Fourier computation of empirical diffusion metrics

Scott Schubr
Luminary Oddities

October 30, 2026

Abstract

We give a finite Fourier algorithm for statistical inference on inverse weighted-Laplacian
metric entries estimated by empirical heat-kernel Sinkhorn normalization. For every fixed pos-
itive overhead exponent, the algorithm uses a deterministic number of exact-real operations
bounded by the sample size to the power one plus that exponent. It preserves the population-
centered Gaussian limit, consistent joint influence covariance, and the ordinary nonparametric
bootstrap of the exact metric estimator. The density is fixed, smooth and strictly positive on
a fixed-dimensional flat torus, and the number of prescribed smooth scores is fixed. The proof
establishes an empirical spectral gap proportional to bandwidth, a logarithmic number of actual
half-scaling iterations, and complete original-law error bounds for the inverse response and all
covariance products. Positive normalized Fourier features and reduced Woodbury solves pay
the full feature Gram and factorization costs. Higher fixed-order bias extrapolation permits the
bandwidth needed for each prescribed operation bound.

Keywords: Sinkhorn normalization, diffusion metric, Fourier features, statistical computation,
influence covariance.

Mathematics Subject Classification (2020): 62G20, 65C60, 65T50.

1 Introduction

An empirical diffusion metric involves both kernel normalization and an inverse whose nonconstant
spectral gap closes as the bandwidth tends to zero. Fast kernel multiplication alone therefore
gives an incomplete computational guarantee. For statistical inference, the numerical metric must
approximate its exact counterpart more accurately than the root-sample fluctuation, and the influ-
ence calculation must retain the response of the normalization and the inverse. A small error in
the metric does not by itself control these quadratic covariance calculations.

We resolve this computational question for the periodic heat-kernel Sinkhorn metric and the
population-centered estimator of [7]. The algorithm forms positive finite Fourier features, performs
a prescribed logarithmic number of half-scaling iterations from the constant vector, and solves
reduced feature systems. It computes metric entries and their complete joint influence covariance
under the original empirical law. The main theorem gives the total operation count, including
feature Gram formation and factorization, and returns the inferential limits of the exact estimator.
The same construction applies to a fixed ordinary bootstrap replicate.

The operation bound is pointwise at each fixed positive smooth density. For every fixed n > 0,
sufficiently high but fixed extrapolation order permits a bandwidth for which the work is O(n'*").
All constants may depend on the density, dimension, prescribed scores, extrapolation order and
chosen exponent. We count real arithmetic and elementary function evaluations at unit cost. This
declared model specifies the theorem’s computational guarantee.



1.1 Relation to previous work

The symmetry-preserving geometric half iteration is classical; see Knight—Ruiz—Ugar [4, Sec-
tion 3]. Symmetric Sinkhorn normalization as a diffusion-kernel construction is developed by
Kessler-Magnet—Feydy [3]. We use this established normalization and prove a bandwidth-uniform
count for the actual sampled trajectory. Fourier acceleration of Sinkhorn iterations is established;
Lakshmanan—Pichler—Potts [5] develop an NFFT implementation, while Altschuler-Bach-Rudi-
Niles-Weed [1] combine low-rank Nystrém approximation with scaling stability and explicit
transport-cost guarantees. We use the classical finite-feature and reduced-inverse architecture.
The additional issue here is the simultaneous shrinking bandwidth, inverse metric, actual iteration
count and original-law influence covariance.

The exact statistical target and its root-n inference are proved in [7]. We state the specific inputs
needed from that paper before proving the new numerical return. Differentiability and inference
for fixed-regularization Sinkhorn geometric operations are developed by Saidi-Gunsilius-Mena [6].
Dong et al. [2] study sensitivity and conditioning for finite-support inverse cost parameters observed
through transition plans. These provide related operator and statistical perspectives; the present
theorem concerns fixed-score inverse diffusion energies of an unknown sampled density as the heat
bandwidth vanishes.

The proof has three computational obligations. First, a feature-covariance comparison gives an
empirical gap of order bandwidth. Second, positive semidefiniteness gives local contraction of the
actual half iterations, after one smoothing step has entered a small normalization neighborhood.
Third, direct original-law product estimates pay the complete inverse response and covariance,
including their mixed terms. Sections 3-5 carry out these steps.

2 Target, exact estimator and main theorem

Let T¢ = R?/Z? have volume one. Fix a strictly positive f € C®(T9) with [ f = 1, put u = fdz,
and fixreal uy,...,u, € C° (Td). Dimension d and the number p of scores are fixed. If ug = Ug—UUg,
define

Dy =—f1div(fV), Dipa=1ul, pda=0, GO = p(udey). (1)

The prescribed metric is equivalently ng = pu(Voq - V). Its influence and joint covariance are

Yoy = Uy + Upda — Vo - Vo — GO,
Eab,cd = #(¢2b¢2d)7 a<b, c<d. (2)

For t > 0, let H; = ¢'2/2 and write its periodic kernel as

k‘t(l‘) _ Z e—27r2t\r|2€27rir-x‘ (3)
rezd

At a probability law v, the positive symmetric scale and Markov operator satisfy
ag Hi(ag,v) =1, P v = ag, Hi(agov). (4)

For finite positive laws the scale is the unique finite Sinkhorn scale. Let II,v = (vv)1 and put

t 1L,
T = 5 {0 Pt ) = T4 P = 2 Gultr) =wTiww). )

Thus 71 = 0 and, on mean-zero functions, 7' = tP(I — P?)~L.



For an integer s > d/2 define

1
M—94+2% 0<5<min{”}, 2K > M,

2 2M7@ <Bv (6)

4K
where K is an integer and n > 0 is prescribed. Such choices exist: choose f first and then increase
K. Forn > 2set h, = n " and t, = h,/2¢, 0 < ¢ < K. The fixed extrapolation weights are
determined by

K-1 K-1 )
d =1, e =0 (1<j<K). (7)
=0 /=0

Let Xi,...,X, beiid from p and p,, = n~1 Y, dx,. The exact estimator is

K-1

Gn=> ctGlte, ). (8)
=0

Theorem 2.1 (Computational inference). Under the fived model above, the algorithm in Section 3
returns a matric Gy, a joint covariance matriz X, and a failure flag. Its deterministic work on
every sample is

O(nR% + R? + nR,logn) = O(n'*"), R, = O(h;d/Q(log n)d/2), 9)

and its memory is O(nR, + R2). Real arithmetic, elementary exponentials, logarithms, trigonomet-
ric functions, square roots and prescribed score evaluations have unit cost. At the fixed density f,
the probability of a zero failure flag tends to one, and

Vn||Gn — Gl — 0, S, — X in probability. (10)

Consequently B
Vv vee(G, — G®) = N(0, %), (11)

where vectorization uses entries a < b. Fvery fized contrast with positive limiting variance admits
the corresponding asymptotically standard normal studentization.

For one ordinary nonparametric bootstrap replicate, use the same bandwidths, weights and iter-
ation budget, merging repeated sites. If é;’; is its output, then

dp1, (,c [Vrvee(Gr — Gn) | X1,..., Xa], N(0, 2)) N (12)

in probability. Fach replicate has the work bound (9).

The theorem fixes p, K,n before n varies. The covariance may be singular; studentization is
asserted for fixed positive-variance contrasts. The implementation uses sampled positions and score
values, with its bandwidth and budgets set in advance.

2.1 Statistical inputs from the exact estimator

We use the following results from [7, Sections 3-7]. They identify the statistical problem to which
the computational return will be applied.

Proposition 2.2 (Exact-estimator inputs). For the fized model and choices (6):

1. The population scale obeys ay, = f12 4 O(t) uniformly. Its normalized positive selfadjoint
Markov operator has a nonconstant L?(p) gap at least ct for small t.



2. Withq=14s/2 and e = |[v — p||gg-s < ct519,
lat/at, — 1| s < Cet™*. (13)
The local scale at a positive atomic law agrees with its finite scale.

3. The exact estimator (8) has asymptotic linear representation with influence (2) and covariance
Y, and its exact multinomial bootstrap is consistent. For a scalar score u, let g = u —vu and

Z— ::(I'_‘FL)_lga vz— =0, Z+.::(I-+‘FL)_1Q, Cy ::(I'_'}L)(I'+'PL)_1- (14)

The exact centered influence is the centered version of
t
Viw = 5{9(z- = 24) + Oy (- Poz- + 21 Pozi) ) (15)

Products here are pointwise. At the base bandwidth h,, polarization of these exact empirical
influences has a consistent joint covariance under p,; each fized influence has L*(p,) norm

Op(1).

The local neighborhood is reached because E|[p, — pl|%— = O(n™') and M > s+ g. These
inputs retain the simultaneous vanishing bandwidth and the moving empirical normalization. The
remaining proof concerns the finite algorithm and its error relative to these exact quantities.

3 A finite algorithm

We describe one band t. The same construction is used at all K bands. Merge repeated sample
sites and write the resulting law as v = Y ;" | w;d,,, with m < n and positive integer multiples w;
of 1/n. Put W = diag(w;), e = (y/w;)™, and P = I — eel.

3.1 Positive normalized features

Fix A=30, B=20and Cy=A+d+ 1. Let

—alL?
L= L/CO logn/tw , a = 27t E,=d(1+ W/a)d_l%. (16)

Let k. 1, be (3) restricted to |rj| < L for all j, and define

ki + By A2
U= E oAz

(17)

Its real sine—cosine features give an m x R matrix F such that ¢;(z; — ;) = (FFT);;. The constant
feature is one. For one representative of each pair {r, —r} of nonzero retained frequencies, the two
other features are

26727r2t|r\2 2672772t\r|2 )
1+ E; +n-A-2 cos(27r - @), 1T B, rnA—2 sin(27r - x).




3.2 Scaling and projected solves

Use the symmetry-preserving half iteration [4], starting at by = 1, and perform exactly

B +2)logn b; V2 .
J:H[( b*g(i/; } ij:{F[FT(wbj)]} (0<j<.J), (18)

componentwise. Form
Vo =W diag(b))F, V=PV, H=VVv, Ss=vv7 (19)

Cholesky-factor I — H and I+ H. If I — H is not positive definite, return zero metric and covariance
matrices with a nonzero failure flag. Otherwise use

R =I+VUI—-H)™WT, R, =1-VU+H™VT,  C=2R, —T—ee’. (20

Only their actions are formed. The last projector makes Ce=0.
For each scalar score needed in polarization, compute

g=u—vu, gg=W"Y%,

2 g =R_gg, 25 = Rigp, 2 =W Y22y g,
Bi(u) = 5055 — 215,
U=2 (W82 g)+ 2, (W™Y2S82, p),
J(w) =Py (W 2g(e — =)+ CW2U}. (21)

All products in U and in the square brackets are products of function values. Thus the conversion
by W—1/2 oceurs before multiplication.

Polarize with (uq+up, ug—uyp), dividing the differences by four, to obtain éab(t, v) and @ab’ p(t,v).
Combine the metrics with (7). At the base band h,, form

Sabed = Vap,ped B- (22)
This is the original-weight empirical covariance, because the Euclidean influence vectors include
W2, A one-site law has centered inputs zero and returns zero quantities by these same formulas.

4 Gap and scaling bounds

Lemma 4.1 (Feature accuracy). For a sufficiently large fized Cy, the kernel (17) is real, symmetric,
strictly positive, positive semidefinite and has integral one. Uniformly over the fixed bands,

R=0t""1ogn)¥?),  |lg — kiljoc < Cn™A. (23)

Proof. For a > 0, monotonicity and a Gaussian integral bound give

Ze_aj2§1+ /a, 2Z€_aj2§e

JEZ J>L

—al?

al.

A union bound over the coordinates therefore makes E; a bound for the discarded Fourier absolute
sum. The added constant makes the retained series strictly positive since k; > 0. All its Fourier



coefficients are nonnegative, giving positive semidefiniteness. The denominator fixes the constant
coefficient to one. Also ||kt 1 [leo < Ct~%2; hence the normalization error is bounded by a constant
times (E; +n~472)(1 4t~ %?2). The choice Cy = A+ d+ 1 gives E; < Ct=4/2p=27*Co; ysing Bd < 1
proves (23). Counting the retained cube gives the rank bound. O

Lemma 4.2 (Empirical gap). With probability tending to one, the exact empirical normalized heat
operator at every fived band has a nmonconstant L*(u,) gap at least ct/2, for a constant ¢ > 0
depending on the fixed model.

Proof. Write a; = ay,, and as,, = ay,,,. Sobolev embedding and (13) give
latn/ar — 1lloo = Op(n™/2t7%). (24)

Use the heat feature vector ¢y (z) = (e ™ HrPe2mire) ¢ 42 and put g(z) = ay(z)pi(z). The
covariance C; = E[g:(X) ® ¢g:(X)] has the population Markov operator’s nonzero spectrum. Its
largest eigenvalue is one and its second is at most 1 — ct, by Proposition 2.2. Since ||g:(x)||? <
Ck¢(0) < Ct~%2 Hilbert-space variance gives

E(Cipn — Cillfis < Cn~ 't Cpp=n"" th(Xi) ® gt(Xs)-

The nonzero spectrum of C} ,, is that of the sampled Gram matrix with population scales. Replacing
them by a;, is a diagonal congruence by I + Op(n_l/ 2¢=#). Its norm error is of the same order,
and s > d/2 absorbs the covariance error. Weyl comparison thus gives

Xo(Prp,) <1 —ct+ Op(n~1/27%).

The exact normalized matrix is a positive selfadjoint Markov matrix. Its constant eigenvalue is
exactly one. Finally 5(s+ 1) < 1/2, so the last error is op(t). A fixed union over the bands proves
the assertion. O

Lemma 4.3 (Actual scaling trajectory). For the fized iteration count (18), uniformly over the fixed
bands,
[log by — log at.nllee = Op(n~P). (25)

Proof. First use the exact heat matrix K; with the empirical weights. In logarithmic coordinates
its half map is Fp(u) = {u — log(K(we"))}/2. It is sup-norm nonexpansive: its derivative is half
of identity minus a stochastic matrix and has row absolute sums at most one. If u, = log a; ,,, heat
smoothing H=% — H* — C” and (24) show that its first iterate from zero satisfies

1 — U f|oo = Op(t +n~Y27%) = 0p(1).

Both u; and w, approach —log f/2. The whole later trajectory stays in the same sup-norm box
about u.
Let P, be the exact normalized operator in LQ(w). At u = uy + v, the stochastic matrix in the
derivative is
P, = diag((P.e”) 1) P, diag(e”).

Positive semidefiniteness and the Markov property give ||I — Py|lop < 1. For ||v]|e < T,

| Py — P*HOp < e’ — 1, HD]:k(u)HOp < €2r/2-



Choose a fixed small 7 for which the last bound is at most 3/4. The straight segment to wu, lies in
the box, so the actual iterates contract in L?(w) there. Since w; > 1/n,

lus = wloe < VRr(3/4)"71 = O(n™").

The fixed iteration count is independent of the density-dependent asymptotic onset of this event.
Now compare the actual finite-kernel map F, with Fj, along the exact-kernel trajectory. All
scaling vectors on that trajectory are bounded above and below on the good event, and Hjpu,, is
uniformly bounded below. Equation (23) therefore gives || Fy(u;) — Fi(u;)|lc < Cn~A. The finite-
kernel map is also sup-norm nonexpansive. Induction over all actual steps yields path difference at
most C.Jn~4. Since A > B + 3, this proves (25). O

5 Complete inverse and covariance return

Lemma 5.1 (Reduced inverse accuracy). On an event of probability tending to one, the Cholesky
test succeeds at every band. In original function coordinates, write Py = P, — 11, and use S for its
trial counterpart under the isometry W/2. For §o = Cn=5,

IS — Pollop < d0,
IR- = R_lop < Coot ™2, [|Ry — Ryllop < Cdy,
IC = Cillop < Co. (26)

The resolvents in the second line are compared on centered inputs; the response in the last line
vanishes on constants.

Proof. Before projection, the finite scaled Gram equals DP,D plus a kernel error, with D =
diag(bs/arn) = I + Op(n~P). The bounded scales and the weighted Schur test bound that ker-
nel error by Cn~4. Orthogonal projection has norm one, giving the first line. Also S > 0, and
Lemma 4.2 gives ||S|| < 1 — ct/4 on the good event. Nonzero eigenvalues of VVT and VIV agree,
so I — H is positive definite. The Woodbury identities (20) are therefore valid.

The resolvent identity pays two minus inverses, each of norm O(¢~!), and two bounded plus
inverses. On the mean-zero space this proves the second line of (26). The exact zero-on-constants
response is 2(1 + Py)~! — I — II,,; hence its error is bounded by the plus-resolvent error. This also
verifies the last line. O

Lemma 5.2 (Metric and full influence errors). At each band, for every fized scalar score and its
centered exact and trial influences,

B, — &4| < Cdo/t,
[0 — il 2y < CV/ndot ™ (27)
on the good event. The resulting original-law joint covariance error is op(1).

Proof. The metric bound follows from the prefactor ¢/2, a bounded centered score and the minus-
resolvent error. For the influence write all quantities in L?(w). Exact and trial minus outputs have
norm O(¢~1), their difference is O(Jpt~2), and plus outputs are bounded with difference O(d). For
every vector ||zlleo < /02| 22(w)-

For pointwise products the exact identity

2Pz — xSz =(z—x2)Pz+xP(z—z)+x(P - S)z



pays both output changes and the operator change. Applied to U = z_ Pyz_ + z4 P,z and its trial
version it gives

|U = Ullz < Cv/nédot ™, U2 + [|U]]2 < Cv/nt™2.

Together with (26) and the prefactor t/2, this proves the second line of (27). Centering at the same
law is an L?(w) contraction.

The exact influence norms are Op(1) by Proposition 2.2. For two scalar or polarized entries,
the covariance difference is bounded by

Y0 — Yall2ll¥ollz + 1|06 — Voll2l|tallz + ¥a — Yall2lls — Pbll2-

This includes the two linear mixed terms and their product. Since \/ﬁn_B h%2 — 0, it proves
covariance consistency after the fixed polarization. Every pairing uses the original law w. O

Proof of Theorem 2.1. The fixed multiband metric error is Op(n~2h1) by Lemma 5.2, so it is
op(n~1/2). The same lemma and the exact covariance input prove (10). Failure has probability
tending to zero by Lemma 5.1, so the specified fallback leaves these convergences unchanged. The
exact estimator’s asymptotic linear representation and Slutsky’s lemma give (11) and the stated
studentization.

For completeness the operation budget is

Operation at one band Work

Real feature formation and storage O(nR)

J actual scaling multiplications O(nRlogn)
Projection and feature Gram V7'V O(nR?)
Two reduced Cholesky factorizations O(R?)
Fixed metric and influence right-hand sides O(nR + R?)
Fixed joint covariance O(n)

The projection is performed as Vy — e(e’Vp), and S is applied as V (V7' x); neither needs a dense
sample-by-sample matrix. There are only K fixed bands. The stated memory and deterministic
work bounds follow, including on fallback samples. Now nR2 = O(n'tP4(logn)?) and R} =
O(n?P4/2(log n)3¥/?). Equation (6) absorbs both powers and logarithms into O(n!*").

For a bootstrap law p;, conditional Hilbert-space variance and the original empirical bound
give E[luf — pl3—s < C/n. The heat feature-covariance discrepancy likewise has joint squared
mean O(n~'t~%): condition on the original sample for the bootstrap variance and add the original
sampling variance. Every preceding good-event argument therefore holds under the joint origi-
nal/bootstrap law. Merged weights remain at least 1/n. Consequently /n(G* —G*) — 0 jointly in
probability, as does the original numerical error. For each € > 0, Markov’s inequality applied to the
conditional error probability turns this into conditional negligibility in original-sample probability.
The exact bootstrap input then gives (12). Each replicate repeats the same finite budget. O

6 An explicit circle target and reproducible algebra

The uniform circle gives a direct normalization example. Let d = 1, f = 1 and u(z) = cos(27x).
Then Dy = —92, ¢ = u/(4n?) and

3 cos(4mx) 9
0 0

= == = .
G Vo (z) ) by 1281

o2 (28)



Indeed pu? = 1/2 and 2u¢ —|¢'|> — G® = 3(2 cos?(27z) —1)/(872). At finite population bandwidth,

5.2
Pyu = e~ 2™ty and hence
t

G1) = @ (29)

This gives the target, covariance and even-bias normalization in closed form.

The accompanying Python reference implementation follows (17)—(22), including merged mul-
tiplicities, the constant projector and conversion to function coordinates. Its optional dense com-
parison checks the same finite-feature metric and influence actions by a second linear-algebra route.
The analytic proof above establishes the asymptotic and operation claims; the floating-point com-
parisons illustrate the finite formulas. The program prints its output and writes a file only when
the caller supplies an explicit output path.

AT assistance. Al tools assisted mathematical exploration, verification code, literature compar-
ison and manuscript preparation. The author is responsible for the stated results and references.
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