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Abstract

We study the actual first residual crossing of the symmetric half-Sinkhorn iteration for observa-
tions from a fixed positive C® density on the three-dimensional torus. At two heat scales, computed
from the same sample, a linear combination removes the first-order population score bias. Fore = n™*
with2/17 < k < 4/9 and every fixed 0 < y < 3/4, stopping each run at its first projective mass resid-
ual below n~'/2h~7 preserves the corrected estimator’s fixed-query Gaussian limit. The stopping
index is asymptotic to (3/4 — y)log(1/h)/log2, and the attained residual lies between ¢ times the
threshold and the threshold with probability tending to one for every fixed 0 < ¢ < 1/2. The covari-
ance retains the dependence between the two scales. An explicit cubic population coefficient gives
a fixed analytic density for which the limit is shifted at x = 2/17 and the normalized bias diverges
below it, also under actual stopping. The formal Gaussian range extends to x < 4/9; consistency and
shrinking uncertainty require k < 2/5. A sharp heat-spectral trace determines logarithmic corrections
to the stopping count and phase-dependent residual limits, proving that the constants 1/2 and 1 in the
residual bracket are sharp.

Keywords: entropic self-transport; symmetric Sinkhorn; score estimation; first-hit stopping; bias correc-
tion.

1 Introduction

Numerical kernel normalization is terminated using an observable residual, while score inference con-
cerns a spatial derivative of the normalized off-sample field. The relevant mathematical question is
whether a residual-based stopping decision preserves the limiting distribution of the fully converged esti-
mator. It is particularly delicate when the sample, kernel scale, iterates, residual and queried field are all
dependent.

We establish such a result in dimension three for a two-scale corrected self-transport score. The stop-
ping rule checks every iterate from the constant initialization. The threshold exceeds n~'/2 by a diverging
factor, yet the stopped field has the same limiting law as the exact empirical solution. A complete second-
order trajectory expansion removes the tolerance-dependent upper restriction and preserves equivalence
after any deterministic diverging iteration index within the original budget. We determine the stopping
count up to integer rounding, identify its residual phase law, and exhibit a density for which the lower
bandwidth endpoint cannot be included.

This paper is a follow-up to the one- and two-dimensional residual-stopping theorem of [1]. That theo-
rem concerns an uncorrected score and a different sufficient bandwidth regime. Substitution of dimension
three into its two bandwidth conditions leaves no nonempty power window. Here the cubic remainder af-
ter population bias cancellation, the joint two-scale covariance and refined empirical-trajectory estimates
supply a nonempty dimension-three result. The preceding residual-certificate work [2] and the lower-
dimensional first-hit principle are antecedents; the iteration and the general idea of statistical stopping are
not new.



Public edition 2 contains manuscript version 2.1. The present statements include the enlarged infer-
ence rectangle, the full sampled-trajectory argument and the sharp clock with residual phase. These are
parts of one dimension-three paper.

The population expansion identifies the bias remaining after two-scale correction. The trajectory
estimates determine when numerical score error is negligible on the same sample. The heat-spectral
clock then locates the actual first crossing, including logarithmic corrections and its integer phase. For
& = n~, inference uses 2/17 < « < 4/9; consistency and shrinking uncertainty additionally require
k < 2/5. The sharp-clock theorem states its own bandwidth hypotheses.

1.1 Related work and relation to the preceding paper

The actual first-hit question was studied in dimensions one and two in [1]. That paper proves preservation
of pointwise score inference, the leading stopping count, the attained-residual bracket and a coefficient-
one tolerance obstruction for fixed positive smooth periodic densities. Its sampling and bias conditions
leave no bandwidth window in dimension three. The present paper extends that inferential trajectory
analysis to dimension three using a two-band corrected score. The earlier residual certificates for arbitrary
candidate scales [2] are a separate prerequisite perspective; a residual certificate alone does not determine
the law at its first attainment along a sampled nonlinear iteration.

Pointwise self-transport score central limit theorems with decreasing regularization are already avail-
able. In particular, Mordant’s Theorem 12 [3] gives an exact, uncorrected score limit under its Euclidean-
domain hypotheses when n~%/(4*2) « ¢ « n2/(4+6) In dimension three this corresponds to 2/9 <
k < 2/5 for € = n™*. The present result is consequently not a first dimension-three score limit theorem
or a first exact-score result beyond « = 1/3. Its target is the corrected periodic estimator at two depen-
dent, observable first-hit stopping times. Richardson cancellation of entropic bias is an established idea:
Chizat et al. [10] apply it to Sinkhorn-divergence cost estimation. Here a differentiated cubic population
expansion is combined with the joint fluctuation law of two empirical self-scales.

Higher-order self-transport expansions also have close precedents. Yao, Kim and Schiebinger [14],
Corollary 1.9, give arbitrary-order deterministic expansions of entropic Brenier maps in L? for positive
C® densities on the flat torus. Goldfeld, Kato, Rioux and Sadhu [13] develop first- and second-order
Hadamard differentiability of entropic potentials and statistical limit theory at fixed regularization. These
results establish the expansion and functional-differentiation perspectives. Our use of a pointwise differ-
entiated population expansion under C® regularity, and of local quadratic and cubic empirical terms with
explicit repeated- observation contributions, addresses a different joint limiting regime.

Kokot [4], Chapter 3, develops Gaussian-RKHS scaling differentiability, the plus-resolvent at the self
diagonal and fixed-regularization Hilbert limit theory. Chapter 4 gives a general first-order population
score expansion and matching after two symmetric updates; its Gaussian example has a stronger explicit
remainder. These are important precedents for the analytic and statistical linearizations used here. The
distinction is the joint bandwidth—sample—iteration control required by the corrected empirical first-hit
law.

Differentiating a convergent numerical iteration requires additional control. Pauwels and Vaiter [15]
prove locally uniform linear convergence of derivatives of finite-dimensional Sinkhorn—Knopp transport
plans. Li, Lu, Tao and Ye [16] analyze first- and second-order derivatives of finite-data regularized trans-
port losses, including conditioning under early termination. Scieur et al. [17] study convergence rates
of unrolled differentiation for quadratic optimization. More directly on the statistical side, Liu, Mehta,
Pal and Harchaoui [18], Appendix D, recursively decompose same-sample balancing errors into opera-
tor compositions and higher-order terms. Thus neither differentiated Sinkhorn iterations nor recursive
statistical expansions are introduced here. The trajectory argument needed below controls the actual ini-
tialization, random normalization weights, derivative features and nonlinear empirical products uniformly
through the original iteration budget as the heat bandwidth decreases.

Wormell and Reich [5] analyze the same periodic Gaussian bistochastic normalization, including
smooth weights, empirical scale stability, resolvents and improved operator bias. They also give an ac-
celerated symmetric algorithm with its own stopping guarantee. Cheng and Landa [6] show that approx-



imate normalization at statistical precision suffices for graph-Laplacian consistency. Maeda, Yao and
Nitanda [7] combine sampling and iteration errors for two-sample Schrodinger bridges and discuss bal-
ancing those errors to select an iteration count. These results establish substantial precedent for statistical
termination. Their conclusions differ from preserving a local score fluctuation law at the realized residual
hit.

Residual-based statistical stopping and transfer between residual and estimation errors are established
in spectral regularization. Blanchard, Hoffmann and Reiss [19] prove oracle adaptation for residual stop-
ping in statistical inverse problems; Celisse and Wahl [20] analyze discrepancy rules for kernelized spec-
tral filters using concentration and changes of norm. Hucker and Reiss [21] explicitly treat first residual
crossings, continuous interpolation and the error caused by integer rounding for conjugate gradients. Their
conclusions concern different inverse and regression models. The sharper stopping result here uses the
specific heat-filter trace to obtain its logarithmic corrections and residual phase law. Laplace asymptotics,
inversion of a slowly varying prefactor and ceiling overshoot are standard steps; the model-specific asser-
tion is their validity for this unchanged sampled self-transport trajectory, including sharp attained-residual
constants along integer sample sizes.

The symmetric square-root update is also established, appearing in Feydy et al. [9] and in the nor-
malization algorithm of Kessler, Magnet and Feydy [8]. Matrix and operator concentration are standard
tools [11, 12]. The contribution here is the combined dimension-three theorem, including the coupled
corrected-score limit, genuine first-hit count and residual phase law, the full tolerance—bandwidth rect-
angle, and the explicit correction-specific necessary lower endpoint. In particular, the useful consistent
range 2/17 < k < 2/5 holds for every fixed 0 < y < 3/4; numerical equivalence also holds after any
deterministic diverging iteration index within the original budget. The upper 4/9 endpoint remains a
sufficient boundary of the present proof, with neither equality nor necessity established.

2 Model, stopping rule and main results

Write T?> = R?/Z? with unit Lebesgue measure. Let f € C®(T?) be a fixed probability density with
inf f > 0, and let X1, ..., X,, be independent with law y = f dx. All constants may depend on this fixed
density and its norms. Set u, =n~'Y; 5x,. For h > 0, let kj, be the integral-one periodic heat kernel

kh(Z) — Z e—27r2h|k|2627rik.z’ H), = exp(hA/2),
keZ3
and define .
1
Knnb(x) = = > kn(x = X)b(X;).
e

The population scale aj and empirical scale ay, solve ayKp yapn = 1 and ap(X;)(Kpnan)(X;) = 1 re-
spectively. Their off-sample extensions are defined by these convolution equations. The corresponding
scores are

shP(x) = =2 Vlogap(x), Sh(x) =2 Vlog(Kp nan)(x).

Throughout, x is a fixed deterministic spatial query.

Definition 2.1 (Genuine first-hit rule). Ateach i € {¢,2¢} start from b ,(X;) = 1 and update
bivin(X;) = _ biwX) (x) = 2V, log(Kpnb 1) (x)
J+Lh\A¢) = (Kh,nbj,h)(Xi)’ Jj.h = x 10K p nDj h .

Fin(X;) = \/bj,h(Xi)(Kh,nbj,h)(Xi)a mjp= / Findun, 150 =|Fjn/mjn- 1||L2(”n) :

Set




For fixed y > 0, let#,,, = n~'/?h™" and L, = max(3, [4logn]), with natural logarithm. Take the first
index j € {0,...,L,} satisfying r; ;, < t, ; if there is no such index return L,. Denote this index by
75,. Bvery residual is checked, including j = 0. The two runs use the same observations and separate
stopping times.

Define the positive constant

22
eZﬂc|§|

Ie= [ @replh© - m@F e ho(e) = =

e—2n2c|E?

ey

Theorem 2.2 (Corrected score at the actual first hit). Suppose

4 3
=n"", — <K<, O<y<-—

e=n 17 %% 9 [

with fixed exponents. At each h = &,2¢, a genuine hit occurs before L, with probability tending to one,

and

Th 3/4 - . .7
bability, 2
Tog(1/7) — Tog2 in probability 2)
P{C thh ST n < tn,h} — 1 (0<c<1/2), 3)
VI |52 1 (x) =5 (x)|| — O in probability. 4)

In fact, for every deterministic J,, — oo with J,, < L,,, the expression in (4), with Ty, replaced by j, tends
to zero uniformly over J, < j < L,,. For the corrected score,

Ve {20, o (x) = 513,00(x) = Viog f(x)} = Nj (O’ %13) . v

The same limit holds with both stopped scores replaced by exact scores.

Corollary 2.3 (Consistency and interpretation). In the full rectangle

2 <k < 2 O<y< >

Py K _9 _’

17 5 73

the corrected stopped score is consistent and its Gaussian uncertainty scale shrinks to zero. At k = 2/5
the normalization in (5) is one, so the raw error has a nondegenerate Gaussian limit. For2/5 < k < 4/9
the normalized limit remains valid, but the raw error leaves every fixed bounded ball in probability. Thus

the formal range beyond 2[5 is not an improvement in estimation precision.

Proof. The normalization is n'/2-3%/%_ Its divergence proves the first assertion by tightness in (5). At
equality use (5) directly. Above equality write ¥,, = A,E, = Z with A, — 0 and nondegenerate
Gaussian Z. For every fixed M and n > 0, P(||E,|| < M) < P(||Y,.]| £ n) eventually. Portmanteau
followed by 1 | O proves the last assertion. O

Theorem 2.4 (Sharp first-hit location and residual phase). The rule in Definition 2.1 has the following
additional geometric properties for 2/19 < k < 2/3 and 0 <y < 3/4. Putu =3/4 -, L, =log(1/h)
and K = 1/(42'%7), and let t;, > 2 be the unique large solution of

Kh™"2 g, log(26,)]1* = 1.

Then
uLy —log Ly, + 1 loglog Ly, +log(K log2/u
,, =k~ log L+ gloglog Ly g( g/)+0(1)’ ©
log2
P{[th—-n] <t < [th +n]} — 1 forevery fixedn > 0, @
Tz h th—T, . e
t__2h h — 0 in probability. ®)
n,h



For each deterministic subsequence with {tp} — 6 € (0,1), P{ry, = [t31} = land ry, p/tan — 277!
in probability. Every interior phase is attained along an integer-sample-size subsequence. Consequently
no universal fixed lower constant greater than 1/2, or upper constant less than 1, can replace the residual
bracket constants. The ratio has no full-sequence probability limit.

The geometric domain in this theorem does not extend the score CLT beyond Theorem 2.2. The proof
is in Section 5.

The uniformity just stated is in iteration at a fixed spatial query. The two stopping times and scores
remain statistically dependent; this dependence is essential to (1).

Theorem 2.5 (Necessary lower bandwidth condition). On T3, fix

1 2
1+-cosrxy)| ,  x.=(1/4,0,0), b. = ((21)7/256,0,0).

Fo =221+

For any fixed 0 < y < 3/4, use the unchanged rule in Definition 2.1. At x = 2/17, the statistic on the
left of (5), evaluated at x., converges to N3(b., [4Jr/f(x.)]13). For every fixed 0 < k < 2/17, its first
coordinate diverges to +co in probability. Thus the strict lower condition is necessary for the universal
zero-centered conclusion for this specified two-scale estimator and rule.

Proposition 2.6 (Coeflicient-one tolerance obstruction). For f = 1 and the same bandwidth range as
Theorem 2.2, v > 3/4 makes both runs stop at index zero with probability tending to one. Their corrected
score covariance is different from (5).

This obstruction is for the stated threshold coefficient and rule.

3 Population expansion and second-order empirical inference

We give the analytic and statistical estimates used below, with their dependence on the shrinking heat time
explicit. Constants may depend on the fixed density and on finitely many of its norms. All spatial integrals
in this section are over the unit torus unless another domain is displayed. Write u = f dx, r = \/? , and

Hj, = exp(hA/2), i = exp(=272hlk|?), keZ.
Thus Hj, has integral-one kernel k. The population symmetric scale is denoted by ay, so that
anHp(anf) =1,  qn=anr,  qnHp(qnr) =r. )
Its reciprocal is vy, = 1/ay, = Hp(ap f), and its score is s, = 2V logvy, = =2V logay,.
3.1 Heat estimates and a uniform inverse
Lemma 3.1 (Heat and feature estimates). For 0 < h < 1, the periodic Gaussian satisfies

ky(0) < Ch™32, \Vin(z)| < Ch™kap(2), (10)
lkn(x = Ilz2ax) < Ch™4, IVckn(x = )lz2ax) < ChT2. (11)

Let ‘Hp, be the real reproducing-kernel Hilbert space of ky, and write kp, x = kj(x —-). Then
e, xllzg, < CR7% N0k ki xllag, < CRT%, (12)

For each fixed nonnegative integer s, (I + Hy,)™! is bounded on C*(T?) uniformly in h.



Proof. Periodizing the Gaussian on R* gives the first estimate. On each Euclidean lift we have
|zl exp(~|zI*/(2h)) < CVhexp(~|z[*/(4h)).

Summing the lifts proves (10). The squared row norms in (11) are respectively > /l%l’k and
Zk(2ﬂkj)2/lfl,k. Comparing these convergent Gaussian sums with integrals gives the asserted
powers. The reproducing property gives ||kp.||*> = k;(0) and ||(9xjkh,x||2 = Zk(Zﬂkj)2/lh,k, which
proves (12).

For the inverse assertion, the function

o612/
X(é:) - 1 +e_|§|2/2

is Schwartz. Its inverse Fourier transform L is integrable. The multiplier of (I + H})~' on the torus is 1 —
x(2nVh k). Hence this inverse is the identity minus convolution with the periodization of h~3/2L(-/Vh).
The latter kernel has uniformly bounded L' norm. Convolution commutes with derivatives, so the same
bound holds on every fixed C* space. The identities initially hold for trigonometric polynomials and
extend by their density in C*. No operator-norm convergence of Hj, to / on C* is being assumed. O

Lemma 3.2 (Population scale and cubic logarithmic coefficient). For positive r € C3(T?) and all suffi-
ciently small h > 0, equation (9) has a unique positive continuous solution, and

lgn —1llcs =0(h),  0<s<6. (13)

Already for positive r € C’, define

A Ar A[(Ar)? Ar)3
- oo A AlAnT/r] (A7 (14)
4r 192r 128~ 384r3
Then
log gp = hu+ hc + o1 (h). (15)
In particular,
255, — s, = Vog f + 12h3Ve + oo (B?). (16)

Proof. We first establish a uniform inverse for the nonlinear equation. On X = C*, put Fy,(q) = gHp(qr)—
r. Its derivative at 1 is
Lhz = (Hhr)z + Hh(rz) = MHhr(I + Hh + Eh)z,

where M}, means multiplication by b and
Ep =M, H,ry-1Hn + Myj,r) [Hp, M.
For r € CS*! the convolution formula and the product rule give
I[Hn, Mp)zlles < CVallrllesalizllcs. (17)

Indeed, before differentiating, the integrand is kp (y)[r(x —y) — r(x)]z(x — y). Each derivative produces
the same difference with a derivative of r, times a derivative of z; the Gaussian first absolute moment is
O(Vh). Also

1 rh
Hhr —-r = E/ HZAI" dt = Ocs(h)
0
when r € C**2. Positivity of r keeps Hj,r bounded away from zero. The preceding inverse lemma and a

Neumann perturbation therefore give ||L, || x—x < C for small h.
The residual Fj (1) is Ox(h), and the exact nonlinear remainder at any base point p is

Frp(p+2) = Fp(p) = DF(p)z = zHp(rz). (18)



Since C* is a Banach algebra, a contraction on a ball of radius Ch around 1 gives a positive solution with
(13), whenever r € C5*2. Constructing first in C® proves all the stated bounds for C® densities.
For uniqueness, write w; = g;r for two positive continuous solutions. They satisfy w;H,w; = r2.
Withd = wy — wa,
rld
wiwa

Hyd = -

Taking the L2 (dx) inner product with d gives a nonnegative left side, since the Fourier eigenvalues of Hj,
are positive, and a nonpositive right side. Strict positivity of 7>/ (ww») forces d = 0. Thus all the locally
constructed solutions agree.

To calculate the cubic term, set A = A/2 and use

pn=1+hu+ %hzu2 +h(c+u’/6).

The identity ru = —Ar /2 and semigroup Taylor expansion yield the following expansions in C':
Hyr =7+ hAr + 102 A%r + L3 A%r + o(1),
Hy(ru) =ru+ hA(ru) + %thz(ru) +o(h?),
Hy(ru?/2) = ru? /2 + hA(ru®) /2 + o(h),
Hu[r(c+u’/6)] =r(c+u’/6) +0(1).

These are Peano expansions, not formal differentiation in negative heat time. For example, the first follows
by applying strong continuity on C! to Ar in the integral Taylor remainder. The needed regularity is,

respectively, r € C7, ru € C°, ru?> € C3 and rc € C', all implied by positive r € C7.
The orders /& and h? of F,(py) cancel. Its cubic coefficient is

2re +rud 3+ APr)6+ A*(ru) 2 + A(ru®) /2 = 2rc + ru’ )3 — A3 /12 + A(ru?) 2.

It vanishes for ¢ = A%r/(24r) — A(ru®)/(4r) — u?/6, precisely (14). Thus Fj,(pn) = oci(h?). The
inverse at py, is uniformly bounded, since pj, — 1 = O1(h). Using (18), a contraction on a ball of radius
O(|\Fn(pi)llct) gives gn — pn = oc1(B?). If the residual is zero, simply take ¢, = ps. The Banach-
algebra logarithm gives log pj, = hu + h3c + O c1 (h*), proving (15). Finally s, = Vlog f — 2V log gy; its
linear term cancels in 2s;, — s»5, while the cubic coefficient is (-4 + 16) Ve = 12Ve. O

3.2 Concentration and the empirical inverse

For the remainder of this section let % be either & or 2&, where € = n™ and 0 < « < 2/3 is fixed. Set

12— logn logn
Ln=n"'PR734 0 py = ‘/nh3/2 t—=m On=palogn. (19)

Then ¢, — 0, pj,(logn)?> — 0and 6, logn — 0, with strict polynomial margins. These are unnormalized
geometric estimates. A normalized first-order remainder need not vanish on this domain; we retain its
second-order terms below.

Lemma 3.3 (Scalar and weighted operator concentration). Suppose ty, is deterministic and uniformly
bounded. Then

sup |(tn = 1) [0 (W) ki (x = y)11 = Or(pn), (20)
SUP V(1w = ) 6 () kn(x = )11 = Op(h™ ). @1
On Hy, define
Dt = %i th(Xi)kn,x; ® kn.x; D= / th(V)kn,y ® kpy du(y).
i=1

7



For real ty, including signed weights,

”Dz,h,n - Dt,h”op = OP(ph)- (22)

The conclusions hold jointly for finitely many such weights and for both bandwidths.

Proof. At fixed x, the centered scalar kernel has envelope C h=3/2 and variance at most Ch~3/2, since
f and t, are bounded. The corresponding derivative has envelope Ch~2 and variance at most Ch=>/2.
Scalar Bernstein therefore gives the displayed orders with failure probability n=4 for any fixed A, after
enlarging constants. To obtain a spatial supremum, take a grid of mesh n=™ on the unit torus. It has
polynomial cardinality; a union bound preserves the estimates. Derivatives of order one and two of kj,
are bounded by Ch~2 and Ch=>/2, respectively. They give deterministic interpolation errors Cn~™ h=2
and Cn=™ h=>/2 for the two fields. Choosing a fixed sufficiently large M makes these negligible. This
argument also covers deterministic weights depending on /; no derivative of 75, (y) is taken.

Here is a finite-dimensional reduction proving the operator assertion. In the Fourier realization of H,,
a kernel feature has coordinates \/m e~27iky: one may equivalently use a real sine—cosine basis. Project
onto |k| < R, = (Cy logn/h)'%. The projection dimension is O(h~3/2(logn)?/?), so its logarithm is
O(logn). Uniformly in y, the omitted squared feature norm is

Anx < nM

[k|>Ry

after increasing Cyy, by the Gaussian tail sum and the fixed power assumption on 4. If IT is this projection,
the difference between 5, (y)kp,y ® kp,y, and its compression has norm at most C h=3/4n=M/2 yniformly
in y. Thus the empirical and expected discarded tails are negligible.

In the finite-dimensional range let Z, = t5,(y)I1kj, y ® I1kp . Its norm is at most Ch3/? and

EZ% < Ch™3 B[k, x ® Tk x].

The expected unweighted feature operator has norm at most ||f|lc: in Fourier coordinates it is
H,ll/ ‘M rH ,11/ 2, up to the evident isometry. Centering subtracts the square of the expectation from the
variance operator. Consequently the centered variance norm is at most Ch~3/?

Finite matrix Bernstein, in the form

d

where D is the projection dimension, proves (22). This is the usual matrix Bernstein inequality; see
[11, Theorem 6.1.1]. Restoring the discarded tails finishes the proof. Finite intersections prove the last
assertion. O

, including for signed ¢,.

nu*/2

- Ch3 + Ch=32% |’

<2Dexp

n! > (Zx, - BZ)
i

Lemma 3.4 (A logarithmic sup-norm inverse). Let Q be a symmetric positive semidefinite n X n matrix
with nonnegative entries, Q;; < 1, and row sums in [1 —n,1+n]. Ifnlogn — O, then, for all sufficiently
large n,

I+ Q) llewe= < Clogn. (23)

Proof. Schur’s bound gives ||Q|l2—> < 1 +n < 2. For By = (I — Q)/2, positivity of the spectrum of Q
gives || Bo|l2—2 < 1/2. Its absolute row sum is (1 — Q;; + 2.4 Qij)/2 < 1+1/2. Putm = [3 log, n]. For
the first m powers,

D B lleonses < m(1+7/2)™ = O(logn).

j<m

For the rest, Cauchy—Schwarz gives ||Bé||oo_>oo < /n27/, whose sum over j > m is o(1). Finally
(I+0)"' =33 ,50By). O



3.3 Exact empirical scale and its off-sample derivative

For clarity fix one bandwidth and omit / from some operators. Define

S 120 — H, 5z = / an () knyz(y) du(y),
C =SS, P=S'S, R=(I+C)"",
1
Ca = = 3" an(X0) knx, © ki g = (n = mlan(kny].

4

Here S*w(x) = an(x)w(x). The kernel of P relative to u is ap(x)kn(x — y)an(y). By (9), it is a positive
self-adjoint Markov kernel; hence ||S|| = ||C|| = 1. Also Cv;, = vy, and the Hilbert-space covariance
identities give

Eg=0, Cov(g)=n"'(C=vy®vn),  liglls, = Op(Ln). (24)

Indeed [ aj(y)kn,y du(y) = vy and tr C < Ch™3/%,
Let aj, (X;) be the exact empirical symmetric scale and extend its reciprocal off sample by

T =1 Y k= XO@ (XD, @) = 1/,

These definitions agree at the sample points. Existence and uniqueness at any finite sample can also be
seen by minimizing the strictly convex function

_ 1 ti+tj 1
@(t)_z—,ﬂ;kh(xi—Xj)e J —ZZli.

Its derivative is zero precisely when e’ (K, ,e')(X;) = 1. The diagonal terms make its Hessian positive
definite. It is coercive: if max; t; — +oco the diagonal exponential dominates the possible negative linear
contribution, whereas a bounded maximum and an unbounded negative coordinate make the linear term
diverge.

Proposition 3.5 (Empirical scale estimates). Let f be positive C® and 0 < k < 2/3. At sample sites put
zi = (Vp(Xy) = vi(Xy)) /vi(X;), and put w = vy, — vy, off sample. Then

lzlleo = O (64), Izll12(,,) = Or (&), (25)
w = Rg+ 0w, p(01ln), (W, = Or(Ln), (26)
[Wlleo = Op(81), IVW]leo = Op(h™1%63). (27)

The scales and their reciprocals are uniformly bounded in probability. Define S: L2 (un) — Hy using
the sample weights ay, and C = SS*. For 0 = Vy|[ap(x)kp x| and 0, = Vy[an(x)kp x],

IC = Cllop = Op(81),  sup 18 — Oxlla, = Ox(h™/*5),). (28)

Proof. Seta; = ap(X;) and Q;; = a;kyp(X; — X;)a;/n. This matrix is symmetric PSD and nonnegative.
Its row sums are 1 + E;, where E; = a;g(X;). By (20), |E|le = Op(pp); also Q;; < C/(nh3/?) = o(1).
The preceding inverse lemma applies on an event of probability tending to one.

The sample scaling equation is exactly equivalent to

2
_ Z
(1+Q)z—E+Q—1+Z, (29)

where operations inside the fraction are coordinatewise. Applying (I + Q)~! defines a contraction on a
sup-norm ball of radius Cpj, logn = Cdy,: its forcing has that order, and the nonlinear Lipschitz constant



is O(6,logn) = o(1). The constructed branch has 1 + z; > 0 and therefore agrees with the unique
empirical scale. This proves the first bound in (25).
By the weighted operator estimate, ||C,, — Cllop = Op(pp), 50 ||Cyll = Op(1). The exact identity

IEIZ,,, | = (g Cag),

and (24) imply || E||> = Op({n). Since ||(1 + Q) ! |l>—> < 1 and ||Q]l2—> = Op(1), taking L?(u,) norms
in (29) and absorbing C||z||«||z]|2 proves its second bound.
Off sample, the defining convolution gives

anz?

1+z

w=g=Knn (I+Cp)w =g +Kppn (30)

1+z7
All terms lie in Hj,. The map b — n~' ¥, a;kj, x,b; has norm ||C,, | 172 from L?(u,,) to Hj,. Consequently
the last term has norm Op(8,{). Positivity gives ||(1 + C,)~!|| < 1; its resolvent identity with R, and
Pn < 0p, prove (26).

For (27), use the first identity in (30), scalar concentration, and the sample sup-norm bound. The
derivative term is bounded using (10) and sup, K»p ,1(x) = Op(1), which follows from (20). Since v,
stays bounded away from zero, v, = v, + w does also with probability tending to one. Reciprocation
gives

lan — anlleo = Op(61), IV@y — Vapllw = Op(h™'26)).

For C, replace its sample weight E%L by ai using these uniform bounds, and then use (22). For the feature
derivative, the coefficient error multiplies Vkj, ., whereas the derivative coefficient error multiplies ky, .
Applying (12) gives 6,h>/* + h=1/25,,h=3/*, proving (28). No independence between scaling weights
and observations is used in these pathwise estimates. O

3.4 Local kernels and repeated-observation terms

We retain the nonlinear terms needed when a first-order norm estimate does not vanish at the statistical
normalization. Write & for one of the two bandwidths, omit its subscript on a, v, C, R, and put m = a>f =
qi,v:un—,uandD=Cn—C.

Lemma 3.6 (Physical resolvent and local rows). The physical action of C on its function arguments is
HM,,. The operator J = (I + HM,,)! is uniformly bounded on C° and C', and agrees with R on
heat-RKHS function arguments. Set

L()C, )’) = <kh,x’ Rkh,y)‘}(h’ g(x’ )’) = G(Y)L(x, )’) - V(X)/2

The integral operator L = JH is symmetric and positive, and 0 < L < H on L*(dx). Its rows satisfy,
uniformly in x,

IL(x, )|l < C, 0xL(x, )1 < Ch™12, 31)
IL(x, )|l < Ch=3*, 0, L(x,)|l2 < Ch=34, (32)
IL||e < Ch732, 10 Lo < Ch2. (33)

These bounds hold for rows measured against either dx or u. The kernel € is centered in its second
variable and has the same L* and supremum row bounds, including their derivative bounds. Its integral
operator on L*(p) has uniformly bounded norm. Finally, with wi = Rg, one has

Iwilleo = Or(pn), IVwilleo = Op(h™"pp), wi(x) = vyl(x,y). (34)

Proof. The physical formula follows directly from Cb(x) = f a(y)?ky(x —y)b(y) du(y). Sincem — 1 =
O 1 (h), factorization gives

J=[I+I+H) 'HM,_\]7'(I+H)™".
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Lemma 3.1 and a Neumann series on C” and C' give the claimed uniform norms. The resolvent inter-
twining identity gives
L=JH=H"?(I+H">M,H'/*H'/.

This proves symmetry, positivity and the stated operator order. RKHS evaluation, ||R|| < 1, and the fact
that the unweighted feature covariance on Lebesgue space has norm at most one give (32)—(33).

The C° norm of the smooth-kernel operator JH is its largest absolute row integral: approximate the
sign of a fixed row by continuous functions. Hence its row L' norm is bounded. The identity L =
H - HM,,L gives

OxL = 0xH — (0:H)M,, L.

The Gaussian derivative has row L! norm O(h~'/?). Integrating the absolute value on the right proves
(31); no derivative of an arbitrary inverse kernel is used. Equivalence of the two measures follows from
the fixed positive bounded density. Since Cv = v, Rv = v/2, and therefore / a(y)L(x,y)du(y) =v(x)/2.
This proves centering and the formula for wy. The bounded L? operator norm of £ follows from that of
L, bounded multiplication by a, f, and its bounded rank-one centering term. Finally w = Jg; the scalar
field and derivative estimates of Lemma 3.3, followed by the uniform C°/C'! bounds for J, prove (34). O

We record collision estimates also used for the trajectory. All kernels in the next two lemmas are
deterministic and may depend on 4. Suppose 8(u, y) and y (u, y) are centered in y, have bounded integral-
operator norms on L*(u), and obey

sup |8 (u, -)ll2 + sup Ly (u, )l < Ch™/4,
u u

sup [|8,8(u, )|l2 + sup [|8ux (u, )2 < Ch™4, as)
1Bl + llxlleo < CAT32,
||au,8||oo + ||au)(||c>o < Ch_z.

Let A have L!, L2, L* norms bounded respectively by C h1/ 2 cC h=5/ 4 Ch~2. Constants and deterministic
geometric weights in these assumptions propagate multiplicatively through the following statements, by
homogeneity. The derivative in each statement is one fixed query coordinate.

Lemma 3.7 (Quadratic empirical products). For a deterministic coefficient b with uniformly bounded C'
norm, consider any of

A(Y)B(Y,2)s / A(u)B(u, y) x (u, 2)du(u),  Ox[b(x)B(x, y)x (x,2)].
Center the kernel separately in its two variables, and symmetrize it; call the resulting kernel K. Then
Kl 22y < Ch72, KX, X)|l2 < Ch™'V4, [BEK(X, X)| < Ch™2. (36)
Consequently
V82K = Op(n~'h2 + n32p7 1114, Vil *y®rK = Op(&n + £3). (37)

Proof. For the first kernel, use ||A||, times the largest L? row of 8 for the full norm, and [|A||2||8]|c on
the diagonal. Its diagonal mean is bounded by [|Al|; sup,, |3(y, y)|. For the integral kernel, Minkowski
and the two row L? bounds give its full norm /~2; on the diagonal use one supremum and one row L?
norm, giving 2~"/4. Its diagonal mean uses the product of the two row L? norms and ||Al|;. For the
differentiated product, one derivative row norm times one ordinary row norm gives 4 ~2; one supremum
and the other derivative row norm give the diagonal 2~'/* bound. Cauchy—Schwarz gives the same />
diagonal mean bound. Bounded derivatives of b add smaller terms.

The latter two kernels are already centered in both variables. For the first, only its first-variable
projection can be nonzero; that projection has zero integral and L? norm at most the original joint norm
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by Jensen. Substituting its single variable on the diagonal adds no new norm factor. Thus centering
preserves all three asserted orders and the diagonal mean; symmetrization does too, up to constants. For
a canonical symmetric kernel, expanding the square of the all-distinct sum leaves only matching unordered
pairs. Its standard deviation is at most C||K||2/n. The diagonal contribution has expectation EK (X, X)/n
and standard deviation at most || K (X, X)||»/n>?. This proves both rates. O

Lemma 3.8 (Cubic empirical numerator and all collisions). Set To(u,y,z) = A(u)B(u, y)x(u,z) and
T=T)- f To(t, y,z)du(t). Then T is centered in every variable, v®T = v®3Ty, and

Vb VET = 08 (5 + 5. (38)
In particular this explicit cubic statistic is negligible throughout the strict occupancy domain 0 < x < 2/3.

Proof. The full L?(x%) norm is at most Ch~''/* by ||A||» and the two row L? norms. Each collapsed-pair
kernel T(U, U, Z),T(U,Y,U),T(U,Y,Y) has L?> norm at most Ch~"/?: use one diagonal supremum and
one row norm, or a supremum times a row norm for the square. The removed integral has joint norm Ch~>
and diagonal norm Ch~!"/4 by the preceding proof, which are smaller. Also E|T(U,U,U)| < Ch~7/2,
using ||A]|; and two diagonal suprema. Here independent letters have law .

One must control the first projections of the collapsed kernels more accurately than their full norms.
For the u = y collision, its nonzero projection is the adjoint integral operator of y applied to A(u)B(u, u);
it has L? norm at most Ch~''/4_ The u = z case exchanges f3, y. For y = z, integration in u gives zero by
its canonicalization; the other projection is

AGEIB V)X )] = [ AOBLBE VX )ldu(o),
again of norm Ch~!'1/4
remaining variables.

Expand n™3 3 i.j.k T(Xi, X, Xi) into equality partitions. The all-distinct part has standard deviation

. Each collapsed kernel has global mean zero, but need not be canonical in both

at most Cn~>/2h~1/4 because canonicity leaves only matching triples. For each of the three exactly-two-
equal partitions, its coefficient is O(1/n) times an order-two statistic. Hoeffding’s two first projections
and its canonical remainder give standard deviation at most

C(n—3/2h—ll/4 + n—Zh—7/2)'

The fully repeated part has coefficient n~2 times an empirical mean; its absolute expectation is at most
Cn~2h~"/2, so Markov’s inequality suffices. After multiplication by vnh>/* these orders are respectively
{i, e ﬁ +/ 2 and ¢ 2 No repeated-observation mean has been discarded. O

3.5 Second-order scale and score expansion

Proposition 3.9 (Retained empirical scaling numerator). For 0 < x < 2/3, put w; = Rg and
Wy = R{Kh,n[a3w%] —Dw}.

Then |lwall9q, + w2l 12,y = Or(0nn) and

(.Un
w =wi+wa+ O p(6740). (39)

Proof. The exact reciprocal equation is

a’w?

(I+Cp)w = 8+ Knn

l+aw’

The first-order bound in Proposition 3.5 and bounded sample evaluation give [|w —=wi|l12(,,) = Op(6ndn)-
Both w and w; have sup norm Op(5j), so

1w = will 2 )+ llaw? /(14 aw)ll 2,) = O(67,80)-

12



The bounded sample-to-feature map transfers these estimates to #j,. Moving Dw to the right in the exact
equation and replacing it by Dw costs Op(pr6r¢). Applying R proves the expansion. The displayed
norm of w follows from ||Kp n[a*wi]ll4, < Cellwilleolwill z2(,,) and [[Dw1]l < Op(pn)llwill. This
proof retains Ky, ,; it uses neither multiplication closure of a Gaussian RKHS nor concentration for a
random deterministic weight. O

Proposition 3.10 (Normalized exact-score linearization). For 0 < k < 4/9 and each fixed query x,

S — sn = 2V(aw) +2V(awy) — V(a?w?) + Op(h /452 41,), (40)
where all fields are evaluated at x. Moreover

NS5 (x) = sp(x) = 2(6y, Rg)#,} — O in probability.

Proof. The expansion of 2V log(1 + aw) has linear term 2V (aw) and quadratic term —V(a?w?). The
cubic logarithm remainder is bounded by C 6%1 times a derivative evaluation of w, thus by Op(h™>/ 4(5}21{ n)-
Replacing w in the linear term uses Proposition 3.9. For the quadratic replacement, set e = w — w;. The
product rule bounds its derivative by a constant times

onVe(x)| +le()[ [Vwi(x)| +6nle(x)].

RKHS evaluation bounds e and its derivative by 2=3/*6,¢;, and h=>/46,¢y, respectively. The improved
derivative bound (34) controls the middle product. Each term is at most the remainder in (40). Its nor-
malized size satisfies

Vinsain =0 'h(logn)®) — 0 (k < 4/9). (41)

It remains to analyze the explicit second-order terms, not to bound them all by the preceding first-order
norm estimate. For one coordinate let 6, = dx[a(x)ky ] and set

Ay(u) =2a(u)* @y, Rkny),  Bx(u) =2a(u)*(0y, Rkp ).

Lemma 3.6 gives both left rows the L', L?, L™ orders used in the collision lemmas. Replacing K, ,, in
the explicit wy, numerator by its population part gives the quadratic raw kernel

Ko(y,2) = / A () (u, y)E(u, 2)du(u) = Bx(0)€(y, 2) = dx[a(x)*E(x, y)(x, 2)].

Centering and symmetrizing leave its v®? statistic unchanged. Lemma 3.7 bounds its normalized size by
Op(Ln+< i). The remaining empirical-minus-population numerator is exactly

VuvyVz Ax(u)t(u, y)t(u, z),

whose normalized size is Op( 2 + 2) by Lemma 3.8. In particular the empirical nonlinear numerator has
not been inserted into a deterministic-weight covariance bound. Both explicit statistics vanish throughout
k < 2/3. Together with (41) this proves the assertion. The finite intersection of these events at i = g, 2¢
needs no independence. O

3.6 Influence kernel and the same-sample Gaussian law

Theorem 3.11 (Joint corrected exact-score limit). Let f be a fixed positive C® density on T3, fix x, and
take € = n~* with 0 < k < 4/9. At both bandwidths use the same sample and the exact empirical scales

above. Put
e—27rzc | & |2

he@) = T k= [ Qe[ — @) de,
Then
Vi 256 (x) = $26(x) - [255(x) = 2:(0)]} = N3 (o, %13) : (42)

If also k > 2/17, the population bracket may be replaced by Vlog f(x). At k = 2/17, its replacement
instead gives mean 12Vc(x), with ¢ from (14).
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Proof. We first identify an influence within each bandwidth’s own Hilbert space; we never equate the
RKHS norms at different bandwidths. The second-order score expansion in Proposition 3.10 gives

Sh(x) = sn(x) = 2(0x, Rg)gq, + 0z (N /471, (43)

The explicit quadratic and cubic empirical terms in that proposition are negligible after normalization; its
remaining cubic norm bound vanishes for « < 4/9. The differential of Vlogv is V(a,w), giving exactly
the derivative feature 6.

We put the influences into the common space L?(dx). Let

Ty = My, HyM,,, F(T)=T(I+T)"", Gn = F(Hp).

Multiplication U : L*(u) — L*(dx) by r is unitary and UPU~! = Tj,. The feature factorization and
resolvent identity imply S*RS = P(I + P)~!. Therefore the centered iid influence in (43) has kernel

F(Ty)(x,) }
r(x)r(y)
Indeed the kernel of S*RS relative to u is ap(x)an(y){kn,x, Rkp,y); differentiating in x gives the feature

expression in (43). Also Tj,r = r, so F(T)r = r/2, and integration of (44) against du(y) = r(y)>dy gives
zero. Equivalently Rvj, = vj /2 makes the centering feature contribution vanish. Thus

Yn(x,y) =2V, { (44)

500 = sn () = 3 e, X) + on (Va4 ). @)
i=1

We next justify the leading heat multiplier in the covariance, including the derivative row estimate.
Write Ej, =T, — H, and Ry = (I +T3,) ', Ry = (I + H,)~!. By (13),

IEnllam2 = O(h),  |En(x,)ll2 = O(hh™3%),  |IVEp(x,)]l2 = O(hh™5/%).

The row estimates follow directly from the kernel g, (x)k,(x — y)gn(y) — kn(x — y) and its derivative;
derivatives of g — 1 are O (h). Both resolvents have L? norm at most one by positivity. The exact identity

F(Tp) — F(Hp) = RHEWRT = EyRr — GLERRT

now gives
IVL[F(T3) = F(HR)(x, )|l = O(hh ™), (46)

and the corresponding undifferentiated bound is O (hh~3/%). For the second term of the identity, differ-
entiate only the convolution row of G, and multiply its L norm by ||Ej,R7||. The multipliers of G}, are
An.k/(1+Apk); their row and derivative-row norms are bounded by those of Hy,. This proves (46) without
attempting to differentiate the kernel of an arbitrary bounded operator.

In an L*(u) inner product of influences, the r(y)~! factor in (44) cancels with the density r(y)>.
Consequently the leading Lebesgue row is

2{r(0) 7'V (x, ) + V() (0)GR(x, )}

The undifferentiated term is O(h~3/4) and is negligible relative to the derivative row O(h~>/*). The
error in replacing F(Ty) by G, has an additional factor 4, by (46). Form the SAME-SAMPLE influence
W =2 . — Y. before taking any covariance. Parseval’s identity gives, for coordinates j, ¢,

244k Arg k

4
1 +/ls,k 1 +/lzg’k

2
7 +o(l) (47)

& PEB[We (x, X\)We r(x, X)] =

&% 3" (k) (2ke)

kez?

- % ./R3 (2n&j)(2née)[2h1 () — hz(f)]z de.
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The passage to the integral is the Gaussian-dominated lattice Riemann sum with & = /¢ k. Radial sym-
metry makes the off-diagonal integrals zero and all diagonal integrals equal to Jr. This number is finite
and positive. In particular the cross covariance between the two bandwidths has been retained, rather than
replaced by independent sampling variances.

Finally the feature representation and (12) give sup,, |/ (x,y)| < Ch™?: the derivative feature norm
is O(h=3/*), the input feature norm is O (h~3/*), and ||R|| < 1. Each normalized iid summand therefore
has envelope

LWyl

S <
VN T e
The triangular-array Lindeberg theorem, applied by Cramér—Wold, and (47) prove (42). By (16), the
normalized centering difference is

— 0.

Ve "*{12Ve(x) + o(1)}).
It tends to zero for « > 2/17 and to 12Vc¢(x) at equality, which proves the remaining assertions. O

The exponent 4/9 in this theorem is a sufficient restriction from the remaining cubic norm bound (41).
Its equality case is not excluded by a statistical counterexample here. The lower boundary concerns the
specified two-bandwidth correction and true-score centering; it is distinct from the population-centered
limit, which holds on the larger interval 0 < x < 4/9. Later sections determine when the actual first
residual crossing preserves this exact-estimator law.

4 The actual first residual hit

All logarithms are natural. We use the empirical inner product {(u,v), = n~! 3, u(X;)v(X;) and its norm

llull, . Constants below can depend on the fixed density, its lower bound, and the fixed exponents, but

not on 7 or the iteration index. Statements involving several bandwidths refer to their common sample.
For a bandwidth &, write Kj, ,u(x) = n=' ¥, kp(x — X;)u(X;). Starting with by = 1, perform the

updates

b;(Xi)

172
20 U (0 = 2V log Kb (). 48
Kh,nbj<x,->} $7.1(x) = 2V 1og Kb (x) (48)

bj+1(Xi) = {

Define F; = (b;Kp b ;)'/* at the sample sites and

Fj -1/24 -y
rj= 1| ., tan=n""?r7Y, L, =max{3,[4logn]}. (49)
<1’ F.]>n 2.n
The stopping time 7y, is the first j € {0,..., L,} with r; < t, j; if there is no such index, set 7, = Ly,.

Every index, including zero, is checked. Denote the exact empirical scale by aj,, and its score by 5.

Theorem 4.1. Let f be a fixed positive C® probability density on T3, bounded away from zero, and let x
be fixed and deterministic. Suppose
4 3
e=n"k, ﬁ<K<§’ O<y<Z.
At each h € {g,2¢&}, the rule (49) genuinely crosses the threshold before L,, with probability tending to
one. Moreover,

Th 3/4 - . .7
bability, 50
og(1/) — log2 in probability (50)
P{ctyn <re, <twn} — 1 (0<c<1/2), (51)
Vi s, 1 (x) = 5(x)| — O in probability. (52)

15



In fact, the normalized difference in (52) tends to zero uniformly over J, < j < L, for every deterministic
Jn — oo, J, < L,,. Consequently

(53)

Ve 25 r,,0 (x) = 51,,.26() = Viog f(x)} = N3( e )

7"

where

Y, ) 2
e-2mcl]

1 + e 27l

= [ @re (e - m©OF &t he(e) -

The two stopping times are allowed to be dependent.

4.1 Feature geometry and a local projective comparison

For the proof fix & = & and suppress its subscript. Set

_ _ logn logn
{=n"12g0, p=\/ngg3/2+n:;/2, dp=plogn, A,=+ne'*, (54)

The letter d,, denotes a deterministic error envelope, whereas d; below denotes a population iterate. For
every fixed 0 < k < 2/3,

dylogn = o(1), =o0(1). (55)

The scale and concentration estimates used here hold for every fixed 0 < x < 2/3. We retain geometric
factors on all errors, and never assume \nd,¢ = o(1) or yn¢? = o(1). The deterministic background
coefficient yne!®/* tends to zero when « > 2/19.

Let H be the RKHS of k, and ky = k(- —y). Let a be the population scale, v = 1/a, F = H. f, and
define

Su=/a(y)kyu(y)du(y), C=S88, P=SS, B=(I-C)/2, R=(I+0)"".

Then §*z(y) = a(y)z(y) and P1 = 1. The operator P is self-adjoint, positive semidefinite, and Markov
on L*(u). From this point set By = (I — P)/2 on L?(u). Thus

ISi=ICll =1, Bl <1/2, [RI<1, Cv=v, |vllg=1 Sv=1 (56)

Here v = f aky du(y), and its squared RKHS norm is f av du = 1. The empirical analogues S,,, E, P,
EH = 1,and B, = (I — P,)/2 has norm
at most 1/2. All empirical operator norms in this section are relative to L?(u,) when the domain is a

sample vector.
For off-sample evaluation use

use a and p,, so P, = S} S, is again PSD Markov, ||S,|| = 1,

Pau(x) = @)K, (@u)(x),  Pul(x) =1, 6y =V[a(ke, 6x=V[a(x)ky].
Proposition 3.5 and Lemma 3.1 give, on common events whose probabilities tend to one,

= O0z(dy), = Op(dns™), (57)
op H

|Patt(x)] < Op(&7) llull, » |V Ppu(x)| < Op(e™) llully,, (58)

|’5—c g, -0,

The last estimates hold for every sample vector on the same event; hence they also hold for vectors de-
pending on the observations. The derivative row also has a total-variation bound

sup % DUV Gk (x - X)A(Xi)} = Op(e7'1?). 59
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The scale derivative has size Op(1 + el 2dn), and the heat derivative is dominated by Ce™V2ky,.
Bounded positive weights and the KDE bound at 2¢ prove the assertion. The row sums to one, so its
derivative annihilates constants.

With relative logs ¢; = log(b /a), the iteration is exactly

Cis1 =Pu(L)),  Wa(z) = {z —log(Pne®)}. (60)

Its derivative is (I — Q,)/2, where Q, is P, tilted by e* and renormalized to have row sum one. It follows
that ¥, is globally one-Lipschitz in sup norm and ||'¥;,(2)||e < |12]le- For ||z]|s < s small, positivity and
self-adjoint Markov contraction give

1Qz = Pullop < Cs, ¥ (2) = Buzllz,n < Cllzll 1zl - (61)

Indeed [(Q; — P,)u| < CsP,|u| pointwise. The same bounds hold for the population map ¥ defined by
P.

The residual is invariant under adding constants to z, and W, kills such constants. If z is centered
and has small sup norm, its linear residual is (I + P,)z/2, which is also centered and has norm between
lzll,,,, /2 and ||z||, ,,- Taylor expansion in the Banach algebra of bounded sample vectors gives a remainder
atmost C ||z]| [|zll,,,,- Consequently there are absolute local constants, independent of 7 and &, such that

collz= (L 2ulla, <7(2) < Collz = (L 2)yulla s r(Wn(2)) < Cir(2) (62)

when the oscillation of z is sufficiently small. This comparison will exclude actual early hits, rather than
altering the stopping rule.

4.2 Four population updates and their sampled counterparts

Write d; = log(b; pop/a). The population starts at the same bg pop, = 1 and obeys dj,1 = W(d;). The
population estimate in Lemma 3.2, used in C®, gives d; = logv — % log F = Ocs(g). Since P1 =1,

(P—Du=a{Hs(afu) —uH:(af)}, (P = Dullcs < Cellullcss .

Apply this to e? — 1 in the identity e 4Pe? = 1 + e 4(P — I)(e? — 1). Taking a logarithm proves
I¥(d)|lcs < Cel|d||cs+ for small smooth d. It follows that the actual population updates satisfy

dy = Oci(£?), d3 = 02 (&%), ds = Oco(h). (63)

This is an analytic decomposition of the original trajectory, not a mandatory four-step delay.
Put g = (u,, — w)(ak) and go = (1, — u) k. Both have RKHS norm Op(¢), and

Cov(g) =n""(C-v®v), (v,g)=0. (64)
Expansion of the first update using Proposition 3.5 gives, with u; = ¢; — d,

up = S,BRg +he + 012y, p(dnd),  Nuillan = 02(0),  lluille = Or(dn), (65)

where
he = 5(ag = go/F). (66)

For completeness, before using R = BR + /2, the expansion is uy = aRg — go/(2F) + O 2 p(dn(). The
logarithm remainders use a sup factor d,, and sample L? factor {; replacing a by @ costs the same product.

We need a quantitative comparison for the next three actual updates. If d = d;, 1 < j < 3, normalized
row differences and (63) give

[Wad)) = ¥(d))]|,,, < Op{e’™ P (dn+ )+ dy}. (67)
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Here are details of the sampled-site estimate. First replace the empirical scale in the normalized row by
the population scale. Its relative error is Op(d,), and the row mean of the absolute difference of d; is
Op(e7*1/2), since dist(x, y)k(x — y) < Cekas(x —y). This costs Op(s/*1/2d,,). For the fixed-scale
row numerator the summand is a bounded multiple of k. (x — y)[d;(y) — d;(x)]. Atx = X; its diagonal
is zero. Conditioning on X; = x gives bias O(&/*! /n) and variance at most

C ,. C ..
= / o = )2 dist(x,)° du(y) < 241,

Averaging the conditional second moments over i therefore gives Op(£/+1/2¢) in L?(u,,) without indepen-
dence of the sampled queries. Denominator errors cost Op(£/*!p), since the population row difference
is O(&/*"). Exponentials of d 7 have the same derivative bounds, proving (67) for the logarithmic map as
stated.

Taylor expansion of ¥,, at d; now gives, foru; = {; —d;,

wor =B+ Ep. (B, = 006 gl + sl sl + 772,

Sup nonexpansion and the corresponding coarser uniform row estimate give Hu j||OO = Op(d,) for these
finitely many indices. As £3/%d,, = o(¢), finite induction yields

l=di+Biui +Ra,  ||Rally, = Op(el +dnl +&%2dy),

(68)
1€s — dall5,, = Op({), 164 — dall = Op(d,).

4.3 A uniform second-order trajectory expansion

In this subsection put & = &, 6 = d,, and F = Hy, f. To avoid confusing the density convolution F" with a
scale error, write p = v — v, 71 = Rg, D = C,, — C, where C,, = u,[a’k ® k]. A symbol p(j) denotes
a fixed polynomial with nonnegative coefficients; its degree may be enlarged a finite number of times.
All stochastic bounds below hold simultaneously through L,, with a common bounded-in-probability
envelope and, when indicated, a fixed additional power of logn. This distinction matters: the leading
linear variance tail will carry no such logarithmic loss.

Lemma 4.2 (Population filters). Let m = a*>f = 1+ Oci(h) and T = I — H,M,,. Uniformly for
0<j<Cylognandq=0,1,

HTj||Cq_>Cq <C(j+ 1)2-

The smoothed kernel T Hy, has absolute row mass at most C(j + 1)? and derivative absolute row mass
at most Ch=12(j + 1)

Proof. Form = 1, (I — Hy)/ is the identity minus a rescaled, periodized convolution whose Euclidean
multiplier is y;(£) = 1—(1 —e~161%/2)J | Differentiating at most twice gives Siaj<2 10%xl2 < CG+1)%:
the derivatives are polynomial factors in & times je ™" (1—e™)/ "L or j(j —1)e 2 (1—e ")/ 72, t = |£|?/2;
the two smallest indices are handled separately. Weighted Cauchy—Schwarz and Plancherel, using (1 +
|zI>)~! € L?(R?), bound the inverse Fourier transform’s L' norm by the same polynomial. Periodization
and rescaling do not increase that norm. Convolution commutes with one spatial derivative. For general
m, Duhamel with Ty = I — Hy, gives

T/ =T] = > 137 Hy My T".

r<j

If Ny = max,<; |T" |lcamca/(r + 1), then Ny < C + Ch(J + 1)3N;. Absorb the last term because
h(logn)? — 0. Applying the resulting C°/C! bounds to Hj, proves the row assertions, including the
derivative cost 1~ 1/2. O
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Lemma 4.3 (Linear influence classes). Set v = u,, — u and
Uy = an — go/(2F), U, =B, 'Uy, Z=SU; =CBRg+W, W = Sh,.

The centered deterministic influence kernels B, (u,y) of U, have, with e, = p(r)2="~D row L* norm
at most Cerh_3/4, derivative-row L* norm at most Cerh_5/4, supremum at most Cerh_S/z, derivative
supremum at most Ce,h™2, and integral L*>(u) operator norm at most Ce,. Moreover

1Urlleo + VANV Urlls = O8(erp),  1Urllap = Oplerd), |(Pu=P)Urlly, = Op(e,80).  (69)

The same conservative kernel and field bounds hold for B"Rg and B"W in the corresponding RKHS
representation. In addition,

Cov(W) < Chn'I,  |lhellyn = Op(VRE),  [1Suhe = Wllgg = 0p(62), Cov(Z) < Cn 'y (70)

Proof. The kernels of 1; and go/F have the asserted heat row bounds and bounded integral L norms
by Lemma 3.6 and boundedness of F~!. Their centered kernels may contain a bounded rank-one term,
which does not change any order. Apply Lemma 4.2, its row bounds and Minkowski to the population
filter BS‘I = M, B"~'M . Its integral L>(x) norm is 2~"~1 since P is PSD Markov. This proves all
kernel bounds and the sup assertions from scalar concentration.

For the sample comparison, the explicit representation U, = t,go + aJ, satisfies

t = —2_(r_])/(2F), Ji=Rg, Jry1=BJ, - %Dalr,llgo’

where D; ,, = pu[tk ® k] is a deterministic weighted covariance. Thus [|J,|l < Op(p(r)27"{). The
fixed-scale row difference on U, is a deterministic weighted covariance difference acting on J, or gy,
hence has norm bounded by p times these RKHS norms. Changing either scale to a costs & times the
sample L> norm. Bounded empirical feature maps prove (69). Smooth multiplication has been used in
sample or physical L?, without asserting Gaussian-RKHS closure.

For h. = vJ, the kernel J(u, y) = kp(u — y)[a(u)a(y) — 1/F (u)] /2 has both absolute Schur bounds
O (Vh): its coefficient is O(dist(u, y) + ). This proves the covariance of W. The zero-diagonal kernel
kp(u—y)[1-v(u)a(y)] for go—vg has conditional sampled variance O (h¢?) and conditional bias O (h/n).
Together with a — v/F = O(h) this proves the sampled norm of .. Replacing a in its lift costs Op(67);
the rest is

(Dg2pan = Da22,)8 = (Daj2Fy.n — Daj2F),u)80s

also of this order. Its population lift has conservative heat-row bounds and bounded integral L? norm;
Lemma 4.2 gives the filtered W class. Finally the influence operator of U; is bounded on L?(u). Applying
S to its covariance gives Cov(Z) < CSS*/n < CI/n. |

Lemma 4.4 (Quadratic and cubic primitives). Let B, y be centered influence kernels from the preceding
class, with geometric factors eg, e,. Suppose a deterministic left score row A satisfies

Al < eah™ 2, YAl < eah™*,  ||Allw < eah™>.

In each bound below e is the product of the geometric factors of the fields and left row that occur in that
expression. Quadratic kernels of the forms

A(u)B(u, ), /A(u)ﬁ(u,y))((u,Z)dﬂ(u), Ox[b(x)B(x, y) x(x,2)]

have joint L? norm O(eh™?), diagonal L* norm O(eh™"Y*) and absolute diagonal mean O(eh™?), with
the factors on the local fields included in e in the last expression. Their normalized centered-measure
statistics have order Op(e({ + ¢?)). For the empirical numerator A(u)B(u, y)x(u,z), center u. Its
joint norm, pair-collision norms and repeated absolute mean have orders eh™ "4, eh™7/2 eh™7/2; every
nonzero first Hoeffding projection of a pair collision has norm O(eh™""/*). The normalized cubic statistic
has order Op(e({* + £3)). These estimates allow different influence kernels, bounded smooth weights,
and polynomially many logarithmic indices, with an additional fixed logarithmic factor for simultaneous
bounds.
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Proof. These are the estimates of Lemmas 3.7 and 3.8; the following products specify their application.
For a numerator use ||A||; times the two row L? norms; on its diagonal use one kernel supremum and one
row norm. For a covariance insertion use ||A||, times a row norm, and on the diagonal use its supremum.
The local derivative uses one derivative row norm and one ordinary row norm, or a supremum times the
complementary derivative row. The means are paid by the same L' or Cauchy—Schwarz products.

For a cubic collision u = y or u = z, the first projection is a bounded integral-L? adjoint applied to
A times the other kernel’s diagonal. For y = z, it is A(u)E[B(u,Y) y(u,Y)] minus its mean. Both have
norm O (eh~"1/%); the other projection vanishes by canonicity. The full pair norms are O (eh~7/?), and the
fully repeated absolute mean follows from ||A||; times two suprema. The all-distinct, exactly-two-equal
and all-equal partitions therefore give, after multiplication by vnh/4, respectively eZ?, e(¢? + £3) and
e3. There is no assumption that a collapsed kernel remains canonical or has vanishing diagonal mean.
Union bounds over polynomially many logarithmic indices cost only fixed logarithmic powers. O

Lemma 4.5 (Random features and powers on linear inputs). For Uy = Rg or W, and 0 < j < L,
(0. B/U0) - (6, B/Uo)

is a sum of quadratic and cubic primitives of Lemma 4.4, with total geometric factor p(j)2~/, and a
remainder bounded by Op(h=>/*p(j)2716%¢). The same assertion holds with a fixed left C factor or any
fixed finite combination of adjacent B powers on the input.

Proof. The exact reciprocal formula @ = a/(1 + an) gives

C-C=D+V,+V, +E,
V= —2ula’nik ® k], V, = 2v[a’nik ® k], E = u,[ck ® k],
el < C(In=ml+7).

For a filtered input U, = B" Uy, the sample-to-feature bound gives

IEU Nl < C{ln = mllznllUrlleo + 10l 11Ur ll2,n} = O2(p(r)2776%0).

This is an applied remainder. In the first insertion paired with B'd,, D is the covariance primitive,
V,, the population product primitive, and V, the full empirical cubic primitive. Their left row is
a bounded weight times [B'6,](u). Lemma 4.2 and RKHS evaluation give its L', L2, oo norms
p (D27 th=112, 27 h=3/% C27'h=2. For the L' statement the symmetric smoothed kernel B'Hj, converts
the query derivative column to its derivative row. Resolvent and C factors are functions of the same
population operator; their physical C°/C! bounds preserve these orders.

Likewise

0y = 0x — Ox[a(x)’ 1 (k] + 0 [d(0)ky],  d=—a*(n—m)+a*n?/(1+an).

The first variation paired with U, is a local quadratic primitive. For its remainder, RKHS value and deriva-
tive evaluation on 57— 7, combine with the sup and derivative-sup bounds on U, to give h=>/*p(r)27"6p<.
The squared-scale part costs 2~ /2 p(r)2~"62p, which is smaller than the claimed bound, since h3/*p /¢ —
0.

Finally let AB = B - B. Twice telescoping gives the exact finite identity

B/ =B+ Z B!ABB" + Z BPABBIABB’.
l+r=j-1 p+q+r=j-2

Both powers have norm at most one half; the last sum on Ug has norm Op((j + 1)?27/6%¢). Pairing the
first power difference with the feature error costs the same normalized order. Lemma 4.4 handles every
retained first insertion. A left C factor is a finite difference of adjacent powers, since C =1 —2B. O
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Lemma 4.6 (Second-order seed from the actual first update). Let
_ _ 32 _ 2 2 2
eo = 8o/ F, m = R{Ky[a"ni] — Dm}, Uy = anmy — a™ny/2 + ey/4.
Then, for u = €, — dj,

u=U +Uy+ OLgl,p(52§), lullo = Op(8), lullzn = O0p({), |Uzll2n = Op(60).

In addition
Spit = Z + Hy + 041 5(6%C), (71)

where

Hy =v[aU\] - K,[a*nUi] + (CR - I/2)K,[a’ni] — CRDyy + 1K, [aef],
|Hall 4 = Op(62).

Proof. Since by = (K, 1)~1/2, exactly
ty =dy +log(1 +an) — %log(l +eg).

Lemma 3.9 gives n = i1 + 12 + O p(6%¢). Expanding the two scalar logarithms gives the stated seed;
the quadratic replacement costs &||17 — 171]|2., and cubic terms use two sup factors and one L? factor. For
the lift, S,,U; = K,[aU;] — Ku[a*nU,/(1 + an)]. Replacing /(1 + an) by 1; costs at most C||n —
Mll2.xlUtlleo + C82||Ut||l2.n. In S,Us replace @ by a; its error is 6||Uz||2.,. The term containing 7, is
C,n2; replacing C,, by C costs pl|na|l4. All these are Op(62¢), giving the exact coefficients in (71). Its
centered empirical linear lift is a deterministic weighted covariance difference acting on 177 or gg. Every
other product has bounded lift and sup-times-L? size Op(p¢). This proves the coarse norm of H, while
retaining all empirical cubic pieces. No sup bound of order 6% on U, or 17 — 11 is required. O

Lemma 4.7 (Smooth background and nonlinear lift). There is a centered linear field Lj(x) =
2 <0x, Bj_1Z> with B[A?|L;(x)|*] < C477 such that the full actual trajectory satisfies, simultaneously
ford < j <Ly,

Als;(x) =S| < AILj(x)| + &y + Kn(logn)“ p(/)277{¢ + £ + £ +ns*}, (72)
where K,, = Op(1) and
En = 0p((log )€ {(Vnh''* + \Jnhs + \nh*'*5}). (73)
In particular &, = op(1) for k > 2/19.

Proof. Define, for analysis only, p; = ‘P{;_l (di)andz; = ‘P{;_l (u). Their sup bounds are O (/) and Op(9).
The derivative estimate (61) gives their L bounds O (h27/) and Op(£277), because exp(C(h + 6)L,,) is
bounded. The mixed Taylor difference is at most C (|| p||c || zll2+ ||zl || pl]2). Its finite Duhamel recurrence
proves

li=pj+zj+Epj, |Epbjllan=02(p(j)ho277), |IEp jllec = Or(6).
The last assertion uses sup nonexpansion of the difference £; — p; and of z;, rather than converting an L?
estimate into a sup bound. By (67), ||pa —d4ll2.n = Ox(h3/%6). For j > 4, compare pjtop; = T£_4(d4);
their norm difference is Op(p(j)h*26277), while ||p;llc = O(h*). The row bounds (58)—(59), with
logarithm denominators bounded away from zero, give the safe background coefficient (73). This uses
\nhé = O(h'/*(log n)*?) and Vnh??6 = O (h3/*(log n)3/?).
For the zero-background trajectory the exact quadratic update is

W,(2) = Buz+ Na(2) + E3(2),  Na(2) = ~{Pnz” = (Pu2)’}/4,  IE3(2)ll2.n < CllzllZlIzll2n-
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PutV; = B{;_lUl. Its sup norm is Oz (p) since ||By|lwoc < 1, and its L? norm is Op(27/¢). First
Duhamel gives ||z; — Vjllo,n = Op(p(j)6£277). The Lipschitz constant of N, between these fields is
Op(6). Second Duhamel therefore yields the simultaneous expansion

Jj-1
2j =B (U +Uy) + Z By TNy (V) + 012 5 (p(j)5%027). (74)

r=1

The U, of Lemma 4.3 satisfy ||V, Uy [l2,n = Op(p(r)27"6{) by telescoping (P, —P)U,. Their sup bounds
suffice to replace V, in N, with error Op(p(r)27"62¢). The exact identities S,P, = CS,,, S,B, = BS,,
then give

SuN2(Ur) = Oy + O p(p(r)2776%0),
Qr = —3CK,[aU}] + 1Kula(PU,)?).

In the first term replacing C by C and @ by a costs 6||U?||2.,. In the second, replacing P,U, by PU,
costs their sup bounds times their controlled L? difference. Each error is bounded by the claimed cubic
remainder. In particular no empirical square numerator is replaced by its expectation.

Lift (74) and use (71). The quadratic fields H;, O, have coarse norm Op(d¢) with their input decay.
Replacing their outer B powers by B costs another ¢, since both are half contractions. Thus

j-1
Snzj =BT\ Z+ BT Hy+ ) BI04 00 (p(j)67227). (75)

r=1

For G(z) = 2 Vlog(P,e*) the off-sample quadratic expansion is
G(2) =2 (B, Suz) + V{Paz = (Pa2)*} + Os (h™ 12l l1llo,0)-

Both ordinary and derivative row norms in (58) are used; the denominator cross term costs h12p=314 =
h=3/* too. Replacing its quadratic argument z j by Uj leaves an error Op(h=*p(j)2776%¢) and the
explicit observable

V{aK,(aU7) - (PU;)*}. (76)

For the derivative of the squared-row replacement, decompose P, U;—PU into the deterministic weighted
covariance differences and two scaling differences used in Lemma 4.3. Its value and derivative cost respec-
tively 2734 and h=>/* times p(;)277/6¢. Multiply by the other field’s value or derivative sup p(;)277/p
or h~'2p ()27 p. This proves the asserted remainder also for the nonlinear denominator.

Pair (75) with the feature. On its quadratic fields the feature error costs A~5/4§ times their 6 norm.
On the linear term apply Lemma 4.5 to Z = CBRg + W. The remaining explicit statistics are exactly
the primitives of Lemma 4.4: v[aU;] and CRDn, are covariance insertions; each K, product in H,, Q,
and (76) splits into its population quadratic and empirical cubic numerator; the square of PU; is a local
derivative primitive. All their left rows come from B!, B'C, B'CR, B! (CR - 1/2) followed by a heat
numerator. Their row bounds follow from Lemma 4.2, the physical resolvent bound and RKHS evaluation.
This accounts for every random scaling, quadratic and repeated-observation term. The geometric factors
sum to p(7)277/: in the nonlinear sum an outer 2~ ~1=") multiplies an input-square factor 4= ~1),

Finally (70) gives Cov(Z) < CI/n, so E[A?|2(6x, B/~'Z) |*] < C47/. Combining these estimates
with the background bound proves (72) on one common trajectory event. O

Proposition 4.8 (Uniform numerical equivalence). For 2/19 < k < 4/9 and every deterministic integer
Jp — 00, Jy < Ly,

sup Als;(x) —=5(x)| — O in probability.
Jn<j<Ly
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Proof. The linear variance tail sums to C4~/=. Its bound has no external logarithmic factor and therefore
permits an arbitrarily slow J,. The background vanishes for x > 2/19. Since sup; p( )27 < oo, all
other terms in (72) vanish uniformly: { — 0 with a polynomial margin and

Vns?Z =0 'h*(logn)®) = 0(1)  (k < 4/9).
Every fixed additional logarithmic factor is absorbed by the strict power margins. No tolerance exponent

is needed for this assertion. O

4.4 Residual proxy and simultaneous spectral concentration

Let
Q;=5(2.CBYg) g, 4,=+0; (77)

Lemma 4.9 (Simultaneous residual comparison). Set Dy, = et + {, oy = e*+d, H, = Vnd, ¢, and

R, = Vne* + e V* + 1 + H, + Vnop Dy, + VnZ* + \d,e 34,

There is a common K,, = Op(1) such that
Valrj —qjl < Ku(j+ D27/R,,  4<j<Ly. (78)

For every 2/19 < k < 2/3, €3/*R,, — 0 with a strict polynomial margin, including any fixed additional
logarithmic factor.

Proof. The first-order estimates (68), propagated using the exact half contraction and (61), give ||€;||2,, =
Op(Dy277), I€jllc = Op(cp). Their Duhamel error is bounded by Op((j + 1o, Dp277); the same
estimate includes the nonlinear projective residual error. The leading feature is S B/ Rg, and

I+ P,

S:B'Rg=18:B/g+15:(C-C)B/Rg.

The second term costs Op(d,{27/). The population norm squared of the first term is Q ;. Its empirical-to-
population norm replacement costs Op(Vd,,£277) by the square-root operator comparison. The seven dis-
played coefficients in R,, pay, respectively, the initial smooth background, sampled commutator, smaller
finite-row terms, initial and empirical-power errors, nonlinear trajectory and residual errors, actual sample
centering, and the norm replacement. The commutator estimates are proved in Lemma 4.3. For centering,
the exact identity is

(1.5,B87g), = (V-v.B/g)

it follows from S,1 = v and (v,g) = 0, and has size Op(¢*277/). Thus no potentially large root-n
coefficient has been discarded.
After multiplication by £3/* the seven terms reduce to \ne'/4, £!/2, 3/ d,,,

\/2835/4+84+\/58]9/4dn+dn, Z, \/d—n

All vanish with strict polynomial margins on the stated domain. O

Theorem 4.10 (Geometry independently of score inference). Forevery2/19 < x <2/3and0 <y < 3/4,
genuine crossing, (50), and (51) hold for the unchanged rule.

Proof of Theorems 4.10 and 4.1. The nonzero spectrum of C is that of M,H .M, on L*(dx), where g =
a\/7 = 1 + O(e). Their operator difference from H, is O(g). The min—max principle and the heat
. —2ﬂ2£|k|2 . .. . . . . . .
eigenvalues e imply that every fixed positive-width interior spectral interval in (0, 1) contains
at least cs~3/? eigenvalues of C, for sufficiently small £. Indeed choose a smaller heat interval inside it;
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the eigenvalue perturbation is smaller than the gap, and lattice counting gives the stated number. Also
trC < Ce™3/2.

Here is the concentration calculation needed for a growing number of iterations. PutY = a(X)kx —v
and Z; = %Cl/szY, J = 1. By (64), its covariance is X; = %Cszj, and Q; = Hn_l 2 Zj,,-Hz. For a
centered real Hilbert vector with covariance X, expansion of the four-index sum yields

2
1 E|Z|* - (r2)?> 2(n-1)t(Z?)
Var ;ZZI = n3 + n3 ) (79)
If T; = tr(C2B¥), then EQ; = T;/(4n) and ||Z,||" < C&=%/%4=7. Thus
Var Q ; 2((1 - 2j _3/24-f
arQ; <Cmax,l/l (1=2)/2) +Cg 4 | )

The same formula holds after any fixed spectral projection. It retains the fourth-moment diagonal contri-
bution rather than discarding it.
Putu =3/4 —y > 0. Choose a small y > 0 and set

.| (w=x)log(1/e)
== log2 ’

(81)

+ =

(u+ x)log(1/e)
log2 '

Take y < u and then a fixed 8. < 1/2 sufficiently close to 1/2. An interior band with 8 = (1-1)/2 > .
supplies T; > ce™3/ ZB*ZJ . Equation (80) is then bounded by

C(¥ +1/n)(1/(42)).

By choosing . close enough to 1/2, its sum over 4 < j < j_ tends to zero. Chebyshev’s inequality and
a union bound therefore give, simultaneously,

Vng; = csTBl, 4<j<j.. (82)

The choice can also ensure that its value at j_ dominates £™7: if o = —logf./log2, it suffices that
(v — x)o < u. Both requirements are open inequalities at 8, = 1/2.

The first crossing, its residual, and inference. Divide (78) by (82). The relative error is at most a
common bounded random factor times

(j+ DR, (1/(2B.)).

The product (j + 1)R,&3/* tends to zero with a strict polynomial margin; choose S, still closer to 1/2
to absorb the arbitrarily mild last factor, uniformly up to j_. Thus no index from 4 through j_ hits. At
J+ E[nQ,,] < Ce3/2477+ 50 qj./th,e — 0 by Markov’s inequality. The error in (78), divided by the
threshold, tends to zero there as well. Since j. < L,, eventually, a genuine hit occurs by j,.

It remains essential to exclude indices zero through three. Atfixed j = 4, (82) gives r4/t,  — oo. The
relative logs at indices one, two and three have sup norm Op(& + d,) = op(1). Applying (62) backwards
excludes each of those actual checks. If f is nonconstant,

— —Sdﬂ(\/?) >0
JNFdu

because K,,1 — H f tends to zero uniformly, H. f — f, and the bounded population moments obey the
law of large numbers. The threshold tends to zero since ky < 1/2. If f =1, £y = —loga = op(1) in sup
norm, and (62) instead gives r; < Cry; the lower bound already obtained excludes index zero in this case
too. This proves the first-hit bracket for the rule that really checks every index. Letting y | O proves (50).
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For the attained residual, Q; is a positive spectral sum with factors B¥,0 < B < 1/2. Cauchy-
Schwarz shows that g ;,1/g is nondecreasing and at most 1/2 whenever g; > 0. We claim that this ratio
tends to 1/2, uniformly for j > j_. Fix 81 < 1/2 and choose 81 < By < Br2 < 1/2. AtJ = j_ the
low-band expectation is at most Ce~>/ 2,8%1 /n, whereas a fixed high band [By, B8r2] has expectation at
least ce %/ 2,8%{ /n. The projected vector in (79) has squared envelope Ce™3/ 2,8%,12. Its relative variance is
bounded by

C(& + 1/n)(Bua/Br)™ .

Choose the band’s positive width sufficiently small that this tends to zero. Markov’s inequality for the
low modes, and concentration for the high modes, show that the low contribution is op(Q ;). Hence
qj+1/q7 = Br — op(1). Monotonicity and then 87, T 1/2 prove the claim.

For all j > j_, (78) divided by the threshold is op(1), provided y was chosen sufficiently small. Its
largest coefficient is Op(R,£*~¥ logn), which vanishes for a sufficiently small fixed y > 0 by the strict
margin of the residual comparison. At the actual crossing, rr_1 > t, . and rr < t, o. The ratio result
thus gives 7 > (1/2 — op(1))t,, e — 0p(tn, &), which proves (51). A rounding phase may prevent a single
limit for 7, /t,, .

This proves Theorem 4.10 and the geometric assertions of Theorem 4.1. Finally, Proposition 4.8
applies on the common trajectory event after every deterministic diverging lower index. Choose one
below the logarithmic lower hit bracket to prove (52) at the actual random hit. Constant multiples of
€ preserve each strict margin. Intersect the two bandwidth events and apply the joint exact-score law
of Theorem 3.11 and Slutsky’s theorem to obtain (53). No independence of scores, stopping times or
sample-dependent matrices is used.

O

5 Sharp first-hit location and lattice overshoot

We prove Theorem 2.4 on its geometric domain 2/19 < « < 2/3, 0 < y < 3/4. This section uses the
actual-residual comparison and first-hit localization, not a score central limit theorem. Put L = log(1/h)
and fix 0 < a < b < co. All trace estimates below are uniform for integers al. < j < bL. They concern
the population covariance C, B = (I — C)/2 and the scalar residual proxy q? = (g,CB* g)4;/4 from
Section 4.

5.1 A density-independent spectral constant
Lemma 5.1 (Moving-window heat trace). Uniformly on the stated logarithmic window,

h=324-7\flog(2))

tr(C?B¥) = (1+0(1)) o)

(83)

The leading constant is independent of the fixed density f.

Proof. The nonzero eigenvalues of C equal those of M,H,M,, where g = ah\/? =1+ Oc2(h). They
also equal those of H 111/ ‘M +H }IL/ 2. The min—-max principle therefore gives, for the decreasing eigenvalues
A; of C and y; of Hy,

(I=Chu; <2; < (1+Ch)y;.
Both spectra lie in [0, 1]; the former assertion follows from the Markov conjugacy. We do not apply
operator monotonicity to the nonmonotone filter W;(z) = 22(1 = z)%/. For y; < 1/2, the eigenvalue
comparison gives W;(4;)/W;(u;) = exp(O(jh)+O(h)) =1+0(1). There are O (h~3/?) remaining heat
eigenvalues. Their combined contribution for either operator is at most Ch=3/2(1/2 + Ch)*/ , negligible
relative to 473/%j724/log(2). Thus it suffices to calculate the heat trace relatively on the moving window.
Set Fj(s) = e™25(1 — e~%)?/. Unit-cube lattice counting yields

2
Np(s) = #{k € Z° : 2n°h|k|> < s} = 3—‘/_2/1—3/%3/2 +O0(1+hls).
T
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The error is also bounded by Ch~!(1 + s) for 1 < 1. The nonnegative function F ; is unimodal, with
maximum at s = log(j + 1) of height O(j~2), and

e 1
/0 B ds = Graiv o

Splitting its weighted variation at the maximum and integrating by parts gives f (1 +s)|F J’.(s)| ds <

Cj~2log(2j). Stieltjes integration against N, consequently gives
h—3/2 o0
ZFj(27r2h|k|2) = _f sU2F;(s)ds + O(h_lj_zlog(2j)) . (84)
3 V2r2 Jo

There are no endpoint boundary terms, since j > 1.
The substitutions z = e~ * and y = 2z show that

) 1
/ sV2F;(s)ds = / 2(1 = 2)¥\=logzdz ~ (2j)*/log(2)). (85)
0 0

Indeed the last expression divided by its asserted equivalent is

& . ~log<2j/y>)”2
- 2j
v -vieny (B g

For y > 1 itis dominated by ye™, and for 0 < y < 1 by a constant times ye ™ (1 ++/|log y|). Dominated

convergence gives the limit fooo ye ¥dy = 1. This scalar asymptotic is uniform when j € [aL,bL]

since the smallest such j diverges. The error in (84) divided by the main term is O (y/h10g(25)) = o(1).
Multiplication by 4~/ from B?/ proves (83). The density independence comes from ¢> = 1 + O(h), not
from a uniform sampling assumption. O

5.2 Relative concentration and the actual residual

Lemma 5.2 (Uniform sharp residual profile). For K = 1/(42"*x) and a window [aL, bL] contained in
[4, L, ], uniformly for its integer indices,

rin =1 +op()Kn 2p7314277 j= [log(2))] /4. (86)
Proof. For the centered feature Y = a(X)kx — v put Z; = C'2BiY /2. Since Cv = v and B/v = 0 for

jz1
;= Cov(Z)) = C?B¥ /4, Eq’=tr(Z))/n.

The exact iid Hilbert-space fourth-moment identity (79) applies without independent Fourier coordinates
or a Gaussian assumption. Feature evaluation gives sup,, ||Z;(y) > < €477 h=3/2, Maximizing z2(1-z)%/
on [0, 1] gives [|Z;]lop < C477 2. Use

EIZI* < supllZ(0IP sy, 0 < [|5llyptrE;
y

and Lemma 5.1. The resulting relative variance is bounded by

2 1302
C { / — + 2
nyflog(2))  +/log(2))
Its sum over O(L) indices tends to zero. Chebyshev and a union bound therefore give uniform relative

concentration of g; about Eq?. Taking the square root of (83), including the factor 1/(4n), gives the

constant K and the profile in (86) for g ;.

To replace the proxy by the actual residual use (78), whose error is bounded by Op (1) (j+1)27/ R, /+/n,
with #3/4R,, — 0 at a strict polynomial rate up to logarithms on the geometric domain. Dividing by the
sharper profile costs at most CL?/(log L)'/*. The polynomial margin absorbs this factor, proving (86)
on a common event for every index of the window. This step is essential for an actual, sample-dependent
hit. m|
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5.3 Inverting the clock and resolving its lattice phase

Proof of Theorem 2.4. Write u =3/4 —y > 0 and
on(t) = Kh™“27' [log(20)] /4.

For ¢t > 2 its logarithmic derivative is —log2 — 1/t + 1/(4t1og(2¢)) < 0 and stays away from zero. For
small &, ¢,(2) > 1 and ¢, (f) — 0 ast — oo, so there is a unique root #;, > 2 of ¢, (t,) = 1. Taking
logarithms first gives 5, ~ uL/log 2, and then

thlog2 =ul —logt, + % loglog(2ty,) +log K

gives (6), including its o(1) error.

Choose a < u/log2 < b so the window lies within the original budget. The earlier genuine first-hit
localization already puts 7 in this window with high probability, excluding every earlier actual check.
Lemma 5.2 gives 7 p/tu.n = ¢n(j)(1 + op(1)) uniformly there. For each fixed n > 0, every integer
J <ty —n therefore has r; , > t, ,, while j = [t, + 1] has r} ;, < t, 5, with probability tending to one.
This proves the two-ceiling sandwich (7). A deterministic 77,, | 0 can be chosen sufficiently slowly, giving
dist(t, — 11, [0, 1]) — O in probability. The slowly varying factors have ratio 1 + op(1) at these bounded
offsets, which proves (8).

If {tn} — 6 € (0,1), choose n smaller than both distances to the neighboring integers. The two
ceilings agree eventually, so 7, = [¢,] with high probability and the residual ratio tends to 29~!. At
integer phase this argument does not select a side, which explains the qualification in the statement.

For pure powers & = n™*, regard n temporarily as real. Implicit differentiation shows that 7(n) is
eventually increasing, unbounded and satisfies

Ku

1) = g s 1= ez - O

For any fixed 8 € (0, 1) take the first integer n,, with t(n,) > m + 6. Its overshoot is at most 7(n,) —
t(nm — 1) — 0. Thus every interior phase occurs along an integer-sample-size subsequence, with no
equidistribution assumption. Phases arbitrarily close to zero rule out any universal lower constant greater
than 1/2; phases close to one rule out any upper constant less than 1. Two distinct interior phases give
different constant probability limits, ruling out a full-sequence probability limit. Fixed bandwidth multi-
ples, in particular & = 2¢, preserve every strict polynomial margin. The two-band assertions need only
finite intersection of their events, not independent stopping times. O

6 Endpoint obstructions and the remaining bandwidth question

6.1 The cubic coefficient and a necessary lower endpoint

Letr = \/7 . The population equation is g . H.(q sr) = r. Its expansion, proved in Lemma 3.2, is

Ar Ar A[(Ar)z/r] N (Ar)3

3 __= — _
croci(e), u=-7m €= 1o 128r 38473

3

logg. =cu+e¢ (87)

The coefficient needs only r € C7: the highest heat Taylor term has a C' Peano remainder, and the term
involving ¢ needs only strong continuity in C'. In particular it is available for the present C® class. Since
Spop,e = Vlog f —2Vloggq,,

2Spop.e — Spop2e — Vlog f =&’b+o0(e’),  b=12Ve. (88)

The positive factor 12 is —4 + 16; it is not the uncorrected cubic coefficient.
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Proposition 6.1. Use the same first-hit rule and correction as Theorem 4.1. There is a single positive
analytic density and a deterministic query for which, for every fixed 0 <y < 3/4, the following hold. At
k = 2/17 the normalized true-score statistic has a nonzero Gaussian mean. For every fixed 0 < x < 2/17
its first coordinate diverges to positive infinity in probability. Thus k > 2/17 is necessary for universal
zero-centered inference of the specified form.

Proof. Choose
2

1
1+ -cos(2mx1)| , x. = (1/4,0,0). (89)

4

Its integral is one, its minimum is 6/11, and it is analytic and independent of x;, x3. Such independence
violates no dimension-three hypothesis. Multiplication of r by a constant changes neither u nor ¢, so put
ro=1+acosy,y=2nx;,and a = 1/4. Write z = acos y and ¢ = (27)°C. Equation (87) becomes

=32

z (& dyH)[2/(1+2)] z

C=- _ -
192(1 + 2) 128(1 + z2) 384(1 +2)3

Aty=7/2,2=0,7 =-a,z" =0,7" =a. For g(z) = 22/(1 +z), g(0) =0, g”(0) =2, g’ (0) = —6.
Consequently, if H = (g(z))”, then H = 24* and H' = 64> at that point, so (H/(1 + z))’ = 8a°.
Differentiating the three terms yields

a a®  a(l-124% 1 (2r)’
’ N = — — — = = ) =|—,0, .
/2 =155~ 16 192 o720 0w ( 256 " 0)

This coefficient is nonzero by an exact calculation.

We must justify numerical equivalence below the sufficient range of Theorem 4.1, since a counterex-
ample for an exact solver alone does not prove one for an actual first hit. Fix 0 < « < 2/17 and choose an
integer m > 4 with

k(m+3/4) > 1/2. (90)

This index is fixed as n — oo and is used only in the proof. The same density (89) serves for every choice
of the exponents; it does not depend on 7 or on m.

Because this density is smooth to every finite order, the population argument leading to (63) can be
performed in C>"~2: d| = O cam-2(€), and then

d] = Oc2m72j (8j), 1 S ] S m, ||dm||oo = 0(8m)

The normalized-row proof of (67) applies through every j < m, because d; still has C? norm O(&/).
The smooth-background comparison used in Section 4 extends through these finitely many steps: each
sampled normalized row annihilates the constant e (*)  its diagonal self-term is zero, and conditioning
gives the same Op(&/*/2d,,) row error. Thus the empirical background at index m differs from d,, in
L2 by Op(&3/*d,,). The mixed background/stochastic trajectory error has size poly(j)ed,27/. The full
second-order stochastic recurrence and all its kernel estimates are unchanged. Its normalized remainder
coefficient \Vnd2¢ = O(n~'e™*(logn)?) tends to zero in the present range. The background score is
now Op(\/ne™*3/*) = op(1) by (90); the other background costs are vVned, and Vne*/?d,, which also
vanish. The same common-event argument therefore gives numerical equivalence uniformly after every
deterministic diverging lower index. This fixed proof index never changes the actual initialization or omits
a residual check.

For completeness the actual hit still diverges. The residual comparison (78) has y/ne™ in place of
\ne*; relative to its high spectral band the deterministic factor becomes ne™*3/4 = o(1). All other
relative factors are unchanged and vanish with polynomial margins. The proof of (82) and the upper
trace bound therefore bracket the genuine hit at the same diverging logarithmic indices. At fixed m,
Fm/tn.e — oo. The relative logs at all fixed indices 1,...,m — 1 are small, so (62) applied backwards
excludes every early positive index. At index zero the density is nonconstant, rg has a positive limit, and
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th,e — 0 because ky < 3/34 < 1/2. All checks of the original rule are retained. The argument applies
at both bandwidths on their common sample.

The population-centered joint exact-score limit in Theorem 3.11 applies for these powers. Set 4,, =
\ne'7* . Combining that limit, the numerical equivalence just proved and (88), the actual stopped statistic
is

Zp+ An[b(x:) +o(D)],  Zy = N3(0, [4JR/ f(x)]13).

Atk =2/17, 2, = 1; below it 4,, — oco. The nonzero positive first component of b gives both assertions.
O

This is a universal-class obstruction for this particular two-band correction and target centering. It is
not a minimax lower bound or an impossibility for other corrections. A special density or query can have
b(x) = 0 and admit a different bias regime.

6.2 The coefficient-one tolerance ceiling

Proposition 6.2. For every 2/17 < k < 4/9 and every fixed y > 3/4, the uniform density f = 1 makes
both bandwidth runs stop at index zero with probability tending to one. Their corrected score has a
different limiting covariance from (53).

1/2

Proof. Put g9 = Hz(u, — i), so Fop = (1 + go)'/*. Uniform KDE concentration gives ||goll., = Op(p0).

The actual empirical residual is consequently

ro =1 [lg0 = (L.godull, + O2(p 1g0ll2,0)-

The empirical/population norm difference is Op(4/p{) by the operator concentration bound, and
(1,80, = ||g0||34 = Op(£?). In population L2, Fourier orthogonality gives

1 a1 )
Ellgolliz = ;Ze dnelkl” ;8 3/2(4n) 3/2.

k#0

3/2

The fourth-moment expansion (79) gives relative variance O (&”/~ + 1/n) for this norm. Hence

ro

|
— e E(47r) 34 <. (91)

The same holds at 2¢. For y > 3/4 the coefficient-one threshold is at least the denominator scale in (91),
proving that both actual first hits equal zero with probability tending to one.

At iteration zero so , = 2V1og Kj 1. For f = 1, its linearization is 2V Hp, (u,, — ). At a fixed query,
g0(x) = 0p(&) and V go(x) = Op(n~">h=3/*) by their scalar second moments. Since ||gollco = 0p(1),
the exact logarithm denominator gives a normalized nonlinear error Op({) = op(1) for k < 2/3. The
usual kernel triangular-array calculation therefore yields the corrected covariance

443(2”5)(2”5)“2/\(5) SA@Y2dE, M) = e 2mIER

The exact corrected factor is 2A/(1 + A) — A%/(1 + A?). Both factors are positive, and their difference is

2A2 A
- >0 0<A<.
I+A 1+A2 ( <1
The derivative-weighted covariance difference is strictly positive definite, proving the claimed failure of
covariance preservation. O

The endpoint assertion concerns the specified threshold coefficient and rule. It does not rule out
different coefficients or other stopping rules. The upper exponent 4/9 is a strict sufficient bound from
the second-order exact-score remainder. All powers below 2/5 in the theorem’s rectangle yield shrinking
uncertainty; formal powers above it do not.
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7 Scope and open questions

The results concern a fixed positive smooth density, a fixed query and the exact periodic heat kernel. They
give asymptotic score inference and iteration counts.

The strict upper exponent 4/9 comes from the differentiated second-order scaling remainder. The
full trajectory estimate pays that same remainder and removes the earlier coupling between tolerance and
bandwidth. No upper endpoint optimality is needed for the stated result. In contrast, the lower obstruction
comes from a fixed nonzero cubic bias coefficient for the two-scale correction. Further bias correction
changes the estimator and requires new statistical and stopping arguments. The sharp residual constants
do not decide the inequality at exactly 1/2 when the continuous stopping phase approaches an integer on
a shrinking scale.
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