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Abstract
We prove collision-uniform high-height asymptotics for logarithmically growing zero packets

in the harmonic-step space underlying Báez–Duarte approximation. An exact arithmetic gauge
converges to an explicit complex Mellin kernel, with literal mixed-derivative errors at every finite
order. A positive Hardy subkernel and an explicit rational Newton–Hermite interpolant give a
separation-free Gram floor whose price is exponential in packet cardinality. Combining these
bounds yields relative Gram comparison uniformly for arbitrary collisions and for cardinality
at most a sufficiently small explicit multiple of the logarithm of height. When the real-part
rectangle approaches both open walls of the strip at an inverse logarithmic rate, packets of
size proportional to the logarithm of height divided by its iterated logarithm remain admissible,
with an explicit restriction on the proportionality constant. At admitted zeta-zero packets, exact
native zero-jet projection retains the target’s unequal powers and oscillatory phases. We also
give a literal onset, a vanishing sublogarithmic packet budget, all-height regularized certificates,
and fixed-multiplicity consequences. Complete arithmetic tail estimates and supporting norm
comparisons are included; the argument uses the original harmonic-step kernel throughout.

Keywords: Nyman–Beurling approximation; Mellin kernel; zero packets; divided differences; re-
producing kernels; arithmetic certificates.
Mathematics Subject Classification (2020): 11M26; 46E22; 30H10.

1 Logarithmically growing harmonic-step packets
Let S be the closed subspace of L2(0, 1) consisting of functions constant on every interval

In = (1/(n+ 1), 1/n], n ≥ 1.

We use the Mellin transform f̂(s) =
∫ 1

0 f(t)ts−1 dt and identify S with its Mellin image. It is a
subspace of H2(Ω), where Ω = {<s > 1/2} and the squared boundary norm is (2π)−1 ∫

R |f(1/2 +
it)|2 dt. The inner product is linear in its first argument. The orthogonal basis and its squared
norms are

en(s) = n−s − (n+ 1)−s

s
, ‖en‖2 = 1

n(n+ 1)
. (1)

Thus the evaluation kernel of S is

KS(s, w) =
∑
n≥1

n(n+ 1)en(s)en(w). (2)
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This kernel retains the harmonic-step restriction, rather than replacing S by the full half-plane
Hardy space.

The Báez–Duarte approximation problem [1, 2] concerns

E(s) = 1
s
, Gl(s) = (l−s − l−1)ζ(s)

s
(l ≥ 2), V = span{Gl : l ≥ 2} ⊂ S. (3)

Write D∞ = dist(E, V ). Bounded zero-jet functionals on S give lower bounds for this distance. At
high height their conditioning depends on the relative positions of the zeros, their multiplicities,
and the phase of the target 1/s.

The step-space zero-jet projection framework and the sharp diagonal asymptotic were developed
in [3, Sections 2–5]. Weighted finite-cutoff conjugate-pair kernels and their monotonicity were
studied in [4, Theorem 4]. Our question is the full packet limit, including unequal real parts and
offsets that may collide as the height grows. Entrywise kernel asymptotics alone are insufficient
in that regime: an evaluation Gram matrix can become arbitrarily ill-conditioned. We obtain a
comparison of quadratic forms after a collision-compatible change of basis.

The multi-zero superposition and collective projection bounds of halasz_resonator [5, Theo-
rems 3–4 and Section 4.1] already include a continuum kernel and cutoff-dependent phase interfer-
ence for fixed distinct zeros in weighted step spaces. Here the asymptotic parameter is the height
in the exact unweighted native kernel; moving collisions, confluent jets, a uniform Gram floor and
all-height regularization are treated together.

Growing packets and approaching boundaries. The main quantitative conclusion is the
harmonic-step growing-packet theorem, Corollary 6.3. For a fixed rectangle Q, the explicit rela-
tive error is AQm

2Λm−1
Q T−κ, so every packet size m ≤ c log T is admitted when c log ΛQ < κ. An

exponential packet Gram bound, Theorem 6.2, pays the conditioning cost uniformly through all col-
lisions. The approaching-boundary packet theorem, Corollary 6.5, allows the rectangle to approach
both real-part walls at distance (log T )−a while m ≤ c log T/ log log T for c < 1/(4a). The fixed-size
statements below establish the kernel and literal error used in these growing-size conclusions. The
multiplicity leading-term formula in Section 9 retains fixed multiplicity.

1.1 The fixed-size kernel foundation

Fix an integer m ≥ 1 and a compact rectangle

Q = {q ∈ C : b0 ≤ <q ≤ b1, |=q| ≤ L}, 1
2
< b0 ≤ b1 < 1, (4)

where L < ∞. For T ≥ 4, put sq = iT + q and define

AT (q, p) = T q+p̄−3sqspKS(sq, sp), T q = exp(q log T ). (5)

The logarithm of T is real. The limiting kernel is

H(q, p) =
∫ ∞

0
x2−q−p̄4 sin2 1

2x
dx

= π

Γ(4 − q − p̄) sin(π(3 − q − p̄)/2)
. (6)

For nodes q = (q1, . . . , qm) ∈ Qm, let ∆jg = [q1, . . . , qj ]g be the complex Newton divided differ-
ence, with its Hermite interpretation at repeated nodes. In particular, [a, . . . , a]g = g(j−1)(a)/(j −

2



1)!. For a sesquiholomorphic kernel, ∆k denotes the anti-holomorphic divided difference in the
second variable, with conjugate nodes and conjugate coefficients. Set

GT (q)jk = ∆(q)
j ∆(p)

k AT (q, p), G(q)jk = ∆(q)
j ∆(p)

k H(q, p). (7)

Theorem 1.1 (Collision-uniform packet kernel). For every fixed r, k ≥ 0,

sup
q,p∈Q

∣∣∂r
q∂

k
p̄ (AT −H)(q, p)

∣∣ −→ 0 (T → ∞). (8)

The matrices G(q) are positive definite with a common positive smallest-eigenvalue bound on Qm.
There is ηT → 0, depending only on Q,m, such that uniformly for all q ∈ Qm,

(1 − ηT )G(q) � GT (q) � (1 + ηT )G(q). (9)

Arbitrary partial and complete collisions are included.
The native target vector is

zT (q)j = [q1, . . . , qj ]T q. (10)
Corollary 1.2 (Zero-packet distance bound). Suppose the points iT + qj are zeros of ζ, with each
repeated point listed at most its multiplicity. For all sufficiently large T ,

D2
∞ ≥ T−3z∗

T G−1
T zT ≥ T−3

1 + ηT
z∗

T G−1zT . (11)

The same ηT works for every such packet in Qm.
All parameters in Q and m are fixed in these statements. In particular, no separation is imposed

between the nodes, whereas the size of the packet and its compact real-part range remain specified.

1.2 A certificate at every finite height

The quantitative statements use an expanded rectangle Qe = {b ≤ <q ≤ c, |=q| ≤ Le}, with
1/2 < b ≤ c < 1. For any B ≥ supQe

|q|, set

C = 1 +B, g = 2b− 1, h = 2 − 2c, κ = 3
2 − c, J = C2(64 + 16/g + 16/h). (12)

Choose ρ > 0 such that the closed radius-ρ disks about points of Q lie in Qe. Define

E0 = JT−κ, aj = ρ−(j−1), ϵ = E0

m∑
j=1

a2
j .

Theorem 1.3 (Effective native packet certificate). For every real T ≥ 4 and q, p ∈ Q,

|∂r
q∂

k
p̄ (AT −H)(q, p)| ≤ r!k!ρ−r−kJT−κ (r, k ≥ 0). (13)

For every tuple in Qm, including all collisions,

|(GT − G)jk| ≤ E0ajak, GT � G + ϵI. (14)

If the tuple is a zeta-zero packet as in Corollary 1.2, then, at every such height,

D2
∞ ≥ T−3z∗

T (G + ϵI)−1zT . (15)

The inverse in this formula exists without a small-error condition.
Sections 5–8 prove this theorem, an adaptive derivative estimate retaining the exponent 3/2−b1,

and an explicit positive floor for G. The floor gives a literal onset for the relative law. The additive
inverse in (15) avoids that onset altogether. Section 10 connects these bounds to finite arithmetic
primal and dual certificates in the same Hilbert norm.
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1.3 Related analytic interfaces

The kernel-translation operator of Manzur–Noor [6, Sections 4–5] provides a different quantita-
tive zero obstruction and an invariant-subspace criterion. The shifted-Hardy approximation of
Manzur–Noor–Quintero [7, Section 3] also concerns the Báez–Duarte generators, with a different
approximation norm. Our result addresses the high-height geometry of the exact kernel (2). The
one-point exponent and constant, together with an elementary diagonal power-error argument, are
inherited from [3, Section 5, Remark 4]. The full complex kernel, literal mixed-derivative constants,
separation-free Gram floor, relative comparison and exact regularized packet receiver are developed
below. The divided-difference integral and the positive moment-matrix argument are classical tools.

Collision-safe cluster estimates also occur in the conditional approximation-rate construction
of bramble_trace [8]. That work constructs Dirichlet-polynomial approximants in the classical
Nyman–Beurling norm under RH, or under a finite off-line-zero hypothesis. The present theorem
instead compares the exact harmonic-step evaluation kernel on fixed compact packets, including
unequal real parts, and retains its native Mellin-jet recipient.

2 The native kernel and finite zero-jet projection
For ρ ∈ Ω, the Mellin evaluation functional is represented in L2(0, 1) by tρ̄−1, of squared norm
1/(2<ρ − 1). Its projection onto S is the restricted representer rρ. This proves boundedness
of evaluation. Higher jets are bounded as well, since tρ̄−1(log t)j ∈ L2(0, 1). Expanding in the
orthogonal basis (1) proves (2), with local convergence of all required derivatives. Alternatively,
these follow directly by projecting the bounded full-space jet functionals.

For completeness, Gl belongs to S. In the original variable it is the negative Mellin transform
of

ρ1/l(t) = {1/(lt)} − l−1{1/t}.

If 1/t = n + θ, 0 ≤ θ < 1, then ρ1/l(t) = {n/l}, so it is constant on each In and bounded. The
Mellin identity follows first where the defining zeta integrals converge and then by continuation.
Each zero of ζ therefore forces the corresponding jets of every Gl to vanish.

We use the following elementary projection principle, with the evaluation-row convention of (2).

Lemma 2.1. Let Λ1, . . . ,Λd be independent bounded linear functionals on a complex Hilbert space,
annihilating a closed subspace V . If rj is the Riesz representer of Λj, put Γjk = 〈rk, rj〉 and
cj = Λj(E). Then

dist(E, V )2 ≥ c∗Γ−1c.

Proof. The representers lie in V ⊥. If the projection of E onto their span is
∑

k akrk, its functional
values give Γa = c. Its squared norm is a∗Γa = c∗Γ−1c. Projection onto this subspace cannot
exceed projection onto V ⊥.

This argument uses only finitely many bounded functionals. It does not require a description
of the entire orthogonal complement of V .

3 The exact arithmetic gauge and its smooth limit
For x = n/T , define

FT (q, x) =
√

1 + 1/nx1−q[1 − (1 + 1/n)−iT −q]. (16)
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Expansion of (2) gives the exact identity

AT (q, p) = 1
T

∑
n≥1

FT (q, n/T )FT (p, n/T ). (17)

In particular, the factors sqsp in (5) have not been approximated by T 2.

Lemma 3.1. For every fixed integer r ≥ 0, constants depending on Q, r give

|∂r
qFT (q, x)| ≤ Crx

1−b1(1 + | log x|)r (x ≤ 1),
|∂r

qFT (q, x)| ≤ Crx
−b0(1 + log x)r (x ≥ 1), (18)

uniformly for q ∈ Q and T > 2L+ 2.

Proof. Put an = log(1 + 1/n). The bracket in (16) has modulus at most two, since <(iT + q) > 0,
and its positive derivatives have modulus at most aj

n. On the small-x range use an ≤ log 2 and√
1 + 1/n ≤

√
2. On the large-x range, the integral identity for 1 − e−z, <z ≥ 0, yields

|1 − e−(iT +q)an | ≤ |iT + q|an ≤ CT/n = C/x.

For j ≥ 1, aj
n ≤ Cj/n ≤ Cj/x there. Differentiating x1−q supplies only powers of log x. Finally use

x1−<q ≤ x1−b1 for x ≤ 1 and x−<q ≤ x−b0 for x ≥ 1.

Proof of (8). On any fixed ε ≤ x ≤ M , uniformly in q ∈ Q,

FT (q, x) −→ F (q, x) = x1−q(1 − e−i/x),

with every fixed number of q derivatives. Indeed T log(1 + 1/n) → 1/x uniformly on this range,
while the derivatives of the bracket of positive order introduce powers of log(1 + 1/n) = O(1/T ).
Uniform Riemann sums on the compact interval therefore converge, including mixed derivatives in
the two kernel slots.

We verify the infinite tails separately. By Lemma 3.1, a mixed derivative of orders r, k of the
summand product is bounded at zero by

Cx2−2b1(1 + | log x|)r+k,

and at infinity by
Cx−2b0(1 + log x)r+k.

Both are integrable. On a sufficiently small interval the first envelope is increasing, so its mesh sum
through ε is bounded by its integral through 2ε; an empty mesh contributes zero. On a sufficiently
late tail the second envelope is decreasing, and its mesh sum is bounded by an integral beginning
at M/2. These bounds tend to zero uniformly as ε ↓ 0, M → ∞. They justify the termwise
derivatives of (17) and the differentiated limiting integral. Choosing the tails first and then taking
the compact Riemann limit proves (8).

To evaluate the integral, put u = 1/x and α = 3 − q − p̄, so 1 < <α < 2. The Mellin identity

2
∫ ∞

0
(1 − cosu)u−1−α du = π

Γ(1 + α) sin(πα/2)
, 0 < <α < 2,

gives (6). One derivation integrates by parts and uses the sine Mellin integral, first on an overlapping
convergence strip and then by analytic continuation. Absolute convergence of the displayed 1−cosu
integral throughout this strip also identifies the same analytic continuation directly.
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4 Collisions and relative inversion
The complex Hermite–Genocchi formula is

[q1, . . . , qj ]g =
∫

θl≥0∑
θl=1

g(j−1)
(∑

l

θlql

)
dθ, (19)

where simplex measure has total mass 1/(j−1)!. Repeated fundamental-theorem integration proves
the formula for complex nodes as well as real ones; continuity gives every Hermite endpoint. The
convexity of Q keeps all arguments inside Q.

Applying (19) in both slots of (8), with orders at most m− 1, gives

sup
q∈Qm

‖GT (q) − G(q)‖ −→ 0. (20)

The conjugation of the second divided-difference coefficients is essential here.

Lemma 4.1. The limiting Gram matrix G(q) has a common positive eigenvalue floor on Qm.

Proof. Set ψj(x) = [q1, . . . , qj ]x−q. Then

G(q)jk =
∫ ∞

0
ψj(x)ψk(x)x24 sin2 1

2x
dx. (21)

The base measure has infinite mass, but all the displayed products are integrable by the preceding
envelopes. In y = log x, the expansion of e−qy gives

ψj(ey) = (−y)j−1

(j − 1)!
+O(yj).

An order-j− 1 divided difference kills qk for k < j− 1 and sends qj−1 to one, including at collisions.
The triangular leading orders therefore make ψ1, . . . , ψm linearly independent for every tuple. A
nontrivial linear combination is an entire exponential polynomial in y and cannot vanish on a set
of positive measure. Since the weight in (21) is positive off a discrete set, the matrix is positive
definite.

The simplex formula and the uniform integrable logarithmic envelopes make the matrix contin-
uous on Qm. Its least eigenvalue thus has a positive minimum on this compact set.

Completion of Theorem 1.1. Let c > 0 be the floor in Lemma 4.1, and let ϵT be the supremum in
(20). For every vector v,

|v∗(GT − G)v| ≤ ϵT ‖v‖2 ≤ (ϵT /c)v∗Gv.
Taking ηT = ϵT /c proves (9).

Proof of Corollary 1.2. Use the native functionals

Λj(f) = [q1, . . . , qj ]
(
sqT

qf(sq)
)
. (22)

Their Gram matrix is exactly T 3GT , by (5). Their values on E = 1/s are exactly zT from (10). The
gauge sqT

q is analytic and nonzero on a neighborhood of Q, and multiplication by it is triangular
and invertible on each finite jet space. The derivative of sq with respect to q is one. Thus repeated
nodes in (22) are invertible combinations of the native Mellin jets, with the stated Hermite factorials.

Under the zero-packet hypothesis these functionals annihilate all Gl and hence V . The positive
definiteness from (9) makes them independent for large T . Lemma 2.1 gives the first inequality of
(11). Inverting the upper inequality of (9) gives the second. The same proof applies if the complete
off-line zero set is infinite, since only the listed finite packet enters the projection.
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5 An explicit arithmetic kernel error
We first prove a scalar estimate on the whole expanded rectangle Qe. The derivative estimates will
then follow from complex Cauchy bounds. This separates the arithmetic error from the conditioning
of any packet.

Proposition 5.1. With the constants in (12), for every real T ≥ 4,

sup
q,p∈Qe

|AT (q, p) −H(q, p)| ≤ JT−κ. (23)

Proof. Put z = q + p̄, a = <z ∈ [2b, 2c] ⊂ (1, 2), and

bq(n) = 1 − (1 + 1/n)−iT −q, b0(n) = 1 − e−iT/n.

Both exponents in this comparison have nonpositive real part. The line-segment integral formula
for the exponential, and 0 ≤ u− log(1 + u) ≤ u2/2, give

|bq(n) − b0(n)| ≤ B/n+ T/(2n2) = dn. (24)

Also |bq(n)| ≤ C min(2, T/n) and |b0(n)| ≤ min(2, T/n). Let

RT = 1
T

∑
n≥1

fz(n/T ), fz(x) = x2−z4 sin2(1/(2x)).

The discrepancy Dn between the brackets in the exact sum (17) and this limiting mesh is bounded
by

Dn ≤ 2C min(2, T/n)dn + C2

n
min(2, T/n)2.

In particular,

Dn ≤
{

8C2/n+ 2CT/n2, n ≤ T,

4C2T/n2, n ≥ T.
(25)

For all n, the separate exact and limiting products give Dn ≤ 12.
Set N = d

√
T e and x0 = N/T . Then

√
T ≤ N ≤ (3/2)

√
T and x0 ≤ 3/4. The terms n < N ,

using the last bound, contribute at most 12(N/T )3−a ≤ 27T−(3−a)/2. On the range N ≤ n ≤ T ,
the first and second terms of (25) contribute, respectively, at most

8C2

(2 − a)T
,

4C
a− 1

T−(3−a)/2.

Here we used
∑

n≤T n
1−a ≤ T 2−a/(2 − a) and

∑
n≥N n−a ≤ 2N1−a/(a − 1). The remaining range

n ≥ dT e contributes at most 8C2/((a − 1)T ). A duplicated endpoint when T is an integer only
enlarges these positive bounds. Thus

|AT −RT | ≤ (27 + 4C/g)T−κ + (8C2/h+ 8C2/g)T−1. (26)

For completeness, the whole quadrature error is paid as follows. Writing D = |2 − z| ≤ 2C,
differentiation gives

f ′
z(x) = (2 − z)x1−z4 sin2(1/(2x)) − 2x−z sin(1/x),
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and hence

|f ′
z(x)| ≤

{
4Dx1−a + 2x−a, x ≤ 1,
(D + 2)x−a−1, x ≥ 1.

The head mesh and head integral through x0 together cost at most 8x3−a
0 ≤ 18T−(3−a)/2. On all

remaining mesh cells, left-endpoint quadrature costs at most T−1 ∫∞
x0

|f ′
z|. Consequently

|RT −H| ≤ (18 + 2/g)T−κ + (8C/h+ 2C + 2)T−1. (27)

Since T−1 ≤ T−κ, the total constant is at most

47 + 2C + (8C2 + 4C + 2)/g + (8C2 + 8C)/h ≤ C2(49 + 14/g + 16/h) ≤ J.

The last inequalities use C ≥ 1. This proves (23).

This square-root split and variation estimate extend the diagonal rate argument of [3, Section 5,
Remark 4]; the constants above are uniform in both complex slots. The sums at zero and infinity
are both included in the estimate.

Proof of (13) and (14). The arithmetic series is locally normally convergent for <q,<p > 1/2. The
limiting integral is locally normally convergent when both real parts are in (1/2, 1). Thus AT −H
is holomorphic in q and in the independent variable p̄. Cauchy’s formula on the two radius-ρ circles
proves (13). Apply (19) in both slots. The simplex masses cancel r!k!, so the resulting entry bound
is E0ρ

−(j+k−2) = E0ajak. For every vector v,

|v∗(GT − G)v| ≤ E0
(∑

j

aj |vj |
)2

≤ ϵ‖v‖2. (28)

This proves the stated Loewner comparison without node separation.

Corollary 5.2 (Adaptive native exponent). For the rectangle Q of (4), define

d = min(b0 − 1/2, 1 − b1), g0 = 2b0 − 1, h0 = 2 − 2b1,

κ0 = 3/2 − b1, C̄ = 1 + b1 + L+ d, J̄ = C̄2(64 + 32/g0 + 32/h0),
M(T ) = max(2/d, log T ).

For every real T ≥ 4,
sup

q,p∈Q
|∂r

q∂
k
p̄ (AT −H)| ≤ 3J̄r!k!T−κ0M(T )r+k. (29)

In (14) one may instead take E0 = 3J̄T−κ0 and aj = M(T )j−1.

Proof. Choose ρ = 1/M(T ) = min(d/2, 1/ log T ). The expanded rectangle has g ≥ g0/2, h ≥ h0/2
and C ≤ C̄, so J ≤ J̄ . Its exponent is κ0 − ρ, and T ρ ≤ e < 3. Cauchy’s formula and the same
factorial cancellation give the result.
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6 Logarithmically growing packets
A direct Hardy interpolation argument improves the dimension dependence of the separation-free
floor. This permits the packet size to grow with height while retaining the same native kernel and
exact target.

Collision-uniform divided-difference bounds for exponential families at fixed cardinality are
classical; see Avdonin–Ivanov [9, Lemma 5]. Here an explicit rational Hardy interpolant supplies a
dimension-dependent floor that can be combined with the complete arithmetic kernel error.

Lemma 6.1 (A dimension-priced Hardy interpolation floor). Let z1, . . . , zm lie in <z > 0, with
|zj | ≤ S. Let C(z) be the Gram matrix of F 7→ [z1, . . . , zj ]F , 1 ≤ j ≤ m, in the Hardy space with
kernel (z + w̄)−1 and squared boundary norm (2π)−1 ∫

R |F (it)|2 dt. For arbitrary collisions,

C(z) � 2
m(S + 2)2m(1 + S2)m−1 I. (30)

Proof. Write LjF = [z1, . . . , zj ]F and prescribe arbitrary data b ∈ Cm. Put d(z) = (z + 1)m and
define the lower triangular matrix

Akl = [zl, . . . , zk]d (l ≤ k), Akl = 0 (l > k).

The divided-difference product rule gives

Lk(dF ) =
k∑

l=1
(LlF )Akl.

This identity follows from the finite recurrence for distinct nodes and extends continuously to every
Hermite configuration. Its diagonal entries are d(zk) 6= 0.

For r = k − l, the complete-homogeneous formula gives

Akl = hm−r(zl + 1, . . . , zk + 1), |Akl| ≤
(
m

r

)
(S + 1)m−r.

Every absolute row sum and column sum is at most
∑m

r=0
(m

r

)
(S + 1)m−r = (S + 2)m. The row–

column norm bound therefore gives ‖A‖ ≤ (S + 2)m. Set α = Ab and form

P (z) =
m∑

k=1
αk

∏
j<k

(z − zj), Fb(z) = P (z)
(z + 1)m

.

The Newton data of P are exactly α. Applying the product rule to dFb = P and using invertibility
of A proves L(Fb) = b. The rational function Fb is strictly proper with its only pole at −1, so
Fb ∈ H2(<z > 0).

For real t,
|it− zj | ≤ |t| + S ≤

√
1 + S2

√
1 + t2.

Consequently, for 1 ≤ k ≤ m, ∣∣∣∣∣
∏

j<k(it− zj)
(it+ 1)m

∣∣∣∣∣ ≤ (1 + S2)(m−1)/2
√

1 + t2
.

Cauchy–Schwarz in the numerator sum and ‖α‖ ≤ (S + 2)m‖b‖ give

‖Fb‖2
H2 ≤ m

2
(S + 2)2m(1 + S2)m−1‖b‖2,
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since (2π)−1 ∫
R(1 + t2)−1 dt = 1/2. Thus b 7→ Fb is a right inverse R for the Newton data map L,

with the displayed squared norm bound. The identity R∗L∗ = I implies ‖v‖ ≤ ‖R‖‖L∗v‖. Since
‖L∗v‖2 = v∗Cv, this proves (30), including independence of the functionals, without first assuming
that their Gram is invertible.

Put
c∗ := 529

576
, SQ := sup

q∈Q
|q − 1/2|, DQ := SQ + 2, CQ := 1 + S2

Q.

Theorem 6.2 (Exponential packet Gram bound). For every integer m ≥ 1 and every tuple in Qm,

G(q) � δmI, δm := 2c∗

mD2m
Q Cm−1

Q

. (31)

Keep the fixed expanded rectangle, radius ρ and literal constants J, κ of (12). Set

βρ := max(1, ρ−2), ΛQ := D2
QCQβρ, AQ :=

JD2
Q

2c∗
.

For every real T ≥ 4, the relative comparison (9) holds with

ηT,m := AQm
2Λm−1

Q T−κ. (32)

All partial and complete complex collisions are included.

Proof. For x ≥ 1, the inequality sin u ≥ u− u3/6 ≥ (23/24)u at u = 1/(2x) ≤ 1/2 gives

4x2 sin2(1/(2x)) ≥ c∗.

Restrict the positive feature integral (21) to x ≥ 1. It follows, as a positive-kernel comparison, that

H(q, p) �kernel c∗

∫ ∞

1
x−q−p̄ dx = c∗

q + p̄− 1
.

Divided differences preserve this comparison: apply the same finite linear combination to the
features in both slots, and use continuity for repeated nodes. With zj = qj − 1/2, the right side is
the Hardy kernel of Lemma 6.1. That lemma proves (31).

The literal mixed Cauchy bound and the two simplex formulas hold at every finite order. Their
factorials cancel exactly, even if the chosen order varies with height. Hence (28) gives

|v∗(GT − G)v| ≤ JT−κ

m−1∑
j=0

ρ−2j

 ‖v‖2 ≤ Jmβm−1
ρ T−κ‖v‖2.

Divide by the floor (31) to obtain (32). Both signs of (9) follow. Positivity of the native Gram
follows whenever this explicit error is below one.

Corollary 6.3 (Schubr’s Uniform Growing-Packet Theorem). For every integer schedule m(T ) ≥ 1
with m(T ) = o(log T ), the relative error (32) tends to zero, uniformly over all tuples in Qm(T ). More
explicitly, fix c > 0 with c log ΛQ < κ and set d = κ− c log ΛQ > 0. For 1 ≤ m(T ) ≤ c log T ,

ηT,m(T ) ≤ AQc
2(log T )2T−d −→ 0.

10



For a prescribed 0 < ε < 1, a literal sufficient onset is

T ≥ max

4, e1/c,

[
16AQc

2

e2d2ε

]2/d
 . (33)

At each such height, if the tuple is a zeta-zero packet with every repetition bounded by the corre-
sponding multiplicity, then

D2
∞ ≥ T−3z∗

T G−1
T zT ≥ T−3

1 + ηT,m(T )
z∗

T G−1zT . (34)

Proof. Taking logarithms of (32) proves the sublogarithmic assertion. In the stated linear logarith-
mic range, Λm−1

Q ≤ T c log ΛQ and m2 ≤ c2(log T )2. The elementary maximum supu≥0 u
2e−du/2 =

16/(e2d2) proves the sufficient onset. For example, c = κ/(2 log ΛQ) is admissible.
The exact gauge functionals (22) have Gram T 3GT and target zT in every finite dimension. The

zero-packet hypothesis makes their representers lie in V ⊥. At the stated onset η < 1, their native
Gram is positive definite. The same finite projection argument as in Corollary 1.2, and inversion
of its complete upper Gram comparison, prove (34).

Corollary 6.4 (Sublogarithmic packet budget). For m(T ) = o(log T ), both the scalar relative
certificate and the additive-inverse certificate are at most

T 2b1−3+o(1) −→ 0.

Thus the fixed finite approximation-space obstruction following (51) continues to hold for these
growing packets.

Proof. The exact target estimate gives, in every finite dimension,

T−3z∗
T G−1zT ≤

mD2m
Q Cm−1

Q

2c∗
T 2b1−3

m−1∑
j=0

(log T )2j

(j!)2 .

For 2 ≤ m ≤ 1 + log T , the sum is at most m[e log T/(m − 1)]2m−2, by monotonicity of its terms
and j! ≥ (j/e)j . When m = o(log T ), the logarithm of the entire extra factor is o(log T ), since
u log(1/u) → 0 as u ↓ 0. The case m = 1 is immediate. The scalar relative factor only decreases this
upper, and (G + ϵI)−1 � G−1 gives the same ceiling for the additive-inverse certificate. Combine
this with the finite head-supported dual lower bound (49) whenever its numerator is nonzero.

Corollary 6.5 (Approaching-boundary packet theorem). Fix L ≥ 0 and a > 0. Put ℓ = log T ,
δT = ℓ−a and, whenever δT ≤ 1/4, let

QT = {q : 1/2 + δT ≤ <q ≤ 1 − δT , |=q| ≤ L}.

The relative native Gram law holds uniformly over all tuples in Q
m(T )
T with error tending to zero if

m(T ) = o

( log T
log log T

)
.

It also holds for 1 ≤ m(T ) ≤ c log T/ log log T whenever 0 < c < 1/(4a). At admitted zero packets
the same native receiving inequality (34) follows.

11



Proof. Use the expanded rectangle

Qe,T = {q : 1/2 + δT /2 ≤ <q ≤ 1 − δT /2, |=q| ≤ L+ δT /2}

and radius ρT = δT /2. The literal scalar error has g = h = δT and κT = 1/2 + δT /2. Its constant
satisfies

JT ≤ (L+ 3)2(64 + 32/δT ) ≤ 48(L+ 3)2

δT
.

The first inequality uses supQe,T
|q| ≤ L + 2; the second uses δT ≤ 1/4. The original-node bound

can be kept fixed:
SL =

√
1/4 + L2, DL = SL + 2, CL = 1 + S2

L.

Set ΛL = 4D2
LCL and AL = 24(L+ 3)2D2

L/c∗. Theorem 6.2, applied separately at each height with
its displayed finite constants, gives

ηT,m ≤ ALm
2δ−1

T (ΛLδ
−2
T )m−1T−1/2−δT /2. (35)

Taking logarithms and discarding the last additional decay gives

log ηT,m ≤ −1
2ℓ+ a(2m− 1) log ℓ+ (m− 1) log ΛL + 2 logm+ logAL.

This tends to −∞ in the sublogarithmic quotient range. For m ≤ cℓ/ log ℓ, it is [−1/2+2ac+o(1)]ℓ,
which tends to −∞ under the stated strict condition. This uses the all-order literal error, not a fixed-
rectangle asymptotic with changing parameters. The exact finite-dimensional native projection
return is unchanged.

7 A literal floor for every colliding tuple
The compactness proof of Lemma 4.1 does not specify a numerical floor. The following formula
supplies one. For m ≥ 1 and R > 0, define

cm = 1
(2m)m−1

m−1∏
k=0

22k+1

(2k + 1)
(2k

k

)2 , bm = 1√
m(1 +R)m−1(m− 1)!

,

Km(R)2 =
m−1∑
j=0

(
Rm−j

j!(m− j)!

)2

, a = min
(

1
4
,

√
cmbm

2
√

2eRKm(R)

)
,

δm(R) = cmb
2
ma

2m−1

8
. (36)

Theorem 7.1 (Explicit separation-free floor). If |qj | ≤ R and the nodes are in the strip 1/2 <
<q < 1, then G(q) � δm(R)I. The same formula covers arbitrary complex collisions.

Proof. Index the limiting features by 0 ≤ j < m: ψj(ey) = [q1, . . . , qj+1]e−qy. The complete-
homogeneous identity for divided differences gives

ψj(ey) =
∑
k≥j

(−y)k

k!
hk−j(q1, . . . , qj+1).

For a coefficient vector v, truncate its feature combination at degree m − 1, obtaining Pv(y) =∑
k<m(Bv)ky

k. Here B = DH, where Dkk = (−1)k/k! and Hkj = hk−j(q1, . . . , qj+1) for j ≤ k.
The inverse Newton conversion is

(H−1)kj = (−1)k−jek−j(q1, . . . , qk).

12



Indeed expansion of the Newton products
∏j

i=1(z−qi) and of zk =
∑k

j=0 hk−j(q1, . . . , qj+1)
∏j

i=1(z−
qi) proves both conversion formulas. Thus each row of H−1 has absolute sum at most (1 + R)k,
and ‖B−1‖ ≤ 1/bm.

The monomial moment matrix on [−1, 1] has trace at most 2m. Its determinant is the product in
(36), by monic Legendre orthogonalization: the degree-k Legendre polynomial has leading coefficient
2−k

(2k
k

)
and squared norm 2/(2k+ 1). Its smallest eigenvalue is therefore at least cm, by bounding

each of the other eigenvalues by the trace. For 0 < a ≤ 1, rescaling y = at yields

‖Pv‖L2(−a,a) ≥
√
cma

m−1/2‖Bv‖ ≥
√
cmbma

m−1/2‖v‖. (37)

Since |hk−j | ≤
(k

j

)
Rk−j and

∑
l≥d u

l/l! ≤ euud/d!, the discarded tail of feature j on this interval
is at most eRaRm−jam/(j!(m − j)!). The L2 norm of the combined tail is consequently at most√

2eRKm(R)am+1/2‖v‖. The choice of a makes this at most half the lower bound (37).
In logarithmic coordinates the positive weight in (21) is w(y) = 4e3y sin2(e−y/2). For |y| ≤ 1/4,

t = e−y/2 ≤ 2/3, sin t ≥ 5t/6, and ey ≥ 3/4. Hence w(y) ≥ 25/48 > 1/2. Restricting the integral
to [−a, a], and squaring the half-amplitude estimate, proves the stated floor.

A rational alternative can be useful. For any integer R ≥ 1 bounding the nodes, put

b = 1
m(1 +R)m−1(m− 1)!

, d∗ = min(1, cm), K = (1 +R)m

m!
, a0 = min

(1
4
,

d∗b

4 · 3RK

)
.

Then
G � δ0I, δ0 = cmb

2a2m−1
0 /8 > 0. (38)

All these constants are rational. To check the same proof, note b ≤ bm, d∗ ≤ √
cm, Km ≤∑

j R
m−j/(j!(m− j)!) ≤ K, eR ≤ 3R and 2

√
2 ≤ 4.

Corollary 7.2 (Explicit relative onset). For any proved floor δ > 0 from the preceding theorem,
set

ηT =
J
∑m−1

j=0 ρ−2j

δT κ
.

Then (9) holds for all T ≥ 4. For a prescribed 0 < η < 1, the literal sufficient onset is

T ≥ max

4,
[
J
∑m−1

j=0 ρ−2j

ηδ

]1/κ
 .

The adaptive constants of Corollary 5.2 give the alternative ηT = 3J̄T−κ0
∑m−1

j=0 M(T )2j/δ.

Proof. Apply (28) and ‖v‖2 ≤ v∗Gv/δ. Both displayed errors tend to zero for fixed m,Q.

8 All-height regularized receiving bounds
Proof of (15). The native functionals (22) have Gram Γ = T 3GT and target zT , exactly, at every
T ≥ 4. The zero-packet hypothesis makes their representers rj belong to V ⊥. With the inner
product linear in its first argument, Γjk = 〈rk, rj〉. For any vector u set h =

∑
j ujrj . Positivity of

‖(E − v) − h‖2, for v ∈ V , and then taking the infimum give

D2
∞ ≥ 2<(u∗zT ) − u∗Γu ≥ 2<(u∗zT ) − T 3u∗(G + ϵI)u.

The limiting Gram is positive semidefinite by its integral, and ϵ > 0. The concave quadratic on the
right is maximized at u = T−3(G + ϵI)−1zT , proving the result. This argument does not invert Γ
and remains valid if its functionals are dependent.
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If G � δI, then G+ ϵI � (1+ ϵ/δ)G. Thus the additive-inverse bound is at least as strong as the
scalar relative bound with error ϵ/δ. It remains available before the relative comparison establishes
positive definiteness by perturbation.

Corollary 8.1 (Weighted and chosen-vector certificates). For any positive numbers ωj, put

Rω = E0

∑
j

a2
j/ωj

diag(ω1, . . . , ωm).

Under the zero-packet hypothesis, at every real T ≥ 4,

D2
∞ ≥ T−3z∗

T (G +Rω)−1zT , (39)

D2
∞ ≥ T−3

2<(v∗zT ) − v∗Gv − E0

∑
j

aj |vj |

2
 (v ∈ Cm). (40)

Proof. Weighted Cauchy–Schwarz bounds the first expression in (28) by v∗Rωv. Repeat the pre-
ceding maximization. Retaining the original absolute-value penalty and choosing u = T−3v gives
(40) directly.

The choices ωj = 1 and ωj = aj are explicit examples. Alternatively, (40) permits a certified
test vector without computing an inverse. Every formula retains the exact unequal powers and
oscillatory phases in zT .

9 Phase interference and multiple zeros
For a shared real part, write q = β + iτ and

Hβ(a) = π

Γ(4 − 2β − ia) sin(π(3 − 2β − ia)/2)
. (41)

Then H(q, p) = Hβ(τ −σ) and T q = T βeiτ log T . For distinct offsets τj , cancellation of the invertible
Newton change of basis in (11) gives

D2
∞ ≥ T 2β−3

1 + ηT
z∗H−1z, Hjk = Hβ(τj − τk), zj = eiτj log T . (42)

The relative error is uniform even when the minimum separation tends to zero. At coincident nodes,
(11), rather than the inverse of a singular evaluation matrix, defines the endpoint.

The following formula is the elementary two-point Hermitian inversion for the limiting native
kernel. Phase-sensitive multi-zero inversion has the preceding weighted-cutoff counterpart [5, Sec-
tion 4.1].

Corollary 9.1 (Two-point interference). Put h = Hβ(0) and ℓ = log T . For two distinct zeros
β + iT , β + i(T + δ) in a bounded-offset packet, the limiting factor in (42) is

z∗H−1z =
2h− 2<

(
Hβ(−δ)eiδℓ

)
h2 − |Hβ(δ)|2

. (43)

The denominator is positive for δ 6= 0.
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Proof. The matrix is
(

h Hβ(−δ)
Hβ(δ) h

)
, positive definite by independence of its two limiting features.

Direct Hermitian inversion gives (43).

The target phase in (43) is part of the receiving formula. In particular, close distinct zeros are
not replaced by a multiple zero merely from their geometric proximity.

For a fixed multiplicity m, set r = m− 1 and

µj(β) =
∫ ∞

0
(log x)jx2−2β4 sin2 1

2x
dx, Mβ = (µa+b(β))r

a,b=0. (44)

Every moment exists and Mβ is positive definite.

Corollary 9.2 (Multiplicity factor). Along a sequence of zeros ρ = β + iT of multiplicity at least
m, with T → ∞ and β in a fixed compact subinterval of (1/2, 1),

D2
∞ ≥ (1 − o(1))(M−1

β )r,rT
2β−3(log T )2m−2. (45)

The error is uniform in that real-part interval.

Proof. Use the offset variable τ in the chart q = β + iτ . Then ∂τ = i∂q; at fully repeated offset
zero the Newton–Hermite functionals are ∂a

τ /a!. Differentiating the limiting feature and target in
this chart gives the limiting Gram and target

Gβ = AMβA
∗, Aaa = (−i)a

a!
, za = (iℓ)a

a!
.

Consequently
z∗G−1

β z = (M−1
β )r,rℓ

2r +O(ℓ2r−1)

for m ≥ 2; for m = 1 it equals 1/µ0(β). The factorials cancel in the highest-degree term. The
moment matrix and its inverse vary continuously on a compact real-part interval and have positive
eigenvalue floors there, so the estimate and its positive leading coefficient are uniform. Apply (11)
in the shared-beta chart.

The coefficient (M−1
β )r,r is also the reciprocal squared norm of the monic degree-r polynomial

orthogonal to lower powers for the positive measure in (44). This follows from the Schur complement
of the lower-order moment block. When m = 1, (45) recovers the sharp single-zero constant of [3,
Section 5, Remark 4]. Monic square norms also retain collision geometry in the signed-measure
packet estimates of [10]. Here the measure is the native positive logarithmic measure in (44), and
the receiving functionals are Mellin jets; the signed-measure recovery theorem is not used as an
input.

10 Finite certificates in the same arithmetic norm
The lower bounds above can be compared with a trial approximation only when its full norm
is certified in the same space. We give the relevant finite formulas, including their infinite-tail
payments.
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10.1 A periodic primal residual

In the step realization, E = 1 and Gk|In = −{n/k}, as follows by taking the Mellin transform. For
rational coefficients bk let

rn = 1 −
N∑

k=2
bk{n/k}, U(b) =

∑
n≥1

|rn|2

n(n+ 1)
.

Then D2
∞ ≤ d2

N ≤ U(b), where dN = dist(E, span{G2, . . . , GN }). For real coefficients the sequence
fn = r2

n is periodic. Its mean is

µ = 1 −
∑

k

bk
k − 1
k

+
∑
j,k

bjbk

[
(j − 1)(k − 1)

4jk
+ gcd(j, k)2 − 1

12jk

]
. (46)

To see the pair formula, average the residues modulo lcm(j, k); their covariance after scaling by j, k
is (gcd(j, k)2 −1)/(12jk). The single means are (k−1)/(2k). This is the periodic-mean mechanism
of [4, Theorem 3] in the native norm.

One explicit bound on every interval sum of fn − µ is

Bf =
∑

k

|bk|bk/2cdk/2e
k

+
∑
j,k

|bjbk| lcm(j, k)
4

. (47)

Indeed the centered sawtooth has prefix-sum range bk/2cdk/2e/(2k). For a sequence in [0, 1] of
period P and mean m0, the total positive centered mass is at most Pm0(1 −m0) ≤ P/4, bounding
its prefix-sum range. Expansion of r2

n now proves (47). Abel summation with the decreasing weights
1/(n(n+ 1)) yields ∣∣∣∣∣ ∑

n>M

fn

n(n+ 1)
− µ

M + 1

∣∣∣∣∣ ≤ Bf

(M + 1)(M + 2)
. (48)

Thus the finite head, rational mean and tail error supply a full-norm primal certificate without
traversing the entire period.

10.2 A finite dual and a continuous-tail majorant

There is also an elementary head-supported annihilator for every finite approximation space. With
µMob denoting the Möbius function, put

tn = 1
n

∑
r≤N/n

µMob(r)
r

(1 ≤ n ≤ N), tN+1 = 0, λn = tn − tn+1.

Möbius inversion gives
∑

j≤N/k tjk = 1/k for 1 ≤ k ≤ N . Summation by parts consequently gives∑
n≤N

λnbn/kc = 1/k,
∑

n≤N

nλn = 1,
∑

n≤N

λn{n/k} = 0 (2 ≤ k ≤ N).

The functional L(f) =
∑

n≤N λnfn annihilates the first-N span and has squared norm
∑

n≤N n(n+
1)λ2

n. Therefore, for all complex approximation coefficients,

d2
N ≥ HN :=

|
∑

n≤N λn|2∑
n≤N n(n+ 1)λ2

n

. (49)
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The denominator is nonzero by the normalization identity. A positive lower bound requires a
nonzero numerator, which is checked at the chosen N rather than assumed universally.

For a finite point packet s1, . . . , sm in Ω, define

(AM )jk =
∑

n≤M

n(n+ 1)en(sj)en(sk), (CM )jk = (M + 1)1−sj−s̄k

sj + s̄k − 1
.

The continuous evaluation representers on (0, 1/(M + 1)) have Gram CM . Their orthogonal step
projections give the remaining native tail Gram. Projection is a contraction for every linear combi-
nation, so the exact native Gram satisfies

Γ � AM + CM . (50)

For distinct nodes CM is positive definite, by independence of distinct exponentials on an interval.
The variational argument used in Section 8, with target cj = 1/sj , gives

D2
∞ ≥ c∗(AM + CM )−1c

whenever the nodes are zeta zeros. Derivative functionals are treated by differentiating the
continuous-tail Gram, with the appropriate Hermite factorials. This extends the conjugate-pair
projection payment of [4, Theorem 4] by the same Hilbert-space argument.

10.3 The fixed-packet approximation budget

The complex simplex formula gives |[q1, . . . , qj+1]T q| ≤ T b1(log T )j/j!. For a proved floor G � δI,
the scalar relative certificate obeys the uniform upper ceiling

T−3z∗
T G−1zT

1 + ηT
≤ δ−1T 2b1−3

m−1∑
j=0

(log T )2j

(j!)2 −→ 0. (51)

The additive-inverse certificate has the same ceiling, since (G + ϵI)−1 � G−1. Thus any fixed first-
N space with HN > 0 eventually cannot produce a full-norm upper smaller than this particular
fixed-m, fixed-Q certificate. This follows directly from (49); it is an accounting constraint on these
certificates, not an upper bound on D∞ or on all possible native dual tests.

An exact one-point version is available without an asymptotic error. For s = β+iT , 1/2 < β ≤ 1,
T ≥ 1, let M = dT e. On M ≤ n ≤ 2M − 1, θ = T log(1 + 1/n) ≤ 1 and a = (1 + 1/n)−β ≥ 1/2.
Since 1 − cos θ ≥ θ2/4 and log(1 + 1/n) ≥ 1/(2n),

|1 − ae−iθ|2 ≥ T 2/(16n2), |s|2KS(s, s) ≥ T 3−2β

16 · 42β
≥ T 3−2β

256
.

The exact native one-point requirement consequently satisfies

1
|s|2KS(s, s)

≤ 256T 2β−3 ≤ 256/T. (52)

In particular, if HN > 256/T , no full-norm trial in that fixed approximation space can beat this
exact one-point requirement. The comparison always uses the same arithmetic norm: a small head
residual alone is not a bound for the full residual.
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A complementary whole-line recipient. The accompanying mathematical supplement gives
a height-adapted Hardy norm with a complete arithmetic upper, and proves why an unweighted
compact boundary band cannot replace a full norm. It includes the exact exterior-weight payment
and a prefix-Schur signal identity. Those localized criteria use their own recipients; they are not
applications of the native kernel theorem with an upper computed in a different norm.

Algebraic controls. The accompanying standard-library program checks the leading Newton
identities at rational complex nodes, mixed and complete collisions, the native-jet factorial conven-
tion and the two-point Hermitian inverse identity. Its exact finite controls supplement the analytic
proof; the derivative estimates, explicit floor and variational receiver are established above indepen-
dently of computation. Additional exact controls check the scalar error payments, Newton factorial
cancellation, rational floor constants and completed-square identities, including singular Grams.
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