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Abstract

Let h be a real polynomial with 2(0) > 0 whose zeros lie in the closed sector | arg(—z)| < 7 /4.
For every real step a > 0 and geometric bias p > 1, we prove that Hy(y) = Zf:o p'h(y +
at) admits a finite concave logarithmic extension from k € Zxg, y > 0 to the nonnegative
quadrant. This implies weighted logarithmic Jensen inequalities for arbitrary probability laws
with finite first moments and integral mean prefix length. The sector angle and the universal
range p > 1 are sharp, including counterexamples with integral heights. The main analytic
ingredient is joint log-concavity of a two-variable truncated-square lattice sum. Four complete
geometry cases and exact rational polynomial certificates establish that ingredient; classical
Prékopa marginalization then removes the degree bound and yields a sharp real smoothing
threshold. The resulting application covers split projective-line bundles over projective space
in every dimension. The conclusion concerns a concave extension of integer-prefix rows, rather
than an ordinary polynomial continuation in the prefix variable.

1 Statement and relation to previous work

Fix a real polynomial h, a step a > 0 and a bias p > 0, and write

k
Hi(y) = > p'h(y + ai), k€Zsy, y=>0. (1)

i=0
The parameters h, a, p remain fixed when k,y vary. We use the principal argument to define
S={2#0:]arg(—2)| < w/4}.
Constants are allowed in the following theorem; their zero condition is vacuous.

Theorem 1.1 (Sharp universal sector criterion). Suppose h € R[t], h(0) > 0, and every zero of h
belongs to S. If a > 0 and p > 1, then:

1. Every function y +— log Hy(y) is concave on [0, 00).

2. Forall k> 1 and u,v > 0,
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3. There is a finite concave function J on [0,00)% with J(k,y) = log Hx(y) for every integer
k >0 and every y > 0.



Consequently, for any probability law with K € Z>o, Y > 0, E(K +Y) < oo, and EK = k € Z>o,
one has
Elog Hx(Y) < log H;(EY). (3)

The expectation on the left is finite. In particular, the conclusion applies to arbitrary finite nonneg-
ative weights of total mass one, with integral weighted mean of the prefiz lengths.

Theorem 1.2 (Universal sharpness). No sector |arg(—z)| < 6 with § > 7/4 can replace S in
Theorem 1.1, even if only the finite Jensen conclusion at integral heights is requested. For each fixed
0 < p < 1, the conclusion fails for some a € Z>o and the fized polynomial h(t) = (t +1)(t +2)/2,
at K =1 and heights 0,1, 2.

The angle is optimal as a universal sufficient zero sector. It is not asserted that an individual
higher-degree polynomial with a zero outside that sector must fail. Bias zero is excluded through-
out. Affine inputs have additional positive-bias cases; the universal obstruction in Theorem 1.2 is
quadratic.

The row ingredients belong to classical log-concavity theory: Walkup’s ultra-log-concave convo-
lution theorem, ordinary convolution preservation, and Gurvits’s exponential-generating-function
theorem are used explicitly below; see [1, 2, 3, 4]. Melbourne-Palafox-Castillo [5] give a stronger es-
tablished unweighted power-moment estimate than the elementary bound used in our row argument.
Partial-diagonal positivity followed by Abel summation has classical precedents, including Johnson—
Goldschmidt [6]. Neither that method nor continuous Prékopa marginalization [7] is claimed as
new.

There is substantial lattice overlap with Speyer [8]. His weighted marginal Lemma 5.3 covers
the unit-step, integral-root, integral-height positive-root-product prefix model, including arbitrary
real exponential lattice weights. His difference-bound framework also covers the integer-argument
truncated-power kernels appearing below. Section 8 makes these reductions explicit. Our proof
addresses the real-argument joint kernel and independently varying real heights and steps, where
a simple lattice rescaling introduces congruence restrictions. The contribution is the complete real-
parameter prefix criterion and the finite truncated-square smoothing mechanism, not a new lattice
marginal principle or a new classical convolution theorem. The earlier quadratic and threefold
investigation [10] supplied the initial prefix problem. Its Fano classification and power-concavity
results are separate from the theorem proved here.

2 Factorial coefficients and every row

A nonnegative finite sequence has interval support if its positive indices form an interval. Log-
concavity always includes this support condition. Write a polynomial as

ht) = Ann—n!.

n>0

We shall use three classical facts. Ordinary convolution preserves log-concavity of nonnegative
interval-supported sequences [2, 4]. Binomial convolution C,, = > (")A;B,,—; also preserves log-
concavity (Walkup’s ultra-log-concavity theorem applied to A,/n! and B,/n!) [1, 4]. Finally a
log-concave sequence A, gives a log-concave exponential generating polynomial on the positive
half-line [3, 4]. These statements also hold for reversed finite sequences and for their nonzero
consecutive shifts.



Lemma 2.1 (Nondecreasing-weight moments). For 0 < wg < --- < wg, not all zero, put Sy =
Zf:o w; and S} = Zle wiit for 1 > 1. The sequence C; = S;/1!, 1 > 0, is log-concave with interval
support.

Proof. The case k = 0 is immediate. For s > 0 tilt I € {1,...,k} by probabilities proportional to
w;i®, and set X =log(k/I). For 1 < j <k, the injection ¢ — i + k — j gives

J k

D wilif§)° <Y wilifk)®,

i=1 i=1

because i/j < (i +k — j)/k and w; < wipg—;. With j = [ke™?], this implies Pr(X > t) < e~ 5.
Thus
(log S,)" = Var(log I) < EX? < 2/s%

For integers [ > 3, triangular integration on [l — 1,1 + 1] yields

S1-15141 12 [+1
The last inequality follows from 4 —213—2124+1+1 > 0: at | = 3+ R it is R*+10R3+34R?>+43R+13.
For | = 1, normalize all weights on {0,...,k}. Pairing ¢ and k — i gives p = EI > k/2, while
v =EI? < kp < 2u%. Hence 2812 > S¢S2, with the zero atom retained. For [ = 2, S3 < kSs.
Chebyshev’s covariance inequality under reference weights proportional to ¢ gives

Sy Zf:1i2_2k+1>%
> ST A

Therefore 25153 < 353. These are exactly the remaining factorial-normalized inequalities. Zeros
and the support condition are immediate from the definitions. ]

Lemma 2.2 (Row preservation). If A, is nonnegative, log-concave and interval-supported, then
Z?:o wih(y + ai) has concave logarithm on its positive half-line for every a > 0 and every finite
nondecreasing weight sequence as in Lemma 2.1.

Proof. Tts factorial coefficients are
S
_ 191
Bq = ZAQ'HCL l7|
1>0

Reverse the finite sequence A to recognize an ordinary convolution with the log-concave sequence
a'Cy; reverse back to obtain log-concavity of B. The exponential-generating-function theorem then
gives row log-concavity. The case a = 0 is a scalar multiple of A. O

Lemma 2.3 (Sector input). Under the hypotheses of Theorem 1.1, h has positive coefficients
through its degree, its factorial coefficient sequence is log-concave, and

hMUR(V) = > cp(UV)P(U+ V), Cpg > 0. (4)
p,q>0

Proof. Up to a positive scalar, factor h into positive affine factors and quadratics g(t) = At>+Bt+C
with A,C > 0, B > 0 and B? > 2AC. Indeed a conjugate root pair gives (¢t + u)? + v2, where
u > 0 and |v| < u; a real root gives t + ¢ with ¢ > 0. The scalar is positive because h(0) > 0. Each
factor’s factorial coefficients are log-concave: in the quadratic case the sole nontrivial inequality is



B? > 2AC. Walkup’s binomial-convolution closure proves the assertion for their product. With
P=UV,S=U+ YV, direct multiplication gives

g(U)g(V) = A2P? + ABPS + ACS? (5)
+ (B?* —2AC)P + BCS + C*.

The corresponding affine identity is immediate. Multiplying these nonnegative polynomials in P, S
proves (4). O

Lemma 2.2 with w; = p' proves the first assertion of Theorem 1.1. In particular h itself is
positive, increasing, and log-concave on [0,00); if it is nonconstant, its logarithmic derivative is
positive and nonincreasing.

3 The real truncated-square kernel
For integer 7 > 0 and p > 0 define

Tpr(A,B)= Y (A=) (B-J), r, = max(z,0). (6)
I,JEZ>g
I+J<r

The distinction between integer r and real A, B matters.

Theorem 3.1 (Truncated-square smoothing). For every r € Zsq, Ta, is jointly log-concave on the
positive quadrant. It extends by zero outside that quadrant as a log-concave nonnegative function.

The proof has a finite exact polynomial component. We give all geometry cases and reconstruc-
tion formulas, together with the coefficient certificate in Table 1. The accompanying standard-
library checker verify_prefix.py reconstructs and checks every coefficient using rational arith-
metic. This portion is a computer-assisted identity proof, with unbounded parameter scope; it is
not a numerical or finite-grid inference.

For a positive polynomial f(t,u) put

X = f¢ = [ fu Y = 2= f fuus (7)
D = f(fttfuu - ftzu) - fttfg - fuuft2 + 2ftuftfu-

Then
XY — (fifu— ffu)>=fD,  detV?logf=D/f> (8)

Thus X, Y, D > 0 suffice. Multiplication of f by a positive constant does not affect the logarithmic
conclusion.

Write A =m +t,B =n+u with m,n € Z>p and 0 < t,u < 1, assume m < n by symmetry,
and put s = m +n — r. Reversing indices gives

f= Z (t+U)*(u+ V)2 (9)
0<U<m, 0<V<n
U+V>s



Use the power sums

So(l) =141, Si() =1(14+1)/2,
So(l) =1(1 +1)(21 +1)/6, S3(l) = 12(1+ 1)% /4,
2 _
5.(0) = 11+ 1)(20 + :1%)0(3l + 3l 1)7
2 20972 N
55(l):l(l+1) (i52+2z 1)

and
Fy(z) = So(D)x? + 251 (1) + Sa(1).

Product case: s <0. Here f = F,,(t)F,(u). For F} = az? + Bz + v,
B2 =20y =1(1-1)(1+1)*/3>0 (I>1).

It follows that F}F)' — (F})? < 0 for > 0; Fy(z) = 2* is immediate. Hence this case is jointly
log-concave.

Shallow case: 0 < s < m. The lower triangle removed from the rectangle is wholly contained in

it, so
s—1

f=Fn()Fa(u) = > (t+1)*Feo1—i(u). (10)
i=0
For an explicit short reconstruction of the last sum, let Lg(s) = Diti<s—1 %% 0 < a,b < 2. The
symmetric table is

Loo =s(s+1)/2, Loy =s(s—1)(s+1)/6,

Loz = s%(s — 1)(s +1)/12, L1y = s(s —2)(s — 1)(s +1)/24,
Ly =s(s—2)(s—1)(s+1)(2s — 1)/120,

Lys = s(s —2)(s — 1)(s + 1)(2s* — 25 + 3) /360.

Thus the removed polynomial is 32 ;o (2) (})t>~%u?>""Lay(s). Set s = R+1,m = s+M,n=s+N.
Expanding (7) in (R, M, N,t,u) gives the nonnegative coefficients in Table 1; the parameters are
all nonnegative. The table identities also follow directly from Faulhaber’s formulas, or by adding
the new diagonal when s increases.

Middle case: m<s<n. Write L=s—m>1and N =n—s>0. Then

f= i(t +U)?{(N + U + 1) + 2u[S1(n) — S1(s — U — 1)] (11)
U=0
+ Sa(n) = Sa(s = U —1)}.

The summand is a polynomial of degree at most five in U. Replace U’ by S j(m) using the displayed
identities. For m > 1set m = M+ 1, L =1+ 1 and n = m+ L+ N; for m = 0 use the
same formula separately. The resulting coefficient signs are listed in Table 1. In the latter case
f=t? Z‘L,J; 1 (u+ V)?; its zero boundary causes no division inside the positive unit cell.



Deep case: n < s < m+n. Herer < m < n, and all terms of the triangle are untruncated.
For r = 0 the answer is A2B2. For r > 1, divide by the positive cardinality (r 4+ 1)(r + 2)/2. The
normalized polynomial is

fo A2B2 23l(A23 +AB?) + ’““;1)(142 + B2 (12)
r(r—1) r(r—1)(2r+1)
+ =5 AB - 20 (A+ B)
r(r—1)(2r2 4+ 2r + 3)
* 180 '

It follows by summing the six moments of I, .J of bidegree at most (2,2) on [+.J < r. Set r = R+1,
A =r+zx, B=r+y. The positive-coefficient certificate in (R, z,y) covers even the larger domain
A, B > r. In this row of the table the last column checks the full determinant numerator fD, rather
than D.

Case and nonnegative parameters X Y determinant kind
Shallow: (R, M,N,t,u) 1419 1419 5662 D
Middle, m > 1: (M,l, N,t,u) 1121 705 3306 D
Middle, m = 0: (I, N,t,u) 65 22 80 D
Deep: (R, z,y) 58 58 337 fD

Table 1: Numbers of nonzero monomials in exact rational expansions. Every listed coefficient
is positive. Missing coefficients are zero. These are complete polynomial expansions, with no
parameter cutoff.

Completion of Theorem 3.1. The cases exhaust all nonnegative m,n,r. The formulas, exact coeffi-
cient signs and (8) prove negative semidefiniteness of the log-Hessian on each open unit cell. The
function is positive on the positive quadrant, since the term I = J = 0 is positive. Each squared
positive part is C', so the logarithm is C' across the integer walls. Restriction to any line seg-
ment has nonincreasing derivative inside its finitely many cells and a continuous derivative at every
crossing. A segment contained in a wall follows by a limit. Thus the logarithm is concave globally.
Extension by zero is log-concave because its positive support is the convex positive quadrant and
boundary limits are zero. O

Lemma 3.2 (Monotone fractional marginal). Let f : R? — [0, 00) be finite, measurable, coordinate-
wise nondecreasing and log-concave, and vanish if either coordinate is nonpositive. For o, > 0,
the function

T,5f(A B) = / / F(A—s,B—t)s* 45 dsdt
0 0

s finite and log-concave. The same holds if one or both orders are zero, interpreted as omitting
that integration.

Proof. When a > 1, retain s and its log-concave power factor. When 0 < o < 1, substitute
Va g0 s@1ds = du/ca. The coordinate map A — u!/® is concave on u > 0. Treat the
other order independently in the same way. A coordinatewise nondecreasing log-concave function
composed with these concave coordinate maps is log-concave: the image of an interpolated point
dominates the interpolated images coordinatewise, so monotonicity followed by log-concavity proves
the defining inequality. Multiply by the remaining log-concave power factors and orthant indicators.

S = U



Prékopa marginalization, Theorem 6 of [7], proves the claim. The original fibers are confined to
0<s<A.,0<t< B, and their integrand is bounded by f(A4, B)s*~'t#~1. Thus the integrals
are finite; the transformed fibers are bounded as well. Omitting one coordinate integration gives
the zero-order cases. m

Corollary 3.3 (Sharp real smoothing range). For real p,q > 0 define

Tp,q,r(A’ B) = Z (A - I)ﬁ(B - J)i-
I+J<r

This function is jointly log-concave for every r € Zx>q if and only if p,q > 2. In particular, for every
real p > 2,
Tyo(2,7) > Tyl — dyr+d) (30, 0<d<a). (13)

Proof. The zero extension of T3, is coordinatewise nondecreasing. For every real p > 2, the beta
integral gives
2I'(p — 2) »
L(p+1) "+
Apply Lemma 3.2 with independent orders p — 2 and ¢ — 2, omitting an integration when the cor-
responding exponent is two. Tonelli’s theorem and the displayed identity yield a positive constant
times T}, 4 -, proving sufficiency throughout the full real range. This uses coordinatewise monotonic-
ity to cover orders below one, where the original power kernel is log-convex. For p = ¢, symmetry
and midpoint log-concavity imply (13); the zero boundary follows continuously.

For necessity, take r = 1 and B = 1. For any ¢ > 0 the remaining row is Fj,(A) = AL +(A—1)%.
At A=1-¢,1,1+ ¢, its endpoint product minus its midpoint square is

Zt
/0 (z —s)2sP 2 ds = B(3,p —2)2} =

(1—e?)P4eP(1—e)P —1.

For 0 < p < 2, division by P gives a limit of one as € | 0, since (1 — e2)? — 1 = —pe? + o(e?). Tt is
therefore positive for sufficiently small ¢, a genuine midpoint violation. Interchanging coordinates
treats 0 < ¢ < 2. For p =1, ¢ = 1/4 gives the exact endpoint product 9/8 > 1. This necessity is
uniform over radii; radius zero alone is log-concave for all positive exponents. ]

4 All rectangular moment sectors

Fix k> 1,0 >0and 0 <t < 1. The target square is 0 < 7,5 < k, with arguments A = b+t + 1,
B =b+1t+j. The source rectangle is 0 <i < k—1,0 < j < k+ 1, with arguments A = b+ 2t + 1,
B =b+j. For a diagonal i + j = s, define

DP(b,t)y= > [(b+t+i)b+t+5)" — > [(b+ 2t +4)(b+ j)]P-
o<1k 0<i<ho1’ 0%j<kt1

For p =0 use 0 = 1.

Lemma 4.1 (Every upper diagonal tail). For all integerp > 0,b>0,t € [0,1] and S € {0,...,2k},

2k
> DP(b,t) > 0. (14)
s=S



Proof. For p =0, Dgo) = 1,_. Direct finite summation for p = 1 gives

(S + 1)t2, s < k?
DO =02 4 bk +2t) + (k+ 12, s=k, (15)
(2k — s+ 1)(1 - 1)%, s> k.

Thus these cases hold even term by term.

For p > 2, first set b = 0 and r = 2k — S. Reindex the target by I = k —i, J = k — j. The
omitted triangle terms with I > k or J > k vanish by the positive part, so its upper tail is exactly
Tpr(k+t,k+t). Reindex the source by I = k—1—14, J =k +1—j. Its upper tail is at most
Tpr(k —1+ 2tk + 1): this enlarges the allowed index set and adds only nonnegative terms. In
particular, when ¢ > 1/2 the extra terms with I = k must not be silently discarded. Since the two
arguments have mean k + ¢ and are nonnegative, (13) proves the required upper-tail comparison.
This treats all cutoffs, including the low cutoffs, at once.

For general b, induct on p. Differentiation gives

DP) = p(2b+ 2t + s)DP~Y.

If a sequence ds has all upper tails nonnegative and ws is nonnegative and nondecreasing, Abel
summation gives

2%k 2%k 2%k 2%k
Z wsds = Wg Z ds + Z (wj —wj—1) st > 0. (16)
s=5 =85 Jj=S+1 s=j

Apply this with ws; = 2b + 2t + s and the induction hypothesis. The derivative of each p-tail is
nonnegative, and the value at b = 0 was proved above. This completes the induction. O

Proposition 4.2 (Unbounded degree and geometric bias). For all integers p,q > 0 and p > 1,
the target-minus-source sum of (AB)P(A + B)4, with the product weight p**J on each rectangle, is
nonnegative.

Proof. On diagonal s both rectangles have the same argument sum A + B = 2b+ 2t + s. The

difference is therefore
2k

ST pf(2b+ 2t + 5)7DP).

s=0
The prefactor is nonnegative and nondecreasing in s, including ¢ = 0, so Lemma 4.1 and (16) apply.
There is no bound on p or q. O

5 From the middle strip to all heights

We now prove (2). Constants are harmless; suppose first that h is nonconstant. Let o = h'/h,
which is nonincreasing by Section 2. The row score (log Hy)' is the p'h(y + ai)-weighted mean of
o(y + ai).

For w = (u+v)/2 and § = (u —v)/2, put

L) =log Hy—1(w+9) +log Hq(w —6), —w <4< w.

Row concavity makes L concave. At 6 = 0, adding the two largest arguments to the shorter prefix
lowers its score, hence L'(0) > 0. If w > a, the shorter list at 6 = a is w + a,...,w + ka. The
longer list is w —a, . . . ,w+ ka; on their common part the weights differ by one fixed factor p?, while



the two additional arguments are smaller and have larger scores. Therefore L'(a) < 0. Concavity
shows that the maximum over the feasible interval is attained in [0, min(a,w)]. Thus it suffices to
prove the inequality when 0 < u — v < 2a.

For a > 0, divide all arguments by a and replace h(z) by h(az), which preserves its zero sector.
Write u/a = b+2t,v/a=0b,b>0,0 <t <1. Expand h(A)h(B) by (4). Each term is nonnegative
by Proposition 4.2, with precisely the rectangle weights obtained from multiplying the two prefixes.
This proves the middle strip, hence all heights.

For a = 0, Hy(y) = Gi(p)h(y), where Gy(p) = Sy p’ and

Gi(p)? — Gr-1(p)Gri1(p) = p*.

Row log-concavity of h gives the result directly. The same identity deals with a constant h, for
every a. This completes the second assertion of Theorem 1.1.

6 Concave contact and integrable Jensen

Assume first that A is nonconstant. For ¢ > 0 define

My (q) = sup Hy(y)e™ %, my(q) = log My (q).
y=

The supremum is finite and attained because Hy is polynomial in y. The mixed inequality with
independent second coordinates implies My_1(q) My 1(q) < My(q)?, by taking separate maximizers.
Thus my(q) is a concave sequence. Let ¢, be its piecewise-linear interpolation and put

J(z,y) = gfo{%(l‘) + qy}, z,y > 0. (17)

Each function inside the infimum is concave, so their infimum is concave. Since My(q) > Hy(0) >
h(0), J > logh(0). Choosing one fixed ¢ > 0 proves finiteness above. At any integer row and
height y > 0, the positive supporting slope ¢ = (log Hy)'(y) makes that height a maximizer in My,
including the right supporting slope at zero. This proves J(k,y) = log Hi(y); the reverse inequality
is immediate from the supremum definition. If A is constant, use explicitly J(x,y) = log h(0)+¢(x),
where ¢ linearly interpolates log G (p). Equivalently exact contact follows by ¢ | 0.

Finite concavity gives (3) for finite laws. For an arbitrary probability law, let z = (EK,EY)
and let F' be the smallest coordinate face of the quadrant containing z. Every coordinate of the
random point corresponding to a zero coordinate of z vanishes almost surely, by nonnegativity.
Hence the law is concentrated on F', and z is in its relative interior. A finite concave function
has a supporting affine majorant at every relative-interior point of its convex domain (apply the
supporting hyperplane theorem to its hypograph). Thus there is an affine L on F' with L(z) = J(z)
and J < L on F. The assertion on a zero-dimensional face is immediate. The majorant also bounds
all boundary points: concavity along a segment from z to such a point and the interior supporting
inequality imply that same bound there.

On the actual integer rows J(K,Y) = log Hx(Y') is measurable, since K is integer-valued and
each row is continuous. The bounds log h(0) < J(K,Y) < L(K,Y) and finite first moments imply
absolute integrability. Taking expectations gives EJ(K,Y) < L(z) = J(z). Integral EK supplies
exact row contact at z, proving (3) without a countable-support or bounded-height restriction. This
completes Theorem 1.1.



7 Sharpness and a geometric application

Proof of Theorem 1.2. For a wider angle choose v > u > 0 with arctan(v/u) inside it. The zeros
of hy(t) = (t + Lu)? + (Lv)? lie in that wider sector. At K = 0 the bias and step disappear, and
direct calculation gives

hr(0)hp(2) — hp(1)? = 2L (v? —u?) —4Lu—1 >0

for sufficiently large L. Equally weighted heights 0, 2 have integral mean 1, contradicting logarithmic
Jensen.
For 0 < p < 1,use h(t) = (t+ 1)(t+2)/2, K = 1, and write Z(y) = h(y) + ph(y + a). Exact
expansion gives
_ p(L=p)a® = 5p(1 + p)a—6(1 + p)*

Z(0)Z(2) — Z(1)* = 5 (18)
Its leading coeflicient is positive. Hence a sufficiently large integer a gives the claimed integral-height
counterexample. O

Corollary 7.1 (All-dimensional split bundles). Fiz m > 1, a € Z>¢ and p > 1. For integral

k,y >0 let
k .
i(yt+tar+m
Zm,a,p(kay) = Zp ( )

i=0 m

These functions satisfy logarithmic Jensen inequalities for arbitrary probability laws under the first-
moment and integral-mean-prefix hypotheses of Theorem 1.1. For p = 1 they are section counts
of the split bundle Ppm (O & O(a)), with the quotient convention for the tautological bundle, at
O(k) @ T O0(y).

Proof. The polynomial h(t) = ("1™) = 71 (t+7)/m! has negative real zeros. The theorem applies,

m

including the real height continuation. The projective-bundle pushforward is Sym*(O @ O(a)) =
f:o O(ai); taking sections gives the sum [9]. For p # 1 the formula is an explicitly weighted sum

of these multiplicities, rather than an unweighted count. O

The twist a, dimension m and bias are fixed in a Jensen law. When the mean height is
also integral, both sides in the unweighted case refer to actual integral divisor parameters. The
application is not a theorem for arbitrary toric varieties or arbitrary unimodular fibers.

The logarithm has a natural role here. For each fixed p > 1, no positive power can satisfy
Jensen for all prefix lengths even with a = 0, y = 0 and constant input: for any a > 0,

Gr-1(p)* + Gr41(p)” N

> 1.
2G(p)* 2

This elementary geometric-sequence observation does not obstruct our logarithmic conclusion. Nor
is J in (17) asserted to be the logarithm of an ordinary polynomial in real x,y.

8 Lattice overlap and reproducibility

For positive integer ¢; and unit step, the unweighted product prefix Zf:o [y +i+cj) is a
difference-bound lattice marginal. Take integer anchors (zg, z1,z2), states v, w; and inequalities

1 < v < 2o, v<w; <ro+cj— 1.

10



At anchors (0, —k,y) the fibers have the indicated size, with v = —i. All constraints are fixed
differences; the simultaneous translation symmetry gives the required L-convex model. The weight
exp[A(z2 — v)] is logmodular and invariant under common translation. Speyer’s weighted marginal
Lemma 5.3 [8] therefore covers these integral unit-step cases for all real A, after removal of the
harmless factor e*. This does not contradict (18), which uses larger steps.

Likewise, for integer positive A, B and integer p > 1, T},,(A, B) has a fixed difference-bound
lift. Use anchors (zg,x1,22) = (0, A — 1,1 — B), states I, J', X;,Y;, and

I>wy, J <z, I-J<r, I<X;<m, 22<Y<J (1<1<p).

With J = —J', each feasible (I, J) contributes (A — I)P(B — J)P, precisely the positive-part sum.
Thus the integer-argument kernel already lies within the lattice marginal framework. The con-
tinuous real-argument assertion Theorem 3.1 requires additional work; the p = 1 example after
Corollary 3.3 shows that integer marginal concavity alone does not ensure continuous log-concavity
of this particular interpolation. Clearing rational denominators changes the step lattice and does
not remove that distinction.

The public checker reconstructs the four complete chamber cases, the determinant identities,
and the sector and sharpness polynomials using exact rational arithmetic and explicit error gates
retained under Python optimization. It uses no external data, numerical eigenvalues, floating-point
tolerance or random search. Its term counts are specified in Table 1; together with the formulas,
this supplies a finite reproducible certificate for the algebraic portion of the proof. The analytic
convolution, source enlargement, Abel induction, score reduction and contact construction are
proved in the text, rather than inferred from checker output.

The assertions concern finite polynomials. No entire-function extension, arbitrary factorial-log-
concave input theorem, or classification of individual polynomials outside the zero sector is claimed.
The anisotropic kernel threshold in Corollary 3.3 is uniform over radii. Its fractional lift is a direct
use of classical composition and marginalization, not a new marginal theorem. Further comparisons
with spline and mixed discrete—continuous marginal inequalities may sharpen the relation to the
existing literature; no worldwide-priority claim is made.

Disclosure. Al-assisted tools were used for research, source comparison, exact algebra and in-
ternal verification. Distinct internal reconstructions checked the chamber identities and analytic
composition. These checks are neither external human refereeing nor formal proof-assistant verifi-
cation.
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