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Abstract

We construct an upper confidence bound for the operator norm of the normalized covariance deficit
of a homogeneous real-stable count law on m categories with total count k, without knowing the mean or
imposing a minimum category-probability assumption. This deficit is a rescaling of an established canon-
ical dependence matrix for two balls drawn without replacement. Its positive semidefiniteness gives a
diagonal domination property that controls rare categories and normalization error. Independent batches
of full count observations suffice: the mean stage uses O(m(k — 1)e~21log(m/8)/k) observations and
the second stage uses O(m(k — 1)2£72log(m/5)). A stable degree-two subclass gives a matching lin-
ear category and inverse-square accuracy lower bound up to logarithms. Real-rooted one-dimensional
projections turn a covariance bound and a reference Fourier margin into simultaneous positive-parity
certificates. A classical sharp product inequality improves their quantitative floor and identifies feasible
binary equality cases. We give a sharp positivity boundary on a binary subclass and stable laws with iden-
tical means and covariance but opposite parity. The constants in the confidence bound are conservative,
and the observation model is classical labeled counts.

Keywords. covariance estimation; count distributions; negative dependence; parity; real-stable polynomials.

1 Introduction and relation to previous work

Let A = (Ay,...,A,) be a nonnegative integer count vector with }}; A; = k. A homogeneous real-stable
generating polynomial imposes substantial structure on its covariance and one-dimensional projections. The
question here is whether this structure permits a uniform spectral confidence bound when categories may
have arbitrarily small unknown probabilities, and whether the resulting bound certifies parity after a known
binary labeling of categories.

The normalized object is familiar. If J is the joint law of two ordered distinct balls sampled from A, with
common marginal g = EA/k, its centered canonical dependence matrix is

0P —qqNo P =-L = diag(g).

k-1’
Its operator norm is the Hirschfeld-Gebelein—Rényi maximal correlation of the two ball labels. Spectral de-
pendence estimation and empirical marginal normalization are established topics. Huang, Makur, Wornell
and Zheng [1], Section 6.2, particularly Subsections 6.2.1-6.2.5 and Proposition 6.7, treat singular-value cal-
ibration and empirical normalization; their displayed concentration bound involves a minimum marginal. Xu,
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Wang and Huang [2], Section V.B, explicitly study estimated marginal normalization. We use the established
dependence measure and unknown-margin estimation framework.

Our additional hypothesis makes the centered dependence matrix negative semidefinite. Equivalently,
D > 0. The underlying negative-spectrum Hessian structure is classical: Anari, Liu, Oveis Gharan and
Vinzant [3], Lemma 2.7 and Proposition 4.1, relate one-positive-eigenvalue nonnegative Hessians to nor-
malized kernels with nonpositive nontrivial spectrum. We use this structural identification to obtain statis-
tical rare-category control. Combined with the nonnegativity of J, this implies D;; < (k — 1)g;. It pays
for omitted categories by their total mass and controls changes of normalization through an aggregate chi-
square error, rather than uniform relative accuracy in every rare category. The main result estimates the
norm of the original D. Regularized normalized-graph concentration is important related methodology [4];
its independent-edge experiment differs from the independent count blocks considered here. Covariance es-
timation for Poisson multinomial distributions also has an extensive literature, including [5], Lemma 3.4 and
Appendix A, which control covariance error relative to Cov(A) + /. Our count model contains these product
categorical laws but need not admit a joint independent categorical factorization.

The stable-polynomial background is classical [6]. The covariance deficit also appears in moment ap-
proximation for homogeneous stable count laws [7]; the present note develops its statistical calibration and
parity application rather than the higher-order approximation estimates of that work. The concentration
tool is matrix Bernstein [8]. The parity argument uses classical real-rooted factorization and the Laguerre—
Samuelson variance bound [10]; these ingredients are proved in the normalizations needed here. Our contri-
bution is their combination with rare-category control, an explicit unknown-mean observation contract, and
sharp limitations.

2 Stable counts and the pair representation

A real polynomial is real stable if it has no zero when every variable has positive imaginary part. Let
m
A;
p(z)=E l_l z;
i=1

be real stable, homogeneous of degree k > 2, with nonnegative coefficients and p(1) = 1. Write

EA;
qi = A

We first work on the positive support of g. If the named alphabet includes zero-mean categories, their counts
are zero almost surely; define D on positive support and embed it with zero rows and columns. All statements
below use this convention. The empirical smoothing estimator can retain such categories without knowing
the support.

1
. Q=diag(q), wi=+qi, k=k-1, D=I-uu’ - EQ‘I/Z Cov(A)O~ 2. (1)

Lemma 2.1 (Covariance domination). For the stable count law above,
05D51—uuT, Du =0.

Moreover, the count As = };cs Ai of any category subset has a Poisson-binomial law with k Bernoulli
parameters, some of which may be zero or one.

Proof. For real z, the degree-k polynomial s — p(z + s1) has only real roots: stability excludes roots in the
upper half-plane, and real coefficients exclude roots in the lower half-plane. By homogeneity its reciprocal
gives
k
p(+iz) =] [(1+1a)), 2 €R,

J=1



where zero A; pad any degree drop. Differentiating at zero gives
Z/lj = kC[TZ, 7 Cov(A)z =k Z qiz% - Z /15.
J i J

Cauchy—Schwarz therefore implies Cov(A) < k(Q — gq"), proving D > 0. Covariance positivity proves the
other inequality. The fixed total count gives Cov(A)1 = 0, hence Du = 0.

Specialize variables in S to z and the remaining variables to one. Boundary specialization preserves
stability by a limiting argument, and the specialization is nonzero since its value at one is one. Thus its
univariate generating polynomial has only real roots. Nonnegative coefficients exclude positive roots. Nor-
malization then writes it as ]_[gle (1 -pj+pjz) with p; € [0, 1], padding by p; = 0 if necessary. This is
the required Poisson-binomial representation. This elementary factorization is also standard in the Poisson-
binomial literature [11]. O

One may sample an ordered pair (/,J) of distinct balls from a count vector. Its unconditional joint
probability matrix, denoted by the same letter J, is

_E[A:i(4; - 1;))]

i = - 2)
It is symmetric and has row and column margins q.
Lemma 2.2 (Pair structure). Let K = D /. Then
K=uu" - Q720712 > 0, Kii < qi, 3)
Jii < 47, 0<Jij <2qiq;. 4)
In particular, D;; < kq;, tr D < k, and
IDIE =Pl ® 9). 5)

Proof. The identity follows by substituting EAAT = kQ +k«J into (1). Since J;; > 0,0 < K;; < g;. Positive
semidefinite Cauchy—Schwarz gives |K;;| < 4/g;q;, which yields (4). The trace bound and (5) follow by
summing diagonal entries and squared entries, respectively. O

These conclusions require the covariance inequalities and the pair representation, rather than full real
stability. Stability is used separately for Poisson-binomial marginals and parity transfer. A finite sample
does not verify the structural promise.

3 Unknown-mean calibration

The two data batches below consist of independent observations from the same count law, with independence
between batches. No ordered latent decomposition of a count vector is observed or assumed.

Theorem 3.1 (A uniform original-target confidence bound). Fix 0 < € < 1 and 0 < 6 < 1, and put
L =1log(4m/6). Let
10752mkL N 1216mK>L

> , > 6
0 o2 1 2 (6)
From the first batch define
No —~
_ 1 (a) L gi+b
i =— > A, t=——, b=2t, =1+mb, r;= .
7= N ; i kNo e



Write R = diag(r), v = r, P =1 —w', and set

r= %, H={i:ri>7/m}, H ={l,....m}\H, w, =;Hr,~.
From the second batch form the full-count pair estimator
o N, Ai(a)(A;a) -1,=;) e 1)
0= N 2, P , H=—k(PR™/ZJR™/?P),,. (7
A subscript H denotes principal compression. Define
U = max{0, dyax (Cr)} + ; + 16Kw,. (8)
Then, with probability at least 1 — 6,
1Dl <U < 1D+ e ©

The guarantee is independent of the smallest positive q;. Numerical eigenvalue enclosures of width ¢ add at
most & to the upper slack.

The constants are explicit and conservative. The theorem gives a sample-order guarantee, not affordable
absolute budgets or an efficient dense rational eigensolver for large m.

3.1 Smoothed mean control

Lemma 3.2. For the first batch in Theorem 3.1, with probability at least 1 — §/2,

. 2
9 <4 foreveryi, h=x*(qllr) < 42mr < £ 10)
ri 256«
Proof. By Lemma 2.1, each marginal count is Poisson-binomial. The sum of its Ny independent copies
is therefore a sum of kN independent Bernoulli variables, not necessarily identically distributed. Scalar

Bernstein, with variance bounded by kNyg;, and a union bound imply

~ 2
i = qil < V2qit + 31 foralli (11

except on an event of probability at most 2me =L = §/2. The argument needs only marginal representations;
the counts for different categories need not be independent.

Since \/m < qi/2+t,(11)yields ¢q; < 2g; +10t/3 < 2(q; + 2t). Put h; = g; +2t, s0 q;/h; < 2 and
h; > 2t. Also mt < 1/2 under (6); hence ¢ < 2 and ¢;/r; < 4. Squaring (11) gives

. 8 (qi —q))* _ 76
=) < dqit + 12 E = < —mt.
(qi —qi)” <4q 5 ,- <"

Thus Eq := ¥,;(qi — hi)>/h;i < (188/9)mt < 21mt. As Y; h; = c,

2
¥alln = Y 35 = 1= cBo = (c = 1) < 42mr.

i 1

The first sample-size bound gives the final inequality in (10). These arguments include ¢; = 0 without
division by ¢;. O



3.2 Centered weighted perturbation and discarded coordinates

Lemma 3.3. Suppose r is a positive probability vector, h = x*(q||r), and q;/r; < 4. Define

T =diag+q/r, e=(q-r)/\Nr, B=TDT, C=-«PR'2JR7'/?P.

Then
C:B—KeeT, (12)
IC = D|| < 2Vkh +2kh =: Ep, (13)
ID]| € Amax(CH) + Ep + 166w, (14)

For zero-mean coordinates take T;; = 0 and the zero embedding of D.

Proof. Leta = R‘l/zq =v+e. Sincevie =0, vIT = u”, and u" D = 0, we have PB = BP = B. Also
R™'2JR™12 = aa™ - B/k. Projection gives (12).
The diagonal bound D;; < kgq; implies

2 (qi —ri)?
I(T = D213 < KZqi(vqi/r,- —1)’ < Z— = «h.

The scalar inequality in the last step follows by canceling (/g; — \ri)?; the remaining ratio is ¢;/ (Va: +
\/r_i)2 < 1. Since ||D|| < 1, expansion of TDT — D yields

B - D|| < 2Vkh + «h.

Equation (12) and ||e||? = & prove (13).
For any positive semidefinite block matrix B,

IBIl < |Bull +tr Bye. 15)

Indeed, block Cauchy—Schwarz bounds its quadratic form at x & y by (+/||Bgl|x]l + v/||Bae<|[lly]l)?, which
is at most (||Bg || + ||Br< ) (llx||? + |ly||?). Here B;; < Kq?/r,- < 16kr;, so its omitted trace is at most 16«w,..
Moreover By = Cy + KeHez, whence ||Bg|l < Amax(CH) + kh by Weyl, even though Cy need not be
positive semidefinite. Combining these bounds with the bound on ||B — D|| gives (14). m]

3.3 Conditional matrix concentration
Proof of Theorem 3.1. Condition on the first-stage event of Lemma 3.2, so r, H are fixed independently of
the second batch. For a random ordered pair (7, j) of distinct balls, put

T
i

Here the e; in the definition of Y are coordinate basis vectors, distinct from the vector e in Lemma 3.3. The
formula includes i = j as eieiT /r;. The full matrix EY? is diagonal, with ith entry

ol .
eje; +eje

Y= Z = (PYP)y.

by (4) and ¢;/r; < 4. Since P is an orthogonal projection, (PYP)?> < PY?P. Principal compression has
the same inequality, so EZ?> < 16ml. The mean of the unprojected ¥ has norm at most four: it equals



T(uu” — D/k)T, whose middle factor has norm at most one and ||T|| < 2. Consequently ||[EZ|| < 4 and the
centered variance is at most 16m.
The range of Z does not involve inverse probabilities of omitted categories. Let by = (Yv)g. Since
T
viYv=1,

T T T
Z =Yy _VHbH - bHVH +VHVY.

We have ||Yg|| < m/7 and ||bg|| < /m/7; only retained endpoints contribute to either. Therefore
1ZI| € m/T+2m/T+1 < 4m/T, |Z —EZ| < 4m/t+4.

For a whole count observation, replace Z by its conditional expectation given that count. This is exactly the
summand in (7) after whitening, projection and compression. Its range is no greater, and operator Jensen
gives no larger second moment. Independence is between count observations, not between the k«x ordered
pairs within one count.

The two-sided bounded matrix Bernstein inequality [8, Theorem 6.1], at z = £/(4«) = 167, now gives

Nz }
2[16m + (4m /7 +4)z/3]
2

Nie
< 2mexp {—m} <6/2.

P (||5H —Cyl|l > &/4 | first batch) < 2mexp {—

The second inequality uses 7 < 1/64, which makes the denominator before z> substitution at most 76m.
On both good events,
2
En<is+f < 17¢ <% <
—+— < — < - wy < T.
"R 18 T 128 4 =
The set H is nonempty because w, < 7 < 1. Lemma 3.3 and Weyl give ||D|| < U. Conversely,
max{0, Amax (Cr)} < ID|| + Ep +£/4 < ||D|| +£/2.

Adding £/2 + 16xw, < 3g/4 proves (9). The union of the two failure events has probability at most §. O

4 From covariance to all parity characters

Assign a known label ; € F} to each category and put Z = }’; A;{;. All label sums below are in F7.

Lemma 4.1 (The classical sharp two-moment product bound). Let x1, . . ., xy be real numbers with mean g
and 3 ;(x; —g)? = kkt?, wheret > 0andk =k — 1. IfA=g —«t > 0and B = g +1, then

Xj > ABX.

—-

J=1
Fort > 0, equality holds exactly when one entry is A and the other k entries are B, up to permutation. For

t = 0 all entries equal g.

Proof. The zero-sum deviations and Cauchy—Schwarz give x; > g — kt = A. The case ¢ = 0 is immediate.
Otherwise let Q be the quadratic interpolating log x at A and B, with derivative Q’(B) = 1/B. The Hermite
interpolation remainder has the sign of (x — A)(x — B)?, since the third derivative of logx is 2/x> > 0.
Consequently logx > Q(x) for x > A, strictly unless x = A or B. The tuples (x;) and (A, B, ..., B) have
the same first two moments, so

Zlong > ZQ(xj) =Q(A)+«Q(B) =logA + klogB.
J J

6



Exponentiation proves the bound. The mean constraint fixes the multiplicity of A to one in the equality case.
This is the two-node lower log-determinant bound of Bai and Golub [9, Section 2, Theorem 2], applied to a
diagonal matrix; the interpolation proof records its precise scalar form here. O

Theorem 4.2 (A stable-slice parity certificate). Suppose 0 < a < 1 is a lower bound for all nonzero one-draw
characters:

g =,a(-D"za  (v#0).

Ifp = |D|| < a@®/[x(1 = a?)], then simultaneously

E(-1)"% > Fi(a,p) = [a —\Jkp(1 —a?)

For a = 1 every character is identically one.

K

>0  (v#0). (16)

a++lp(l—a?)/k

Proof. ForS = {i :v-{; = 1},putqs = Y ;es giand g = 1-2¢gs > a. By Lemma 2.1, Ag is Poisson-binomial
with parameters p1, ..., pi. Letd; = pj — g5 and

s= > 6% =kqs(1 - gs) - Var(As).
J

Writing w; = \/gilies gives s = kwT Dw. Since Du = 0 and |lw — (wTu)ul|® = gs(1 - gs),
0<s<kpgs(l—-gs).

Setx; =1-2p;and t = 2+/s/(k«). Their mean is g, and their squared deviations sum to 4s = kkt*. Since

t<ty(g) = p(1-g2)/k,  g—xty(g) >0,

Lemma 4.1 applies. Write F(g,t) = (g —«t)(g +1)“. On g > «xt > 0,
& F =—kkt(g+1)< ' <0, 9gF = k[g— (k= Dt](g+1)' > 0.

Ast,(g) < t,(a) for g > a, these monotonicities yield

E(-1)"7 =] |x; 2 F(g.1) > F(a,1,(a)) = Fi(a, p).

J

If g = 1, the parity is one, consistent with this bound. The factorization may depend on S; no joint indepen-
dent categorical decomposition is assumed. O

Corollary 4.3 (An unknown-mean, all-character confidence certificate). Under Theorem 3.1, let r( be total
r-mass of zero-labelled categories and seta =2rop— 1 —g/16. If 0 < a < 1 and

a2

U< ——,
k(1 —a?)

then, except on an event of probability at most 6, every nonzero character has expectation at least Fy(a,U) >

0.

Proof. On the first-stage good event, TV(g,r) < Vh/2 < /32, since k > 1. Thus true zero-label mass is
at least ro — £/32, which implies g, > 2rg — 1 — &/16 = a for every v. Apply Theorems 3.1 and 4.2 on

their simultaneous good event. Data-dependent success of the displayed test introduces no additional union
bound over characters. O



This is one efficient sufficient reference condition, not a necessary condition for positive Fourier coeffi-
cients. It avoids enumerating 2" characters. Also, whenever a > 1 — 1/k, the simpler mean-only bound

E(-1)AS > 1-2BEAg > 1 —k(l —a) >0
already proves positivity. Covariance estimation is unnecessary in that regime.

Proposition 4.4 (Sharp positivity boundary on a binary subclass). For a single binary label and
qg € [1/(2k),1/2), the threshold in Theorem 4.2 cannot be increased uniformly at reference margin
a=1-2gq.

Proof. Take the stable product of binary categorical factors with

1 __ _kq-1)2

Its parity is zero. With g = 1 — 2g, its centered deviations have squared sum kg?/(4k); the sole nonzero
eigenvalue of D is g2/[k(1 — g?)]. For ¢ > 1/(2k), increasing p; slightly and reducing the others equally
gives negative parity while retaining the mean. If ¢ < 1/(2k), the mean alone forces all p; < 1/2 and
positive parity. The quantitative floor in (16) is also attained whenever the binary parameters

p1=q+kt]2, pr=--=pr=q—1/2, t=+/p(1-g%/«

lie in [0, 1] and g > «¢. They have mean ¢, deficit norm p and parity (g — «t) (g +¢)*. Thus the lower floor is
sharp on these feasible binary slices. Feasibility is essential; no unrestricted optimality over all mean—deficit
pairs is asserted. O

p1 =

Proposition 4.5 (A two-sided cubic moment interval). For k = 3, a grouped count with g =1 -2q > 0 and
s =3q(1 — q) — Var(Ag) satisfies

3/2 3/2
S S-S < g —gs e B
6 3vV6

3 8
g —2gs 3
The lower endpoint agrees with Lemma 4.1 when g > 4h, while this two-sided interval also holds outside
that positive regime. It equals (g —4h) (g +2h)% h = \/s/_6 and is attained if (g +2h,q—h,q—h) € [0,1]3;
the upper endpoint has the analogous feasibility condition.

Proof. For three zero-sum deviations of squared sum s, |6;6263] < s3/2/(3V6). For s > 0, a compact
constrained extremum has two equal deviations: Lagrange multipliers make all three solve one common
quadratic. The extrema are (2h, —h, —h) and its negative. The case s = 0 is immediate. Expand [];(g -
26;) = g> —2gs — 83510203. O

5 Limitations of moment and dependence information

Proposition 5.1 (Identical stable moments, opposite parity). There are strictly positive-coefficient homoge-
neous stable degree-three binary count laws with identical full mean and covariance and opposite parity
signs, both having ||D|| = 3/100.

Proof. Use the products of binary categorical factors with success probabilities
(7/25,23/50,23/50), (17/50,17/50, 13/25).

In both cases 3 p; = 6/5, 3, p% = 627/1250, and the success-count variance is 873/1250. Thus the vectors
(3 — Ag, As) have the same mean and covariance. Their parities are respectively 44/15625 and —64/15625.
At mean g = 2/5, the normalized deficit is 3/100. Each factor is a positive stable linear form, so both laws
meet the hypothesis. O



A vanishing-deficit version takes ¢ = 1/2—-3r/2,0 < r < 1/7, and parameters (g —2r, g+r, g+r) versus
(g —r,q—r,q+2r). They share the first two moments and have deficit 2r>/[g(1 —g)] — 0, but parities 77>
and —25r3. Thus no absolute positive deficit threshold, independent of the reference margin, suffices even
within the stable class. These obstructions require a sufficient certificate to abstain on some moment pairs;
they do not contradict Theorem 4.2.

The structural promise is also indispensable for a uniform rare-category dependence estimate. For ar-
bitrary symmetric pair laws with ¢ = (1 — s, 5), compare Jo = gq’ with J; = diag(g). Their maximal
correlations are zero and one, while TV (Jy, J1) = 2s(1 — 5). The total variation distance of N-sample laws
is at most 2Ns(1 — s) and tends to zero for fixed N as s | 0. Here J; — gq” is positive semidefinite, violating
the sign promise of this note. General dependence estimators cannot simply drop that promise and retain a
uniform minimum-mass-free guarantee.

6 A stable-subclass sampling lower bound

Theorem 6.1. Let m be even and 0 < p < 1. Even with the exact mean q; = 1/m supplied, distinguishing
a stable count law with D = 0 from all stable laws with ||D|| = p cannot have both type-I and worst-case

type-I1 error at most 1/3 if
m

N<——.
100p2

Consequently estimating || D|| to additive accuracy less than p /3 with error probability at most 1/3 requires
Q(m/p?) observations in a degree-two stable subclass.

Proof. For every balanced sign vector s € {—1, 1}, use the stable degree-two product generating function

D

i

PS(X) =

4

Z 1 +n\/l/ﬁSix-

i
Both factors are positive categorical laws. Their common count mean is 2¢g, and direct substitution gives
D, = pvv! with v = s/+/m. A randomly ordered pair has law

o 1—ps;s;
Js(l,]) = le

The null is po(x) = (m™' ¥; x;)>. A degree-two count and this ordered pair are equivalent experiments for
testing: the order of two distinct labels, conditionally on the count, is a uniformly random ancillary bit under
both hypotheses.

Mix alternatives uniformly over balanced signs. For independent balanced s, ¢, and T = s’ t/m, the null
inner product of one-sample likelihoods is 1 + p>T?. Therefore the mixture likelihood satisfies

X MNIPEN) =By (1 +p°T*)N — 1 <Eexp(Np°T?) - 1.

To bound 7', fix s and generate uniform balanced ¢ by a uniform perfect matching and independent choices
of which endpoint of each pair has sign +1. Conditional on the matching, s”# is a sum of independent
Rademachers with coefficients in {-2, 0, 2}. Since coshx < e/ 2, its moment generating function is at most
e Hence

P(|T| > z) < 2e™"% 14,

For b = Np* < m/4, tail integration gives

8Np?

EebTZ—IS/ 2bePYe ™t gy = —
0 m — 4N p?

9



At the asserted sample size this is at most 1/12. Thus total variation between null and mixture is at most
%\/1/ 12 < 1/3. A test with both errors at most 1/3 would produce a probability gap of at least 1/3, a
contradiction. Disjoint accuracy intervals about zero and p give the estimation conclusion. O

This is a standard hidden-sign mixture and second-moment argument specialized to a stable product
subclass. It matches the category and accuracy order up to logarithms at fixed degree two.

7 Implementation and scope

The accompanying exact-arithmetic implementation uses count histograms from two batches. It replaces L
by the integer by satisfying 220 > 4m/§, so L < b and all budgets and smoothing parameters are rational.
It encloses the positive part of the largest eigenvalue by exact positive-semidefinite tests and bisection. The
implementation uses an eigenvalue enclosure width & = 1076 and reports it with the resulting upper slack
Se/4 + &, as allowed in Theorem 3.1. In particular, writing d = 1, congruence by R%z gives

GH = —K[fH - erIT—I - dHrZ, + I’HI’Z;],

so the eigenvalue upper test is the rational matrix inequality ARy — Gy > 0. Here d is the second-stage
empirical margin, not ». Exact Schur complements give a transparent small-dimensional implementation.
For the parity floor, enclose z = 4/kU (1 — a?) from above by a rational z, < a. The function (a—z)(a+z/«)¥
decreases on 0 < z < a, so evaluation at z, gives a certified rational lower bound for Fy(a,U). Adaptive
enclosure resolves every strict test.

For illustration, with m = 2, k = 3, ¢ = 1/4 and 6 = .05, this conservative integer-log implementa-
tion requires 1,835,008 mean-stage and 1,245,184 pair-stage counts. A synthetic independent Bin(3, 1/5)
experiment with labels 0, 1 passes the covariance-based sufficient test; its actual parity is .6° = .216. The
mean-only positivity bound is unavailable at the resulting reference margin near .585. The millions of ob-
servations illustrate the large constants rather than an economical experimental protocol. Rational arithmetic
and dense matrix processing add costs beyond the number of observations.

The statistical contract assumes a stable count model, known category labels, and classical iid count
observations in those coordinates. Real stability is a structural model promise. The intended operational use
is classical calibration in known coordinates.
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