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Abstract

An exact sampler reads independent fair bits and emits an iid discrete target law, retaining
only a fixed finite state between outputs. Temporary computation and the depth of each round’s
prefix tree are unrestricted. We prove that zero asymptotic expected information loss is possible,
on finite or countably infinite support, exactly when every positive mass is a reciprocal integer
power of two. The formulation uses nonnegative finite-path loss and therefore also covers infinite
entropy. The countable necessity argument reduces infinitely many output kernels to finitely
many integer multiplicity types, then produces an exact positive rational normalization.

For finite targets we develop a signed-charge cycle bound that remains effective when zero-gap
products defeat every marked-symbol bound. For every fixed finite law with algebraic masses
outside the reciprocal-power class, it gives a polynomial lower bound on loss in the number of
retained states. Together with an existing exact-sampling construction, this determines the order
of the minimum persistent memory as 0,(log(1/¢)) bits. These bounds transfer uniformly to
countable conditional dyadic refinements, including infinite-entropy examples. An established
logarithmic-form estimate gives a concrete exponent for a fully resonant example. Optimal
leading constants and state-count exponents remain open.

1 Introduction and relation to earlier work

Random-bit efficiency and retained memory are distinct resources in exact sampling. A sampler
may perform arbitrarily long computation within a round while retaining only one of finitely many
states after an output. Draper and Saad [1] formulate this persistent-state model, construct a state-
information potential, and obtain cycle-based space—entropy lower bounds. Their Section 9 asks
whether any target outside the reciprocal-power class can achieve zero asymptotic loss with finitely
many states. Their quantitative Theorem 18 applies under a nonnegative logarithmic-representation
hypothesis that excludes certain cancelling arithmetic relations.

We resolve the zero-loss question for every countable discrete law in the model below. For
finite algebraic laws we also remove the quantitative resonance restriction: a signed arithmetic
charge, followed by an iid block-fluctuation estimate, forces positive loss even when some zero-gap
product contains every symbol. The quantitative bounds extend to countable conditional dyadic
refinements, uniformly in their tail complexity. The known upper constructions of Draper—Saad [2]
and Draper—Harris—Saad [3] are explicitly retained as prior work.

Several ingredients have substantial predecessors. Kraft coding supplies the reciprocal-power
construction [5]. Kirchhoffer’s finite-phrase binary variable-to-variable coding theorem uses unary
words and radical arithmetic [6, Section 3.3]; see also [7]. Its finite reset-phrase model differs
from arbitrary retained state with infinite per-round codes. Our countable argument does not
normalize an infinite algebraic sum: finite integer kernel types instead yield a finite positive rational



normalization. Cycle erasure and cycle-ratio charging are standard graph ideas [8]; the potential
and information-cycle framework are taken from [1]. The logarithmic-form input is the established
theorem of Matveev [9, 10].

Information cocycles, cycle-weight groups and fluctuation obstructions also arise in finitary
coding. Parry—Schmidt [12, Theorem 6.2] already use additive characters of multiplicative cycle
groups and a central limit theorem to prove invariance of character means and variances under their
finitary coding hypotheses. Schmidt [13, Theorems 4.1 and 5.1] proves beta-function invariance and
rigidity of finite Bernoulli laws under finitary isomorphisms with finite expected forward and inverse
coding lengths. See also Parry’s survey [15] and Serafin’s exposition [16, Section 2.2]. Harvey—
Peres [17] compare information fluctuations with coding-boundary capacity for equal-entropy, shift-
commuting finitary homomorphisms; Gabor [18] determines the optimal range of coding-radius
moments for equal-entropy finitary isomorphisms. These maps commute with a common unit shift;
their spatial coding radius is a different resource from retained sampler state. Neither arithmetic
characters nor character-fluctuation rigidity are claimed as new. Our increment is a nonnegative
sampling-defect inequality controlled by persistent state cardinality, with a variable number of input
bits per output, and the countable finite-type normalization. The clock distinction is substantive;
Section 8 recalls a classical example. Coding precision, phrase delay and persistent state are not
identified without a resource-preserving reduction.

Krieger’s earlier directional coding invariant [14] also allows countably infinite Markov alphabets
and assumes finite expected forward coding time. Thus finite support or inverse integrability alone
does not separate our problem from all classical coding results. The relevant distinction remains
the clock and the quantitative retained-state resource.

The publisher-deposited abstract of Ghadi et al. [4] advertises an exact dynamic interval sampler
for integer weights with expected bit cost below H(p)+2 and bounded within-draw refinement. This
is an upper-cost guarantee, compatible with the zero-loss and persistent-memory lower questions
considered here. Our comparison is limited to that deposited abstract; the full manuscript was not
available for inspection.

All logarithms are base two unless written In. A reciprocal-power law means that every positive
mass is 27¢ for some integer £ > 0; this is narrower than merely requiring dyadic-rational masses.

2 DModel, path loss and a state potential

Fix a law p = (pz)ze4 on a finite or countable support, with p, > 0. A sampler has a finite
reachable state set S, a fixed initial state sg, and a time-homogeneous deterministic rule. At each
state it reads a word ¢ from a prefix-free binary stopping code and emits an output x and a next
state t. The code is exhaustive: its stopping cylinders have total fair-bit probability one. Codes
may be infinite, and the empty word is allowed. Fresh unused fair bits are used at each round. The
emitted process is required to be exactly iid with law p from sq.

Only the state retained between outputs is counted. There is no free external iteration counter.
The abstract lower-bound model does not require a finite representation of the target or a uniform
computable procedure for all targets. Constructive upper bounds use computable CDF access;
every fixed finite algebraic law admits such access. Temporary within-round work is unrestricted.

Write I, = log(1/py), let ¢; be the consumed length in round i, and set

] =1

Each realized summand is finite. For an actual finite path of total input length L and output word



w, its input cylinder has probability 27~ and is contained in the event of producing w. Exactness
gives
27" < ] po»  Lnz0. (1)
T m w
Prefix-freeness makes this containment valid even with empty stopping words. Thus EL,, € [0, o0
is well defined without splitting expectations.

Definition 2.1. A sampler has zero asymptotic expected path loss if EL,, = o(n). If H(p) < oo,
this is equivalent to ET,, = nH (p) + o(n). At infinite entropy we use only the path-loss formulation
and never subtract infinite expectations.

The following potential is the state-information mechanism of [1]; we include its short construc-
tion for the exact model used here.

Lemma 2.2 (Nonnegative defects). There is a finite nonnegative function h : S — R, with h(sg) =
0, such that every actual transition (s,c,z,t) has

d(s,c,x,t) == |c| — Iz + h(s) — h(t) > 0.

Moreover,

L, = i d; + h(Sn) (2)

Proof. Define h(s) as the infimum of L — >" I, over finite actual paths from sy to s. Equation (1)
makes it nonnegative. Reachability gives a finite witnessing path, so it is finite; the empty path gives
h(so) = 0. Append a transition to paths approaching this infimum to obtain h(t) < h(s) + |¢| — I.
Telescoping proves (2). The function is bounded because S is finite. O

3 The countable zero-loss classification

Theorem 3.1 (Countable rigidity). A finite or countable discrete law admits an exact iid sampler
in the model of Section 2 with finitely many persistent states and EL,, = o(n) if and only if it is a
reciprocal-power law. In the positive case a one-state sampler has L, = 0 on every stopping path.
When H (p) < oo, it also has ET,, = nH(p).

We first record the finite algebraic normalization needed in the proof.

Lemma 3.2 (Positive rational normalization). Suppose J < oo, b;j > 0 are rational, r; > 0 are
rational, and Z}-le b;j27" = 1. Then every r; is an integer.

Proof. Choose a common denominator g and write r; = n;/q. For a = 21/4_ Eisenstein irreducibility

of X9 — 2 gives independence over Q of 1,a™1,...,a @1, Grouping n; by residues modulo ¢
expresses the normalization in this basis with nonnegative rational coefficients. Every nonzero
residue must have coefficient zero. Positivity forces each n; to be divisible by g. O

Proof of Theorem 3.1. Assume first EL,, = o(n) and use Lemma 2.2.
Recurrent transitions are tight. Let g(s) be the expected one-step defect conditional on current
state s. The nonnegative cumulative defect sums increase with n, and their expectations are finite



for all n since EL,, is finite eventually. Positive-probability reachability then implies g(s) < oo at
every reachable state. Let v; be the state law after ¢ outputs. Equation (2) gives

1 n—1

— Z vig — 0.
izo
The finite state chain has a Cesaro limiting stationary law , positive on precisely the union K of
its reachable closed recurrent classes. Each such class is reached with positive probability through
a finite witnessing path. Hence mg = 0 implies g(s) = 0 for all s € K. Every individual stopping
word has positive probability; all transitions out of K therefore have d = 0. This union is closed.
The finite-state Markov property follows from independence of the unused fair-bit suffix after an
almost-surely finite prefix stopping time; finite expected stopping length is unnecessary.
Stationary output windows remain iid. For each x let P,(s,t) be the one-round probability of
output = and next state t. For w = x1---x put P, = P, --- P, and p,, = Hj Pz, Exactness
gives v; P, 1 = p,, for every i. Cesaro averaging yields

TPyl = py. (3)

Restrict to the closed union K. This does not claim iid output conditional on an individual hidden
state or recurrent class.

Only finitely many integer kernel types occur. Tightness fixes the length of every stopping word
for a given triple (s,x,t):

lc] = L + h(t) — h(s).
Thus its multiplicity N, (s,t) is a finite nonnegative integer. With D = diag(2"*)) on K,

P, = p,DN,D~ . (4)

Set w = 7D and v = D~'1. Both vectors are strictly positive, uv = 1, and the one-letter case
of (3) gives uN,v = 1. Every entry is consequently bounded by 1/(usv¢), uniformly in . Finite
dimension and integrality imply that only finitely many distinct matrices IV, occur. No semigroup
finiteness theorem is needed.

Each information value is rational. Put m = |K|. Since 7P]"1 = pI' > 0, there is an actual
m-step path within K emitting only z. It has a cycle of some length 1 < k£ < m. Summing tight
defects around that cycle gives kI, equal to its total integer input length. Hence I, is rational.

A finite exact rational normalization. Choose representatives rq,...,ry of the integer types;
write N; = N, and C; = P,,. Each C; has dyadic-rational entries, because each entry counts
finitely many stopping words of a single length. If z has type j, any common nonzero entry gives
I, — I, € Z, and (4) gives Py = (pz/pr;)C;. The numbers

a; = Z Yz /prj

x: Np=N;

are finite and strictly positive. Nonnegative summation gives P = _,a;C;, which is stochastic.
The rational affine system

> biCi1=1 (5)
i

therefore has a strictly positive real solution. It has a strictly positive rational solution as well: ra-
tional Gaussian elimination provides a rational particular solution and rational nullspace basis, and



rational free coordinates can approximate those of (a;) closely enough to preserve strict positivity.
Equation (5) remains exact.
Conjugating (5) gives Qv = v for Q =37, bjp,; Nj. Applying u yields

1= UQ/U = ijprja
J

because uv = ulN;v = 1. Lemma 3.2 now applies to this finite positive rational normalization:
every I, is integral. The integer same-type differences prove that every I, is integral. No infinite
radical grouping has been used.

Conversely, if p, = 2% with integral ¢, > 0, countable Kraft equality supplies a prefix code
with these lengths. Its stopping cylinders have total probability one; nonstopping rays form a null
set. Return to the same state after each output. Fresh suffix independence gives iid p, and every
realized length is exactly I,. All countably many rounds stop almost surely. Thus L,, = 0, including
at infinite entropy. Finite entropy gives the additional expected-bit identity. The singleton mass-one
law uses the empty word. O

4 Signed charges and finite-block bounds

For this section A is finite. Index its r positive masses and write I = (I,). Let a = (a,) € Z" \ {0}
satisfy
c-leZ = c-a=0 (ceZ). (6)

Put A, = max, |a;|. For M > 1 define

. c-I|l—c-1
pa(M) = min # (7)
c€ZL, 1<) <M lc-al
T ca#0

The admissible set is nonempty, since some single symbol has nonzero charge. It is finite, and (6)
makes every numerator strictly positive.

Theorem 4.1 (Signed block charge). Let an exact iid sampler for finite p have at most M persistent
states. Let Y; = ax, be iid under p. For all integers k > 1,n > 0,

k

Y Y

=1

ET, - nH(p) = | F| palM) (E

- Aa(M - 1)) : (8)

The right side can be replaced by its maximum with zero.

Proof. Erase simple directed cycles from any realized k-step state walk until a simple residual path
remains. KErasure partitions the actual edges into cycles of length at most M and a residual of
length at most M — 1. Edges joined by an erasure have matching endpoint states, so this partition
preserves actual labels, input lengths and defects.

A cycle with count vector ¢ has integer total input length L and total defect L—c-I > [e-I]—c-1.
If ¢-a # 0, it pays at least p,(M)|c- al; otherwise its defect is nonnegative. The residual’s absolute
charge is at most A,(M — 1). The triangle inequality gives the pathwise estimate

Z d; > pa(M) < Z ax;

block block

— A (M — 1)) .



Partition the first n steps into full k-blocks and a remainder. Remainder defects and the terminal
potential are nonnegative. Every block has the unconditional iid output law, so taking expectations
and using finite entropy proves (8). Infinite expected bit consumption makes the bound automatic.

O

Lemma 4.2 (Existence of a charge). Fvery finite law outside the reciprocal-power class admits an
integer vector satisfying (6).

Proof. Let A ={ce€ Z" : c-I € Z}. If its rank were r, r independent integer rows would give an
invertible rational matrix C' with CT integral. Hence all I, would be rational. Lemma 3.2 with
weights one and ), p, = 1 would make them integral, a contradiction. Thus the rational span of
A has a nonzero integer orthogonal vector a. O

Proposition 4.3 (Drift and fluctuations). Let A\, = liminf,_,(ET,, — nH(p))/n for the sampler
under consideration. If u = EYy # 0, then N\, > po(M)|p|. If p = 0, put 0> = EY? > 0 and
Cy =3+EY{/o*. Then

A >

pa(M) O"/E
ko \VCs

In particular this bound is positive for a suitable k = Op(M?).

— Ao(M — 1)) (k> 1).

Proof. For nonzero drift, E| Y% Y;| > k|u|. The rate is at least each fixed-k consequence of (8);
take the supremum over k. For zero drift, writing S = Zlf Y; gives

ES? = ko?,  ES} =kEY] 4 3k(k — 1)0* < C4k%0™.

Hoélder interpolation yields E|Sy| > (ES?)%/2/(ES})Y2. For example, take k = [4A2C,M?/0?].
The bracket is then at least A,(M + 1) > 0. O

5 Algebraic targets and logarithmic memory

Theorem 5.1 (Polynomial loss obstruction). For every fized finite law p with positive real algebraic
masses outside the reciprocal-power class, there are constants cp, D, > 0 such that every exact iid
sampler with at most M persistent states satisfies

ET,, — nH
lim inf —n(m

n—00 n

>c,MPr (M >1).

Proof. Let I' = (2,p1,...,pr) be the multiplicative group of positive real numbers generated by
these elements. It is finitely generated and torsion free, hence isomorphic to Z%. Rank one would
express 2 = ¢” and p, = g% with integers b # 0, b,, making every I, = —b, /b rational. Lemma, 3.2
would then put p in the exceptional class. Thus d > 2. An integer linear functional annihilating
the nonzero vector of 2 gives a nonzero character x : I' — Z with x(2) = 0. It is nonzero on at
least one p,, since the listed elements generate I'. Put a, = x(p,). This satisfies (6).

For every count vector in (7) set s = ¢- I and

R =21 ps =201

Nongzero charge gives 1 < R < 2. These are products of the fixed positive algebraic bases 2, p1, ..., p,
with integer exponents of absolute value at most K,M for a fixed K, > 1.



We use the real-algebraic product form of Matveev’s theorem [9]; a stated form is [10, Theorem 2].
Write haps(7y) for the absolute logarithmic height, normalized with natural logarithms. For fixed pos-
itive algebraic bases ; in a real number field of degree D, choose A; > max{Dhabs(7;), | Inv;|,0.16}.

If I, fy;-)j # 1 and B > max{1, |b;|}, the theorem gives

I

J

t
> exp [—1.4 30735 D*(1+ nD)(1+ n B) [] 45| -
7=1

Zero exponents may be omitted; the finitely many active subsets permit uniform constants. Since
our bases, field and heights are fixed, R — 1 > ¢M~C for positive constants depending only on p.
AsInR > (R—1)/2for 1 < R < 2, the ceiling gap is at least ¢ M~¢. Since |c-a| < A M,

pa(M) 2 C//Mf(CJrl).

Nonzero drift in Proposition 4.3 gives the asserted polynomial bound directly. For zero drift use its
explicit k = O,(M?) and bracket at least A,(M + 1) to obtain ¢’ M~(€+2). Decreasing a positive
constant covers all M > 1 and unifies both cases. O

Remark 5.2. Constants can be evaluated once the integer character and algebraic field and height
data are supplied. No complexity bound for discovering multiplicative relations from an arbitrary
algebraic input is asserted. For rational p, an odd-prime valuation nonzero on some mass gives a
convenient explicit character. For arbitrary real targets Lemma 4.2 still applies, but no polynomial
Diophantine estimate follows here.

Let b,(¢) be the minimum of [log |S|| over exact iid samplers with lim sup,, (ET;,/n— H(p)) < e.

Corollary 5.3 (Sharp order in persistent bits). For a fized finite algebraic law outside the reciprocal-
power class,

by(e) = Op(log(1/e)) aselO.

For a reciprocal-power law, by(e) = 0. For 0 < ¢ < 1/2 and L = [log(1/¢)], the known upper
sampler gives
bp(e) < 2L+ 2[log(L + 1)] + 20.

Proof. Theorem 5.1 gives M > (¢p/ 6)1/ Dp for a sampler with the required lim sup bound, proving
the logarithmic lower bound.

For the upper bound we specialize the existing sampler of [3, Algorithm 3 and Proposition 6.1],
using its one-step estimate under the hypothesis A > 1000 of its Theorem 5.6. With a constant
integer cap satisfying that hypothesis it retains an integer pair (Z, R) with 0 < Z < R < A, initially
(0,1), and satisfies

log A
ET;, — nH(p) < log A + 48n Oi . 9)

Its conditional output guarantee gives exact iid p across repeated calls. Fixed target and cap
make the rule homogeneous; no increasing counter is retained. Its CDF approximation interface
is available for finite algebraic targets. The number of pairs is A(A + 1)/2; temporary oracle and
arithmetic work is not counted as persistent state.

Set W = L + [log(L 4+ 1)] + 10 and A = 2W. Since L > 1, this cap is at least 4096, W <
2L +10 < 6(L+1), and A > 102425 (L +1). Thus 48W/A < (288/1024)2~ % < &. There are fewer
than A? pairs, so 2W bits suffice. This proves the stated upper estimate and the order claim. The
one-state prefix construction proves the exceptional case. ]



Remark 5.4. The upper sampler and its leading upper coefficient 2 are existing results; see [1,
Section 8]. The new part of Corollary 5.3 is the lower bound for every finite algebraic nonexceptional
target, including cancelling resonances. Neither an optimal leading coefficient in bits nor a matching
power-law exponent in M has been found.

6 A fully resonant example and the block-method optimum

Consider 48 outcomes: three with mass 3/16, eighteen with mass 1/48, and twenty-seven with mass
1/432. The group masses are 9/16,6/16,1/16 and sum to one. With a, = v3(p;), the information
is I, = 4 — aylog3, and the charge Y has values 1,—1,—3 with probabilities 9/16,6/16,1/16.
Therefore

EY =0, EY? = 3/2, EY* =6, H(p) = 4.

Multiplying the probability vector by 432 gives positive integer counts 81,9,1 on the respective
atoms, total count 432 and total information 1728. Thus a zero-gap count vector contains every
symbol. Any bound that minimizes a ceiling gap per occurrence of one marked symbol over all
count vectors of size at most M vanishes for M > 432.

The signed bound remains positive. Here ES{ = (27k? — 3k)/4, so E|Sk| > /k/2. Taking
k= T72(M —1)? in Theorem 4.1 gives

\ > Pa(M)

p_MT—l)>O (M > 2).

If §, (M) is the minimum unnormalized ceiling gap over nonzero-charge count vectors of size at most
M, then p,(M) > §,(M)/(3M). Taking k = 72M? instead gives the convenient all-M estimate
Mp = 0a(M)/(T2M2).

Corollary 6.1 (A concrete resonant exponent). For this 48-outcome law, every n > 0 admits a
constant ¢, > 0 such that every sampler with at most M persistent states has

—(6.116201+
Ap > cyM ( ),

Consequently,
by(e) 1
lim inf —2~ > .
"20" Tog(1/2) = 6.116201

Proof. Write o = In3/In2 and x = 4.116201. We use the established linear-form measure bound
v(1,In2,In3) < k of Bondareva—Luchin—Salikhov [11, Theorem 1], also stated in [1, Section 6.1,
Definition 16 and equation (45)]. Its two-sided absolute-value formulation implies that, for every
1 > 0, nonzero integer linear forms in these fixed numbers, of sufficiently large coefficient height H,
have absolute value at least H ("7

For a count vector of length m < M and nonzero charge v = c-a, its information is s = 4m —va,
where |v] < 3M. With z = [—va] its ceiling gap satisfies

d=[s]—s=z+wvaec(0,1), 0ln2=2In2+vIn3.

This form is nonzero and its integer coeflicient height is at most KM, for a fixed K > 3a+ 1. The
absolute-value estimate covers both signs of v. The finitely many coefficient pairs below its threshold
have positive gaps and can be absorbed into a positive constant. Hence ,(M) > c;YM = (), Apply



the all-M bound above to obtain the loss estimate. For each fixed 1, a sampler of loss rate at most

€ must have
log(1/¢) + log ¢,

6.116201 + 7
First let € | 0 and then 5 | 0. O

[log M =

Remark 6.2. The logarithmic-form exponent is prior work. This corollary applies it through the
signed bound to a target on which every marked-symbol bound eventually vanishes. The known
upper leading coefficient remains 2. Neither an optimal exponent nor a practical finite-budget
numerical constant is asserted: the threshold and multiplicative constant above have not been
evaluated.

Proposition 6.3 (Optimum of the block expression). Let Y be bounded, centered and nondegen-
erate, with variance o2, and let Sy, be an iid partial sum. Then

E|Sk| —b 2
F(b) := sup LNU

— (b — ).
kEN, k>1 k 2mh ( )

Also F(b) < o2/(4b) for b > 0.

Proof. Cauchy-Schwarz gives E|Sy| < ovk; maximizing o/t — b/t? over t > 0 gives the finite-
b upper bound. The classical iid CLT and uniform integrability give E|Si|/VE — ¢ = o+/2/7.
Uniform integrability of these absolute first moments follows from their uniformly bounded second
moments, since the tail expectation at threshold R is at most o/R.

For 1 > 0, the expectation is bounded above by (q+n)v/k for all sufficiently large k. The finitely
many smaller k£ have nonpositive numerators for sufficiently large b. Continuous optimization
therefore gives lim sup,_,. bF(b) < (q + n)?/4. For a lower bound choose an integer k nearest
(2b/q)? and use the expectation limit. This gives liminf bF(b) > ¢%/4. Let n . 0. O

For the 48-outcome law the optimized expression in Theorem 4.1 is consequently asymptotic
to pa(M)/(4m(M — 1)). This statement is sharp only for that particular block expression. It does
not optimize over samplers, remove the arithmetic gap in p,(M), or establish optimality of the
residual-path relaxation.

7 Countable conditional dyadic refinements

Let ¢ = (q1,- - -, q) be a fixed finite law with positive masses. For each j choose a finite or countable
set K and nonnegative integers £; with
o2k =1,  pip=q275" (10)
kEK]‘

The output labels are the distinct pairs (j, k). No entropy bound is imposed. Define b{; (e) by
minimizing [log|S|| over exact samplers with limsup, EL,/n < e. At finite entropy this agrees
with by ().

Theorem 7.1 (Uniform refinement transfer). Suppose q is outside the reciprocal-power class. Let
a € 7"\ {0} satisfy (6) for q, put A, = max; |a;|, and define pgqo(M) by (7) for q. Let J; be iid
with law q and put Y; = ay,. Every exact sampler for (10) with at most M persistent states satisfies

k

> Y

i=1

EL, > LZJ PoalM) (E A (M — 1)) (k>1,n>0). (11)

9



If the q; are algebraic, constants cq, Dy > 0, independent of the refinement, give

EL
liminf —2 > chfDq.
n n
If q is algebraic and fived computable complete conditional prefix codes of lengths {; ), are supplied,
then

by (€) = Oq(log(1/¢)).

Both bounding constants are uniform over these refinements. The explicit upper estimate of Corol-
lary 5.8 also holds for bﬁ.

Proof. Use Lemma 2.2, which requires no entropy integrability, and assign charge a; to (j, k). On
an erased simple cycle, let ¢; count the first-coordinate labels, and let B be the sum of their
conditional lengths. The cycle information is

sp= ) cjlog(1/g;) + B.
J

Although B need not be bounded in terms of M, it is an integer. Its contribution cancels exactly
from [sp] — s, before any logarithmic-form estimate is applied. The cycle charge is ¢ - a, so its
nonnegative defect pays at least pgq(M)|c - a| when the charge is nonzero. The residual path
has at most M — 1 edges and charge at most A,(M — 1). The pathwise proof of Theorem 4.1
therefore applies unchanged. Unconditional iid refined outputs have iid first coordinates with law ¢
by (10). Taking expectations gives (11), even when EL,, is infinite. Proposition 4.3 and the finite-¢q
logarithmic-form argument in Theorem 5.1 give the polynomial rate with constants depending only
on q.

For the upper bound, run the existing finite-q sampler of Corollary 5.3. After a macro output j
and next retained state ¢ have been selected, sample k using fresh bits and the supplied conditional
prefix code, then emit (j,k) and retain ¢. Concatenated stopping codes remain prefix-free and
exhaustive. Every round stops almost surely. For any complete macro output/state path, specifying
the conditional leaves multiplies its probability by []; 2%k . Summing over macro state paths
proves iid refined outputs; it does not require conditional iid macro outputs given a hidden state.

The conditional code uses only temporary work and adds exactly ¢;; input bits. On every
stopping path,

(macro length + ¢; 1) — log(1/pj ) = macro length — log(1/g;).

Thus the lifted L,, equals the macro loss pathwise, with no additional persistent states. Its expected
loss can be finite even when target entropy and expected input length are infinite. The known macro
upper bound and the transferred polynomial lower bound prove the memory order. ]

For a concrete infinite-entropy example, take ¢ = (1/3,2/3) and, for each j, use leaves (m,w)
with m > 1, w € {0,1}*>" and codeword 1™~ '0w. This is a computable prefix code: the total
conditional mass at level m is 27, while its code length is m + 2. Hence total mass is one and
conditional entropy is >_,,~1 27™(m + 2") = co. All masses qj2*(m+2m) are rational, every round
stops almost surely, and Theorem 7.1 applies in expected-path-loss language.

For refinements of the 48-outcome law, the same cycle-gap identity and centered charge law
transfer Corollary 6.1 as well: the rate is at least ¢, M —(6:1162014n) gnd the limiting lower coefficient
for bﬁ is at least 1/6.116201. These are lower transfers, not claims that optimal memory for p and
q is equal. Coarsening a sampler generally discards information and does not preserve its loss. The
upper composition is classical conditional prefix coding combined with the existing macro sampler.

10



8 Clock conventions and open quantitative questions

The distinction from a common-clock finitary coding problem can be seen in the classical Meshalkin
pair recalled by Harvey—Peres [17, Introduction]. Let p = (1/2,1/8,1/8,1/8,1/8). The complete
prefix code

{0, 100, 101, 110, 111}

gives a one-state exact iid sampler with zero path loss. The target has entropy 2 and informational
variance 1, whereas a uniform four-symbol source obtained by grouping fair bits in fixed pairs has
entropy 2 and variance 0. Theorem 1 of [17] rules out a common-clock shift-commuting finitary
homomorphism for this pair with a finite square-root coding-radius moment; it does not rule out
the variable-bit-clock sampler just displayed. Lack of invertibility alone would not distinguish the
models, since their theorem already concerns homomorphisms. The pair and prefix construction
are used only to clarify the resource model, not as new coding constructions.

The exact sampling endpoint is settled here on countable support. Quantitative bounds cover
all finite algebraic targets and their conditional dyadic refinements; they do not cover all count-
able algebraic targets. Open questions include optimal leading coefficients in by (e), matching loss
exponents in the state count, general countable quantitative bounds, and the role of exceptionally
well approximable transcendental probabilities. A polynomial state-count bound is not proved for
arbitrary real targets, and no running-time or bounded-temporary-space guarantee is inferred from
a lower bound on persistent memory.

Acknowledgment of tools. Al-assisted tools were used in exploring and internally checking the
arguments and in preparing the manuscript. These internal checks are not external refereeing or
formal proof-assistant verification.
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