\/jz 1My, Mo=1, Mj=(j/(ce))* (j=1) (16)

in L?(|u|), by maximizing |$|2je_“2. For a finite basis fi,..., fs with common negative margin
0, let F' bound their absolute-measure norms. If each is perturbed by norm at most 7, every unit
coefficient combination changes its square integral by at most 2sFn + sn?. Taking this below 6/2
preserves the full negative subspace at unchanged degree.

2.4 A uniform growing-degree lower comparison

The next estimate pays the degree dependence explicitly. Fix 0 < h < D, and let the reference
probability 7, of Lemma 2.4 have all moments. For nodes in [—h, h], let [P be the degree-k — 1
interpolant of P, and let TP be its monomial coefficient vector. Evaluation factors exactly as
EyP =V (b)T,P. Newton interpolation [6] gives

k—1 J
IbP(l‘) = Z[bl, cey bj+1]P H(SC - bl)
7=0 i=1

The real divided-difference mean-value formula bounds the coefficient by || P l(=n,n/3! Repeated
Markov inequality on this interval [7] gives ||[PU)|| < (N2/h)7||P|| for deg P < N; for j > N the
derivative vanishes. Each Newton product has coefficient norm at most (1 + h)7. It follows that

k—1 -
- 14+ h)/h)?
TPl < A(N + 2D Py, A = Y (EERAY

Combining with (10) proves
IT5l172 ()2 < AR(L+ B2 /D) (N + 1)*EDE o). (17)

This bounds interpolated data that actually arise from a polynomial with a controlled background
norm. It is not a uniform Euclidean bound on V! for arbitrary data.

In an orthonormal basis of Py for 7, write My = EbE;— for the unweighted evaluation kernel
matrix. The factorization and T,T}) < ||Tp||*I yield the complete Loewner comparison

My < A3 (1+ 1% /D) (N + D)DK oy VYT, (18)

It controls every ordered eigenvalue, with no reciprocal minimum separation in its constants.
For the Gaussian lower, choose h > 0 small with D = d 4+ h and eP?* < C. Fix 02 < 1/c and
take the even probability

X = +v D2+ 02U, U with density e™*, u >0,

as 7.. Its Gaussian moment is B, = e“P*/(1 — co2). Mix it once with the endpoint probability
D = (5D + (5,D)/2:

C - €CD2

6



Thus [ e’ dr < C and 7 > n7,. This one law fits every R > 1 and every node vector in [—h, h]¥:
R7 has variation R, satisfies the same C'R budget, and stays at least d from all the atoms.

By reference-norm domination, the kernel for 7 is at most ! times the kernel for 7, in Loewner
order. Lemma 2.3 and (18) therefore make the degree-N index at most s — 1 whenever

AZ(L+ 1% /D) (N + D)DK o As(b) < knR. (20)
For this reference,

l
K; :ZLj(—a)Q, a=D?/o>
7=0

Take 0 < §# < 1 and N = |(1 — 6)(log X,)?/(8a)]. The logarithm of the kernel factor in (20),
including the displayed degree power, is v/1 — flog X + O(loglog X;). It is below log X plus the
required fixed constant for all sufficiently large X, uniformly in its factorization. Thus ns > N.
Floors and any bounded initial range do not affect the limiting ratio. Taking the limit first, then
610,021 1/cand h | 0, proves the lower coefficient 1/(8cd?). Each reference law was fixed before
contrast or nodes varied. This proves (5); Proposition 2.2 gives its ts_; formulation.

2.5 Finite alternation and a factor that preserves the gap

We record an elementary finite minimax fact used in the exponential proof. A monic minimizer
in (1) exists: bounded values at any m + 1 distinct nodes bound its remaining coefficients by
interpolation, so a minimizing sequence has a convergent subsequence. On the ordered finite node
set, its extremal values alternate at m + 1 selected nodes a; < -+ < ap41. To see the necessity,
group consecutive extremal nodes having the same sign. If there were at most m alternating groups,
a polynomial of degree at most m — 1, with one root between successive groups, could have the
same sign as the minimizer at every extremal node. Subtracting a sufficiently small multiple would
reduce all extremal absolute values, while the finitely many other nodes retain a strict margin below
the old maximum. This contradicts minimality. Conversely, alternating extrema at m + 1 nodes
prevent a smaller monic norm: the difference, of degree at most m — 1, would have at least m
sign-changing zeros between them.

Put t = t,,(b), w(z) = H;”;El (x — aj), and ¢; = 1/w'(a;j). Leading coefficients in Lagrange

interpolation give
L= Al =t |61, D l4l=1/t. (21)
J J J

The signs agree because both the alternating extrema and the derivatives w’(a;) alternate; their
common product sign is fixed by the positive leading coefficient. Selected cardinals L;(z) =
45 Hi#j(:z: — a;) consequently have coefficient sums at most

Ap=(1+B)"/t. (22)

The minimizing polynomial A has one real root between each successive alternating pair. Snap
each of its m roots &; to a nearest actual node g; in the full node set, and put By, (z) = Hj (x—qj).
Repeated snapped roots are allowed. For every actual atom b;, |b; — g;| < 2]b; — &, so

Bu(bs)] < 2. (23)
At every admissible background point, on the other hand,

| B ()] = d™, (24)



since each root is an actual atom. This is why a factor with unsnapped roots in the convex hull
cannot simply be used for an atomic-support gap: a root could lie in a permitted hole between
atoms.

2.6 The exponential upper with all absolute norms paid

We give the quantitative construction, since selecting only s atoms changes an absolute-norm esti-
mate relative to the all-atom proof. The classical continuous Chebyshev window used in [4] is

_ cos(TVax? — d?)
wr(z) = cosh(Td)

It is real on R, with wr(0) = 1, |wr| < 1, and |wr| < sech(dT’) on |z| > d. It has a positive
Fourier probability representation on [—7, T']; this classical window and its representation are used
in precisely the normalization of [4]. Define fj(z) = L;(x)wr(z — a;) for the s = m + 1 selected
cardinals above. Let

m — 22m
Vam(c) ”

2%m 2m
1+ () ] . Hy=8A3Vap(c), Jo=C(1+R).
Then 37, sup, e~ L;(x)? < Hy, since sup, (1 + u)?™e™ < Vap,(c). Choose rational T at least

1
max (1, darcoshmax(l,Q\/kJOHO)) (25)

and at most one above that value. At the selected atoms the evaluation matrix is the identity.
Contributions from unselected negative atoms can only improve the signed upper bound. For every
u € R?, the full remainder Gram is bounded in absolute measure:

3
O (ZUjfj) < [=1/k + sech(dT)JoHol[ul} < ——[lull3 (26)
J

However, unselected atoms need not have small values of these targets. Their absolute norms must
also be paid. The global bound |wrp| < 1 gives

< Collull2, Co = /max(1, JoHp). (27)

For Y = 2+ R/t? we have Cy < K VY, with a fixed K. No bounded interpolation values at omitted
atoms are assumed.
Here is the critical-scale polynomial approximation needed for these targets. Set h = m/c and

let gn(z) = pi? (x/h;m/2). Their classical generating function [2, Eq. 18.23.7] is

Zujfj
J

L2(|ul)

3 gnl@)z™ = (1 —iz) V2L iz <,
n>0

For |z| = p < 1, Cauchy’s estimate gives

|Qn(37)‘ < p—n(l _p2)—1/262arctan(p)|x|/h' (28)



For n > 1 take p =n/(n + 1). The residual exponential margin is

7/2 —2arctanp 1 [l 2 1
:f/ du > .
h hJ, 1+u? h(n+1)

Thus a degree-m multiplier L of coefficient sum at most Ay obeys

|L(2)gn ()] < eALUp(h)(n+ 1) /22 1, (h) = max (ngljag;n (jh/e)f)- (29)

Indeed sup,~qv’e % = (j/(ed))?. For n = 0 the same estimate follows from ¢ = 1 and 2/c < h.
This retains the original rate c.

For a Fourier measure of variation at most one on [—T', T, substitution z = i tanh(ht/2) in the
generating function gives

e"® = sech(ht/2) Z qn(z)[i tanh(ht/2)]".
n>0

Integration gives real coefficients of magnitude at most pf:., where pr = tanh(h7'/2). Translation
of the window preserves its Fourier variation. Absolute weighted convergence from (29) justifies
integrating the series. For p = m + 1, the resulting error for each selected target, after truncation
at ng and before rational rounding, is at most

no+1
Pt
! p__ P
eArLUp (h)\/ Jopl(ng + 2) A= pryrt” (30)
To verify the elementary tail sum, write n = ng + 1 + j and use (5 + 1)? < p!(*'?) to bound

p
Zn>no (’I’L + 1)pp%
Take

. 1 1
= min , .
! (4\/1% 161:00\/5)
There is a fixed K; > 0 with n > KnY_l/ 2. If approximation and rounding give each target
norm error below 7, then the error of every combined square is at most /s1(2Co + /sn)||ul|2 <

3||lul|3/(16k). Hence (26) remains strictly negative on the entire span.
We now pay the degree in this approximation. With o = 7/(2¢d) and 6 = 1 — pp, (25) gives

hT
1
" < K (14 JoHy)® < KoY®, 671 = € ; < K3YY, ApJy < KyVY.

Choose fixed L > 2 + a(2p + 1) + p and then fixed Ly > 1, and put ng = [6"(LlogY + Lo)].
Since log pr < =6, pt! < eLoy =L, Also (ng + 2)P < Ks5(L, Lo)d P(log )P, where K3 grows
polynomially in Lg at fixed L, p. The error (30) is therefore at most

K(L, Lo)e Loy 1/2+e@rt D)=L (160 VP < K7 (L, Lo)e Py —3/2,

A sufficiently large fixed Lo makes it less than 1/2 for all Y > 2. Rational rounding costs another
n/2 without changing the degree: the exponential moment gives [ |x|% d|u| < Jo(25)!/c%, so a
coefficient-error sum has norm at most /Jp > leilv/(29)Y/ ¢/. The resulting ordinary polynomials
have degree at most ng + m and form a strictly negative s-space. In particular,

DE(R;b) < A2+ R/t2)*1og(2 + R/t2), (31)

with a constant depending only on the fixed declared data. The smaller approximation tolerance
caused by omitted atoms costs a logarithm, not an extra power of the geometry statistic.



2.7 Exponential lower on the whole divisibility subspace

For clarity we specify the classical continuous dual Hahn input. The probability W, with parameters
(a,1/2,1/2), a > 0, on u > 0 has density

2u tanh (7u)|T'(a + iu)|?
Ma+ 1/2°

Its standard polynomials S;(u?) satisfy Sj(—a?) = (a + 1/2)? and ||} = (j1)?(a + 1/2)?; these
are classical continuous dual Hahn orthogonality data [2, Section 18.25]. For the even lift x =
+ovu? + a? its squared-variable kernel at zero is exactly

l .
K, = Z [(a+1/2)]

=L

l2a

2
] ™ al(a + 19 < Ko(l+1)* (32)

for an appropriate fixed Ky in the final inequality. The kernel sum asymptotic follows from the
gamma-ratio asymptotic and summation of j2¢~!. Stirling’s formula on a vertical line gives density
of order u?®e~™, so its exponential moment at rate c is finite if co < 7.

Fix 0 < f < a. Choose a small fixed hg > 0 with hg < B, D = d + hg, e < C, and
cD/m < 1/(28). Choose ¢cD/m < a < 1/(25), and 0 = D/a. The preceding lift 7, is supported on
|z| > D and has finite exponential moment F,. Mix it with 7p by one fixed

C — el
7o = min (1’2<E‘*—e(3D)> > 0

to obtain 7 > o7, with moment at most C'. For every node vector in [—hy, ho]k, HRpy = RT —
kLY, Oy, belongs to (4): the background contributes at most CR and the normalized atoms at
most e < C. Every support distance is at least D — hg = d.

Use the snapped factor By, from (23). For N > m, the subspace {B,,Q@ : deg@Q < N —m}
has codimension exactly m in Py. Its positive contribution is at least RnodZm]]Q\\%2(T*), by (24).
Lemma 2.4 bounds its complete negative contribution by 4™¢2 (1 + h§/D?)K|(N—m) 2] HQH%Q(T*).
Thus the whole subspace is nonnegative if

A™2 (1 + h§ /D) K| (N—m)/2) < Rnod®™. (33)

A negative subspace of dimension s = m + 1 must intersect a codimension-m subspace nontrivially,
so cannot exist under this condition. For N < m the ambient dimension already excludes it.

For completeness, the floor adjustment can be made uniformly. Put X = R/t2,, y0 = 1/(2a) > 3,
and

B 770d2m Y0
OV am(1+ 12/ DK,y |

The sufficient condition N + 1 < go X pays (33). If X7 > 4, take N = |qX"°/2]; it gives
ns > N and hence ng > o X7 /2. If g9 X" < 4, use ns > 1. Consequently, whenever X > 1,

nu(urs) > (0/HX™ > (qo/4)X".

Along total coalescence X — oo, and every fixed-3 lower law eventually applies. Combine with
(31), then let 5 1 « after taking sequence limits. This proves (6), and the bridge gives its spectral
version. The proof gives no constants uniform at 8 = o and no optimal logarithmic factor.

10



Remark 2.5 (An alternate Gaussian lower). The same snapped factor and codimension argument
give a shorter lower proof directly in t,,. Replace the CDH reference by the shifted exponential
reference in (19); then log K; = 4,/(D?/0?)l+O(log(l+2)). Condition (33), with the corresponding
fixed positive constants, excludes the sth negative direction up to (1 — 0)o?[log(R/t2,)]?/(8D?).
Taking the fixed-law limits gives the lower coefficient 1/(8cd?). The interpolation estimate (18)
proves more: it retains the entire finite evaluation spectrum in one comparison and explicitly pays
its degree dependence. These are two proofs within the same recovery theorem, not independent
results.

2.8 A four-node recovery staircase

Consider the ordered nodes —(a + h), —(a — h),a — h,a + h, with 0 < h < a. Finite alternation
gives the exact values

ti=a+h,  to=2ah,  t3=2h(a®—h?). (34)

The respective monic minimizers are x, #2 —a? — h?, and 22 — (a® 4+ 3h?)x. Their extrema alternate
on two, three, and four selected nodes, respectively, proving optimality by the preceding alternation
argument. These formulas hold for every 0 < h < a.

For example let h = a” with fixed p > 1, a | 0, and R = 1. The Gaussian degrees for recovering
indices two, three and four have respective leading factors

4, 4p+1)? 4(p+2)

multiplying log?(1/a)/(8cd?). The coarse four-atom minimum-separation expression of [3] uses
A = 2h for sufficiently small a and pays factor 36p? for its last-index logarithmic scale. This is
an improvement at a fixed multiscale geometry, not a contradiction of that earlier worst-geometry
minimax theorem. Full-spectrum cluster analysis in [8, 9] supplies relevant spectral ancestry; it is
the signed-tail degree minimax problem and its uniform joint limit that are asserted here.

3 Continuous negative packets with a convex-hull gap

The negative support need not consist of a fixed number of equal atoms. The natural receiving
statistic is now a monic square norm for the actual negative measure.

Theorem 3.1 (Probability-packet hierarchy). Fizs > 2, ¢,d > 0 and C > eCdQ, and put m = s—1.
For a probability k supported in [—e,e] with at least s distinct support points, define

hm(k) = Amin. /A2 dk > 0.
degn.zogiii

Let DSG(R; K, €) be the supremum of ns(—k + v) over real signed remainders satisfying
suppr C {|z| > d+e},  |vlltv < R, /ech dv| <CR, R>1.

Along every family € L 0 of such probabilities, with arbitrary jointly varying R > 1,

DY(R;k,¢) 1
log(R/hm()  8cd®”

(35)

No density, finite atom count, lower bound on atomic weights, or comparable internal scales are
assumed.
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Proof. Let M = ([ 29 dk)o<ij<m. It is positive definite by the support assumption. Its monic
orthogonal polynomials have roots in [—¢, €], and squared norms h; with hg = 1 and h; < Eth,l.
Exactly the coefficient-matrix argument of Proposition 2.2 therefore gives, for A = Apin(M),

Y/ — (36)

uniformly over all these moving probability measures. This remains a multiplicative comparison
when h,, is extremely small.

For the upper fix v < ¢ and use H,(x) = L,(y[z? — (d + ¢)?]). On the remainder support its
argument is nonnegative; on the negative support it is at most —y(d? + 2de). For p, € Py, the
Gaussian margin gives [ H2p2 d|v| < AR||ul|3, with fixed A independent of &, n, R and ¢ in a fixed
bounded interval. Coefficient positivity and (36) give

[ H2E = L=l

Thus H, Py, is a strictly negative s-dimensional space when L, (—vd?)? > 2AR/\. Equations (12)
and (36) give the upper coefficient 1/(8yd?), and then v 1 ¢ after the limit.

For the lower fix small g > 0 with D = d+¢¢ and e“? * < C. Choose a fixed shifted-exponential
reference and endpoint mixture 7 > 77, as in (19). It fits every € < gy and every such k. Let A be
its monic k-orthogonal polynomial of degree m. Every root is in the negative packet’s convex hull,
so on 7 support |A| > d™. On the codimension-m space P = AQ, deg@ < N — m, the positive
contribution is at least Rnd*™(|Q||, (r.) Lemma 2.4 bounds the complete negative contribution by

[ A42Qan < hun(1 4+ 3/ DI vy | QU3

Hence that entire subspace is nonnegative when its kernel is at most a fixed constant times R/hy,.
The codimension argument excludes index s; for N < m ambient dimension suffices. For the
shifted-exponential law, log K; = 41/(D?/0?)l + O(log(l + 2)). With any fixed 0 < 6 < 1, take
N =m+2[(1 - 0)[log(R/h)]?/(16D?/5?)|. The strict leading deficit pays all fixed constants for
large R/h.,, giving lower coefficient 02/(8D?). Finally take 6 | 0, 02 1+ 1/c and &g | 0 after the
fixed-law limits. Every allowed family eventually enters each such fixed interval. The scale diverges
since hy, < [2?™dk < e2™. This proves (35). O

In particular, the theorem includes arbitrary unequal moving atomic weights and arbitrary atom
counts, as long as each negative probability has at least the fixed number s of support points. It also
includes absolutely continuous, singular continuous and mixed negative packets. For continuous
negative parts there need be no finite total-index ceiling; the assertion concerns each fixed s, not a
limit uniform as s grows.

The support exclusion is from the entire containing interval and thus from the convex hull of
the negative support. Replacing it by a gap only from individual points of a disconnected negative
support would not justify the lower proof: an orthogonal root could lie in a hole. For atomic gaps,
the snapped-root construction (23)—(24) is what pays that distinction. No stronger disconnected-
support statement is inferred here.

4 Recovery from local nonconcentration

A support gap is a strong form of control near a negative atom. We now replace it by an upper
bound on local background mass. The resource changes from logarithmic to polynomial or stretched-
exponential degree. The classical localization and Christoffel estimates used below are credited

12



explicitly; the conclusions concern uniform recovery over the stated signed-measure classes, rather
than asymptotics for every individual background.
Fix p,q,¢,C,L,79 > 0. For R > 1, let A, ;(R) consist of real signed measures

w=—ob0+v, TV(v) <R, / el dly|(x) < CR,  |v|([-r,r]) < LRr? (0 <7 <rg). (37)
R

All parameters except R are fixed. No density, positivity, doubling condition, lower mass bound,
or support gap is assumed. In particular, v({0}) = 0. Write

n(u) = min{deg P : P € R[z], /P2 dp < 0}, D,,(R)= sup n(p),
HEAp ¢ (R)

with n(u) = oo if the set is empty. Degrees are ordinary polynomial degrees; the square has twice
that degree.

Theorem 4.1 (Tail and local-concentration orders). For every fized set of positive class parameters,
as R — oo,

Dpy(R) = @(RP/(Q(P—U))7 p>2, (38)
log D1 4(R) = O(R'/%), ¢>0, (39)
D, 4(R) =00 for all sufficiently large R, 0<p<l1. (40)

For 1 < p < 2 we prove only Dp4(R) = O(RP/(®P=1)) . The constants may depend on all fized
parameters. These statements assert minimazx orders, not sharp leading constants or rates for every
member of the class. The upper bounds hold for signed and singular remainders.

The range distinction is part of the theorem. The proof below does not establish matching
necessity for 1 < p < 2. The subcritical conclusion is a rescaling corollary of the masking theorem
in [3], not a new moment-indeterminacy principle.

4.1 A local-mass detector and a global Taylor transfer

Lemma 4.2 (Local-mass detector). Choose an integer £ > 1 with = 2¢ > q, and set

20L
B = 2f_ s ro”,  T=max{l,r;",(16BR)"Y},  fr(z)= (

sinTa;)E
Tx '

The value at zero is one. Then fr is real, is the Fourier transform of a symmetric probability

measure mp on [—W, W], W = (T, and

/IfT\2 dlv| < % /fT dp < —— (41)

Proof. The probability is the convolution of ¢ uniform laws on [—T, T]. Also
|fr(2))? < min{1, (T|z])~%}.
If F(T) = |V|([_T7 T]), layer cake gives
o0
/‘fT|2 dv| < 2y~ 2 F(T)T—Qé—l dar
1T

Use F(r) < LRr? up to g, and F(r) < R afterwards. Since T > 1, the result is at most BRT 7. [J
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Proposition 4.3 (Constructive superlinear-tail upper). Forp > 1 the upper bound in Theorem 4.1
is realized by an original-measure polynomial with P(0) = 1.

Proof. Put a, = 1 —1/p and H = e "Y/P(2/(cp))'/P. Maximization of r"e~"/2 followed by

n! > (n/e)", gives
n n n
T n! nar

Integrate the Taylor polynomial of e* against 7

N . i
Py() = / ) (”Jf)j drr(b).
=0 I

Symmetry makes Py real, kills its odd coefficients and gives Py(0) = 1. For N > (2HW)Y/%
every term of the weighted remainder has bound 27", so the full-line weighted error is at most 27,

Consequently
||PN - fT”%z(M) < CR4™N.

Choose the integer N also at least 1 and log, max{1,16CR}. Minkowski and Lemma 4.2 imply
1P|l 2w < 1/2. Thus [ PR dp < —3/4. Since W = O(RY%), N = O(RP/(4(P=1))) The estimate

is on the original measure, not on a compact restriction or a convolution. ]

Strict signs are stable under rational coefficient approximation. Put
J = /eC‘xi” dju| <1+ CR.

For E(z) = Z;-V:O e;x?, we have

N
1B 2 < VT l€IM;,
7=0 (43)
25 \ /P
My =1, M; = <) (j=>1).
cpe
For certified computable class data, the finite Fourier integrals and polynomial coefficients can

therefore be rounded with a certified margin at unchanged degree. No bit-complexity assertion is
intended.

4.2 Gaussian localization and exact lower models

There is a shorter classical proof of the Gaussian upper. In the one-dimensional normalization of
[12, Lemma 2.1], a nonnegative smooth cutoff Hermite-function kernel ®,, satisfies, for every fixed
integer S > 1,

[®n(2,y)| < Csnmin{l, (n|z —y[)~>}.
It is a polynomial in y of degree less than n? times e~¥*/2. Moreover ®,,(0,0) > con: the cutoff
equals one for j < n?/4, and 12;(0)? = 7~ /2(24)!/(47(5!)?), whose partial sums have order n. With
v = ¢/2, the function

g2 @, (0, /vr)
Pn(af) =¢7 /27(1)”(0? 0)

14



is an actual real polynomial, P,(0) = 1, of degree less than n2. The tilted positive measure

do = d|v| has mass at most C'R and local mass at most 6 LRr. Choosing 2S5 > ¢ and
integrating the kernel bound over dyadic annuli yields

/P,% dlv| < KRn™1.
q—2S)

The central ball contributes O(Rn~?), the successive annuli form the convergent series > 21
and the region beyond 7o contributes O(Rn~=2%). Taking n = RY4 proves the upper O(R2/ 7). This
is an application of classical localization, not a new Hermite kernel construction; compare also
[13, 14].
For a matching model put o = ¢/2, choose a > ¢, and let
aOé

dr(z) = 5 B || e dg. (44)

This is a probability with

apq

/eaﬁ dr = (a ‘ C)a, r([=r 1)) < h

0<n§min{1,LF<a+1),C’<a_c) }

a® a

Then vg = nR7 belongs to the class. Under v = az?, its even norm is the gamma probability norm
with shape a. The classical Laguerre value and norm identities [1, 5] give the exact degree-N origin

kernel
[N/2] (@);
J

K3 (0,0)= >

J=0

_ (a+1)|ny
b [N/2)!

Odd polynomials vanish at zero and have positive orthogonal norm. Thus Christoffel extremality
gives the exact strict threshold

(45)

1
n(—do +nR7) = 2min {m >0: (a—i_m‘)m > nR} . (46)

Equality produces a null square, not a negative square. The gamma-ratio asymptotic therefore
gives

n(—6o + nRr) ~ 2(T(q/2 + 1)nR)*".

This exact coefficient belongs to this model, not to the class minimax.

4.3 Classical Freud lower bounds for p > 2

Lemma 4.4 (Restricted singular-Freud receiver). For fired p > 2, ¢ >0 and a > 0, let

qa/p
dr(z) = Alz|9 e 2 dg, A= .
2I'(q/p)
There is b > 0 such that for all N > 0 and all deg P < N,
/ P? dr > b(N + 1)~91-1/) | p(0) 2, (47)
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Proof. Apply the lower Christoffel bound of [11, Chapter I, Theorem 1.3.2] with integrability ex-
ponent 2, singular root exponent (¢ — 1)/2, and Q(x) = (a/2)|z[P. Its squared weight is exactly
\x|q_16_a‘x|p, and the singular integrability condition is ¢ — 1 > —1. The scale determined by
ba@' (bp) = n is b, = (2n/(ap))"/P. The source lower estimate, after multiplying its normalized

weight factor, is
An2(w?; @) > boe 28 (b, /n)(|z] + by /n)? !

near zero, with the degree convention deg P < n. This specialization has continuous nonnegative
Q",tQ"/Q" =p—1and Q'(2t)/Q'(t) = 2! > 1. In particular, the curvature estimate used in the
quadratic-multiplier proof is valid on [£| < Bby,:

Q"(§) < (p—1)B"*n/by.

The finite-dimensional Christoffel function is the reciprocal of a positive polynomial kernel, hence
is continuous in its evaluation point. Letting x — 0 avoids any ambiguity from a zero or infinite
weight value and gives A\, 2(w?;0) > by (b,/n)?. Probability normalization multiplies this by A4, and
n =N + 1 gives (47). We use this restricted classical input only for p > 2. O

For a > ¢ the same law satisfies

ad/Pra
<
I'(q/p+1)

Choose 1 = min{1,C/E, LT(¢q/p 4+ 1)/a?/P} > 0. Then nRr satisfies every budget. If nRb(N +
1)~90-1/P) > 1, Lemma 4.4 makes the entire degree-N square form of —dy + nR7 nonnegative.
Taking N of order RP/(@®P=1) proves the lower in (38). The law and 7 are fixed before R varies.

E = /ecmp dr = (a/(a — c))q/p, 7([=r,7])

4.4 Critical exponential tails: universal upper

The following normalization records the classical MP identities used in the critical argument [1, 4].
Define @ (z) = pit? (x/h;m/2) by

3 Qula)e" = (1 —iz) V2T gy =27/ ) < 1 (48)
n>0

These are orthonormal for dz/[hcosh(mxz/h)]. At h = m/c, Cauchy’s coefficient estimate on |z| =
n/(n+ 1) gives
1Qn(z)] < ev/n+ 1el2l/2, (49)

Indeed the algebraic modulus on this circle is at most (1 — r2)~'/2, the difference of the two
arguments has modulus at most 7/2, and r~" < e. The case n = 0 is immediate. Substitution
z = itanh(ht/2) gives
e = sech(ht/2) Z Qn(x)[i tanh(ht/2)]".
n>0

For the detector of Lemma 4.2, put r = tanh(hW/2),d =1—r, J=14+CR,and U =1+ logJ +
log 6!, Integrating the plane-wave series against its Fourier probability gives real coefficients a,,
with |a,| < ™. Absolute weighted convergence and (49) yield

<eVJjrVt <N+2 + T) . (50)

N
Jr — Z anQ@n
1) 62
n=0 L2(|ul)
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Take N = [166~1U]. Since logr < —§ and N +2 < §~1(16U + 3), the last quantity is at most
e(16U + 4)e MY < 20e713 < 1/32.
Here v/J672 < ¢2V; thus every norm loss is included. Also 6! = (" 4+ 1)/2 < " and hence
N < 16" (1 +1log(1 + CR) + hW) + 1 = exp(O(RY9)). (51)

Rational rounding using (43), if desired, costs less than 1/32 in L?(|u|) at unchanged degree. Since
||fTH%2(|M|) < 17/16 < 5/4, the resulting polynomial satisfies

/(P2—f%) dp 3116(2\/%+116> <i

Thus it is strictly negative on the original form. This proves the upper half of (39) for every ¢ > 0.

4.5 Critical necessity for all real ¢ > 1

Choose 0 < h < w/c and let dr = dz/[hcosh(mx/h)]. Its exponential moment is at most Ey =
4/(m — ch). Write a, = (1/2),/n! and H, = ?:_Ol(j +1/2)7!, with Hy = 0. The generating
function (48) gives the coefficient bound

m+1

[™)Qn(w)] < 2

hmm]
To check it coefficientwise, replace (1 + 22)~1/2 by (1 — 22)"%/2 < 2(1 — 2)~'/2 and the absolute
logarithmic series by 2log(1/(1 — z)). The first inequality follows from a; < 2as;. The remaining
coefficient is the mth derivative of (a),/n! at a = 1/2, at most a, H)": its derivative is the sum
of products of distinct positive reciprocals, bounded by the unrestricted power of their sum. We
use H) = 1. The elementary bounds a,, < (n+1)"'/2 and H,, < 3 + log(n + 1) now imply, with
H =3+log(N +1),

apnH,". (52)

K5 (2, x) < 4etll#/h g (53)

Indeed sum (52) first over m and then square and sum over n.
Put kK = min{1,h/64} and § = x/H. The reproducing-kernel inequality and the density bound
7/ < 1/h give, for every deg P < N,
P2 dr < (85/R)e/M| P2 < 4] P12
lz|<é

Consequently

P(0)?
/||>5 P2 dr > 4P| > |8<H)| (54)

Fix 0 < a < min{1,C/Ey, Lh/2} and, for ¢ > 1, set
VRN = aR(Sq_ll{‘ng}T.
Its variation and exponential moment satisfy (37). For r < ¢ its local mass is zero; for r > § it is
at most (2a/h)R§91r < LRr?. Thus every radius is paid. By (54),
aRkI™1
8HY

Let U = (ax9 'R/16)"/9 and take N = [eUr=3] — 1 for large R. Then H < Ug, and the whole
original degree-N form is nonnegative. Therefore log Dy 4(R) > bR'Y4 with b > 0. The lower law
is allowed to move with R in a minimax class; its central hole shrinks to zero. This proof does not
assert a fixed-law asymptotic.

/P2 dvp y > |P(0)]>  (degP < N).
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4.6 A fixed cusp law for 0 < ¢ < 2

For completeness we give a complementary lower proof that covers the remaining range 0 < g < 1
with a fixed positive law. Let p,(t) = PT(Ll/ 2) (t;w/2). The classical terminating hypergeometric
formula and Euler integral [1] are
geosh(mt) 1oy, —1/2—it n
pu(t) = i 7/ u (1—u) (1—20)" du. (55)
0

s

Fix 0 < @ < m/2. For t > 0 deform the interval to the arc u = €?s/(1+¢€s), 0 < s < oo; for t < 0
use its reflection. The powers are continued from (0, 1), the arc avoids their cuts, and the endpoint
arcs vanish because their real exponents are —1/2. Since (1 — 2u)™ is a polynomial, it adds no cut.
The substitution transforms the remaining differential into

61’9/2—9t5—1/2+it(1+€i98)—1 ds.

Consequently

n
s—1/2

1+ €|

1—es
1+eis

pa(t)] < B

ML (0), 1,(0) = /0 =

Inversion s — 1/s equates the two halves of this integral. On 0 < s < 1, its denominator is at least
one and the squared ratio is 1 — 4scosf/(1 + 2scos + s?) <1 — scosf. Thus for n > 1,

1
I,(0) < 2/ sTH2emnsc0s0/2 45 < 9, /27 /(ncos b)),
0

and we have the globally uniform, deliberately nonoptimal envelope
[pa(t)] < Con™/Zelm= 01, (56)

Choose b > ¢, a > 2b, and 0§ = 7 /4. For 7. (x) = a/(w cosh ax) its orthonormal polynomials are
pn(ax/m). Put A =log(N + 2) and let Kn(z,0) be its reproducing kernel. The origin values are
p2;(0) = (—1)7(1/2);/4! and paj11(0) = 0. Central-binomial bounds and (56) imply Kx(0,0) < CA
and Ky(z,z) < Celel/2\. Kernel Cauchy-Schwarz gives a bound Ce3@®l/4A. The MP recurrence
has off-diagonal coefficient w(n + 1)/(2a), so Christoffel-Darboux also gives, for x # 0 and N > 1,
T(N +1)

[pn+1(az/m)pNn(0) — p(az/m)pN+1(0)].
The two factors of order N~1/2 cancel N +1 up to a fixed factor. Combining the two bounds yields
|Kn(z,0)] < Ce32/ A min{A, ||~} (57)
For 0 < g < 2let

oy(z) = Z7Hz|77t/ cosh(bzx), Z = /]R |z|971 / cosh(bx) dz.

This is an atomless probability; its integrable density is unbounded at zero when ¢ < 1. Reproduc-
tion in 7,4, followed by Cauchy—-Schwarz in o4, gives for deg P < N

IPO)P < |IPI3, /RKN(”C’O)QZ;;ZE); o
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The density ratio is at most Clz|'~%~(e=0lzl By (57), the last integral is at most
o 1 1
C/ min{A?, =2}z "%~ (@/27)7 g < © < + > AL
0 2—-q ¢
The last step splits at 1/A and discards the exponential only in the outer integral. Thus a fixed

B, > 0 satisfies
[P(0)[* < By[log(N + 2))|| |3, (58)

All constants are independent of P, N, R. Moreover

Al'(q)

— = clz| =\

oll-r) <22 [ et < 76—

Choose 0 < n < min{1, LqgZ/2,CZ(b — ¢)?/(4I'(¢))}. Then vr = nRo, satisfies all budgets and
its entire degree-N original form is nonnegative whenever By[log(N + 2)]9 < nR. Taking N =
lexp((nR/(2B,))"/?)| — 2 proves the required lower for 0 < ¢ < 2. Together with the preceding
q > 1 proof this establishes (39) for every real ¢ > 0.

4.7 Explicit critical models and fixed odd exponents

The basic sech law already gives an exact model at ¢ = 1. For 77 (x) = 1/(hcosh(rz/h)), h < 7 /e,
choose 0 < n < min{l, Lh/2,C (7 — ch)/4}. Then

[NV/2] N2
K7(0,0)= 3 (“f”) :%mgzvquou), n(—=89+nRm) = min{N : KT(0,0) > nR}. (59)
j=0 '

Hence logn = mR + O(1). Equality is again only a null threshold.

A useful fixed-law alternative for each odd ¢ = 2m + 1 is d7, = 2*™dm/Zm, Zm = [2¥™ d7,.
Its local mass is at most 2r?™*1/((2m + 1)hZ,,) and it has a finite exponential moment. The
substitution @ = 2P gives P(0) = [¢™]Q and [|P|Z = ||Q||2, /Zm. Dropping the lower-jet
constraints on () can only increase the norm of this coefficient functional. By (52),

N+m
K3(0,0) < Zm Y |[2™Qn]? < Crllog(N + m + 2)]"
n=0

After one fixed mass rescaling to meet the budgets, this yields the same critical lower order with a
fixed law. No exact higher-jet Schur formula is being asserted.
At g = 3 there is an elementary exact refinement. Put drs = 422 dr,/h?, and let ¢; = (1/2),/4!,

S;=31_oct, wj = ((2j + 1)¢j) . The recurrence (n + 1)Qni1 = (22/h)Qn — nQpn_1 gives
Q5;:1(0) = (1) (2/h)w;S;.

Indeed, dividing its differentiated recurrence by the homogeneous solution w; adds (2/ h)c? at the
jth step. Multiplication Q = P maps the even evaluation problem bijectively to the odd derivative
problem, while odd P do not affect evaluation at zero. Thus

LN/2]
KR(0,0)= > wiS;= (k)ng]:rf)?’ + O((log(N +2))?). (60)

=0
The coefficient follows from c? = 1/(rj) + O(j72) and wJQ- = 71/(45)(1 + O(j71)). The local and
tail bounds are 73([—r,7]) < 82/(3h3) and [e*ldr < 32/(7 — ch)3. For a fixed admissible 7 > 0,
logn(—dg + nR73) ~ (12mnR)Y/3. These exact coefficients describe the models, not the minimax
constant.
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4.8 Why local control is needed

Proposition 4.5. Fiz ¢ > 0, R > 1 and C > 1. For every finite N there is a strictly positive
smooth Gaussian-mizture density v of mass R with fech dv < CR such that the square form of
—d0 + v is positive definite on degree at most N. Nevertheless each such measure has a negative
square at a later finite degree.

Proof. Choose 0 < € < 1—1/R and a centered Gaussian probability 7 with sufficiently small positive
variance that its Gaussian moment is less than C. Let 7, be a centered Gaussian of variance o2, and
put v, = R((1 — €)75 + e7). Its budget holds for all small o, since [ e dr, = (1 — 2c02)~ Y2 — 1.
In a fixed degree-IN monomial basis the original Gram tends to

[R(1 —€) — 1]egel + ReG,,

which is positive definite. Finite-dimensional continuity proves the first claim, including all mixed
terms.

If one fixed o had no negative polynomial square, Hamburger’s theorem would provide a positive
measure p with the same moments. Its positive even moments equal those of v, and its mass is R—1.
Monotone convergence applied to the nonnegative series for eclz2, 0<d <e, gives [ e’ dp < o0.
The Fourier transforms of p and —dp + v, are analytic near the real axis, have identical Taylor
coefficients, and hence coincide by analytic continuation and Fourier uniqueness. This is impossible
because the latter measure has mass —1 at zero. Thus eventual detection holds. O

The example violates any one fixed quantitative local-mass bound along the sequence of increas-
ingly narrow peaks. It does not produce one Gaussian-tail measure invisible at every degree.

4.9 Subcritical tails: inherited all-degree masking

We finish the proof of Theorem 4.1 by recording the exact receiver of the earlier masking theorem
[3, Section 6]. For 0 < p < 1 choose any d > 0 and an auxiliary Cy > e°¥. That theorem gives a
fixed positive probability 7 supported on |z| > d, with [e°*” d7 < Cj and a constant X\ > 0 such
that

/P2 dr > \P(0))> (P € R[a]).

Fix n = min{1,C/Cy, Ld?} > 0 and let vgp = nR7. Below radius d its local mass is zero, and for
r > d it is at most nR < LRr?. Its other budgets also hold. If R > 1/(n\), every polynomial square
has nonnegative original integral. Thus D, ,(R) = oco. The auxiliary requirement on Cj imposes
no restriction on the receiving parameter C' > 0.

The conclusions separate three effects: exact geometry under a fixed gap, local background
concentration when no gap is required, and the tail regime that permits or prevents uniform poly-
nomial recovery. The classical inputs are essential in each regime; no assertion about a general
theta form or a growing requested negative index follows from these scalar results.

5 Reproduction and limitations

The accompanying standard-library Python program verify_finite_controls.py reconstructs
rational moments and compares original signed Hankel inertia with finite reproducing-kernel pre-
dictions. It checks strict negativity and exact-null endpoints, including Gaussian, hyperbolic-secant
and weighted critical examples. It can be run with ordinary Python and with optimization enabled;
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its explicit checks remain active in both modes. These computations verify bounded algebraic con-
trols. They do not replace the proofs of asymptotic estimates, uniformity, or all-degree masking.
The geometric results fix the number of atoms and the recovered index. The continuous-packet
extension fixes the index and assumes a gap from the convex hull. The exponential class has a
full absolute exponential-moment budget and is stated separately from the Gaussian background
budget. The gapless results determine orders, not exact leading minimax constants. In particular,
the matching lower order for 1 < p < 2 and growing-index extensions remain separate questions.

Disclosure. Al tools assisted with mathematical development, source preparation and verifica-
tion. The author is responsible for the statements and proofs. The author declares no competing
interests.
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